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PREFACE 


The “Handbook of Meteorology" is designed to furnish the student 
and the professional meteorologist a convenient lert reference for data, 
fundamental theory, and weather analysis and forecasting. The empha- 
sis has been conscientiously placed on the scientific and engineering 
aspects of meteorology, rather than on current techniques. This 
emphasis is desirable at any time in a handbook, and particularly so 
at this time in view of recent and forthcoming changes in the methods 
of analysis and in the display of synoptic data (especially at upper 
levels). 

The editors’ intent has been that this handbook contain practical 
meteorological information. Their interpretation of what is “practical” 
is based on their collective experience and on their interpretation of the 
experience of returning students who have forecast the weather in the 
field under trying conditions. Accordingly the “Handbook of Meteor- 
ology” contains not only sections on fronts, air masses, upper air, etc., 
which are immediately suggested by its title, but also those fundamentals 
of mathematics and of the physical sciences on which meteorology is 
dependent. Some of these topics are frequently considered to be theo- 
retical. When, however, they are written up in compact form and in 
meteorological language so as to be “available, useful, in practice or 
action,” then they are rightly included in a book that is designed for 
daily use. 

The practice of meteorology (by which is meant some direct or 
indirect aspect of weather forecasting) Ls like the other engineering 
sciences in that an answer to a problem is required in a specified time, 
often from meager data. Moreover, as is sometimes overlooked in the 
stress of war, “an engineer is one who can do at reasonable cost what 
almost any man can accomplish with unlimited resources at his dis- 
posal.”* It is the editors’ considered belief that the practice of meteor- 
ology is inevitably to become accepted as an engineering science. 

The variety of problems that arises in meteorological practice is 
endlessly complicated by both space and time intervals. An aviator 
may stand by and demand to know precisely when he will have sufficient 
ceiling to take off. A constructor may save lives and money by knowing 
with some accuracy what will be the maximum rainfall over a large 
watershed. These and many other meteorolo^cal problems are not 

*Gxlzbt, J. L, Journal of Ennintanng^ January* 1945. 
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yet completely solved, though fine progress has been made with recent 
advances. Many meteorological problems are in fact not yet clearlj' 
stated as problems, nor can much be done to overcome present inade- 
quacies until many men and women understand not only the basic 
principles of meteorology, but also the principal problems of at least 
one other activity, e.g., aviation, agriculture, manufacture, transpor- 
tation, distribution, communications, etc. The editors desire to acknowl- 
edge these problems even though the present edition of the handbook is 
limited in scope to aviation and hydrometeorology in this respect. 

Perhaps greater cooperation is required among individuals and among 
nations in the practice of meteorology than in any other social effort 
of man. This is so, simply because even short-period forecasts often 
depend on synoptic data that are beyond the reach of the individual 
meteorologist or the individual nation. Problems involving longer 
periods and greater areas require even more data, from the surface and 
from upper levels of the atmosphere. Recognition of the cooperation 
required for successful weather services appeared at least a hundred 
years ago when John Ruskin wrote, “The meteorological Society, there- 
fore, has been formed, not for a city, nor for a kingdom, but for the 
world.” 

The editors are deeply indebted to their contributors especially and 
to many others who have also cooperated generously to produce this 
handbook. 

Mr. Chamey wishes to acknowledge his indebtedness to Professor 
J. Kaplan for his introduction to the subject (Section IV), and for the 
kind encouragement he received in the preparation of the manuscript. 

The editors assume full responsibility for the selection and arrange- 
ment of topics. Each section has been read by one or more critics, but 
individual authors were final judges as to how their contributions should 
be covered. Much desirable material was omitted for security reasons 
at the time of writing, but it is believed the integrated result of all that 
has been available provides the engineering science needed by a trained 
meteorologist in the practice of his profession. For the rules and regu- 
lations of the various meteorological services it is generally necessary to 
make reference to their individual publications. For the art of fore- 
casting the weather according to the needs and desires of his audience, 
the meteorologist must defer to the association of his fellows and to 
experience. 


Annapolis, Maryland, 
September, 1945. 


The Editobs. 
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Table 1 — Ori' lk Pri eixek 


inicro 

1/1 ,000,000 

dcka 

10 

inilli 

1/1 ,000 

hMTi> 

100 

(■(Till 

^100 

kilo 

1,000 

<U‘tT 

ho 

tiipRa 

1,000,000 


Tabi^e 2 — Grlbk Alphabet 


A a or a 

alpha 

N v 

nu 

H/J 

tipla 

s e 

XI 

Ft 

Itaiiiina 

0 0 

oinicroii 

A S or if 

delta 

11 n 

pi 

l.« 

epsilon 

Pp 

rho 

Zf 

zeta 

Sir 


II V 

eta 

Tr 

tau 

O 0 or 0 

theta 

T i 

upsilon 

1 1 

iota 

Ip or <p 

phi 

K K 

kappa 

lambda 

X Y 

chi 

\ X 

1' ip 

psi 

M li 

mu 

U u 

orncKa 
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MATHEMATICAL TABLES 


Tablk 3. — Recipro(ui.s op Numbehs 


N 

0 

1 

1 

3 

4 

B 

6 

7 

B 

9 


1.00 


.9990 

.9960 

.9970 

.9960 

.9950 

.9940 

.9930 

.9921 

.9911 

-10 

1 

.9901 

.9891 

.9881 

.9872 

.9862 

.9852 

.9843 

.9833 

.9823 

.9614 


7 

.9604 

.9794 

.9785 

.9775 

.9766 

.9756 

.9747 

.9737 

.9728 

.9718 


3 

.9709 

.9699 

.9690 

.9681 

.9671 

.9662 

.9653 

.9643 

.9634 

.9625 

-9 

4 

.9613 

.9606 

.9597 

.9588 

.9579 

*9569 

.9560 

.9551 

.9542 

.9533 


1.05 

.9524 

.9515 

.9506 

.9497 

.9488 

.9479 

.9470 

.9461 

.9452 

.9443 


6 

.9434 

.9425 

.9416 

.9407 

.9398 

.9390 

.9381 

.9372 

.9363 

.9355 


7 

.9346 

.9337 

.9328 

.9320 

.9311 

.9302 

.9294 

.9285 

.9276 

.9268 


R 

.9259 

.9251 

.9242 

.9234 

.9225 

.9217 

.9208 

.9200 

.9191 

.9163 

-8 

9 

.9174 

.9166 

.9158 

.9149 

7141 


.9124 

.9116 

.9107 

.9099 


1.10 

.9091 

.9083 

.9074 

.9066 

.9058 

.9050 

.9042 

.9033 

.9025 

.9017 


1 

.9009 

.9001 

.8993 

.8985 

.8977 

.8969 

J96t 

3953 

3945 

3937 


2 

3929 

.8921 

.8913 

.8905 

.8897 

.6889 

.8881 

3873 

3865 

3857 


3 

MSO 

.8842 

.8834 

.8826 

.8818 

.8811 

J803 

31795 

.6787 

.8780 


4 

xm 

.8764 

.8757 

.8749 

.8741 

.8734 

3726 

.6718 

3711 

.8703 


1.15 

M96 

.8688 

.8681 

.8673 

.8666 

J65S 

MS} 

.8643 

.8636 

.8628 


6 

.8621 

.8613 

.8606 

.8598 

.8591 

.8584 

3576 

3569 

3562 

3554 

-7 

7 

0547 

J8540 

.8532 

.8525 

.8518 

.8511 

A503 

.8496 

3489 

3482 


8 

A475 

A467 

.8460 

.8453 

A446 

J439 

A432 

.8425 

.8418 

J410 


9 

.6403 

.8396 

.8389 

.8362 

.8375 

.8368 

.6361 

3354 

.8347 

J340 


1.S0 

.8333 

J326 

.8319 

.8313 

.8306 

.8299 

.8292 

A285 

J278 

J27I 


] 

.8264 

.8258 

.8251 

.8244 

3237 

.8230 

.8224 

^17 

3210 

Am 


2 

3197 

.8190 

.8183 

.8177 

.8170 

.8163 

.8157 

3150 

3143 

3137 


3 

.8130 

.8123 

.8117 

.8110 

.8104 

A)97 

.8091 

A)84 

A178 

A>7I 

-6 

4 

.8065 

.8058 

.8052 

.8045 

.8039 

.8032 

A)26 

3019 

.8013 

.8006 


1.M 

.8000 

J994 

.7987 

7981 

.7974 

7968 

7962 

7955 

.7949 

.7943 


6 

.7937 

7930 

.7924 

.7918 

.7911 

7905 

.7899 

7893 

.7886 

.7880 


7 

.7874 

J868 

.7862 

J855 

7849 

7843 

7837 

7831 

7825 

.7819 


8 

.7812 

7806 

7800 

7794 

7788 

7782 

7776 

7770 

.7764 

.7758 


9 

.7752 

7746 

7740 

7734 

7728 

7722 

7716 

7710 

.7704 

7698 


1.50 

.7692 

7686 

.7680 

7675 

7669 

7663 

.7657 

7651 

7645 

.7639 


1 

.7634 

7628 

7622 

.7616 

7610 

7605 

7599 

.7593 

7567 

.7582 


2 

.7576 

.7570 

J564 

,7559 

7553 

7547 

7541 

7536 

7530 

.7524 


3 

.7519 

7513 

7308 

.7502 

.7496 

7491 

.7485 

.7479 

7474 

7468 


4 

7463 

7457 

7452 

J446 

7440 

7435 

7429 

7424 

.7418 

7413 


Ul 

.7407 

7402 

.7396 

.7391 

.7386 

7380 

7375 

.7369 

7364 

7356 

-S 

6 

.7353 

7348 

J342 

J337 

7331 

7326 

7321 

7315 

7310 

.7305 


7 

7299 

-7294 

.7289 

7283 

.7278 

7273 

7267 

.7262 

.7257 

.7252 


8 

.7246 

7241 

.7236 

.7231 

7225 

7220 

.7215 

.7210 

7205 

7199 


9 

.7194 

7189 

7184 

7179 

.7174 

7168 

7163 

7150 

7153 

7148 


1.40 

.7143 

.7138 

.7133 

7128 

7123 

7117 

.7112 

7107 

7102 

7097 


1 

.7092 

.7087 

.7082 

7077 

7072 

7067 

.7062 

.7057 

.7052 

.7047 


2 

.7042 

.7037 

.7032 

.7027 

7022 

.7018 

7013 

7008 

.7003 

3998 


3 

.6993 

.6988 

.6983 

.6978 

.6974 

.6969 

.W64 

.6959 

.6954 

.6949 


4 

.6944 

.6940 

.6935 

.6930 

2i925 

.6920 

.6916 

3911 

3906 

3901 


1.45 

.6897 

.6892 

.6887 

.6882 

.6878 

.6873 

.6868 

.6863 

.6859 

.6854 


6 

.6849 

.6845 

.6840 

.6835 

.6831 

.6826 

.6821 

.6817 

.6812 

.6807 


7 

.6803 

.6798 

.6793 

.6789 

2>7R4 

.6780 

.6775 

.6770 

.6766 

.6761 


8 

.6757 

.6752 

.6748 

.6743 

.6739 

M34 

.6729 

.6725 

.6720 

.6716 


9 

6711 

.6707 

.6702 

.6698 

.6693 

.6689 

.6664 

.6660 

3676 

.6671 





1/v 

= 0,318310 

l/« = 0.307879 





Moving tlio decituHl point in either direction in N requiree moving it in the uppoaUe direction in 
hftdy of tabie (eee p, 6). 

* From Marks. *' Meohauical Kngineera* Handbook.” 4th ed.. McGraw-Hill. New York. 1941. 
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Tablk 3. — Reciprocals of Numbers.* — (Continued) 


N 

0 

1 

S 

8 

4 

8 

8 

T 

S 

* 

i.ao 

.6687 

.8662 

.6658 

.6653 

.6649 

3645 

3640 

3636 

3631 

3627 

I 

.6623 

.6618 

.6614 

.8809 

.8805 

3801 

.6596 

3592 

3588 

3583 

2 

.6579 

.6575 

3570 

.6566 

.8582 

3557 

3553 

3549 

3545 

3540 

3 

.8536 

.6532 

.6527 

.8523 

3519 

3515 

3510 

3506 

3502 

3498 

4 

.6494 

.6489 

3485 

3481 

3477 

3472 

3488 

3464 

3460 

3456 

1.86 

.8432 

.6447 

.6443 

.6439 

3435 

3431 

3427 

3423 

3418 

3414 

6 

.8410 

.6408 

.6402 

.8398 

3394 

3390 

3386 

3382 

3378 

3373 

7 

.8369 

.6385 

.8381 

3357 

3353 

3349 

3345 

3341 

3337 

3333 

8 

.8329 

.6325 

3321 

3317 

3313 

3309 

3305 

.8301 

3297 

3293 

9 

.8289 

.6265 

.6281 

3277 

3274 

3270 

3286 

3282 

3258 

3254 

1.60 

.8250 

:6248 

3242 

3238 

3234 

3231 

3227 

3223 

3219 

3215 

1 

.6211 

.6207 

.6203 

.6200 

.8198 

3192 

3188 

3184 

3180 

3177 

2 

.8173 

.6189 

3185 

.8161 

3158 

3154 

3150 

.6146 

3143 

3139 

3 

.8135 

.8131 

.6127 

.6124 

.8120 

3116 

3112 

.6109 

.6105 

.6101 

4 

.8098 

.8094 

3090 

3088 

3083 

3079 

3075 

3072 

3088 

3064 

1.66 

.8061 

MSI 

.8053 

3050 

3046 

3042 

.6039 

.8035 

3031 

3028 

6 

.8024 

.8020 

.6017 

.6013 

.8010 

3006 

3002 

3999 

3995 

3992 

7 

J988 

J964 

.5981 

.5977 

3974 

.5970 

3987 

3983 

3959 

3958 

8 

.5952 

J949 

.5945 

.5942 

3938 

3935 

.5931 

3928 

.5924 

3921 

9 

J9I7 

J9I4 

3910 

3907 

3903 

3900 

3896 

3893 

3889 

3886 

1.70 

.5882 

J879 

3875 

3872 

3889 

3865 

3862 

3858 

3855 

3851 

1 

.5848 

J845 

J84] 

.5830 

3834 

3831 

3828 

.5824 

3821 

3817 

2 

.5814 

J8n 

3807 

.5804 

.5800 

3797 

3794 

3790 

3787 

3784 

3 

.5780 

srn 

3774 

3770 

3787 

3764 

3780 

.5757 

.5754 

.5750 

4 

J747 

344 

3741 

3737 

3734 

3731 

3727 

3724 

3721 

3718 

1.TS 

.5714 

J71I 

3708 

3705 

3701 

3698 

3895 

3892 

3688 

3685 

6 

.5882 

J879 

3875 

3872 

3869 

3686 

3863 

3859 

3656 

3653 

7 

.5850 

SMI 

3843 

3640 

3837 

3834 

3831 

3827 

3824 

.5821 

8 

.5618 

.5615 

3612 

3609 

3805 

3802 

.5599 

35% 

3593 

3590 

9 

.5587 

JS83 

3580 

3577 

3574 

3571 

3588 

3565 

3562 

3559 

1.80 

.5556 

J552 

3549 

3546 

3543 

3540 

3537 

.5534 

,5531 

3528 

1 

.5525 

.5522 

3519 

.5516 

.5513 

3510 

3507 

3504 

3501 

.5498 

2 

.5495 

.5491 

.5488 

.5485 

3482 

3479 

3476 

3473 

3470 

3467 

3 

.5484 

3461 

.5459 

.5456 

3453 

3450 

3447 

3444 

.5441 

.5438 

4 

J435 

3432 

3429 

3426 

3423 

3420 

3417 

3414 

.5411 

3408 

1.66 

J405 

3402 

3400 

3397 

3394 

3391 

3388 

3385 

3382 

3379 

6 

.5376 

3373 

3371 

3388 

.5365 

3382 

.5359 

3356 

3353 

3350 

7 

J348 

3345 

3342 

3339 

.5336 

3333 

3330 

.5328 

.5325 

.5322 

8 

.5319 

3316 

J313 

3311 

3308 

3»5 

3302 

.5299 

.5297 

.5294 

9 

J29I 

3288 

3285 

3283 

3280 

3277 

3274 

.5271 

3269 

.5266 

1.60 

J263 

3260 

.5258 

3255 

3252 

3249 

3247 

3244 

3241 

3238 

1 

J236 

3233 

.5230 

3227 

3225 

3222 

3219 

3216 

.5214 

.5211 

2 

.5208 

3206 

3203 

3200 

3198 

3195 

3192 

3189 

3187 

3184 

3 

JI8I 

3179 

.5176 

3173 

.5171 

3188 

3165 

.5163 

.5180 

3157 

4 

JISS 

3152 

3149 

3147 

3144 

3141 

3139 

3136 

3133 

3131 

1.60 

JI28 

3126 

3123 

3120 

5118 

3115 

3112 

3110 

3107 

3105 

6 

.5102 

.5099 

.5097 

.5094 

.5092 

3089 

3088 

.5084 

3081 

3079 

8 

.5076 

.5074 

.5071 

.5068 

.5066 

.5063 

.5061 

.5058 

.5058 

.5053 

8 

.505t 

3048 

.5045 

J043 

3040 

.5038 

.5035 

.5033 

.5030 

.5028 

9 

.5025 

3023 

3020 

.5018 

.5015 

.5013 

.5010 

.5008 

.5005 

.5003 


MoriDS tlie dt'nimal point in either direction in N requiree moving it in the opposite direction in body 
of table (see p. 6). 
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Table 3. — RECiPBOCAi^<i of Numbers.* — (Continued) 


w 

nr” 

1 

1 

8 

4 

a 

8 

7 

S 

t 


1.0 

.5000 

3975 

.4950 

.4926 

.4902 

.4878 

.4854 

.4831 

.4808 

Am 

-24 

1 

.4762 

3739 

.4717 

.4695 

.4673 

.4651 

.4630 

.4608 

.4587 

.4566 

-21 

2 

.4545 

.4525 

.4505 

.4484 

.4464 

.4444 

.4425 

.4405 

.4386 

.4167 

-20 

3 

.4348 

.4329 

.4310 

.4292 

.4274 

.4255 

.4237 

.4219 

.4202 

.4184 

- 18 

4 

.4167 

3149 

.4132 

.4115 

.4098 

.4082 

.4065 

.4049 

.4032 

.4016 

- 17 

0.0 

.4000 

3984 

3968 

.3953 

3937 

3922 

3906 

3891 

3876 

3861 

- 15 

6 

.3846 

3831 

3817 

.3802 

3788 

3774 

3759 

3745 

3731 

3717 

- 14 

7 

.3704 

.3690 

.3676 

J663 

.3650 

.3636 

.3623 

3610 

3597 

.3584 

- 13 

8 

3571 

3559 

3546 

3534 

3521 

3509 

3497 

3484 

3472 

3460 

- 12 

9 

um 

3436 

3425 

3413 

3401 

3390 

3378 

3367 

3356 

3344 

- 12 

8.0 

3333 

.3322 

3311 

3300 

.3289 

.3279 

3268 

3257 

3247 

3236 

- 11 

1 

.3226 

.3215 

.3205 

3m 

3185 

3175 

3165 

3155 

3145 

3135 

- 10 

2 

3125 

3115 

3106 

.30 >t- 

.3086 

3077 

3067 

3058 

3049 

.3040 

-10 

3 

3030 

3021 

3012 

J003 

3994 

3985 

3976 

3967 

3959 

.2950 

-9 

4 

J941 

3933 

3924 

3915 

3907 

3899 

3890 

3882 

3874 

.2865 

-8 

0.0 

3857 

3849 

.2841 

3833 

3825 

3817 

3809 

3801 

3793 

3786 

-8 

A 

J776 

3770 

2762 

.2755 

3747 

.2740 

2732 

2725 

2717 

3710 

-8 

7 

3703 

.2695 

J688 

3681 

3674 

.2667 

2660 

2653 

3646 

3639 

-7 

8 

.2632 

3625 

3618 

.2611 

.2604 

.2597 

3591 

3584 

3577 

3571 

-7 

9 

3564 

3558 

3551 

3545 

.2538 

3532 

3525 

3519 

3513 

.2506 

-6 

4.0 

.2500 

.2494 

.2488 

J461 

3475 

2469 

2463 

2457 

2451 

2445 

- 6 

1 

.2439 

3433 

3427 

2A21 

3415 

3410 

3404 

2398 

3392 

3387 

-6 

2 

.2381 

3375 

.2370 

2364 

.2358 

2353 

3347 

2342 

2336 

3331 

-6 

3 

.2326 

3320 

.2315 

.2309 

.2304 

2299 

.2294 

3288 

2283 

3278 

-5 

4 

.2273 

3268 

3262 

3237 

.2252 

3247 

3242 

3237 

3232 

3227 

-5 

4.8 

3222 

.2217 

3212 

.2208 

.2203 

.2198 

3193 

3188 

3183 

.2179 

-5 

A 

.2174 

3169 

3163 

3160 

.2155 

3151 

3146 

.2141 

.2137 

.2132 

-5 

7 

.2128 

3123 

3119 

3114 

.2110 

3105 

3101 

3096 

.2092 

.2088 

-4 

8 

.2083 

.2079 

3075 

.2070 

.2066 

.2062 

.2058 

.2053 

.2049 

.2045 

-4 

9 

.2041 

3037 

.2033 

3028 

3024 

3020 

3016 

.2012 

.2008 

.2004 

-4 


l/r = 0.31835 l/e = 0 . 3(>7870 

Explanation of Table of Reciprocals (pp. 3 6 ). This (ahie Iho vuIuoh of l/N foi \ulii(>s of 
U fioni 1 to 10, coriect to four fiKurob. (InUipolutcNl \alm% m(i> hv xri oiioi 1>> 1 iii (he f( uith fiKuie ) 
To find the reciprocal of a number N outside the range from 1 to 10» not<' thiit nioving the rlrrnii«il 
point any uinher of plucos in either direction in coliiinii N ib equi\H)(*nt to niovmi; it the sume niiiiihei of 
places in the opposite direction in the bud,\ of tlie table, hor cxitinple: 


1 

3!217 


0.3100 


1_ 

3217 


0.000 3100 


_ 

0.003217 


310.0 


(Wi put at ions art* fro({u«'ntly simplified by careful arraum’iiienl of llie jirolileni 
!iml recognition of adequate inatlieiriatieui approximations. For (*xarnple; 

, ?■ 1 + ® i®i < < 1) 

1 ± a: 


1 

(0.(KKi944)»- 


= -v/144 = 12 
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Table 3 — Recipbocals op Nximbers.* — {Continued) 


N 

0 

1 

a 

1 

4 

5 

6 

T 

8 

» II 

■ 0 

2000 

1996 

.1992 

.1988 

.1984 

.1980 

.1976 

.1972 

.1969 

.1965 

-4 

r 

1961 

.1957 

.1953 

.1949 

.1946 

.1942 

.1938 

1934 

.1931 

.1927 


2 

1923 

.1919 

1916 

.1912 

1908 

.1905 

.1901 

.1898 

.1894 

1890 


3 

1887 

.1683 

.1880 

.1876 

.1873 

.1869 

.1866 

.1862 

1859 

.1855 


4 

1852 

.1848 

.1845 

.1842 

.1838 

.1835 

.1832 

.1828 

.1825 

.1821 

-3 

BS 

ISIS 

.1815 

.1812 

.1808 

.1805 

.1802 

.1799 

.1795 

.1792 

.1789 


A 

1786 

.1783 

.1779 

.1776 

.1773 

.1770 

.1767 

.1764 

.1761 

.1757 


7 

1754 

.1751 

.1748 

.1745 

.1742 

.1739 

.1736 

.1733 

.1730 

1727 


A 

1724 

.1721 

.1718 

.1715 

.1712 

.1709 

.1706 

.1704 

.1701 

.1698 


.9 

1695 

.1692 

.1689 

.1686 

.1684 

.1681 

.1678 

.1675 

.1672 

.1669 


60 

1667 

.1664 

.1661 

.1658 

.1656 

.1653 

.1650 

.1647 

.1645 

.1642 


1 

1639 

.1637 

.1634 

.1631 

.1629 

.1626 

.1623 

.1621 

.1618 

.1616 


2 

1613 

.1610 

.1608 

.1605 

.1603 

.1600 

.1597 

.1595 

.1592 

.1590 


.3 

1587 

.1585 

.1582 

.1580 

.1577 

.1575 

.1572 

.1570 

.1567 

1565 

-2 

.4 

IS 63 

.1560 

.1558 

.1555 

.1553 

.1550 

.1548 

.1546 

.1543 

.1541 


65 

1538 

.1536 

.1534 

.1531 

.1529 

.1527 

.1524 

.1522 

.1520 

1517 


6 

ISIS 

.1513 

.1511 

.1508 

.1506 

.1504 

.1502 

.1499 

1497 

.1495 


7 

1493 

.1490 

.1488 

. I 486 

.1484 

.1481 

.1479 

.1477 

.1475 

.1473 


8 

1471 

.1468 

1466 

.1464 

.1462 

.1460 

.1458 

.1456 

.1453 

.1451 


.9 

1449 

.1447 

.1445 

.1443 

1441 

.1439 

.1437 

.1435 

.1433 

.1431 


TO 

1429 

.1427 

.1425 

.1422 

1420 

1418 

.1416 

.1414 

.1412 

.1410 


.1 

1408 

.1406 

.1404 

1403 

.1401 

.1399 

.1397 

.1395 

.1393 

.1391 


J 

1 1389 

.1387 

.1385 

.1383 

1381 

1379 

.1377 

.1376 

.1374 

.1372 


3 

' 1370 

.1368 

.1366 

1364 

.1362 

1361 

.1359 

.1357 

.1355 

.1353 


4 

1351 

.1350 

.1348 

.1346 

.1344 

1342 

.1340 

.1339 

1337 

.1335 


TS 

1333 

.1332 

.1330 

1328 

1326 

.1325 

.1323 

.1321 

1319 

.1318 


8 

1316 

.1314 

.1312 

1311 

1309 

.1307 

.1305 

.1304 

1302 

.1300 


7 

1299 

.1297 

.1295 

1294 

.1292 

.1290 

.1289 

.1287 

1285 

1284 


.8 

1282 

.1280 

1279 

1277 

.1276 

.1274 

.1272 

.1271 

1269 

1267 


9| 

1266 

.1264 

.1263 

.1261 

.1259 

.1258 

.1256 

.1255 

1253 

1252 


8.0 

1250 

.1248 

.1247 

1245 

.1244 

.1242 

.1241 

.1239 

1238 

.1236 


.1 

1235 

.1233 

.1232 

.1230 

.1229 

.1227 

.1225 

.1224 

1222 

1221 


2 

1220 

.1218 

.1217 

.1215 

1214 

.1212 

.1211 

.1209 

1208 

1206 


3 

1205 

1203 

.1202 

.1200 

.1199 

.1198 

.1196 

.1195 

1193 

1192 


.4 

1190 

.1189 

.1188 

.1186 

.1185 

.1183 

.1182 

.1181 

.1179 

.1178 

-1 

56 

1176 

.1175 

.1174 

.1172 

.1171 

.1170 

.1168 

.1167 

1166 

.1164 


6 

1163 

.1161 

.1160 

1159 

.1157 

.1156 

.1155 

.1153 

1152 

.1151 


,7 

1149 

.1148 

.1147 

.1145 

.1144 

.1143 

.1142 

.1140 

1139 

1138 


8 

1136 

.1135 

.1134 

.1133 

.1131 

JI 30 

.1129 

.1127 

.1126 

.1125 


9 

1124 

.1122 

.1121 

.1120 

.1119 

JII 7 

.1116 

.1115 

.1114 

.1112 


to 

nil 

1110 

.1109 

.1107 

.1106 

.1105 

.1104 

.1103 

1101 

.1100 


.1 

1099 

1098 

.1096 

.1095 

.1094 

.1093 

.1092 

.1091 

.1069 

.1088 


2 

1087 

1086 

.1085 

.1083 

.1062 

.1081 

.1080 

.1079 

1078 

.1076 



1075 

.1074 

.1073 

.1072 

.1071 

.1070 

.1068 

.1067 

.1066 

.1065 


A 

1064 

.1063 

.1062 

.1060 

.1059 

.1058 

.1057 

.1056 

.1055 

.1054 


tl 

1053 

.1052 

.1050 

.1049 

.1048 

.1047 

1046 

.1045 

.1044 

1043 


.6 

1042 

.1041 

.1040 

.1038 

1037 

.1036 

1035 

.1034 

.1033 

1032 


J 

IIBI 

.1030 

1029 

.1028 

1027 

1026 

1025 

1024 

.1022 

1021 


.8 

1020 

1019 

.1018 

1017 

1016 

1015 

1014 

1013 

1012 

1011 


.9 

1010 

.1009 

1006 

1007 

1006 

1005 

1004 

1003 

1002 

1001 



Moving tho derimal point in either direction in N requires moving it in the opposite direction in 
body of table (see p. 6). 
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Table 4. — Common Logarithms* 
(special table) 



0 

1 

a 

8 

4 

B 

B 

7 

8 

9 

1.00 

00000 

0004 

0009 

0013 

0017 

0022 

0026 

0010 

0035 

0039 

I.UI 

0043 

0048 

0032 

0036 

0060 

0065 

0069 

0073 

0077 

0082 

1.02 

0086 

0090 

0095 

0099 

0103 

0107 

0111 

0II6 

0120 

0124 

1.03 

0128 

0133 

0137 

0141 

0145 

0149 

0154 

0158 

0162 

0166 

IM 

0170 

0175 

0179 

0183 

0187 

0191 

0195 

0199 

0204 

0208 

105 

0212 

0216 

0220 

0224 

0228 

0233 

0237 

0241 

0245 

0249 

106 

0253 

0257 

0261 

0265 

0269 

0273 

0278 

0282 

0286 

0290 

107 

0294 

0298 

0302 

0306 

0310 

0314 

0318 

0322 

0326 

0330 

IJIB 

0334 

0338 

0342 

0146 

0350 

0354 

0358 

0362 

0366 

0370 

109 

0374 

0378 

0382 

0356 

0390 

0394 

0398 

0402 

0406 

0410 

1.10 

0.0414 

0410 

0422 

0476 

0430 

0434 

0438 

0441 

0445 

0449 

l.ll 

0453 

0457 

0461 

0465 

0469 

0473 

0477 

0461 

0484 

0488 

1.12 

0492 

0496 

0500 

0504 

0508 

0512 

U5I5 

0519 

0523 

0527 

1.1) 

0531 

0535 

0538 

0542 

0546 

0550 

0554 

0558 

0561 

0565 

I.M 

0569 

0573 

0577 

0580 

0584 

0588 

0592 

0596 

0599 

0603 

1.15 

0607 

0611 

0615 

0618 

0622 

0626 

0630 

0633 

0637 

0641 

1.16 

064.. 

0648 

0652 

0636 

0660 

0663 

0667 

0671 

0674 

0678 

I.I7 

0682 

0686 

0689 

0693 

0697 

0700 

0704 

0708 

0711 

0715 

1.16 

0719 

0722 

0726 

0730 

0734 

0737 

0741 

0745 

0748 

0752 

1.19 

0755 

0759 

0763 

0766 

0770 

0774 

0777 

0781 

0765 

0788 

1.S0 

00792 

0795 

0799 

0803 

0806 

0810 

0813 

0817 

0821 

0824 

1.21 

0828 

0831 

0835 

0839 

0842 

0646 

0849 

0853 

0856 

0660 

17.2 

0864 

0867 

0871 

0874 

0878 

0881 

0885 

0688 

0892 

08% 

U3 

0899 

0903 

0906 

0910 

0913 

0917 

0920 

0924 

0927 

0931 

U4 

0934 

0938 

0941 

0945 

0948 

0952 

0955 

0959 

0962 

0966 

125 

0969 

0973 

0976 

0980 

0983 

0986 

0990 

0993 

0997 

1000 

126 

1004 

1007 

1011 

1014 

1017 

1021 

1024 

1028 

1031 

1035 

1 27 

1038 

1041 

1045 

1048 

1052 

1055 

1059 

1062 

1065 

1069 

1.2K 

1072 

1075 

1079 

1082 

1086 

1089 

1092 

10% 

1099 

1103 

IJ9 

1106 

1109 

1113 

1116 

1119 

1123 

1126 

1129 

1133 

1136 

ISO 

0.1139 

1143 

1146 

1149 

1153 

1156 

1159 

1163 

1166 

1169 

1.31 

1173 

1176 

1179 

1183 

1186 

1189 

1193 

11% 

1199 

1202 

132 

1206 

1209 

1212 

1216 

1219 

1222 

1225 

1229 

1232 

1235 


1239 

1242 

1245 

1248 

1252 

1255 

1258 

1261 

1765 

1268 

134 

1271 

1274 

1278 

1281 

1284 

1287 

1290 

1294 

1297 

1300 

1.35 

1303 

1307 

1310 

1313 

1316 

1319 

1323 

1326 

1329 

1332 

1.16 

1335 

1339 

1342 

1345 

1348 

1351 

1355 

1358 

1361 

1364 

1.17 

1367 

1370 

1374 

1377 

1360 

1383 

1386 

1389 

1392 

1396 

1.38 

1399 

1402 

1405 

1406 

1411 

1414 

1418 

1421 

1424 

1427 

1.39 

1430 

1433 

1436 

1440 

1443 

1446 

1449 

1452 

1455 

1458 

1.40 

0.1461 

1464 

1467 

1471 

1474 

1477 

1480 

1483 

I486 

1489 

1.41 

1492 

1495 

1498 

1501 

1504 

1508 

1511 

1514 

1517 

1520 

1.42 

1523 

1526 

1529 

1532 

1535 

1538 

1541 

1544 

1547 

1550 

1.41 

1553 

1556 

1559 

1562 

1565 

1569 

1572 

1575 

1578 

1561 

1.44 

1584 

1587 

1590 

1593 

1596 

1599 

1602 

1605 

1608 

1611 

1.45 

1614 

1617 

1620 

1623 

1626 

1629 

1632 

1635 

1638 

1641 

1.46 

1644 

1647 

1649 

1652 

1655 

1658 

1661 

1664 

1667 

1670 

1.47 

1673 

1676 

1679 

1682 

1685 

1668 

1691 

1694 

1697 

1700 

148 

1703 

1706 

1708 

1711 

1714 

1717 

1720 

1723 

1726 

1729 

1.49 

1732 

1735 

1738 

1741 

1744 

1746 

1749 

1752 

1755 

1758 


Momiik the de<im.il n place's to the ripht [cn left) lu the number recpuroH addine + e [or —nl ’n 

the bocl\ of llip table (see p 0) 

* Fiom Maiksi ** Mechanical Kpgiiieei^' llaudbool*,” 1th ed., MeGiaw-Ildli New York, 1941. 
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NUMERICAL AND GRAPHICAL DATA 


[bee. 1 


■^Pable 4 . — Common IjOgarithms. * — (Conlinued) 
(special table) 


“ 1 ■“ 
& ** 

1 - 

0 

1 

9 

s 

4 

B 

0 

7 

e 

9 

1.50 

0.1761 

1764 

1767 

1770 

1772 

1775 

1778 

1781 

1784 

1787 

l.ll 

1790 

1793 

1796 

1798 

1801 

1804 

1807 

1810 

1813 

1816 

1 M 

1818 

1621 

1824 

1827 

1830 

1833 

1836 

1838 

1841 

1844 

I.M 

1847 

1850 

1853 

1855 

1858 

1861 

1664 

1867 

1870 

1872 

1.54 

1875 

1878 

1881 

1884 

1886 

1889 

1893 

1895 

1896 

1901 

1,55 

1903 

1906 

1909 

1912 

1915 

1917 

1920 

1923 

1926 

1928 

I.S6 

1931 

1934 

1937 

1940 

1942 

1945 

1948 

1951 

1953 

1956 

157 

1959 

1962 

1965 

1967 

1970 

1973 

1976 

1978 

1981 

1984 

1.55 

1987 

1989 

1992 

1995 

1998 

2000 

2003 

2006 

2009 

2011 

IJ9 

2014 

2017 

2019 

2022 

2025 

2028 

2030 

2033 

2036 

2038 

1.50 

0.2041 

2044 

2047 

2049 

2052 

2055 

2057 

2060 

2063 

2066 

I.A1 

2068 

2071 

2074 

2076 

2079 

2082 

2084 

2087 

2090 

2092 

1.62 

2095 

2098 

2101 

2103 

2106 

2109 

2111 

2114 

2117 

2119 

1.63 

2122 

2125 

2127 

2130 

2133 

2135 

2138 

2140 

2143 

2146 

1.64 

2148 

2151 

2154 

2156 

2159 

2162 

2164 

2167 

2170 

2172 

1.65 

2175 

2177 

2180 

2183 

2185 

2188 

2191 

2193 

2196 

2198 

1.66 

2201 

2204 

2206 

2209 

2212 

2214 

2217 

2219 

2222 

2225 

1.67 

2227 

2230 

2232 

2235 

2238 

2240 

2243 

2245 

2248 

2251 

1.65 

2253 

2256 

2258 

2261 

2263 

2266 

2269 

2271 

2274 

2276 

1.69 

2279 

2281 

2284 

2287 

2289 

2292 

2294 

2297 

2299 

2302 

1.70 

0.2304 

2307 

2310 

2112 

2315 

2317 

2320 

2322 

2325 

2327 

1.71 

2330 

2333 

2335 

2338 

2340 

2343 

2345 

2348 

2350 

2353 

1.77 

2355 

2358 

2160 

2163 

2365 

2368 

2370 

2373 

2375 

2378 

1.71 

2380 

2383 

2385 

2388 

2390 

2393 

2395 

2398 

2400 

2403 

1.74 

2405 

2406 

2410 

2413 

2415 

2418 

2420 

2423 

2425 

2428 

1.75 

2410 

2433 

2435 

2438 

2440 

2443 

2445 

2448 

2450 

2453 

1.76 

2455 

2458 

2460 

2463 

2465 

2467 

2470 

2472 

2475 

2477 

1.77 

2480 

2482 

2485 

2487 

2490 

2492 

2494 

2497 

2499 

2502 

1.75 

2504 

2507 

2509 

2512 

2514 

2516 

2519 

2521 

2524 

2526 

1J9 

2529 

2531 

2533 

2536 

2538 

2541 

2543 

2545 

2548 

2550 

1.00 

0.2553 

2555 

25W 

2560 

2562 

2565 

2567 

2570 

2572 

2574 

101 

2577 

2579 

2582 

2584 

2566 

2589 

2591 

2594 

2596 

2598 

102 

2601 

2603 

2605 

2608 

2610 

2613 

2615 

2617 

2620 

2622 

101 

2625 

2627 

2629 

2632 

2634 

2616 

2639 

2641 

2643 

2646 

104 

2648 

2651 

2653 

2655 

2658 

2660 

2662 

2665 

2667 

2669 

105 

2672 

2674 

2676 

2679 

2681 

2683 

2686 

2688 

2690 

2693 

1.86 

2695 

2697 

2700 

2702 

2704 

2707 

2709 

2711 

2714 

2716 

1.57 

2718 

2721 

2723 

2725 

2728 

2730 

2732 

2735 

2737 

2739 

1.88 

2742 

2744 

2746 

2749 

2751 

2753 

2755 

2758 

2760 

2762 

1.89 

2765 

2767 

2769 

2772 

2774 

2776 

2778 

2781 

2783 

2785 

l.M 

0.2788 

2790 

2792 

2794 

2797 

2799 

2801 

2804 

2806 

2808 

1.91 

2810 

2813 

3815 

3817 

3819 

3822 

2824 

2626 

2828 

2831 

1.92 

2833 

2835 

2838 

2840 

2842 

2844 

2847 

2849 

2851 

2853 

1.91 

2856 

2858 

2860 

2862 

2865 

2867 

2869 

2871 

2874 

2876 

1.94 

2878 

2880 

2882 

2885 

2887 

^9 

2891 

2894 

2896 

2898 

1.95 

2900 

2903 

2905 

2907 

2909 

2911 

2914 

2916 

2918 

2920 

!.% 

2923 

2925 

2927 

2929 

2931 

2934 

2936 

2938 

2940 

2942 

1.97 

2945 

2947 

2949 

2951 

2953 

2956 

2958 

2960 

2962 

2964 

1.95 

2967 

2969 

2971 

2973 

2975 

2978 

2980 

2982 

2984 

2986 

1.99 

2969 

2991 

2993 

2995 

2997 

2999 

3002 

3004 

3006 

3008 


^From Marks. “Mechanical EnBineers’ Handbuuk." 4th ud.. McGraw-Uill. New York. 1041. 
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Table 4. — Common Logarithms.* — (Continued) 
(special table) 


Num*| 
ber 1 

0 

1 

1 

S 

4 

8 

6 

7 

0 

0 

u 

1.0 

00000 

0043 

0086 

0128 

0170 

0212 

0253 

0294 

0334 

0374 


1.1 

0414 

0453 

0492 

0531 

0369 

0607 

0645 

0682 

0719 

0755 


u 

0792 

0828 

0664 

0899 

0934 

0969 

t004 

1038 

1072 

1106 


1.? 

1139 

1173 

1206 

1239 

1271 

1303 

1335 

1367 

1399 

1430 

1 

1.4 

1461 

1492 

1523 

1553 

1584 

1614 

1644 

1673 

1703 

1732 


l.S 

I76t 

1790 

1818 

1847 

1875 

1903 

1931 

1959 

1987 

2014 


1.6 

2041 

2068 

2095 

2122 

2148 

2175 

2201 

2227 

2253 

2279 

1 

17 

2304 

2330 

2355 

2380 

2405 

2430 

2455 

2480 

2504 

2529 


1.8 

2553 

2577 

2601 

2625 

2648 

2672 

2695 

2718 

2742 

2765 

1 

1.9 

2788 

2810 

2833 

2856 

2878 

2900 

2923 

2945 

2967 

2989 


S.O 

0.3010 

3032 

3034 

3075 

3096 

3118 

3139 

3160 

3ISI 

3201 

21 

2.1 

3222 

3243 

3263 

3284 

3304 

3324 

3345 

3365 

3385 

3404 

20 

2.2 

3424 

3444 

3464 

3483 

3502 

3322 

3541 

3360 

3579 

35f'8 

19 

2.3 

3617 

3636 

3655 

3674 

3692 

3711 

3729 

3747 

3766 

3784 

18 

2.4 

3802 

3820 

3838 

3856 

3874 

3892 

3909 

3927 

3945 

3962 

17 

73 

1979 

3997 

4014 

4031 

4048 

4065 

4082 

4099 

4116 

4133 

17 

2.6 

4150 

4166 

4183 

4200 

4216 

4232 

4249 

4265 

4281 

4298 

16 

2.7 

4314 

4330 

4346 

4362 

4378 

4393 

4409 

4425 

4440 

4456 

16 

26 

4472 

4467 

4502 

4518 

4533 

4546 

4564 

4579 

4594 

4609 

15 

2.9 

4624 

4639 

4654 

4669 

4683 

WTO 

4713 

4718 

4742 

4757 

15 

8.0 

0.4771 

4786 

4800 

4814 

4829 

4843 

4857 

4871 

4666 

4900 

14 

3.1 

4914 

4928 

4942 

4955 

4969 

4983 

4997 

soil 

5024 

5038 

14 

3,2 

MSI 

5065 

5079 

3092 

5105 

3119 

5132 

5145 

5159 

5172 

11 

41 

5185 

5198 

3211 

5224 

5237 

5250 

5263 

5276 

5289 

5302 

11 

3.4 

3313 

5328 

5340 

5353 

5366 

5378 

5391 

5403 

5416 

5428 

13 

11 

5441 

5453 

5465 

5478 

5490 

5502 

5514 

5527 

5539 

5551 

12 

1.6 

5563 

3375 

5587 

5599 

5611 

5623 

5635 

5647 

5658 

5670 

12 

3.7 

5682 

5694 

5705 

5717 

5729 

5740 

5752 

5753 

5775 

5786 

12 

3.6 

5798 

3809 

5821 

5832 

5843 

5855 

5866 

5877 

5888 

5699 

11 

3.9 

5911 

3922 

5933 

5944 

5955 

5966 

5977 

5988 

5999 

6010 

II 

4.0 

0.6021 

6031 

6042 

6031 

6064 

6075 

6085 

6096 

6107 

6117 

II 

4 1 

6120 

6138 

6149 

6160 

6170 

6180 

6191 

6201 

6212 

6222 

10 

42 

6232 

6243 

6253 

6263 

6274 

6284 

6294 

6304 

6314 

6325 

10 

43 

6335 

6345 

6355 

6365 

6375 

6385 

6395 

6405 

6415 

6425 

10 

4.4 

6435 

6444 

6454 

6464 

6474 

6484 

6493 

6503 

6513 

6522 

10 

4.5 

6332 

6542 

6551 

6561 

6571 

63M 

6590 

6599 

6609 

6618 

10 

4.6 

6628 

6637 

6646 

6636 

6665 

6675 

6664 

6693 

6702 

6712 

10 

47 

6721 

6730 

6739 

6749 

6758 

6767 

6776 

6785 

6794 

6803 

9 

48 

6612 

6821 

6830 

6839 

6648 

6857 

6666 

6875 

6884 

6893 

9 

4.9 

6902 

6911 

6920 

6928 

6937 

6946 

6955 

6964 

6972 

6981 

9 


log r = 0.4071 log ir/2 = 0.1901 log - 0.0943 log Vr = 0.2488 
log « - 0 4343 log (0.431.3) = 0.8.378 - 1 


Pages U (Mid lU give llie (siininon logfiiithme of nunibeTS hetweeii 1 niid 10, correct to four places. 
Moving tlio dccininl point n pia<'c^ to tiic light [oi lcft| in the number ir equivalent to adding n [oi — ni 
to the logaritliin. Thua, log 0/;i7*133 » d 2411) — 2, which inn> alM> be wiitten 2 2410 or 8.2419 ~ 10. 
Ht^e ^c. II for coniiilete discussion of logaiithiiis. 


lug (ab) *= log a 4* log b 
log = log a — I(»g h 


log fa^) “ N lug o 

JV/_ I 

log (Vo) = ^ log a 


"^h'roni Markn, “Mechanical Kngiiieers’ JIaudbuok," 4th ed., Mc(lraw*'Uilh New Vork, 1941. 


(C*<ml»nu(d <i» p. lU; 
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NUitEBICAL AND OBAPHICAL DATA 


tSec. 1 


'I'able 4. — ('OMMON Logarithms.* — {Continued) 
{special table) 



0 

1 

1 

s 

4 

8 

6 

7 

8 

9 

u 

f.O 

0.6990 

6998 

7007 

7016 

7024 

7033 

7042 

7050 

7059 

7067 

9 

5.1 

7076 

7084 

7093 

7101 

7110 

7118 

7126 

7135 

7143 

7152 

8 

5.2 

7160 

7168 

7177 

7185 

7193 

7202 

7210 

7218 

7226 

7235 

8 

5.3 

7743 

7251 

7259 

7267 

7275 

7284 

7292 

7300 

7308 

7316 

8 

5.4 

7324 

7332 

7340 

7348 

7356 

7364 

7372 

7380 

7388 

7396 

8 

5i 

7404 

7412 

7419 

7427 

7435 

7443 

7451 

7459 

7466 

7474 

8 

5.6 

7482 

7490 

7497 

7505 

7513 

7520 

7528 

7536 

7543 

7551 

8 

5.7 

7559 

7566 

7574 

7582 

7589 

7597 

7604 

7612 

7619 

7627 

8 

5.8 

7634 

7642 

7649 

7657 

7664 

7672 

7679 

7686 

7694 

7701 

7 

5.9 

7709 

7716 

7723 

7731 

7738 

7745 

7752 

7760 

7767 

7774 

7 

8.0 

0.7782 

7789 

7796 

7803 

7810 

7818 

7825 

7832 

7839 

7846 

7 

6.1 

7853 

7860 

7868 

7875 

7882 

7889 

7896 

7903 

7910 

7917 

7 

67 

7924 

7931 

7938 

7945 

7952 

7959 

7966 

7973 

7980 

7987 

7 

6.3 

7993 

8000 

6007 

6014 

6021 

8028 

8035 

8041 

8048 

805S 

7 

6.4 

8062 

8069 

8075 

8082 

8089 

8096 

8102 

8109 

8116 

8122 

7 

6.5 

8129 

6136 

8142 

8149 

8156 

8162 

8169 

8176 

8182 

8189 

7 

6.6 

8195 

8202 

8209 

8215 

8222 

8228 

8235 

8241 

8248 

8254 

7 

6.7 

8261 

8267 

8274 

6280 

8287 

8293 

8299 

8306 

8312 

8319 

6 

6.H 

8325 

8331 

8338 

8344 

8351 

8357 

8363 

8370 

8376 

8382 

6 

6.9 

8388 

8395 

8401 

8407 

8414 

8420 

8426 

8432 

8439 

8445 

6 

T.O 

a845I 

8457 

8463 

8470 

8476 

8482 

lUM 

ftiOJ 

8500 

8505 

6 

7.1 

8513 

8319 

8525 

8531 

8537 

8543 

8549 

8555 

8561 

8567 

6 

7,7 

8573 

8579 

8585 

8591 

8597 

8603 

8609 

8615 

8621 

8627 

6 

71 

8633 

8639 

8645 

8651 

8657 

8663 

8669 

8675 

8681 

8686 

6 

7.4 

8692 

8698 

8704 

8710 

8716 

8722 

8727 

8733 

8739 

8745 

6 

75 

8751 

8756 

8762 

8768 

8774 

8779 

8785 

8791 

8797 

8802 

6 

76 

8808 

8814 

8820 

8825 

8831 

8837 

8842 

8848 

8854 

8859 

6 

77 

8865 

8871 

8876 

8882 

8887 

8693 

8899 

8904 

8910 

8915 

6 

78 

8921 

8927 

8932 

8938 

8943 

8949 

8954 

B9G0 

8%5 

8971 

6 

7.9 

8976 

8982 

8987 

8993 

8998 

9004 

9009 

9015 

9020 

9025 

5 

8.0 

0.9031 

9036 

9042 

9047 

9053 

9058 

9063 

9069 

9074 

9079 

5 

8.1 

9085 

9090 

90% 

9101 

9106 

9112 

9117 

9122 

9128 

9133 

5 

8.7 

9138 

9M3 

9149 

9154 

9159 

9165 

9170 

9175 

9180 

9186 

5 

81 

9191 

9196 

9201 

9206 

9212 

9217 

9222 

9227 

9232 

9238 

5 

8.4 

9243 

9248 

9253 

9258 

9263 

9269 

9274 

9279 

9284 

9289 

5 

8.5 

9294 

9299 

9304 

9309 

9315 

9320 

9325 

9330 

9335 

9340 

5 

8.6 

9345 

9350 

9355 

9360 

9365 

9370 

9375 

9380 

9385 

9390 

5 

87 

9395 

9400 

9405 

9410 

9415 

9420 

9425 

9430 

9435 

9440 

5 

88 

9445 

9450 

9455 

9460 

9465 

9469 

9474 

9479 

9484 

9489 

5 

8.9 

9494 

9499 

9504 

9509 

9513 

9518 

9523 

9528 

9533 

9538 

5 

S.0 

0.9542 

9547 

9552 

9557 

9562 

9566 

9571 

9576 

9581 

9586 

5 

9.1 

9590 

9595 

9600 

9605 

9609 

9614 

9619 

9624 

9628 

9633 

5 

9.2 

9638 

9<43 

9647 

9652 

9657 

9661 

TVOP 

9671 

9675 

9680 

5 

9.1 

9685 

9689 

%94 

9699 

9703 

9708 

9713 

9717 

9722 

9727 

5 

9.4 

9731 

9736 

9741 

9745 

9730 

9754 

9759 

9763 

9768 

9773 

5 

93 

9777 

9782 

9786 

9791 

9795 

9800 

9805 

9809 

9814 

9818 

5 

9.6 

9823 

9827 

9832 

9836 

9641 

9845 

9850 

9854 

9859 

9863 

4 

9.7 

9868 

9872 

9877 

9881 

9886 

9890 

9894 

9899 

9903 

9908 

4 

9.8 

9912 

9917 

9921 

9926 

9930 

9934 

9939 

9943 

9948 

9952 

4 

9.9 

9956 

9961 

9965 

9969 

9974 

9978 

9983 

9987 

9991 

99% 

4 


‘‘ 1 roiu Muikbf *‘MoohuiiicQl Eugineere* Uaudbuok,'* 4tli eil.r MuGiaw-Hill, New York. 104) 
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Table 6. — Degrees and Minutes Kxpressld in Radians* 
(See also pp. 12 and 22) 


Degrees ] 

1 Hundredths 

1 Minutes 


0175 

81 ° 

10647 

191 ° 

2.1118 

0 ®. 01J 

.0002 

| 0 °. S1 

.0089 

r 

0003 

2 

D349 

2 

1 0821 

2 

Z1293 

2 

D003 

2 

2)091 

2' 

21006 

3 

D324 

3 

109% 

3 

21468 

3 

0005 

3 

0093 

3' 

0009 

4 

2)698 

4 

1.1170 

4 

Z1642 

4 

2)007 

4 

2)094 

4' 

2)012 

r 

2)873 

88 ° 

1 1345 

118 ° 

11817 

.08 

.0009 

.88 

2)0% 

5' 

0015 

i 

.1047 

6 

1 1519 

6 

21991 

6 

2)010 

6 

.0098 

6' 

0017 

7 

.1222 

7 

1 1694 

7 

22166 

7 

2)012 

7 

.0099 

7' 

2)020 

8 

.1396 

R 

1 1868 

R 

22340 

8 

0014 

8 

2)101 

8 ' 

0021 

» 

.1371 

9 

1J043 

9 

12515 

9 

2)016 

9 

2)103 

9' 

2)026 

18 ° 

.1745 

70 ° 

12217 

180 ° 

22689 

tPAA 

.0017 

IP.60 

2)105 

10' 

0029 

1 

.1920 

1 

1 2392 

1 

22864 

1 

.0019 

1 

2)106 

D' 

.0032 

2 

J094 

2 

1 2566 

2 

23038 

2 

.0021 

2 

2)108 

12' 

0035 

3 

J269 

3 

1 2741 

3 

23213 

3 

2)023 

3 

2)110 

13' 

0038 

4 

J443 

4 

lJ9tS 

4 

23387 

4 

.0024 

4 

2)112 

14' 

.0041 

11 ° 

.2618 

78° 

130°0 

188 ° 

23562 

.18 

2)026 

.66 

.0113 

15' 

0044 

6 

.2793 

6 

1 3265 

6 

23736 

6 

2)0% 

6 

2)115 

16' 

0047 

7 

2967 

7 

1 3439 

7 

23911 

7 

21030 

7 

.0117 

17' 

0049 

8 

.3142 

8 

13614 

8 

240S6 

8 

.003) 

8 

.0119 

18' 

0052 

9 

J316 

9 

1 3788 

9 

24260 

/ 9 

2)033 

9 

2)120 

19' 

.0055 

S0 ° 

3491 

80 ° 

13%3 

140^ 

24435 

o°.so 

2)035 

0°.7O 

.0122 

20' 

.0058 

1 

J665 

1 

14137 

1 

24609 

1 

.0037 

1 

2)124 

2)' 

.0061 

2 

.3840 

2 

1 4312 

2 

24784 

2 

.0038 

2 

.0126 

22' 

.0064 

3 

.4014 

3 

1 4486 

3 

24958 

3 

.0040 

3 

.0127 

23' 

0067 

4 

.4189 

4 

14661 

4 

15133 

4 

2)042 

4 

2)129 

24' 

.0070 

18 ° 

.4363 

88 ° 

1 4835 

118° 

25307 

M 

.0044 

.78 

.0131 

25' 

0073 

6 

.4538 

6 

1 5010 

6 

25482 

6 

0045 

6 

.0133 

26' 

.0076 

7 

.4712 

7 

1 5184 

7 

25656 

7 

0047 

7 

0134 

27' 

.0079 

8 

.4887 

8 

1 5359 

8 

25831 

8/ 

.0049 

8 

.0)36 

28' 

.0081 

9 

J061 

9 

1J533 

9 

26005 

9 

.0051 

9 

.0138 

29' 

0084 

80 ° 

.5236 

909 

1 5708 

180° 

26180 

o°.so 

.0052 

0°.80 

.0140 

30' 

.0087 

1 

.5411 

1 

1 5882 

1 

26354 

1 

.0054 

1 

.0141 

31' 

2)090 

2 

.5585 

2 

1 6057 

2 

26529 

2 

.0056 

2 

0143 

32' 

0093 

3 

21760 

3 

1 6232 

3 

26704 

3 

JN)58 

3 

2)145 

33' 

.00% 

4 

J934 

4 

1.6406 

4 

2.6878 

4 

2)059 

4 

2)147 

34' 

.0099 

88 ° 

.6109 

98 ° 

1 6581 

188° 

27053 

88 

.0061 

.88 

.0148 

35' 

.0102 

6 

.6283 

6 

1 6755 

6 

27227 

6 

.0063 

6 

.0150 

.36' 

0105 

7 

6458 

7 

1 6930 

7 

27402 

7 

0065 

7 

.0152 

37' 

9108 

8 

.6632 

8 

17104 

8 

27576 

8 

0066 

8 

.0154 

38' 

.011) 

9 

.6807 

9 

1J279 

9 

2J751 

9 

.0068 

9 

2)155 

39' 

.0113 

40 ° 

.6981 

100° 

17453 

180° 

27925 

0°A0 

.0070 

rM 

.0157 

40' 

0116 

1 

.7156 

1 

1 7628 

1 

28100 

1 

.0072 

1 

.0159 

41' 

0119 

2 

.7330 

2 

1 7802 

2 

28274 

2 

.0073 

2 

.0161 

42' 

.0122 

3 

,7505 

3 

1 7977 

3 

2 8449 

3 

21075 

3 

.0162 

43' 

.0125 

4 

J679 

4 

1.8151 

9 

28623 

4 

21077 

4 

2)164 

44' 

.0128 

48 ° 

.7854 

100° 

1 8326 

168° 

28798 

.40 

.0079 

.88 

.0166 

45' 

0131 

Lj 

8029 

6 

1 8500 

6 

28972 

6 

.0060 

6 

.0166 

46' 

.0134 

7 

.8203 

7 

1 8675 

7 

29147 

7 

.0082 

7 

.0169 

47' 

.0137 

8 

.8378 

8 

1 8850 

8 

29322 

8 

.0084 

8 

.0171 

48' 

0140 

9 

.8552 

9 

1.9024 

9 

2.9496 

9 

21086 

9 

2)173 

49' 

.0143 

80° 

W3 

110° 

19199 

170° 

2%71 

0°.80 

.0087 

1°00 

.0175 

50' 

0145 

1 

.8901 

1 

1 9373 

1 

29845 





51' 

0148 

2 

.9076 

2 

1 9548 

2 

30020 





52' 

0151 

3 

.9250 

3 

1 9722 

3 

30194 





53' 

0154 

4 

.9425 

4 

1.9897 

4 

30369 





54' 

.0157 

sr 

.9399 

118° 

20071 

178° 

30543 





55' 

0160 

6 

.9774 

6 

20246 

6 

307)6 





56' 

0163 

7 

.9948 

7 

2 0420 

7 

30892 





57' 

.0166 

8 

10123 

8 

2 0595 

8 

31067 





58' 

.0169 

9 

12)297 

9 

20769 

9 

3.1241 





59' 

0172 

80 ° 

10472 

180° 

2 0944 

180° 

3.1416 





60 

0175 


Arc 1° = ()0174')33 Ai< 1' - 0()()02>)0888 In 1" = 0 ()()()()() 18 181 1 
1 ladimi = 7“ 205780 = 57‘> 17’74(i8 = '.7'’ 17' 44" 8(H> 

*i rum Marks, ' Mechauical EiigiiKus’ 11 iiicllHiok,’ 4tli ed , McGi la-llill, Nta York, 1011 
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Table 7 — Natural Sines and Cosines* 
Natural sines at intervals of 0°.l, or 6' 


M 

° 0 

°.l 

® s 

•.* 

•.6 

®.» 

•.8 

• T 

•.8 

*.9 




a 

■=l0') 

(6') 

(12') 

(18') 

(24') 

(500 

(36') 

(42') 

(48') 

(54') 




0" 

00000 

0017 

0035 

0052 

0070 

0087 

0105 

0122 

0140 

0157 

00000 

0175 

00 ° 

89 

17 

1 

0175 

0192 

0209 

0227 

0244 

0262 

0279 

0297 

0314 

0132 

0349 

88 

17 

2 

0349 

0366 

0384 

0401 

0419 

0436 

0454 

0471 

0488 

0506 

0523 

87 

17 

3 

0523 

0541 

0558 

0576 

0593 

0610 

0628 

0645 

0663 

0680 

0698 

86 

17 

4 

0698 

0715 

0732 

0750 

0767 

0785 

0802 

0819 

0837 

0854 

00872 

85 

17 

5 

00S72 

0889 

0906 

0924 

0941 

0958 

0976 

0993 

1011 

1028 

1045 

84 

17 

6 

1045 

1063 

1080 

1097 

1115 

1132 

1149 

1167 

1184 

1201 

1219 

83 

17 

7 

1219 

1236 

■ 253 

1271 

1288 

1305 

1323 

1340 

1357 

1374 

1392 

82 

17 

S 

1392 

1409 

1426 

1444 

1461 

1478 

1495 

1513 

1510 

1547 

1564 

81 

17 

9 

1564 

1562 

1599 

1616 

1633 

1650 

1666 

1685 

1702 

1719 

01736 

80 ® 

17 

10 ® 

01736 

1754 

177! 

1788 

1805 

1822 

1640 

1857 

1874 

1891 

1908 

79 

17 

II 

1908 

1925 

1942 

1959 

1977 

1994 

2011 

2028 

2045 

2062 

2079 

78 

17 

12 

2079 

2096 

2113 

2130 

2147 

2164 

2181 

2198 

2215 

2213 

2250 

77 

17 

n 

2230 

2267 

2284 

2300 

2317 

2334 

2351 

2368 

2385 

2402 

2419 

76 

17 

M 

2419 

2436 

2453 

2470 

2487 

2504 

2521 

2538 

2554 

2571 

02588 

75 

17 

15 

02588 

2605 

2622 

2639 

2656 

2672 

2689 

2706 

2723 

2740 

2756 

74 

17 

lA 

2756 

2773 

2790 

2807 

2823 

2840 

2857 

2874 

2890 

2907 

2924 

73 

17 

17 

2924 

2940 

2957 

2974 

2990 

3007 

3024 

3040 

3057 

3074 

3090 

72 

17 

IH 

3090 

3107 

3123 

3140 

3156 

3173 

3190 

3206 

3223 

3239 

3256 

71 

17 

19 

3256 

3272 

3289 

3305 

3322 

3338 

3355 

3371 

3387 

3404 

03420 

70° 

16 

10° 

0 3420 

3437 

3453 

3469 

3486 

3502 

3518 

3535 

3551 

3567 

3584 

69 

16 

21 

3584 

3600 

3616 

3633 

3649 

3665 

3681 

3697 

3714 

37,0 

3746 

68 

16 

22 

3746 

3762 

3778 

3795 

3011 

3827 

3843 

3859 

3875 

3891 

3907 

67 

16 

23 

3907 

3923 

3939 

3955 

3971 

3987 

4003 

4019 

4035 

4051 

4067 

66 

16 

24 

4067 

4083 

4099 

4115 

4131 

4147 

4163 

4179 

4195 

4210 

04226 

65 

16 

25 

04226 

4242 

4258 

4274 

4289 

4305 

4321 

4337 

4352 

4368 

4384 

64 

16 

26 

4384 

4399 

4415 

4431 

4446 

4462 

4478 

4493 

4509 

4524 

4540 

63 

16 

27 

4540 

4555 

4571 

4586 

4602 

4617 

4633 

4648 

4664 

4679 

4695 

62 

16 

2S 

4695 

4710 

4726 

4741 

4756 

4772 

4787 

4802 

4818 

4833 

4848 

61 

15 

29 

4848 

4863 

4879 

4894 

4909 

4924 

4939 

4955 

4970 

4985 

05000 

80 ° 

15 

to ® 

0 5000 

5015 

5030 

5045 

5060 

5075 

5090 

5105 

5120 

5135 

5150 

59 

15 

31 

5150 

5165 

5180 

5195 

5210 

5225 

5240 

5255 

5270 

5284 

5299 

58 

15 

32 

5299 

5314 

5329 

5344 

5358 

5373 

5388 

5402 

5417 

5432 

5446 

57 

15 

33 

5446 

5461 

5476 

5490 

5505 

5519 

5534 

5546 

5563 

5577 

5592 

56 

15 

34 

5592 

5606 

5621 

5635 

5650 

5664 

5678 

5693 

3707 

5721 

05736 

55 

14 

35 

05736 

5750 

5764 

5779 

5793 

5807 

5821 

5835 

5850 

5864 

5878 

54 

14 

36 

5678 

5892 

5906 

5920 

5934 

5948 

5962 

5976 

5990 

6004 

6018 

53 

14 

37 

6018 

6032 

6046 

6060 

6074 

6088 

6101 

6115 

6129 

6143 

6157 

52 

14 

38 

6157 

6170 

6184 

6198 

6211 

6225 

6239 

6252 

6266 

6280 

6293 

51 

14 

39 

6293 

6307 

6320 

6334 

6347 

6361 

6374 

6388 

6401 

6414 

0 6428 

80° 

13 

40® 

0 6428 

6441 

6455 

6468 

6481 

6494 

6508 

6521 

6534 

6547 

6561 

49 

13 

4t 

6561 

6574 

6587 

6600 

6613 

6626 

6639 

6652 

6665 

6678 

6691 

48 

13 

42 

6691 

6704 

6717 

6730 

6743 

6756 

6769 

6782 

6/94 

6807 

6820 

47 

13 

43 

6820 

6833 

6845 

6858 

6871 

6884 

68% 

6909 

6921 

6934 

6947 

46 

13 

44 

6947 

6959 

6972 

6984 

6997 

7009 

7022 

7034 

7046 

7059 

07071 

48 ° 

12 

46® 

0 7071 














*9 '8 ".7 "6 •* '4 "S *8 '1 *0 

=(54') (48') (42') (36') (30') (24') OB') (12') (6') (O') 


* i rum Marke, "MechuiiiLil Dnginccie. Ilinilbook," 4th ed , McCiitiw Hill, Ni w York, 1041. 
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trUMERlCAL AlfD GRAPHICAL DATA 


(Sec. 


TabiiE 7. — Natukal, Sines and (Iobinbs.* — (Continued) 


» 

Q 

•.0 

“(O') 

•1 

(O') 

(120 

*8 

(■S') 

*.4 

(24') 

*.B 

(300 

*.8 

(36-) 

“.T *.8 
(42') (48') 

*.8 

(54') 



►s 












0.7071 

48* 



07Q7I 

7085 

7096 

7108 

7120 

7133 

7145 

7157 

7169 

7181 

7193 

44 

12 

46 

7193 

7206 

7218 

7250 

7242 

7254 

7266 

7278 

7290 

7302 

7314 

43 

12 

47 

7314 

7325 

7537 

7549 

7361 

7373 

7385 

73% 

7408 

7420 

7431 

42 

12 

48 

7431 

7443 

7455 

7466 

7478 

7490 

7501 

7513 

7524 

7536 

7547 

41 

12 

49 

7547 

7559 

7570 

7581 

7593 

7604 

7615 

7627 

7638 

7649 

07660 

40° 

II 

ao^ 

0.7660 

7672 

7685 

7694 

7705 

7716 

7727 

7738 

7749 

7760 

7771 

39 

II 

SI 

7771 

7782 

7793 

7804 

7815 

7826 

7837 

7848 

7859 

7869 

7880 

38 

II 

52 

7880 

7891 

7902 

7912 

7923 

7934 

7944 

7955 

7965 

7976 

7986 

37 

II 

53 

7986 

7997 

8007 

8018 

8028 

8039 

8049 

0059 

8070 

8080 

8090 

36 

10 

54 

8090 

8100 

8111 

8121 

8131 

8141 

6151 

8161 

8171 

8181 

08192 

35 

10 

55 

0.8192 

8202 

8211 

8221 

8231 

8241 

6251 

8261 

6271 

6281 

6290 

34 

10 

5A 

8290 

8300 

8310 

8520 

8329 

8339 

8348 

8358 

8368 

6377 

8387 

33 

10 

57 

8387 

8396 

8406 

8415 

8425 

8434 

8443 

8453 

8462 

8471 

8480 

32 

9 

58 

8480 

8490 

8499 

8508 

8517 

8526 

8536 

8545 

8554 

8563 

8572 

31 

9 

59 

8572 

8581 

8590 

8599 

8607 

8616 

8625 

8634 

8643 

8652 

0J660 

SO* 

9 

60^ 

08660 

8669 

8678 

0686 

8695 

8704 

8712 

8721 

8729 

8738 

8746 

29 

9 

61 

8746 

8755 

8765 

8771 

8780 

8788 

8796 

0805 

8813 

8621 

6829 

28 

8 

62 

8829 

8838 

AM6 

8854 

8862 

8870 

8878 

8886 

8894 

8902 

8910 

27 

8 

65 

8910 

8918 

8926 

8954 

8942 

8949 

8957 

0965 

8973 

8980 

8988 

26 

8 

64 

8988 

8996 

9003 

9011 

9018 

9026 

9033 

9041 

9048 

9056 

0.9063 

25 

7 

65 

0.9063 

9070 

9078 

9085 

9092 

9100 

9107 

9114 

9121 

9128 

9135 

24 

7 

66 

9135 

9143 

9150 

9157 

9164 

917) 

9178 

9184 

9191 

9198 

9205 

23 

7 

67 

9205 

9212 

9219 

9225 

9232 

9239 

9245 

9252 

9259 

9265 

9272 

22 

7 

68 

9272 

9278 

9285 

9291 

9298 

9304 

9311 

9317 

9323 

9330 

9336 

21 

6 

69 

9336 

9342 

9348 

9354 

9361 

9367 

9373 

9379 

9385 

9391 

0.9397 

SO* 

6 

TO* 

0.9397 

9403 

9409 

9415 

9421 

9426 

9432 

9438 

9444 

9449 

9455 

19 

6 

71 

9455 

9461 

9466 

9472 

9478 

9483 

94*9 

9494 

9500 

9505 

9511 

18 

6 

72 

9511 

9516 

9521 

9527 

9532 

9537 

9542 

9548 

9553 

9558 

9563 

17 

5 

75 

9563 

9568 

9575 

9578 

9583 

9388 

9593 

9590 


9608 

9613 

16 

5 

74 

9613 

9617 

9622 

9627 

9632 

9636 

9641 

9646 

9650 

9655 

0.9659 

15 

5 

75 

09659 

9664 

9668 

%75 

9677 

9681 

9686 

9690 

9694 

9699 

9703 

14 

4 

76 

9703 

9707 

9711 

9715 

9720 

9724 

9728 

9732 

9736 

9740 

9744 

13 

4 

77 

9744 

9748 

9751 

9755 

9759 

9763 

9767 

9770 

9774 

9778 

9781 

12 

4 

78 

9781 

9785 

9789 

9792 

9796 

9799 

9803 

98% 

9810 

9813 

9816 

II 

3 

79 

9816 

9820 

9823 

9826 

9829 

9833 

9836 

9839 

9842 

9845 

a9848 

10* 

3 

80° 

0.9848 

9851 

9854 

9857 

9860 

9863 

9866 

9869 

9871 

9874 

9877 

9 

3 

81 

9877 

9880 

9862 

9885 

9888 

9890 

9893 

9895 

9898 

9900 

9903 

8 

3 

82 

9903 

9905 

9907 

9910 

9912 

9914 

9917 

9919 

9921 

9923 

9925 

7 

2 

85 

9925 

9928 

9950 

9932 

9934 

9936 

9938 

9940 

9942 

9943 

9945 

6 


84 

9945 

9947 

9949 

9951 

9952 

9954 

9956 

9957 

9959 

9960 

0.9962 

5 


85 

0.9962 

9963 

9965 

9966 

9968 

9969 

9971 

9972 

9973 

9974 

9976 

4 

1 

86 

9976 

9977 

9978 

9979 

9980 

9981 

9982 

9983 

9984 

9985 

9986 

3 

1 

87 

9986 

9987 

9988 

9989 

9990 

9990 

9991 

9992 

9993 

9993 

9994 

2 

1 

88 

9994 

9995 

9995 

9996 

9996 

9997 

9997 

9997 

9998 

9998 

1.9998 

1 

0 

89 

to* 

0 9998 

fJtOOO 

9999 

9999 

9999 

9999 

0000 

0000 


0000 

0000 

I2IOOO 

0* 

0 


*.8 *.8 *.7 *.* 

*.8 *.4 *.8 *.l *.l 

*.0 

e« 

=(54') (480 C42') (360 

aV) (24') (18') (120 (O') 

(O') 

(5 
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Table 8. — Natuhal Tangents and Cotangents* 
Natural tangents at intervals of O".!, or 6' 



*0 

M 

M 

'.a 

•.4 

M 

•.a ®.T •.§ 



s 

“(00 

W) 

(120 

(lO*) 

04') 

(30') 

(360 (42') (48') (540 




0» 

0.0000 

0017 

0035 

0052 

0070 

0067 

1 

0173 

0192 

0209 

0227 

0244 

0262 

2 

0349 

0367 

0384 

0402 

0419 

0437 

3 

0524 

0542 

0559 

0577 

0594 

0612 

4 

0699 

0717 

0734 

0752 

0769 

0787 

3 

a0875 

0892 

0910 

0928 

0945 

0963 

6 

1051 

1069 

1086 

1104 

1122 

1139 

7 

1228 

1246 

1263 

1281 

1299 

1317 

8 

1405 

1423 

1441 

1459 

1477 

1495 

9 

1584 

1602 

1620 

1638 

1655 

1673 

10® 

0.1763 

1781 

1799 

1817 

1835 

1853 

II 

1944 

1962 

1980 

1998 

2016 

2035 

12 

2126 

2144 

2162 

2180 

2199 

2217 

13 

7309 

2327 

2345 

2364 

2382 

2401 

14 

2493 

2512 

2530 

2549 

2568 

2586 

IS 

0.2679 

2698 

2717 

2736 

2754 

2773 

16 

2867 

2886 

2905 

2924 

2943 

2962 

17 

3057 

3076 

3096 

3115 

3134 

3153 

■8 

3249 

3269 

32H8 

3307 

3327 

3346 

19 

3443 

3463 

3482 

3502 

3522 

3541 

■0° 

0.3640 

3659 

3679 

3699 

3719 

3739 

21 

3839 

3859 

3879 

3899 

3919 

3939 

22 

4040 

4061 

4081 

4101 

4122 

4142 

23 

4245 

4265 

4286 

4307 

4327 

4348 

24 

4452 

4473 

4494 

4515 

4536 

4557 

2S 

0.4663 

4684 

4706 

4727 

4748 

4770 

76 

4877 

4899 

4921 

4942 

4964 

4986 

27 

5095 

5117 

5139 

5161 

5184 

5206 

28 

5317 

5340 

5362 

5384 

5407 

5430 

29 

5543 

5566 

5589 

5612 

5635 

5658 

so<> 

05774 

5797 

5820 

5844 

5867 

5890 

31 

6009 

6032 

6056 

6080 

6104 

6128 

32 

6249 

6273 

6297 

6322 

6346 

6371 

33 

6494 

6519 

6544 

6569 

6594 

6619 

34 

6745 

6771 

6796 

6822 

6847 

6873 

33 

0.7002 

7028 

7054 

7080 

7107 

7133 

36 

7265 

7292 

7319 

7346 

7373 

7400 

37 

7536 

7563 

7590 

7618 

7646 

7673 

38 

7813 

7841 

7869 

7898 

7926 

7954 

39 

8098 

8127 

8156 

8185 

8214 

8243 

400 

0.8391 

8421 

8451 

8481 

8511 

8541 

41 

8693 

8724 

8754 

8785 

8816 

8847 

42 

9004 

9036 

9067 

9099 

9131 

9163 

43 

9325 

9358 

9391 

9424 

9457 

9490 

44 

0.9657 

9691 

9725 

9759 

9793 

9827 

48® 

1.0000 







•.9 '.9 *.7 

«(i40 (W) (420 (360 (30') 


0105 

0122 

0140 

0157 

OjODOO 

0175 

f0« 

S9 

17 

0279 

0297 

0314 

0332 

0349 

88 

17 

0454 

0472 

0489 

0507 

0524 

87 

17 

0629 

0647 

0664 

0682 

0699 

86 

18 

0805 

0822 

0840 

0857 

00875 

85 

18 

0981 

0998 

1016 

1033 

1051 

84 

18 

1157 

1175 

1192 

1210 

1228 

83 

18 

1334 

1352 

1370 

1388 

1405 

82 

18 

1512 

1530 

1548 

1566 

1584 

81 

IS 

1691 

1709 

1727 

1745 

0.1763 

80® 

18 

1871 

1890 

1908 

1926 

1944 

79 

18 

2053 

2071 

2089 

2107 

2126 

78 

18 

2235 

2254 

2272 

2290 

2309 

77 

18 

2419 

2438 

2456 

2475 

2493 

76 

18 

2605 

2623 

2642 

2661 

0l2679 

75 

19 

2792 

2811 

2830 

2849 

2867 

74 

19 

2981 

3000 

3019 

3038 

3057 

73 

19 

3172 

3191 

3211 

3230 

3249 

72 

19 

3365 

33BS 

3404 

3474 

3443 

71 

19 

3561 

3581 

3600 

3620 

0.3640 

TO® 

20 

3759 

3779 

3799 

3819 

3839 

69 

20 

3959 

3979 

4000 

4020 

4040 

68 

20 

4163 

4IR3 

4204 

4224 

4245 

67 

21 

4369 

4390 

4411 

4431 

4452 

66 

21 

4578 

4599 

4621 

4642 

0.4663 

65 

21 

4791 

4813 

4834 

4856 

4877 

64 

21 

5008 

5029 

5051 

5073 

5095 

63 

22 

ym 

5250 

5272 

5295 

5317 

62 

22 

5452 

5475 

5498 

5520 

5543 

61 

23 

5681 

5704 

5727 

5750 

0J774 

80® 

23 

5914 

5938 

5%l 

5985 

6009 

59 

24 

6152 

6176 

6200 

6224 

6249 

58 

24 

6395 

6420 

6445 

6469 

6494 

57 

25 

6644 

6669 

6694 

6720 

6745 

56 

25 

6899 

6924 

6950 

6976 

0.7002 

55 

26 

7159 

7186 

7212 

7239 

7265 

54 

26 

7427 

7454 

7481 

7508 

7536 

53 

27 

7701 

7729 

7757 

7785 

7813 

52 

28 

7983 

8012 

8040 

8069 

8098 

51 

28 

8273 

8302 

8332 

8361 

021391 


29 

8571 

8601 

8632 

8662 

8693 

49 

30 

BR7R 

8910 

8941 

8972 

9004 

48 

31 

9195 

9228 

9260 

9293 

9325 

47 

32 

9523 

9556 

9590 

9623 

0.9657 

46 

33 

9861 

9896 

9930 

9965 

1.0000 

48® 

34 

».4 

•.a 

'.a 

•.1 

'.0 



124') 

(18') 

(12') 

(6') 

(O') 

& 



* From Maiku, “Mouhanirtil Kiigiiioois' Handbook, ” 4l!i tal., MrCiruw-Tlill, New \ork, 1U41, 


(Continued on p. 1C) 
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NVMbRICAL AND QRAPHICAL DATA 


[Sec 1 


Table 8 — Natubal Tangi nts and Cotangents *~(Conftnued) 


Jf '0 

0 -(O') 


•1 “• “• “4 •• 

(6f) (12') (IB') (24') (m 


“• *7 "g og 

(360 (420 («') (54') 


ig" I 0000 
0355 
0724 
1106 
1504 


0035 0070 OIOS 0141 
0392 0428 0464 0501 
0761 0799 0837 0875 
1145 1184 1224 1263 
1544 1585 1626 1667 

I960 2002 2045 2088 
^93 2437 2482 2527 
2846 2892 2938 2985 
3319 3367 3416 3465 
3814 3865 3916 3968 

4335 4388 4442 4496 
4882 4938 4994 SOSI 
5458 5517 5577 5637 
6066 6128 6191 6255 
6709 6775 6842 6909 

1 739 1 746 1 753 1 760 
1811 I 819 1 827 I 834 
I 889 I 897 I 905 1 913 

1 971 I 980 I 988 I 997 
2059 2 069 2 078 2 067 

2 154 2 164 2 174 2 184 

2 257 2 267 2 278 2 289 
2367 2 379 2 391 2 402 
2488 2500 2513 2526 
2619 2633 2646 2660 

2762 2 778 2 793 2 888 
2921 2 937 2 954 2 971 
3096 3 115 3 133 3 152 

3 291 3 312 3 333 3 354 
3511 3534 3 558 3 582 

3 758 3 785 3 812 3 839 
4041 4071 4 102 4 134 

4 366 4 402 4 437 4 474 

4 745 4 787 4 829 4 872 

5 193 5 242 5 292 5 343 

5730 5 789 5 850 5 912 
6386 6 460 6 535 6 612 

7 207 7 300 7 396 7 495 

8 264 8 386 8 513 8 643 
9677 9845 1002 1020 

1166 I'OI 1216 1243 
1467 1506 1546 1590 
19 74 20 45 71 20 22 02 
30 14 31 82 33 69 3580 
6366 71 62 81 85 9549 


0212 0247 0283 0319 0355 
0575 0612 0649 0686 0724 
0951 0990 1028 1067 1106 
1343 1383 1423 1463 1504 
1750 1792 1833 1875 1 1918 

2174 2218 2261 2305 2349 
2617 2662 2708 2753 2799 
3079 3127 3175 3222 3270 
3564 3613 3663 3713 3764 
4071 4124 4176 4229 1 4281 

4605 4659 4715 4770 4826 
5166 5224 5282 5340 5399 
5757 5818 5880 5941 6003 
6383 6447 6512 6577 6643 
7045 7113 7182 72jI 1 7321 

1 775 1 782 1 789 1 T7 I 804~ 
I 849 I 857 I 865 I 873 I 881 

1 929 I 937 I 946 I 954 I 963 
2014 2 023 2 032 2 041 2 050 

2 106 2 1 16 2 125 2 135 2 145 

2 204 2 215 2 225 2 236 2 246 
2 31 1 2 322 2 333 2 344 2 356 
2 426 2 438 2 450 2 463 2 475 

2 552 2 565 2 578 2 592 2 605 
2689 2 703 2 718 2 733 2 747 

2840 2 856 2 872 2888 2 904 
3006 3 024 3 042 3 860 3 0/8 
3191 3 211 3 230 3 251 3 271 
3398 3 420 3 442 3 465 3 487 
3630 3 655 3 681 3 706 3 732 

3 895 3 925 3 952 3 981 4011 

4 198 4 2V) 4 264 4 297 4 331 

4 548 4 586 4 625 4 665 4 705 
4959 5 005 5 050 5 097 5 145 

5 449 5 503 5 558 5 614 5 671 

6 041 6 107 6 174 6 243 6 314 

6 772 6 855 6 940 7 026 7115 

7 700 7 806 7 916 8 028 8 144 
8915 9 058 9 205 9 357 9 514 
1058 1078 1099 1120 II 43 

13 00 13 30 13 62 13 95 14 30 
16 83 17 34 17 89 18 46 19 08 
23 86 24 90 26 03 27 27 28 64 
40 92 44 07 47 74 52 08 57 29 
143 2 191 0 286 5 573 0 m 


44 35 

43 37 


34 55 

33 57 


79 7 

28 8 

27 8 

26 9 

25 9 


gO» 14 


16 22 

15 24 

14 28 

13 32 


• g o , « f , 

=(54') (480 (420 (360 


»4 »g 'g"! *0 

(24') (180 (120 (60 (0) 
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Table 9. — EJxponentials* 
[e* and e~"l 


n 

« 

Diff. 

n 


n 


F 

IS 

« 

F 

I 

n 

e"" 

0.09 

.01 

j02 

.03 

M 

0.05 

j06 

XE 

M 

M 

0.10 

.11 

.12 

.13 

.14 

ai5 

.16 

.17 

.18 

.19 

a.so 

.21 

J2 

J3 

J4 

OJS 

J6 

J7 

as 

Z9 

0.10 

.31 

J2 

J3 

J4 

0.35 

.36 

.37 

.38 

J9 

0.40 

.41 

.42 

.43 

At 

045 

.46 

A7 

.48 

.49 

0.50 

1.000 ,n 

1.010 3 
i.o:o 2 

1.030 V 
l-MI 10 
1.051 „ 
1.062 

1.073 i 
1.083 ? 

1X194 Jj 

1.105 „ 
I.II6 

1.127 1 

1.139 f 
1.150 ii 
1.162 „ 
1.174 f 
1.185 j 
1.197 

IJ09 \i 

U2I ,3 
1.234 1 

1246 \\ 
1.259 H 
1271 jj 

1.284 ,3 
1.297 

1.310 1 

1.323 1 

1J36 

1.350 ,3 
1.363 ? 

1.377 1 

1.391 1 

1.405 1} 
1.419 ,4 
1.433 

1.448 i 
1.462 J 
1.477 j| 

1.492 ,5 
1.507 I 
1.522 1 

1.537 ? 

1253 j‘ 
1.568 

1.584 I? 

1.600 V 
1.616 9 

1.632 }‘ 
1Xi49 

0.00 

21 

.52 

23 

24 
025 

26 

27 

28 
29 

aoo 

21 

22 

.63 

24 

025 
.66 

27 

28 
29 

aro 

ji 

.72 

.73 

24 

0.75 

.76 

07 

.78 

29 

0.80 

21 

22 

23 

24 
0.65 

26 
27 
.88 
29 

0.90 

.91 

.92 

.93 

.94 

0.95 
.96 
.97 
.98 
.99 1 
1.00 1 

1 

1249 ,, 
1265 ; 

1.682 < 
1.699 1 

1216 jj 
1.733 ,, 
1.751 3 

1.768 i 
1.786 3 
1204 11 
1222 ,, 
1.840 3 

1.859 i 
1.878 i 
1296 

1.916 „ 
1.935 5 
1.954 

1.974 S 
1.994 

2.014 ,» 
2.034 ?? 
2.054 ii 
2.075 i\ 
2296 

2.117 5, 
2.138 f, 

2.160 ii 
2.181 

2203 II 
2.226 „ 
2.248 H 
2.270 S 
2293 il 
2J16 g 

2.340 n 
2.363 

2.387 IJ 

2.435 g 

2.460 24 
2.484 

2.509 1? 
2.535 1? 

2J60 g 

2.586 

2.612 5? 
2.638 g 
2.664 % 
2691 II 
2.718 

1.C 

.1 

2 

A 

1.5 

A 

£ 

.9 

S.0 

.1 

2 

2 

A 

25 

.6 

0 

A 

3 

5.0 

2 

5 

A 

35 

A 

.7 

.8 

.9 

4.0 

2 

5 

.4 

45 

8.0 

6.0 

75 

8.0 

9.0 

10.0 

er/T. 

Ik/1 

W/l 

tK/l 

iK/l 

flK/1 

7k/1 

3k/1 

2.718* 

3.004 
3520 
3.669 
4555 
4.482 
4.953 
5.474 
6550 
6.686 

7.389 

8.166 

9525 

9.974 

1152 

12.18 

13.46 

14.88 

16.44 
18.17 
20.09 
2220 
2453 

27.11 
29.96 

33.12 

36.60 

40.45 
44.70 
49.40 

54.60 
60.34 

66.69 

73.70 

81.45 
90.02 

148.4 

403.4 
1097. 

2981. 

8103. 

22026. 

4.810 

23.14 

1115 

535.5 
2576. 
12392. 
59610. 

266751. 

[0.00 

1 51 

52 

53 

54 
0.05 

56 

57 
.08 
59 

0.10 

.11 

.12 

.13 

.14 

0.15 

.16 

.17 

.18 

.19 

o.ao 

21 

22 

23 

24 
025 

26 

27 

28 
29 

O.SO 

51 

52 

53 

54 
055 

56 

57 

58 

59 

0.40 

.41 

A1 

.43 

M 

0.45 

.46 

.47 

.48 

.49 

O.SO 

1.000 

0.W0 - 5 

.980 - ? 
.970 '2 

■»61 _,S 

.951 0 

.942 

.932 -‘S 
.923 1 

.914 I 1 
.90S , 

596 S 
507 5 

578 5 

■849-8 

561 , 

•862 2 
544 I 5 
535 J 
■8» I a 
519 g 
511 “ f 
503“ S 
.795 “ 5 
•987 “ 5 

279 “* 
271 “ S 
.763 “ S 
256 1 

248 I 1 
.741 g 
.733 5 

226 “ 1 
219 4 

2121 7 
205 , 

598 i 
591-1 
584 4 

577 I 1 
570 s 
564 “ S 
557 ” i 
551 “ 5 
•444 1 1 
538 7 

531 - i 
•425 - ? 
.419 “ ? 

•413 1 t 

0.607 

O.SO 

Jl 

52 
.53 
54 

0.55 

.56 

.57 

58 

59 

0.00 

51 

.62 

53 

54 
0.65 

.66 

57 

58 

59 
O.TO 

.71 

.72 

23 

.74 

0.75 

.76 

27 

.78 

29 

0.80 

51 

52 
.83 
54 

0.85 

.86 

57 

58 

59 
0.90 

.91 

.92 

.93 

.94 

0.95 

.96 

.97 

.98 

.99 

1.00 

.607 

.600 

.595 

.589 

583 

577 

.571 

.566 

560 

554 

.549 

543 

.538 

.533 

527 

.522 

.517 

512 

507 

502 

.497 

.492 

.487 

.482 

.477 

.472 

.468 

.463 

.458 

.454 

.449 

.445 

.440 

.436 

.432 

.427 

.423 

.419 

.415 

.411 

.407 

.403 

.399 

J95 

591 

387 

.383 

.379 

.375 

372 

368 

1.0 

.1 

2 

5 

.4 

15 

J 

jB 

.9 

2.0 

.1 

2 

5 

A 

25 

.6 

2 

.8 

.9 

8.0 

.1 

2 

5 

.4 

35 

A 

.7 

A 

/I 

.1 

2 

5 

.4 

45 

5.0 

6.0 
7A 

8.0 

90 

10.0 

ir/2 

It/2 

W/2 

W/2 

5»/2 

6»/2 

le/2 

kr/2 

568* 

533 

501 

273 

247 

223 

202 

.183 

.165 

.150 

.135 

.122 

.111 

.100 

0907 

0821 

.0743 

0672 

0608 

0550 

0498 

0450 

0408 

0369 

0334 

0302 

0273 

0247 

0224 

0202 

0183 

0166 

0150 

0136 

0123 

0111 

00674 

00248 
000912 

000335 

.000123 

000045 

208 

0432 

00898 

00187 

000383 

.000081 

.000017 

000003 


Noth; Do not interpolate in tliia cohiinn. 

r = 2.71828 1/e = 0.3117879 logio e •= 0.4343 1/(0.4343) = 2.3020 

logo, (0.4343) = 1.0378 login (c-) = n(0.4343) 

* From Marks, "Meelianical Eiigineera’ llandbuuk,*' 4tlied., AlcGraw-Hill, New York, 1941. 
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NUMERICAL AND GRAPHICAL DATA 


[Sec I 


Tablj 10 — Htpfrbowc Logarithms* 


These two pages give the nitural (hyper* 
bolio, or Napierian) logarithms <log«) of 
numbers between 1 and 10 oorreot to four 
places Moving the decimal point n places 
to the right [or loftj in the number is equiva* 
lent to adding n times 2 3026 [or n times 
36074] to the logarithm Base e«2 71828+ 


T1 

n (2 3026) 

n (0 6674-3) 

1 

23026 

06974-3 

2 

460S2 

03948-5 

1 

69078 

00922-7 

4 

92103 

07897-10 

5 

II 5129 

04871-12 

6 

138155 

0 1845-M 

7 

16 1181 

08819-17 

8 

184207 

05793-19 

9 

207233 

0J767-2I 


sT 

9 9 

T 

1 » 

1 

s 

a 

4 

5 

6 

7 

Q 

9 

m 

10 

00000 

0100 

0198 

0296 

0392 

0488 

0383 

0677 

0770 

0862 

95 

1 1 

0253 

1044 

1133 

1222 

1310 

1398 

1484 

1570 

1655 

1740 

87 

1 2 

1823 

1906 

1989 

2070 

2151 

2231 

2311 

2390 

2469 

2546 

80 

1 3 

2624 

2700 

2776 

2652 

2927 

3001 

3075 

3148 

3221 

3293 

74 

14 

3365 

3436 

3507 

3577 

3646 

3716 

3784 

3853 

3920 

3988 

69 

1 5 

04055 

4121 

4187 

4253 

4318 

4383 

4447 

4511 

4574 

4637 

65 

16 

4700 

4762 

4824 

4886 

4947 

5008 

5068 

5128 

5188 

5247 

61 

17 

5306 

5365 

5423 

5481 

5539 

5596 

5653 

5710 

5766 

5822 

57 

18 

5878 

5933 

5988 

6043 

6098 

6152 

6206 

6259 

6313 

6366 

54 

19 

6419 

6471 

6523 

6575 

6627 

6678 

6729 

6780 

6831 

6881 

51 

SO 

0 6931 

6981 

7031 

7080 

7129 

7178 

7227 

7275 

7524 

7372 

49 

21 

7419 

7467 

7514 

7561 

7608 

7655 

7701 

7747 

7793 

7839 

47 

22 

7885 

7930 

7975 

8020 

8065 

8109 

8154 

8198 

8242 

8286 

44 

23 

8329 

8372 

8416 

8459 

8502 

8544 

8587 

8629 

8671 

8713 

43 

24 

8755 

8796 

8838 

8879 

8920 

8961 

9002 

9042 

9083 

9123 

41 

25 

09163 

9203 

9243 

9282 

9322 

9361 

9400 

9439 

9478 

9517 

39 

26 

9555 

9594 

%32 

9670 

9708 

9746 

9783 

9821 

9858 

9895 

38 

27 

09933 

9969 

•0006 

•0043 

*0080 

'0116 

•0152 

*0188 

•0225 

•0260 

36 

28 

10296 

0332 

0367 

0403 

0438 

0473 

0508 

0545 

0578 

0613 

35 

29 

0647 

0682 

0716 

0750 

0784 

0818 

0852 

0886 

0919 

0953 

34 

to 

10986 

1019 

1053 

1086 

1119 

1151 

1184 

1217 

1249 

1282 

33 

31 

1314 

1346 

1378 

1410 

1442 

1474 

1506 

1537 

1569 

1600 

32 

32 

1632 

1663 

1694 

1725 

1756 

1787 

1817 

1848 

1878 

1'’09 

31 

33 

1939 

1969 

2000 

2030 

2060 

2090 

2119 

2149 

2179 

2208 

30 

34 

2236 

2267 

2296 

2326 

2355 

2384 

2413 

2442 

2470 

2499 

29 

35 

1 2528 

2556 

2585 

2613 

2641 

2669 

2698 

2726 

2754 

2762 

28 

36 

2809 

2837 

2865 

2892 

2920 

2947 

2975 

3002 

3029 

3056 

27 

37 

3083 

3110 

3137 

3164 

3191 

3218 

3244 

3271 

3297 

3324 

77 

38 

3350 

3376 

3403 

3429 

3455 

3481 

3507 

3533 

3558 

3584 

26 

39 

3610 

3635 

3661 

3686 

3712 

3737 

3762 

3788 

3813 

3836 

25 

40 

1 3863 

3888 

3913 

3938 

3962 

3987 

4012 

4036 

4061 

4085 

25 

41 

4110 

4134 

4159 

4183 

4207 

4231 

4255 

4279 

4303 

4327 

24 

42 

4351 

4375 

4398 

4422 

4446 

4469 

4493 

4516 

4540 

4563 

23 

43 

4586 

4609 

4633 

4656 

4679 

4702 

4725 

4748 

4770 

4793 

23 

44 

4816 

4839 

4861 

4884 

4907 

4929 

4951 

4974 

49% 

5019 

22 

45 

IS04I 

5063 

5085 

5107 

5129 

5151 

5173 

5195 

5217 

5239 

22 

46 

5261 

5282 

5304 

5326 

5347 

5369 

5390 

5412 

5433 

5454 

21 

47 

5476 

5497 

5518 

5539 

5360 

5581 

5602 

5623 

5644 

5665 

21 

48 

5686 

5707 

5728 

5748 

5769 

5790 

5810 

5831 

5851 

5872 

20 

49 

5892 

5913 

5933 

5953 

5974 

5994 

6014 

6034 

6054 

6074 

20 


1 lum Marks* Michanu al Lngineers Handbook 4th td MiCiiiw Hill New Yoik 1041 

In ! lug« a* *= (2 1U2(>) logie x 1 >gii) x = (0 4343) log* z 
Z 3026 B logs 10 and 0 4)43 ■s logioe 


where 
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Table 10. — Hyperbolic Loo.arithms. * — {Continued) 


Sn 

0 

1 

S 

8 

« 

5 

6 

7 

8 

t 


BD 

16094 

6114 

6134 

6154 

6174 

6194 

6214 

6233 

6253 

6273 

20 

Ol 

6292 

6312 

6332 

6351 

6371 

6390 

6409 

6429 

6448 

6467 

19 

5.2 

6487 

6506 

6525 

6544 

6563 

6582 

6601 

6620 

6639 

6658 

19 

5.3 

6677 

6696 

6715 

6734 

6752 

6771 

6790 

6808 

6827 

6845 

18 

S.4 

6864 

6882 

6901 

6919 

6938 

6956 

6974 

6993 

7011 

7029 

18 

5.5 

1.7047 

7066 

7084 

7102 

7120 

7138 

7156 

7174 

7192 

7210 

18 

5.6 

7228 

7246 

7263 

7281 

7299 

7317 

7334 

7352 

7370 

7387 

18 

u 

7405 

7422 

7440 

7457 

7475 

7492 

7509 

7527 

7544 

7561 

17 

5.8 

7579 

7596 

7613 

7630 

7647 

7664 

7681 

7699 

7716 

7733 

17 

S.9 

7750 

7766 

7783 

7800 

7817 

7834 

7851 

7867 

7884 

7901 

17 

€.0 

1.7918 

7934 

7951 

7967 

7984 

8001 

8017 

8034 

8050 

8066 

16 

6.1 

8083 

8099 

8116 

8132 

8148 

8165 

8181 

8197 

8213 

8229 

16 

6.2 

8245 

8262 

8278 

6294 

8310 

8326 

8342 

8358 

8374 

8390 

16 

63 

6405 

8421 

8437 

8453 

8469 

8485 

8500 

8516 

8532 

8547 

16 

6.4 

8563 

8579 

8594 

8610 

8625 

8641 

8656 

8672 

8687 

8703 

15 

65 

1.8718 

8733 

8749 

8764 

8779 

8795 

8810 

8825 

8840 

8856 

15 

6.6 

8871 

8886 

8901 

8916 

8931 

8946 

8%l 

8976 

8991 

9006 

15 

67 

9021 

9036 

9051 

9066 

9081 

9095 

9110 

9125 

9140 

9155 

15 

6.8 

9169 

9184 

9199 

9213 

9228 

9242 

9257 

9272 

9286 

9301 

15 

6.9 

9315 

9330 

9344 

9359 

9373 

9387 

9402 

9416 

9430 

9445 

14 

7j0 

1.9459 

9473 

9488 

9502 

9516 

9530 

9544 

9559 

9573 

9587 

14 

7.1 

9601 

9615 

9629 

9643 

9657 

9671 

9685 

9699 

9713 

9727 

14 

7.2 

9741 

9755 

9769 

9782 

9796 

9810 

9824 

9838 

9851 

9865 

14 

7.3 

1.9879 

9892 

9906 

9920 

9933 

W? 

9961 

9974 

9988 

•0001 

13 

7.4 

20015 

0028 

0042 

0055 

0069 

0082 

0096 

0109 

0122 

0136 

13 

7j 

20149 

0162 

0176 

0189 

0202 

0215 

0229 

0242 

0255 

0268 

13 

7.6 

0281 

0295 

0308 

0321 

0334 

0347 

0360 

0373 

0386 

0399 

13 

27 

0412 

0425 

0438 

0451 

0464 

0477 

0490 

0503 

0516 

0528 

13 

2J 

0541 

0554 

0567 

0580 

0592 

0605 

0618 

0631 

0643 

0656 

13 

7.9 

0669 

0681 

0694 

0707 

0719 

0732 

0744 

0757 

0769 

0782 

12 

8.0 

2.0794 

0607 

0819 

0832 

0844 

0857 

0869 

0882 

0894 

0906 

12 

8J 

0919 

0931 

0943 

0956 

0968 

0980 

0992 

1005 

1017 

1029 

12 

87 

1041 

1054 

1066 

1078 

1090 

1102 

1114 

1126 

1138 

1150 

T2 

87 

1163 

1 175 

1167 

1199 

1211 

1223 

1235 

1247 

1258 

1270 

12 

&4 

1282 

1294 

1306 

1318 

1330 

1342 

J353 

J365 

1377 

1389 

12 

87 

2J401 

1412 

1424 

1436 

1448 

1459 

1471 

1483 

1494 

1506 

12 

87 

1518 

1529 

1541 

1552 

1564 

1576 

1587 

1599 

1610 

1622 

12 

87 

1633 

1645 

1656 

1668 

1679 

1691 

1702 

1713 

1725 

1736 

11 

87 

1748 

1759 

1770 

1782 

1793 

1804 

1815 

1827 

1638 

1849 

11 

8.9 

j861 

1872 

1883 

1894 

1905 

1917 

1928 

1939 

1950 

1%1 

11 

ft A 

2J972 

1983 

1994 

2006 

2017 

2028 

2039 

2050 

2061 

2072 

11 


708^ 

2094 

2105 

2116 

2127 

2138 

2148 

2159 

2170 

2181 

11 

9L2 

7197 

2203 

2214 

2225 

2235 

2246 

2257 

2268 

2279 

2289 

11 


7^ 

2311 

2322 

2332 

2343 

2354 

2364 

2375 

2386 

2396 

11 


2407 

2418 

2428 

2439 

2450 

2460 

2471 

2481 

2492 

2502 

11 

9.5 

9.6 

9.7 

9.8 
99 

2.2513 

2618 

2721 

2824 

2925 

2523 

2628 

2732 

2834 

2935 

2534 

2638 

2742 

2844 

2946 

2544 

2649 

2752 

2854 

2956 

2555 

2659 

2762 

2865 

2966 

2565 

2670 

2773 

2875 

2976 

2576 

2680 

2783 

2885 

2986 

2586 

2690 

2793 

2895 

2996 

2597 

2701 

2803 

2905 

3006 

2607 

2711 

2814 

2915 

3016 

10 

10 

10 

10 

10 

10.0 

2.3026 












Aloviiig tlip deriiiml point n placon to the iiglil 
[or n times (0.0974 - 3)] in the body of tlie tnlde. 
ing page. 


[oi loft] ill tin- miiuhi-i lequiies uddiiig 7i limes 2.3020 
See Buxiliuiy table of multiples on top of the preeed- 
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NUMERICAL AND ORAPHICAL DATA 


[Sec I 


Tabi^b 11 — HTPEKBOiiif Sines* 
[sinh X = — f“*)J 


X 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 


0.0 

0000 

.0100 

o:oo 

0300 

0400 

0500 

ocoo 

0701 

OCOl 

0901 

100 

1 

roo2 

1102 

1203 

.1304 

1405 

I50j 

160/ 

1703 

1810 

.1911 

101 

2 

2013 

2115 

.2218 

J320 

2423 

2526 

2629 

27j3 

2837 

2941 

103 

3 

3045 

3150 

.3255 

J360 

3466 

3572 

3678 

3785 

3892 

.4000 

106 

4 

4108 

.4216 

4325 

.4434 

.4543 

.4653 

.4764 

.4875 

.4986 

J098 

no 

Off 

5211 

J324 

5438 

.5552 

5666 

5762 

.5897 

6014 

6131 

.6248 

116 

6 

6367 

.6485 

.6605 

6725 

6846 

6967 

.7090 

7213 

.7336 

.7461 

122 

7 

7586 

7712 

7838 

7966 

J094 

8223 

8353 

8484 

8615 

8748 

130 

8 

8881 

9015 

9150 

9286 

9423 

9561 

.9700 

9840 

9981 

1 012 

138 

9 

1027 

1 041 

1055 

1 070 

1085 

1099 

1 114 

1 129 

1 145 

1 160 

15 

10 

t 175 

1 191 

1 206 

1 222 

1238 

1254 

1270 

1286 

1 303 

1319 

16 

1 

1336 

1 352 

1 369 

1 386 

1403 

1421 

1438 

1456 

1474 

1491 

17 

2 

1 509 

1 528 

1 546 

1 564 

1 583 

1 602 

1 621 

1 640 

1659 

1 679 

19 

3 

1 698 

1 718 

1 738 

1758 

1779 

1 799 

1 820 

1 841 

1 862 

1 883 

21 

4 

1904 

1926 

1948 

1970 

1992 

2014 

2037 

2060 

2083 

2106 

22 

Iff 

2129 

2153 

2177 

2 201 

2 225 

2 250 

2 274 

2 299 

2 324 

2 350 

25 

6 

2 376 

2 401 

2 428 

2 454 

2 481 

2 507 

2 535 

2562 

2 590 

2617 

27 

7 

2 646 

2 674 

2 703 

2 732 

2761 

2790 

2 820 

2 850 

2 881 

2911 

30 

6 

2942 

2 973 

3 005 

3 037 

3 069 

3 101 

3 134 

3 167 

3 200 

3 234 

33 

9 

3 268 

3 303 

3 337 

3 372 

3408 

3443 

3 479 

3516 

3552 

3589 

36 

SO 

3 627 

3 665 

3 703 

3 741 

3 780 

3 820 

3 859 

3 899 

3940 

3 981 

39 

1 

4 022 

4 064 

4 106 

4 148 

4191 

4 234 

4 278 

4 322 

4 367 

4412 

44 

2 

4 457 

4 503 

4 549 

4 596 

4643 

4691 

4 739 

4 788 

4 837 

4 887 

48 

3 

4937 

4 988 

50 9 

5 090 

5 142 

5195 

5 248 

5 302 

5 356 

5411 

53 

4 

3466 

5522 

5 578 

5 635 

5 693 

5 751 

5810 

5869 

5 929 

3 989 

58 

Sff 

6 050 

6112 

6174 

6 237 

6 300 

6 365 

6 429 

6 495 

6 561 

6 627 

64 

6 

6 695 

6 763 

6 831 

6 901 

6 971 

7042 

7113 

7185 

7 258 

7 332 

71 

7 

7406 

7481 

7 557 

7634 

7711 

7 789 

7 868 

7 948 

8 028 

8110 

79 

8 

8192 

8 275 

8 359 

8 443 

8 529 

8615 

8702 

87''0 

8 879 

8 969 

87 

9 

9 060 

9151 

9 244 

9 337 

9431 

9527 

9 623 

9 720 

9819 

9918 

96 

SO 

1002 

10 12 

1022 

1032 

1043 

1053 

1064 

1075 

1086 

1097 

ir 

1 

II 08 

II 19 

II 30 

1142 

1153 

1165 

11 76 

II 88 

1200 

12 12 

12 

2 

1225 

1237 

1249 

1262 

1275 

1288 

13 01 

1314 

13 27 

13 40 

13 

3 

13 54 

13 67 

1381 

13 95 

14 09 

1423 

14 38 

14 52 

14 67 

14 82 

14 

4 

14 97 

15 12 

15 27 

1342 

1558 

1573 

1589 

1605 

1621 

1638 

16 

as 

16 54 

1671 

1688 

17 05 

17 22 

17 39 

17 57 

17 74 

1792 

1810 

17 

6 

1829 

18 47 

1866 

1884 

19 03 

19 22 

19 42 

19 61 

19 81 

2001 

19 

7 

2021 

20 41 

20 62 

20 83 

2104 

21 25 

21 46 

2168 

21 90 

22 12 

21 

0 

22 34 

22 56 

22 79 

23 02 

23 25 

23 49 

23 72 

23% 

24 20 

24 45 

24 

9 

24 69 

24 94 

25 19 

25 44 

25 70 

25 96 

26 22 

26 48 

26 75 

2702 

26 

40 

27 29 

27 56 

2784 

23 12 

28 40 

28 69 

2898 

29 27 

29 56 

29 86 

29 

1 

3016 

3047 

3077 

31 08 

3139 

31 71 

32 03 

32 35 

32 68 

33 00 

32 

2 

33 34 

33 67 

34 01 

34 35 

34 70 

35 05 

35 40 

35 75 

3611 

36 48 

35 

3 

36 84 

37 21 

37 59 

37 97 

38 35 

3873 

39 12 

39 52 

39 91 

4031 

39 

4 

4072 

41 13 

4154 

4196 

4238 

42 81 

43 24 

43 67 

4411 

44 56 

43 

40 

4500 

45 46 

4591 

4637 

4684 

4731 

47 79 

48 27 

4875 

49 24 

47 

6 

49 74 

50 24 

50 74 

51 25 

5177 

52 29 

52 81 

53 34 

53 88 

54 42 

52 

7 

5497 

55 52 

5608 

5664 

5721 

5779 

56 37 

58 96 

59 55 

60 15 

56 

R 

60 75 

61 36 

61 98 

62 60 

63 23 

6387 

64 51 

6316 

65 81 

67 47 

64 

9 

6714 

67 82 

68 50 

6919 

69 88 

7058 

7129 

7201 

72 73 

73 46 

71 

liO 

74 20 











> ) 

sinh X 

= 

and Ingto sinU x » (0 }343)x -V U 

— 1, coirict 

to foil 

signihcant 


I Riiri B 

* tioni Miik'4 Mechanical Engineers’ Handbook ’ 4th ed , McGriw Hill, New York, 1941. 
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Table 12 — Hyperbolic Cosines* 
[posh X “ + e“*)] 



* 1 rom Marks Mechanical Lnginctra Handbook,” 4th ed , McCiaw HJl, New York, 1941 
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NUMERICAL AND CBAPHICAL DATA 


[Sec. I 


Table 13. — Decimal Equivalents* 


IVom minutes and 
eeoonds into deci> 
m^ parts of a 
degree 

From <^cimal parte of 
a degree into minutes 
and seconds (exact 
values) 

O' 

0°3)000 

0* 

0°21000 

o°.oo 

O' 

y.so 

3y 


1 

2)1 6i 

1 

0003 

1 

0' 36* 

] 


36* 

2 

.0333 

2 


2 

1' 12' 

2 

31' 

12* 

3 

.05 

3 


3 

1' 48' 

3 

3J' 

48* 

4 

.0667 

4 

2)011 

4 

r 24* 

4 

3r 

24* 

5' 

.0833 

y 

.0014 

0“.05 

y 

0»J5 

33' 


6 

.10 

6 


6 

y 36* 

6 

3V 

36' 

7 

.1107 

7 


7 

4' 12' 

7 

34 

12' 

« 

.1333 

8 

^Brri>7] 

8 

4' 48' 

8 

34 

48* 

t 

.15 

9 


9 

y 24* 

9 

3y 

24* 

W 

0».I667 

10* 


IF.IO 

y 

0°.M 

36' 


1 

.1833 

1 

IBi'ibfl 

1 

6' 3V 

1 

3y 

36’ 

2 

.20 

2 


2 

7' 12* 

2 

37' 

12’ 

3 

.2167 

3 


3 

7' 48' 

3 

37' 

48* 

4 

.2333 

4 

2)039 

4 

8' 24' 

4 

38' 

24* 

ir 

.25 

IV 


O' 15 

y 

0».65 

39' 


6 

.2667 

6 

■«n 

6 

y 36' 

6 

jy 

36' 

7 

.2833 

7 


7 

ly 12' 

7 


17* 

e 

.30 

8 

.005 

8 

ly 48' 

8 

40' 

48* 

9 

.3167 

0 

M l^ill 

9 

11' 24* 

9 

41' 

24* 

■O' 

0“.3333 

JO* 

lmSS 

0°.10 

ir 

y.To 

44 


1 

.35 

1 

.0058 

I 

\r 3v 

1 

42' 

36* 

2 

.3667 

2 

.0061 

2 

iy 12' 

2 

43' 

12* 

3 

.3833 

3 

.0064 

3 

13' 4V 

3 

4V 

48' 

4 

.40 

4 

.0067 

4 

ly 2v 

4 

44' 

24' 

2y 

.4167 

25' 


0®J5 

ly 

CF.75 

4y 


6 

.4333 

6 

.0072 

6 

ly 36' 

6 

4y 

36' 

7 

.45 

7 

.0075 

7 

ly 12' 

7 

46' 

12* 

8 

.4667 

8 


8 

16' 48' 

8 

46' 

48' 

0 

.4833 

9 

KiiJil 

9 

17' 24' 

9 

47' 

24 

fO' 

(r.so 

80^ 

0°.0083 

0^80 

ly 

r.80 



1 

.5167 

1 

K^l 

1 

18' 3y 

1 


36' 

2 

.5333 

2 


2 

ly 12' 

2 


17* 

3 

.55 

3 

.0092 

3 

ly 48' 

3 


48' 

4 

.5667 

4 


4 

20' 24' 

4 

5y 

24' 

3y 

.5633 

35' 

.0097 

0»J5 

21' 

0».85 

51' 


« 

.60 

6 

.01 

6 

21' 36' 

6 

51' 

36' 

7 

.6167 

7 

.0103 

7 

22' 12' 

7 

ir 

12' 

8 

.6333 

8 

.0)06 

8 

22' 48' 

8 

52' 

4«* 

9 

.65 

9 

.0108 

9 

23' 24' 

9 

iy 

24* 

40' 

0°.6667 

40* 

CP^Ill 

(F.40 

24' 

0*.9O 

54' 


1 

.6833 

1 

.0114 

1 

24 36* 

1 

54 

36' 

2 

.70 

2 

.0117 

2 

25' 12' 

2 

55' 

12’ 

3 

.7167 

3 

.0119 

3 

25' 48* 

3 

55' 

48* 

4 

.7333 

4 

.0122 

4 

26' 2V 

4 

56' 

24 

45' 

.75 

45' 

.0125 

0“.45 

27' 

0*.95 

57' 


6 

.7667 

6 

2)128 

6 

27' 3y 

6 

57' 

36’ 

7 

.7833 

7 

.0131 

7 

28' 12' 

7 

5y 

12’ 

8 

.80 

6 

^133 

8 

28' 48* 

8 

58' 

48* 

9 

.8167 

9 

.0136 

9 

24 24' 

9 

59' 

24* 

80' 

0“.8333 

SO* 

0”.0139 

(F.SO 

3y 

1®00 

60' 


1 

2 

3 

4 

55' 

6 

7 

8 

9 

80' 

.85 

.8667 

J833 

.90 

.9167 

.9333 

.95 

.9667 

.9833 

1.00 

1 

2 

3 

4 

55' 

6 

7 

8 

9 

OO* 

2)142 

.0144 

2)147 

.015 

.0)53 

.0)56 

2)158 

2)161 

.0)64 

0°2)I67 

0°.000 

1 

2 

3 

4 

0'2)0S 

6 

7 

8 

9 

0°.010 

O'O 

V.6 

7'.2 

I0'.8 

14'.4 

18' 

2I'.6 

2VJ 

ffl'J 

32'.4 

36' 




Common fraotionB 


16 32 64 

the nde ths 

£xact 

decimal 

values 

I 

.01 5625 

I 2 

Xa 125 

3 

.04 6875 

I 2 4 

.06 25 

5 

.07 8125 

3 6 

.09 375 

7 

.10 9375 

2 4 8 

.12 5 

9 

.14 0625 

5 10 

.15 625 

II 

.17 1875 

3 6 12 

.18 75 

13 

.20 3125 

7 14 

JI 875 

15 

J3 4375 

4 8 16 

.25 

17 

.26 5625 

9 )8 

.28 125 

19 

.29 6875 

5 10 20 

.31 25 

21 

32 8125 

II 22 

34 375 

23 

.35 9375 

6 12 24 

.37 5 

25 

.39 0625 

13 26 

.40 625 

27 

.42 1875 

7 14 28 

.43 75 

29 

.45 3125 

IS 30 

.46 875 

31 

.48 4375 

8 16 32 

.50 

33 

31 5625 

17 34 

.53 125 

35 

.54 6875 

9 18 36 

.56 25 

37 

.57 8125 

19 38 

.59 375 

39 

.60 9375 

10 20 40 

.62 5 

41 

.64 0625 

21 42 

.65 625 

43 

.67 1875 

11 22 44 

.68 75 

45 

.70 3125 

23 46 

.71 875 

47 

.73 4375 

12 24 48 

.75 

49 

.76 5625 

25 50 

.78 125 

51 

.79 6875 

13 26 52 

.81 25 

53 

.82 8125 

27 54 

.84 375 

55 

35 9375 

14 28 56 

.87 5 

57 

.89 0625 

29 58 

.90 625 

59 

.92 1875 

15 30 60 

.93 75 

61 

.95 3125 

31 62 

.96 875 

63 

.98 4375 


** From Marks, '‘Mechanical Eiigiueere* Haudbook,'* 4th od., McGraw^Hilh New York, 1041, 
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Table 14. — Pbobabilitt Inteoral* — ^ dt 

Vt Jo 


X 


1 

2 

3 

4 

5 

6 

7 

8 

9 

0.0 


1128_ 

2256 

3384 

4511 

5637 

6762 

7886 


0128 

.1 

.11246 

2362 

3476 

4587 

5695 

6800 

7901 

8999 


1184 

.2 


3352_ 





8690 

9742 

0788 


.3 

.32863 

389J_ 

4913 

5928 

6936 

7938 

8933 

9921 


1874 

.4 

.42839 

3797 

<4747 

5689 

6623 

7548 

8466 

9375 

0275 

ll67' 

.5 


2924 

3790 

4646 

5494 

6332 

7162 

7982 

8792 

9594 

.0 


1168 

1941 

2705 

3459 

4203 

4938 

5663 

6378 


.7 


8467 

9143 

9810 

0468 

1116 

1754 

2382 

3001 


.8 

.74210 

4800 

5381 

5952 

6514 

7067 

7610 

8144 

8669 

9184 

.9 

.79691 

0188 

0677 

1156 

1627 

2089 

2542 

2987 

3423 

3851 

1.0 


4681 

5084 

5478 

5865 

6244 


6977 

7333 


.1 


83.53 

8679 

8997 

9308 

9612 

9910 

0200 

0484 

0761 

2 

HiuiKlH 

1296 

1553 


2051 

2290 

2524 

2751 

2973 


3 

ILkIsiiI 

EMn 

3807 


4191 

4376 

4556 

4731 

4902 

5067 

.4 

.95229 

5385 

5538 


^21 

5969 

6105 

6237 

6365 


.5 

.96611 

6728 

6841 

6952 

70.59 

7162 


7360 

7455 

7546 

.6 

.97635 

7721 

7804 

7884 


8038 

8110 

8181 

8249 

8315 

.7 

.98379 

8111 


8558 

8613 

8667 

8719 

8769 

8817 

8864 

.8 

.98909 

8952 

8994 



9111 

9147 

9182 

9216 

9248 

.9 

.99279 

liKlIBl 

BEHEI 



9418 

9443 

9466 

9489 

9511 

2.0 

.99532 

9552 

9572 

9591 


9626 

9642 

9658 

9673 

9688 

.1 


9715 

9728 

9741 

9753 

9764 

9775 

9785 

9795 

9805 

.2 

.99814 

9822 

9831 

9839 

9846 

98.54 

9861 

9867 

9874 

9880 

.3 

.99886 

9891 

9897 


9906 

9911 

9915 

9920 

9924 

9928 

.4 

.99931 

9935 


9941 

9944 

9947 

mm 

9952 

9955 

9957 

.5 

.99959 

9961 

9903 

9965 

9967 

9969 

9971 

9972 

9974 

9975 

.6 

.99976 

9978 

9979 

9980 

9981 

9982 

9983 

9984 

9985 

9986 

.7 

.99987 

9987 

9988 

9989 

EMI 

9990 

9991 

9991 

9992 

9992 

.8 

.99992 

9993 



9994 

9994 

9995 

9995 

9995 

9996 

9 

.99996 

mmm 



1122a 

9997 

9997 

9997 

9997 

9998 


* From Allen, ‘*Si\-iilaoe Table?*, ’’ 6th ed., McGraw-Hill, New York, 1941. 


'r\BLii: 15. — Values op Special Constants with Thkib Common Logarithms* 


Constant 

Logarithm 

1 Constant 

Ivogaritbm 

IT = 

3.14159 

.49715 

i__ 

.032252 

8.50856 - 10 

2ir =« 

G. 28319 

.79818 




4t "= 

12.6G637 

1.0«921 

1 

.010260 

8.01140 - 10 

r 

.52300 

0.71000 - 10 







y/t 1 

1.7725 

.24857 


.7W)40 

0.89509 - 10 




r 

1.0472 

.02003 

te = 

2.7183 

.43429 

3 



c* - 

7.3891 

.86860 

T 


1QG12 

e* - 

20.086... 

1.30288 

2 



C4 « 

64.598 

7.73718 

4t ^ 

4.1888 

.02209 

1 


0.66571 - 10 


9.869G 

.99430 

0 


ir» « 

31.006 

1.49145 


.13534 

9.13141 - 10 


97.409 

1.98360 

0* 



1 _ 

.31831 

0.50285 — 10 

1 

, 040737 

8.69712 - 10 

1 

.10132 

9.00570 - 10 

1 

0*“ 

.018316 

8.26282 - 10 


* From O’Rourke. “General Engineering Handbook," 2d ed.. McGraw-Hill, New York, 1940. 

tlog. 10 .. I — - 2.302585. 
logio 0 
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rABLb 16 

1 ^ 
1 00 ~ 
1 01 
1 02 
1 03 
1 04 

1 05 
1 06 
1 07 
1 08 
1 09 

1 10 
1 11 
1 12 
1 13 
1 14 

1 15 
1 16 
1 17 
1 18 
1 19 

1 20 
1 21 
1 22 
1 23 
1 24 

1 25 
1 2b 
1 27 
1 28 
1 29 

1 30 
1 31 
1 32 
1 33 
1 34 

1 35 
1 36 
1 37 
1 38 
1 39 

1 40 
1 41 
1 42 
1 43 
1 44 

1 45 
1 4b 
1 47 
1 48 
1 49 


■The 0 286 (= R/cp) and 3 5 ( = Cp/R) Poweks of Numbers from 1.0 
TO 5 0* 


^0 S86 


1 


1 

00 

1 


1 

036 

1 


1 

072 

1 


1 

109 

1 

KnM 

1 

147 

1 


1 

186 

1 

017 

1 

226 

1 

EIES 

1 

267 

1 

022 

1 

mm 

1 


1 

352 

1 

028 

1 

396 

1 

0305 

1 

441 

1 


1 

487 

1 

0355 

1 

534 

1 


1 

582 

1 

iM 

1 

631 

1 

jt n|H 

1 

681 

1 


1 

732 

1 

jf 

1 1 

784 

1 

yH, 

1 

838 

1 

0535 

1 

893 

1 

056 

1 

949 

1 

0585 

2 

00b 

1 

061 

2 

065 

1 


2 

124 

1 


2 

184 

1 


2 

245 

1 

071 

2 

308 

1 

073 

2 

373 

1 

0755 

2 

438 

1 


2 

505 

1 


2 

573 

1 

0825 

2 

642 

1 


2 

713 

1 


2 

785 

1 


2 

858 

1 

092 

2 

933 

1 


3 

009 

1 


3 

087 

1 


3 

166 

1 


3 

247 

1 


3 

329 

1 

1055 

3 413 

1 

1075 

3 

498 

1 


3 

584 

1 

112 

3 

672 

1 

1145 

3 

762 

l 


3 

854 

1 

1185 1 

3 

947 

1 

121 1 

4 

041 


I N 

AT" 

2S8 

ffii 

1 50 


1 123 

4 135 

1 52 


1 127 

4 330 

1 54 


1 131 

4 53 

1 5b 


1 135 

4 74 

1 58 


1 140 

4 96 

1 60 


1 144 

5 18 

1 62 


1 

148 

5 41 

1 64 


1 

[52 

5 65 

1 66 


1 156 

5 90 

1 ^ 


1 160 

6 15 



N 

|l 

ss» 

1 70 

1 

164 

! 

2 50 

1 300 

1 72 

1 

168 

1 2 55 

1 307 

1 74 

1 

172 


1 314 

1 76 

1 

1755 

2 65 

1 321 

1 78 

1 

179 


1 328 

1 80 

1 

183 

2 75 

1 335 

1 82 

1 

187 


1 342 

1 84 

1 

1905 

2 85 

1 349 

1 86 

1 

194 

2 90 

1 356 

1 88 

1 

198 

2 95 

1 363 


1 

2015 

3 00 

1 369 

1 92 

1 

205 

3 1 

1 382 

1 94 

1 

r-iiKjf 

3 2 

1 395 

1 96 

1 

212 

3 3 

1 407 

1 98 

1 

216 

3 4 

1 419 

2 00 

1 

219 

3 5 

1 431 

2 05 

1 

228 

3 b 


2 10 

1 

237 

3 7 


2 15 

1 

245 

3 8 


2 20 

1 

253 

3 9 

1 476 

2 25 

1 

261 

4 0 

1 487 

2 30 

1 

279 

4 1 

1 497 

2 35 

1 

277 

4 2 

1 507 

2 40 

1 

285 

4 3 

1 517 

2 45 

1 

293 

4 4 

1 527 




4 5 

1 537 




4 6 

MB II ■ 















1 575 





1 584 


* Cfmrtcs\ of I* J Kiefer 
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UNITS AND MEASURES 

In scientific work of any kind, measurements of various quantities must be made. 
In order that the results of the measurement may be made useful to others, the umt 
of measure must be stated. Each civilized country maintains certain standards of 
measure against which the usual measuring devices arc calibrated. These standards 
are defined in terms of easily reproducible quantities when possible. The standards 
of different countries are carefully checked among themselves. 

Systems of Units. A choice must be made among available measures and a system 
of units constructed. The more common systems in use in meteorology are the 
centimeter, gram, second, the meter, ton, second, and the foot, pound, second. These are 
abbreviated to cgs, mts, and fps, respectively. In addition to these mechanical units, 
the motiH)rologi.st is also concerned with thermal units and, to a lesser extent, electrical 
units. Sec Bureau of Standards publications for precise definitions ot the various 
units. Conversion tables among the various units are provided below. Nomograms 
and scales for conversion of frequently used quantities appear through the book. 
These may be used generally for conversions to about the same accuracy with which 
the usual meteorological element can be measured. If extreme accuracy is desired, 
recourse may be hud to the tabulated values. 

Meter. The fundamental umt of length is the meter. This is taken to be the 
distance between two specified hues on a phatinuiu-ii idium bar kept under atmospheric 
pressure and at zero degrees centigrade lempeiiitiirc. An alternative standard in 
case the bar should bo damaged is expressed m terms of wave lengths of light under 
specified conditions of emission. One meter equals 100 centimeters. 

Kilogram. The fundamental unit of mass is the kilogram. 'I’bis is taken to be 
the mass of a'certain cylinder of platinum- iridnini One kilogram equals 1,000 grams. 
One thousand kilograins (“quals one metric ton. 

fiecond. The fundamental unit of time is the second. This is taken to be one 
80,400th part of the mean solar day. Sixty seconds equals one minute. Sixty 
minutes equals one hour. 

Dyne. The dyne is the cgs unit of force. It is the force requirinl to accelerate a 
niash of one gram with an acceleration of one centimeter per second per second. 

Millibar. The millibar is the meteorological unit of pressure. One millibar is 
1 ,000 dynes per square centimeter. 

Erg. The erg is the cgs unit of energJ^ It is the work done by a force of one 
dyne moving a distance of one centimeter. One joule is equal to 10,000,000 ergs. 

Ohm.* The unit of resistance shall be what is known as the international ohm, 
which is substantially equal to one thousand million units of resistance of the cgs 
s sloiii of electromagnetic units, and is repre.scnted by the resistance offered to an 
unvarying electric current by a column of mercury at the temperature of melting 
ice fourteen and four thousand five hundred and tw'eiity-one ten-thousandths (14.4521) 
grams in mass, of a eonstant cross-sectional area, and of the length of one hundred and 
SIX and three-tenths (106.3) centimeters. 

Ampere.* The unit of current shall be what is known as the intemeUional ampere, 
which is one-tenth of the unit of current of the cgs system of electromagnetic units, 
and is the practical equivalent of the unvarying current, which, when pa&sed through 
a solution of nitrate of silver in water in accordance with standard specifications, 
deposits silver at the rate of one thousand one hundred and eighteen millionths 
(0.001118) of a gram per second. 

*Froin. Knowltmi, "Standard Handbook for Klectrical KngineerB," 7th ed.. MrCtraw-Hill, 
Now York, 1»41. 
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Volt. * The unit of electromotive force shall he what is known as the interruUional 
volt, which is the electromotive force that, steadily applied to a conductor whose 
resistance is one international ohm, will produce a current of an international ampere, 
and is practically equivalent to one thousand fourteen hundred and thirty-fourths 
(1,000/1,434) of the electromotive force between the poles or electrodes of the voltaic 
cell known as Clark's cell, at a temperature of fifteen degrees centigrade (15°C.), and 
prepared in the manner des<‘ribed in the standard specifications. 

Coulomb.* The unit of quantify shall be what is known as the international 
cemlomb, which is the quantity of electricity transferred by a current of one inter- 
national ampere in one second. 

Farad.* The unit of capacity shall be what is known as the international farad, 
which is the capacity of a condenser charged to a potential of one international volt 
by one international coulomb of electricity. 

Joule. * The unit of work shall be the joule, which is equal to ten million units 
of work in the cgs system, and which is practically equivalent to the energy expended 
in one second by an international ampere in an international ohm. 

Watt.* The unit of power shall be the watt, which is equal to ten million units 
of power in the cgs system, and which is practically equivalent to the work done at 
the rate of one joule per second. The kilowatt is 1,000 watts. 

A watt-hour is 3,600 joules. 

A kilowatt-hour is 3,600,000 joules or energy equivalent to work performed in ont- 
hour at the average rate of 1 kilowatt. 

Henry.* The unit of induction shall l)e the hmry, which is the induction in a 
circuit when the electromotive force induced in this circuit is one international volt 
while the inducing current varies at the rate of one ampere per second. 

Calorie. The calorie is a unit of heat energy. It is the heat required to raise one 
gram of water one degree centigrade under specifii'd conditions (see Table 73). Tho 
calorie is here usually replaced by the smaller joule. One calorie equals 4.186 joules 
(approximately) . The British thermal unit (Btu) is similarly the heat energy required 
to raise one pound of water one degree Fahrenheit under specified conditions. 

Degree. A degree of temperature is rigorously defined in terms of the work done 
by ideal heat engines. See Sec. V for complete discussion. The relations among the 
more common scales of temperature arc as follows : 

degrees centigrade = (degrees Fahrenheit — 32) 

degrees Kelvin = degrees centigrade -(- 273.16 
degrees Rankine = degrees Fahrenheit 459.69 

The Kelvin and Rankine scales are so-called “Absolute temperature scales." 

* From Knowlton, ‘'Standard Handliuok for Klectrical EnKineerii,“ 7th ed., McGraw Hill. 
Hew York, 1941. 
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Table 17. — Mechanical Units and Dimensions 


Quantity 

Dimen- 

sions 

Meter, ton, 
second 

N 

Centimeter, gram, 
second 

Length 

L 

1 meter (m) 

102 

1 centimeter (cm) 

Mass 

M 

1 ton (1,000 kg) 

10* 

1 gram 

Time 

T 

1 second (sec) 

1 

1 second (sec) 

Volume 

L’ 

1 m* 

10* 

1 cubic centimeter 
(cm’) 

Specific volume 


1 ton ■’ m“ 

1 

1 gram"’ cm’ 

Density 


1 ton ■' 

1 

1 gram cm"’ 

Velocity 

LT-^ 

1 tn sec“* 

10’ 

1 cm sec"’ 

Acceleration 

Lf-t 

1 ni sec“’ 

10* 

1 cm sec"’ 

Force 

MLT ’ 

1 ton 111 sec“* 

10« 

1 gram cm sec"’ 

(1 dyne) 

Pressure 

ML-‘r ‘ 

1 tonnr’sec“* 

10< 

1 gram cm"’ sec"* 
(barye) 

Energy 


1 ton m* 8cc“* 

(1 kilojoule) 

W‘>' 

1 gram cm* sec"* 

(1 erg) 

Specific energy 

L'-T ’ 

1 m* see"’ 

(1 kilojoule ton“') 

10* 

1 cm’ sec"* 

(1 erg gram"’) 


Table 18. — Conveilsion of Units* 

Length 

1 inch = 25.4000r) luillimctcrs (nini) 1 millimeter =« 0.0393700 inches (in.) 

1 foot = 0.3048006 meters (m) 1 meter = 3.280833 feet = 39.3700 inches 

(in.) 

1 mile = 1.609347 kilometers (km) 1 kilometer - 0.621370 miles 
1 nautical mile, = 6,080.27 feet (ft) (Bowditeh) 

1 nautical mile == 6,080.20 feet (ft) (Smithsonian) 

I mile (land) = >'5,280 feet (ft) 

In (micron) = 10”^ cm 
lA (Angstrom unit) = 10“* cm 

Mass 

1 avoirdupois pound = 0.453,'5924 kilogram (kg) 

1 kilogram = 2.204622 avoirdupois pounds (lb) 

1 avoirdupois ounce = 0.028349,) kilograms (kg) 

1 metric ton = 1,000 kilograms = 10“gr:ims 

Velocity 

1 mile per hour = feet per second (fps) 

1 foot per second = ■''’-j.i miles jierliour (mph) 

I mile per hour = 0.4470409 meters per second (mps) 

I knot = 1 nttutical mile per hour = 1.6889414 feet p(T second (fi)s) 

1 knot = 0.51479 meters per second (mps) 

1 meter per second = 1 .9424 knots = 2.236932 miles per hour (mph) 

Pressure (Meteorological) 

1 inch mercury (standard gravity and temperature) 33.86395 millibars imb) 

1 millimeter mercury (standard gravity and temperature) = 1 .>33322387 millibars (mb) 

1 millibar = 0.02952993 inches mercury = 0.75008 millimeters mercury 
1 millibar = 1,000 dynes per square centimeter 

Energy (Meteorological) 

1 erg = 10“’ joule 1 Joule = 10’ ergs = 10’ dyne cm 

1 Calorie (15°C) = 4.1858 joules 

* Values from Bmithsonian Tables. 
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Table 19. — C’ontinental MEAbtJRES op Length with Theib Metric and English 

Equivalents* 


Measure 

Metric 

equivalent 

English equivalent 

El (Netherlands) 

1 m 

3 2808 ft 

Fathom, Swedish 6 ft 

1 7814 m 

6 8445 ft 

Foot, liussian 

0 30480 m 

1 ft 

Foot, Denmark 

0 31385 m 

1 0297 ft 

Mile, tiernian Sea 

1 852 km 

1 1508 statute miles 

Mill , Sw( dish 36,000 feet 

10 69 km 

6 642 statute miles 

Mile, Norwegian 36,000 feet 

11 2986 km 

7 02 statute miles 

Mile, Netherlands (mijl) 

1 km 

0 6214 statute milts 

Milt, Prussian (law of 1868) 

7 500 km 

4 6(>0 statute niilt s 

Mile, Danish 

7 5324 km 

4 6804 statute miles 

Palm, Nelherlauds 

0 1m 

0 3281 ft 

Sagene (lliissian) 

2 1336 m 

7 ft 

Werst, or Versla (liussian) = 500 sashjcnc 

1 0668 km 

3 500 ft 


* I'rom bmithfaoni in 1 ibU<i 


Tabll 20 — ^Astronomical and Glodetic Constants* 
Scmiaxos of the earth’s ellipsoid 

a = 6 378388 X 10“ cm 
c == 6 356912 X 10“ cm 

Flattening = = 0 00337 

Surface of the earth = 5 101 X 10** cm* 

Volume of the earth = 1 083 X 10**' cm* 

Quadrant of a meridian = 10,002 288 km 
Quadrant of the equator = 10,019 148 km 
fJiavity at sea level in latitude <p 

q = 978 049(1 + 0 0052884 sin* ^ — 0 0000059 sm* 2ip) im/see/sei 
Gravit> at 45° = 980 6294 em/see/sec 

Angular velodty of the earth’s rotation, w = 7 292115851 X lO"'* i.id/sic 
V'eloiity of a pomt on the eijuator = 46,500 im/see 
Centrifugal force at the equator divided by gravity at the iquatur 

^-0003468. i 

Mean distance earth to sun = 149.5 X 10* km 
Average velocity around sun = 29.8 km /see 

* After Gutenberg. 

Table 21 — U.S. Customart Weights and Measures 
Length 

12 inches = 1 foot 
3 feet = 1 yard 

5J^ yards = 1 rod, pole, or perch 
40 poles “ 1 furlong 

8 furlongs = 1 mile 
5,280 feet = 1 mile 

3 miles = 1 league 

4 inches = 1 hand 

9 inches = 1 span 

6 feet = 1 fathom 

6080 20 feet =: 1 nautical mile 
120 fathoms = 1 cable length 

7 92 inches = 1 link 
100 Imks = 1 chain 
80 chains 1 mile 
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Table 21 — V S Customary Wliohts and Measures — (Continued) 

Area 

160 square rods = 1 a< re 
640 acres = 1 square mile 

1 circular mil == an a of circle 0 001 inch m diameter 

Volume 

1 cord of wood = 128 ( ubic fwt 

1 perch of masonry = 16 to 25 cubic fe<>t 
4 gills = 1 pint (liquid) 

2 pints = 1 quart (liauid) 

4 quarts = 1 gallon (liquid) 

7 4805 gallons = 1 cubic foot 

1 barrel petroleum oil, uiirefimd = 42 gallons (liquid), by trade lustoni 

2 pints •= 1 quart (dry ) 

8 quarts = 1 peik (dry) 

4 peiks = 1 bushiU dry) 

1 barrel = 7,056 ciibu iiichcs 
1 register ton = 100 i ubie feet 
1 U 8 shipping ton = 40 f ubu fiet 
1 British shipping ton = 42 ( ubu feet 
1 board foot = 144 tiibic indiis 

eights 

Avoirdupois 11 eight 
16 drams = 1 ounce 
16 ounces = 7,000 grains = 1 pound 
100 pounds = I central 
2,000 pounds = 1 short ton 
2,240 pounds = 1 long ton 
In Gnat Bniain 

14 pounds = 1 stoin 
2 sloiu =” 1 qu irter 
8 stone = 1 hundiedweiglit (cwt) 

20 hundredweight = 1 ton 

1 roy \\ eight 

24 grains = 1 s( ruph 

3 s( niples = 1 dram 
8 dr ims = 1 oiim e 
12 oiinecs = 1 pound 

T\bit 22 — Fni RCT ComERsioN Tabu 



1 igs 

Ktciprocal 

Gr im»caloriefl 

lv( ciproc al 

1 erg 

1 

1 

0 2390 X 10-’ 

4 184 X 107 

1 jouk 

10» 

10 » 

0 2190 

4 184 

1 gram-wt « in (g = 980 0) 

980 6 

1 0198 X 10 * 

0 2344 X 10-* 

4 267 X 10* 

1 U'din-'CalorK 

i 184 X 10» 

0 2390 X 10 ' 

1 

1 

1 kilograin-calorii 

4 184 X 10» 

0 2390 X 10 “ 

1 000 

10-* 

1 thennie or ton-oaloiie 

4 184 X aOW 

0 2390 X 10 ** 

1 000 000 

10 « 

1 foot grain (g » 081 2) 

1 938 X 10» 

0 5160 X 10 » 

0 4612 X 10-* 

2 159 X 10* 

1 foot-pound (g — 081 2)t 1 

1 356 X 10^ 

0 7371 X 10 r 

0 3242 1 

3 084 

1 foot long-ton (g « 981 2) 

3 039 X 10» 

0 3291 X 10 *» 

0 7263 X 10> 

1 377 X 10 * 


2 713 X low 

0 3686 X 10 *» 

0 6465 X 10* 

1 S42 X 10 > 

1 Biitish thermal unit 

1 055 X 10*0 

0 9475 X 10 »« 

0 2522 X 10* 

3 964 X 10 * 

1 watthour 

3 (»00 X 10*0 1 

0 2778 X 10 w 

0 8604 X 10* 

1 102 X 10 - 

1 kilowatthour 

3 600 X 10»* 1 

0 2778 X 10 n 

0 8604 X 10* 

1 162 X 10 • 

1 horaepower-hour* (740 1 a hi) 

2 080 X 10** 

0 J723 X 10 ** 

0 f>420 X 10* 

2 558 X 10 * 

1 horsepower-hour (745 7 whr g =» 





980 6} 

2 584 X 10« 

0 3725 X 10~*« 

0 0416 X 10* 

1 559 X 10 • 

1 motric hontepower-hour (736 whr)i‘ 

i 650 X 10»» 

0 3774 X 10“» 

0 6333 X 10* 

1 579 X 10 • 

1 metric horsepower-hour (735 5 





whr g = 980 6) 

2 648 X 10» 

0 3777 X 10->* 

0 6328 X 10* 

1 580 X 10 • 

1 kilojoule 

lOw 

10 » 

239 0 

4 184 X 10'* 


• 1 01 ff = 981 2 for approximate latitude of London 
t Sor p B 981 3 for approximate latitude of Berlin 

t The local foot-pound varies between the equator and the poles according to the local intensitv of 
giavitation between the limits 1 352 and 1 359 joules 

from Knowlton, Standard Handbook for Elect! leal Engmeers 7th ed McGraw-Hill, Now Yoik 
1941 
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NUMERICAL AND GRAPHICAL DAI A 


[See I 
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1 ABI » 26 El.ECTRK A1 Un XT'. * 






Value of 
practical 

bymbed 

Quantity 

Equation 

Practical unit 

umtSf 





magnetic 





units 

/.» 

Current 

I - E/Z, I - Q/t 

Ampere 

lO-i 

Q.a 

Quantity 

Q -It 

Coulomb 

10 1 



Ampere-hour 

360 

Et «» 

Electromotive force 

E - W/Q 

Volt 

I0> 

R,r 

Keaiataneo 

n - P/D - E/I 

Ohm 

lOi 

P 

Resistivity 

p - HA/h 

Ohms per circular 





mil foot 

Ohms per centi 





metrr cube 

lOa 

\ 

Conduotivity 

X - l/» 

Mhos per unit vol 





ume 


c 

L 

Capacitance 

Inductance 

c - Qm 

L - 

Farad 

Henry 

10 • 

10* 


Time constant 

L/R 

Second 

Henry per ohm 

1 

1 

r 

Period or cycle 

T = 1// 

Second 

1 

/ 

Frequency 

/ - 1/r 

Cycles per second 

1 

« 

Angular velocity 

« = 2ir/ 



Xl 

Inductive reactanc' 

Yi, - Awfl 

Ohm 

I0> 

Xc 

Capacitive rtactancL 

\a = 1 2mIC 

Ohm 

10* 

Xt X 

Reactance 

X - XL - Xc 

Ohm 

I0< 

Z,* 

Impedance 

z = Vbm- X* 

Ohm 

to> 

a B 

Conductance 

a = RfZ' 

Mho 

10 * 

H.b 

SuBccptancc 

B = A Z* 

Mho 

10 » 

r.v 

Admittance 

r - V<i* + 1-' 

Mho 

10 • 



“ 1 ? 



p 

Lleotric power 

P ~EI-DR 

Watt 

10' 


«=■ / / cos & (a-c) 

W«lt 

10» 

W 

Elcctno energy 

W -Pt 

loul 

I0» 



Watthour 

36X 10* 




KiluwatUhour 

36 X I0‘« 


Power factor (p f ) 

BI con 0 real P 




El apparent/' 




Reactive factor 

El am 0 reactive P 





El apparent P 




n - iiuiiibti of tuTn«» t - time m 'foconda / *» fr«|iiem> ^ — flux 

*lroin Marks Mechaiucdi Exiginecia Handbook 4th ed MeGiaw Hill New^oik miJ 
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PHYSICAL BATA 


Table 28 — Chemical Eilments* 


Flement 

Sym 

bol 

Atomic 

weight* 

Valence 

Element 

Bym 

bol 

Atomic 

weight* 

Valence 

Aluminum 

Al 

26 97 

3 

Molybdenum 

Mo 

95 95 

3 4 5 6 8 

Antimony 

bb 

121 76 

3 5 

Neodymium 

Nd 

144 27 

3 

Argon^ 

A 

» 94 

0 

Neon* 

Ne 

20 183 

0 

Arsenic* 

As 

74 91 

3 5 

Nickel 

Ni 

58 69 

2 3 4 

Banum 

Ha 

137 36 

2 

Nitr<^eti* 

N 

14 008 

3 5 

Beryllium 

Be 

9 02 

2 

Osmium 

Ob 

190 2 

2 3 4 6 8 

Bismuth 

Bi 

209 00 

3 5 

Oxygen* 

o 

16 000 

2 

Bor cm* 

B 

10 S2 

3 

Pawdium 

?d 

106 7 

2 4 

Bromine* 

Br 

79 916 

1.3 5 

Phosphorus* 

P 

31 02 

3 5 

Cadmium 

Cd 

112 41 

2 

I^tinum 

Pt 

195 23 

2 4 

Cesium 

Ge 

132 91 

1 

Pedonmm 

Po 

(210) 

2 4 

Calcium 

Ga 

40 08 

2 

Potassium 

K 

39 OK 

1 

Carbon* 

c 

12 010 

2 4 

Praseodymium 

Pr 

140 92 

3 

Cenum 

Ce 

140 1) 

3 4 

Protactinium 

Pa 

231 

5 

Chlorine* 

<'l 

35 457 

13 5 7 

Radium 

Ra 

226 05 

2 

Chromium 

(> 

52 01 

2 3 6 

Radon* (radium 




Cobalt 

Co 

58 94 

2.3 

emanation) 

Rn 

222 

0 

Columbium 




Rhemium 

Re 

186 31 

1 4 7 

(Niobium) 

Cb 

92 91 

2.3 4 5 

Rhodium 

Rh 

102 91 

3 4 

Copper 

( n 

63 57 

1 2 

Rubidium 

Rb 

85 48 

1 

Dysprosium 

I)e 

162 46 

3 

Ruthenium 

Ru 

101 7 

3 4 6 8 

Erbium 

Er 

167 2 

3 

Samarium 

Sa 

150 43 

3 

Europium 

Lu 

152 0 

2 3 

Scandium 

Re 

45 10 

3 

I luonne* 


19 00 

1 

Selenium* 

Be 

78% 

2 4b 

G^olinium 

Gd 

156 9 

3 

Silicon* 

Bi 

28 06 

4 

Gallium 

Ua 

69 72 

2 3 

Silver 

Ag 

107 880 

1 

Germamum 

Ge 

72 60 

2 4 

ScHiium 

Ns 

22 997 

1 

Gold 

Au 

197 2 

1 3 

Strontium 

Rr 

87 63 

2 

Hafnium 

Ilf 

178 6 

4 

Sulfur* .. 

R 

32 06 

2 4 6 

Helium* 

He 

4 003 

0 

Tamtalum 

Ts 

180 86 

4 5 

Holmium 

Ho 

163 3 

3 

Tellurium* 

Tb 

127 61 

2 4 6 

Hydrogen* 

H 

1 0081 

1 

Terbium 

lb 

159 2 

3 

Indium 

In 

114 76 

1.2 3 

Thallium 

Tt 

204 39 

1 3 

Iodine* 

1 

126 92 

13 5 7 

Thorium 

Th 

232 12 

4 

Indium 

Ir 

193 1 

2 3 4 6 

Thuhum 

Tm 

169 4 

3 

Iron 

1 e 

55 84 

2 3 

lin 

Bn 

118 70 

2 4 

Krypton* 

Kr 

83 7 

0 

Titanium 

Ti 

47 9 

3 4 

Lanthanum 

La 

138 92 

3 

Tungsten 

W 

183 92 

3 4 5 6 

Lead 

Pb 

207 21 

2 4 

Uramum 

TT 

238 07 

4 6 8 

Lithium* 

Li 

6940 

1 

Vaxmdmm 

V 

50 95 

1 Z 3 4 5 

Lutecium 

Lu 

173 0 

3 

Xenon* 

Xo 

131 3 

0 

Magnesium 

Mg 

24 32 

2 

Ytterbium 

Yb 

173 04 

2 3 

Manganese 

Mn 

54 93 

2.3 4 6 7 

Yttrium 

Yt 

68 92 

3 

Mercury 

Ug 

200 61 

1.2 

Zme 

7n 

65 38 

2 





Zircomum 

Zr 

91 22 

4 


* 1 h atoinir wciglitn ai o bused upon oxvg< n ha>mK a weight < f 16 000 by dehniti i 
< AH the tleiiunts arc. metals cxeei t as otherwise indiraUd 

Iiieit gas ^Mctilloid ^liquid > Gas 

* Most active gas ? I ightest gas > i ightcst met i1 * Not } 1 ii c d 

linm Marks Mechanical Eiigiucc i s Hindbook 4th€d McOi iw Hill New 1 ork 1941 
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Table 29. — Approximate Densities and Specific Gravities* 
Water at 39°F and normal atmospheric pressure taken as unity 


Substance 

Specific 

gravity 

Den- 

sity, 

lb/ft» 

1 Substance 

Specific 

gravity 

Den- 

sity, 

Ib/ft* 

Aluminum 

2 55-2 80 

165 

I Acid, nitric (91 %) 

1 50 

94 

Brass 

8 60 

535 

lAcid, Bulliinc (87%) 

1 80 

112 

Bronze 

8 0 

509 

I Chloroform 

1 500 

95 

Copper 

8 9 

556 


0 736 

46 

German silver 

8 60 

536 

Oils, mineral 

0 9 

57 

Gold 

19 3 

1,205 

Oils, vegetable 

0 95 

58 

Iron 

7 7 

485 




Ijoad 

11 34 

710 

Ashes 

0 7 

42 

Mercury (4°(') 

13 5852 

847 

Earth, dry, loose 

1 2 

76 


(gr/cm’l 


Lime 

0 9 

60 

Nickel 

8 9 

537 

Portland cement 

3 

196 

Platinum 

21 5 

1,330 

Rubble masonry 

2 

135 

Silver 

10 5 

656 

Sand, loose 

1 5 

98 

I’m 

7 3 

459 

Slags 

1 5 

98 

Tungsten 

19 2 

1,200 




Zinc 

7 0 

440 

Excavations in water: 






Clai 

1 28 

80 

Glass, crown 

2 45-2 72 

161 

Riv( r mud 

1 44 

90 

Crystal 

2 90-3 00 

184 

Sand or grave) 

0 96 

60 

Flint 

3 2-47 

247 




Leather 

0 86-1 02 

59 

Asbestos 

2 1-2 8 

153 

Paper 

0 70-1 15 

58 

Chalk 

1 8-2 8 

143 

Rutiher, caouti houe 

0 92-0 96 

59 

Clay 

1 8-2 6 

137 

Rubber goods 

1-2 

94 

Granite 

2 6-2 7 

165 

Salt, granulated, piled 

0 77 

48 

Limestone 

2 1-2 86 

155 

Timber, ash 

0 55 

34 

Sandstone 

2 0-2 6 

143 

Oak 

0 80 

50 

Shale 

2 6-2 9 

172 

Pine 

0 48 

30 




Teak 

0 99 

62 

Coal, hard 

1 6 

90 




Gasoline 

0 70-0 75 

45 

Alcohol, ethvi 

0 789 

49 

Petroleum 

0 87 

54 

Acid, muriatic (40 ''d 

1 20 

75 





* Condensed from Marks ‘Merhuzacal Engmeeis’ Handbook,” 4th cd , MoGraw-HiU, New York, 
1Q4]. 
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Tabi » 30 — 1< RbEziNG Points of Liquids at Atmosphhbic Pbessube, in Degrees 

Fahrenheit* 


Aleohol, methyl 

-148 

Linseed oil 

- 4 

Ammonia 


Mercury 

- 38 

(’arbon bisulfide 

-168 

Turpentine 

+ 14 

C hloroform 

- 82 

Sulfuric acid 


hthcr ethyl 

-180 

Sea water 

+ 28 

Glycerin 


loluene 

-149 


Frorr O Kourke General Fnginecriiig Handbook 2d ed MoGraw Hill New York 1940 


Tabu 31 — Meitino Points op Various Solids, in Digrels Jahrinhiit* 


Aluinmum 

1200 

Lead 

622 

nrasses 


Mercury 

-38 

80 ( u + 20 Zn 

1845 

Nickel 

2646 

50 ( u + 50 Zn 

1615 

Paraffin 

129 

20 ( 11 + 80 Zn 

1300 

Phosphorus 

in 

Bronri 90 C u -f 10 8ii 

1840 

Platinum 

3190 

( ast iron gr ly 

2500 

Porcelain 

2820 

(appiok ) 

Silver 

1761 

( ast iron, white 

2000 

Steel (about) 

2400 


(approx ) 

Tin 

449 

Ssrr 

1981 

Tin solder 

275 to 360 

1945 

Wrought iron 

2500 

Iron 

2795 

( ipprox ) 


* T rotn O Rolirkc General 1 ngmeeiing Handbook 2d ed MrGraw HiU New kork 1940 


Tabie 32 — C oEPH< iPNis OP Linpar F/Xpansion per Dpirpp Fahri nhpii Ordi 

NARV KoOM TpMPERAIURPS* 

'1 li< values givin below should be divided bv 10* 


Material 

( oefluient 

M vtcri il 

( oc flu lont 

Aluminum 

12 8 

Lead 

16 2 

Antimonv 

6 3 

Masonry 

2 5 to 5 0 

bismuth 

7 4 

Nickel 

7 1 

Brasbcs, bronres 

9 3 to 12 0 

Paraffin wax 

61 

C arbon coke 

3 0 

Platinum 

4 9 

( arbon graphite 

4 4 

Porcelain 

2 

Cement and concrete 

5 5 to 8 0 

Rubber 

43 

Copper 

9 2 

Sandstone 

3 9 to 6 7 

Glass 

3 3 to 5 0 

Silver 

10 5 

(lold 

7 9 

Slate 

3 3 to 5 5 

tiranite 

4 to 5 

Solder 

13 4 

Ice 

28 

Steel 

5 6 to 7 3 

Indium 

3 6 

Tin 

11 0 

Iron 

5 5 to 6 7 

Wood, with grain 

2 to 5 



Zinc 

18 0 


* P rom O Rourke General Engineenng Handbook/ 2d ed MoGraw Hill Now York 1040 
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Table 33 — Coefficients of Ccbicai. Expansion per Degree Fahrenheit at 
Ordinary Room Temperatures* 

The values given below should be divided by 10’ 


Alcohol, ethyl 

0 61 

Petroleum, California 

0.43 

Alcohol, methyl 

Calcium chloride (CaCU) solu- 

0 80 

Petroleum, Ppnns^lv inia 
Petroleum, Texas 

0 50 

0 42 

tion, 5 to 50 per cent 

0 28 

Turpentmc 

0 54 

Glycerin 

0 28 

Water 

0 115 

Mercury 

0 10 

Ice 

0 62 


* Condensed from Murks Mcoharu< il Eiigineeis* Uandbook,*’ 4th e<l , McGraw Hill, New York, 
1941 


Table 34 — Specific Heats op Solids, and Liquids,* BTU per Pound Degree 

Fahrenheit 


Material 

Speci6r | 
heat 

Material 

Speeifat 

neat 

1 Material 

Sneeihc 

neat 

Solids 


lee 

0 500 

Liquids 


Aluminum 

0 218 

lion, pure 

0 no 

Veetic acid 

0 510 

Antimony 

0 052 

Iron, east 

0 130 

Vleohol, ethyl 

0 650 

Abhestos 

0 200 

Iron, wniught 
Lead 

0 no 

\lcohoI, methyl 

0 590 

Ashes 

0 200 

0 031 

Ammonia (hq 0° 


Bismuth 

0 030 

Marble 

0 210 

C) 

1 012 

Brass 

0 0<K) 

Mica 

0 208 

Benzine 

0 450 

Bnekw ork 

0 220 

Niikel 

0 108 

Chloroform (liq 


Bronze 

0 104 

Paraffin 

0 589 

30°C) 

0 235 

Carbon graphite 

0 160 

Platinum 

0 032 

Dther 

0 540 

Cement, portlaiid 

0 271 

Pon elain 

0 255 

Gasoline 

0 530 

Chalk 

0 220 1 

Rubber, hard 

0 339 

Glvecrin 

0 580 

Chareonl 

0 200 

Sand 

0 190 

Hydrochloric aeid 

0 600 

Cinders 

0 180 

Sihei 

0 056 

Kerosene 

0 470 

Cld\ 

0 190 

Steel 

0 120 

Li ad 

0 030 

Cobalt 

0 103 

Stone 

about 

Mercury 

0 030 

{ 'oal 

0 240 


0 200 

Olive oil 

0 400 

('opper 

0 093 

Tin 

0 054 

Petroleum 

0 504 

Cork 

0 485 

Tungsten 

0 034 

Sea yt atcr 

0 940 

Glass . 

0 160 to 

Wood 

0 450 to 

Sulfuric acid 

0 336 


0 200 

1 

0 650 

Turpentine 

0 420 

Gold 

0 032 

Wool 

0 393 

Water (20°t') 

1 000 

Gypsum 

0 259 

Zini 

0 094 




* From O'Rourke Geneial Enginc<*rinK Handbook 2d ed McGraw Hill, New York, 1940. 


Table 36 — >t Hfat of Fusion, Btu pkr Pound* 


Aluminum 

128 0 

Lead 

9 8 

Zinc 

46 8 

Copper 

78 0 

Mercury 

5 0 

Glycerin 

76 5 

Iron, gray cast 

40 0 

Nickel 

133 0 

Ice 

144 0 

Iron, white cast 

60 0 

Tin 

25 4 

Sulfur 

15 8 


* Condensed from Marks, ' Mechanical Engineers’ Handbook,” 4th od , McGraw-Hill, New ork 
1941 
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Tabli. 36 — Latent Heat of Vapobization at Atmosfhebic PsEbsuRE, Btu per 

PoOND* 


Water 

970 2I Ethyl alcohol (98%) 


Mercury 

122 2 

Ammonia 

589 3{ Sulfur dioxide 

167 1 

Sulfur 

120 0 

Methyl alcohol j 

482 Ol Gasohne 

133 0-146 0 

Kerosene 

105 0-110 0 


* Condensed from Marks, Meehanical Bngineera* Handbook,” 4th ed , MoGraw-HiU, New York 
1041 


Tabi b 37 — Properties op Gases* 







Spccihc 


■ 


Gas 

Chem- 

ical 

symbol 

Num- 
ber of 
atoms 

Approx 

molec- 

ular 

weight 

Den- 

sity 

relatiye 
to air 

hcatf at 
32'’K, 
Btu/lby-F 


1 

Gas 

con- 

stant 

R 



Cp 



■ 





Air 

(Mec h 

711x1 lire) 

(29) 



In 

1 

40 

53 3 

Carbon dioxide 

('Ol 

3 

44 

1 520 



1 

28 

35 0 

Carbon monoxide 

CO 

2 

28 

0 968 


SQi 

1 

40 

55 3 

Helium 

He 

1 

4 

0 137 

1 251 

iWfSl 

1 

66 

387 

Hydrogen 

H. 

2 

2 

0 070 

3 14 

2 16 

1 

46 

762 

Methane 

('Hi 

5 

16 

0 554 


UKiin 

1 

30 

96 5 

Nitrogen 

Ni 

2 

28 



RSQI 

1 

40 

55 3 

Oxygen 

0, 

2 

32 


HI 

H 

1 

40 

48 2 


1 r >m O Uourkc G«u«r<il Jd <‘<1 McCiraw-HiU New York 1940 

t for the vuriutinn of «ipecific heat with temrieiature ere Table 38 


Tabus 38. — iNSTANTANBOUb Speciuc Heats op Gasi s, in Btu per Pound Dbokee 

Faiiri nheh * 

Cr = a' + hT + cT* 

G* = -|- h7 -J- tP* 

in whioh T is the abfaolute tpmiierature in degrees Hankine 


(las 1 

1 

a' 

a I 


c 

Air 

Carbon dioxide 

0 239 

0 1705 

0 

4 138(10)-“ 

T < 2900 

0 1625 

0 1175 

8 86(10)-“ 

-1 36(10)-“ 

T > 2900 

0 277 

0 232 

9 55(10)-“ 

0 

Carbon monoxide 

0 2475 

0 1765 

0 

4 28(10)-“ 

Hydrogen 

2 98 

2 00 

3 31(10)-“ 

0 

Methane 

0 216 

0 092 

6 59(10)-“ 

0 

Nitrogen 

0 2475 

0 1765 

0 

4 28(10)-“ 

Owgen 

0 216 

0 154 

0 

1 

3 75(10)-“ 


^ hroin O’Rourke General Engineennp "dbook * 2d ed , MoGraw-Hill New York 1940 




















kt, 


Metal 

Btu per hr per °1*' 
for a tliukui ss 

' pt r sq ft 
of 1 in 

a 

Aluminum 

1380 


0 3 

Brass (90-10) 

700 


0 6 

Brass (70-30) 

520 


0 2 

C^ast iron 

350 


-0 15 

Copper (pure) 

Lead 

2700 

240 


-0 24 
-0 1 

Niekel 

400 


-0 03 

Silver 

3000 


-0 2 

Steel (mild) 

450 


-0 2 

Tin 

450 


-0 2 

WrouRht iron 

430 


-0 1 

Zinc 

790 


-0 15 


* Irom O'Rourke, "General Engineering Handbook,” 2d ed , McGraw-Hill, New York, 1940. 
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Table 40. — Specific Thermal Conductivities of Liquids* 
A: = io + 


Liquid 

ko 

Btu per hr per °F 
per sq ft for 1 m 

a 

Aleohol, ethyl 

1 3 

-0 0005 

Alcohol, methyl 

1 6 

-0 001 

Brine (25% CaCL) 

3 3 

0 006 

Brine (25% NaCl) 

2 7 

0 006 

Kerosene 

1 1 

-0 0008 

Petroleum oil 

1 0 

-0 0002 

Water 

3 6 

0 007 


* T rom O Kourict Grnerul Kugineeiuig Ilatidhook 2d ad MaGraw-Hill Nca Yoik 1940 


rvBTi, 41 — Spikifk Thermal C'oNDUcrivniEs o* Gases and Vapors* 


A 


= / J2 


/492 + C\ /_T V ‘ 
V r + C ; V492y 



^12 


Gas or vapor 

Btu per hr per “F per sq ft 

C 


for B thickness of 1 m. 


Air 

0 155 

225 

Ammonia 

0 139 


HydniRen 

1 1 

169 

Methyl ihloride 

0 C58 


Nitrogen 

0 157 

205 

Oxygen 

0 1(>1 

259 

Steam 

0 1 

1850 


* 1 roia O llourke “General Engineering Handbook “ 2d ed » McGraw-Hill Now ^ork 1440 


Tabu. 42 — Resistivities and Temperature Cobipicients op Meiais* 
To (ibtum tho resistivity in niirrohms for 1 cm divide by 6 01 


Material 

Resistivity at 0°( ', 
circular mil-ft 

T( mp coefficient 
pi r ', at 20°C 

Aluminum 

17 1 

0 00390 

Copper, annealed 

9 35 

0 00393 

Iron, pure 

53 00 

0 00600 

Gold 

12 36 

0 00365 

Lead 

115 00 

0 00390 

Magnesium 

30 00 

0 00381 

Men ury 

564 00 

0 00072 

Nickel 

41 60 

0 00500 

Platinum 

66 00 

0 00370 

SiK er 

8 85 

0 00400 

Tantalum 

87 60 

0 00330 

Tin 

78 00 

0 003C5 

Tungsten (hard drawn) 

33 00 

0 00320 

Zinc 

34 50 

0 00400 


• Prom O Kourko Grneral Engineering Handbook,” 2d ed , MoGraw-HilI, New York, 1040. 
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TabIiE 43. — Resistivities and Tbmpebatuhb Coeppicients op Low-temperature- 

coEPPiciENT Allots* 


Material 

Resistivity at 20°C, 
circular mil-ft 

Temp, coefficient per 
°C, at 20°C 

Copper-nickel 

100 to 250 

200 to 200 

200 to 700 

520 to 720 

240 to 270 

0.000005 to 0.0004 
0.0002 to 0.00027 
0.00034 to 0.001 
0.00016 to 0.00072 
0.000025 to 3 X 10-‘ 

Copper-nickel-zinc (nickel silver) 

Iron-nickel 

Iron-nickel-chromium 

Copper-manganesc-nickel 



• From 0*Rourko, "General Engineerinc Handbook.” 2d ed.. MeGraw-Hill, New York, 194(1. 


Tablf. 44. — Potential <Jradient at Various Altitudes* 


0, km 

0 

! 

0.5 ' 

1.5 

3 

r 

6 1 

Gradient, volts/m 

' 130 

.50 

30 

20 

10 1 


• After Srhweidler. 


Potential relative to eortt'.. kilovolts 



Flo. 2.. — Potential and resistance between the earth and points in the atmosphere, 
flight of Explorer II, Nov. 11, 1935. (From Fleming, “ Terreetrial Magnetism and Electrir- 
McOraio-Hia, New York, 1939.) 
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Tabu 45 — Cmtical Data* 


Subatanc e 

Critical 
temp , °C 

( ritical 
presB , atm 

Critical denait j , 
gram /cm’ 

Water 

374 

218 

0 40 

Sulfur dioxide 

157 

78 

0 52 

Carbon dioxide 

31 

73 

0 46 

Oxygen 

-119 

50 

0 43 

Nitrogen 

-147 

34 

0 31 

Hydrogen 

-240 

13 

0 03 

Helium 

-268 

2 3 

0 07 


i«roiu 2«einanHky Heat and Tturinodynamics 2d ed McGraw Hill Nea York 1943 


TABLii 46 — Tripuu-popji DAr\* 


SubbtaiK ( ^ 

t tntigradi 

Pri ss , 


temp 

mm 

l\ater 

0 0098 

4 579 

Sulfur dioxide 

- 72 7 

16 3 

Carbon dioxide 

- 56 6 

3880 

Oxygt n 

-218 4 

2 0 

Argon 

-189 2 

512 2 

Nitrogen 

-209 8 

96 4 

Hydrogen 

-259 1 

61 4 

Helium (lower tnpk point) 

-271 0 

1 

1 

38 65 


* Irom Zeiuanaky * Heat and Thermodynamtea 2d od McGriw Hill New York 1943 


Table 47 — Centigrade Temperatures oj Iixed Poims* 


Fixed points 

Subat Alice 

Design ition 

1 < inp , °t 

Standard 

lee 

l^atir 

N M P (ice point) 

N B P (steam point) 

0 000 
100 000 

Baaie 

Oxygen 

Sulfur 

Antimony 

Silver 

Gold 

N B P (oxygen point) 

N B P (sulfur point) 

N M P (antimony point) 
N M P (silyer point) 

N M P (gold point) 

-182 97 

444 60 

630 50 

960 5 

1063 0 

Secondary 

Hydrogen 

Nitrogen 

Mercury 

Sodium sulfate 
Naphthalene 

T5n 

Benrophenone 

Cadmium 

Lead 

Zine 

NBP 

N BP 

NMP 

Transition point 

NBP 

NMP 

NBP 

NMP 

NMP 

NMP 

-252 78 
-195 81 
- 38 86 

32 38 

217 96 

231 85 

305 9 

320 9 

327 3 

419 5 


* l roin ZemanRk\ Heaf and Ihermodvnanm^ 2d ed McGiaw Hill New York 1943 
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Table 48 — Velocity of Sound in Vakiods Gases at 0°C 
P'or any given gas the velocity increases as the square root of the absolute temperature 


Gas 

Mps 

Argon 

308 

Air 

331 

Helium 

971 

Nitrogen 

378 

Water vapor 

401 

Hydrogen 

1 ,261 

Carbon dioxide 

258 


Table 49 — Velocity o» Sound in Pure and in Sea Water (35Voo) (1,013 Mb)* 


Temp , “C 

l*urt wafer, 
nips 

Salt water, 

mpb 

0 

1 400 

1,445 

10 

1,445 

1,485 

20 

1 480 

1 .520 

30 

1,505 

1 

1 .545 


♦ After Bverdmii 


— Vbi,ooitt 

OF Sound in Dry 


Vtlocity, 

Temp. 

-70 

mps 

286 

-60 

292 

-50 

299 

-40 

306 

-30 

312 

-20 

319 

-10 

325 

0 

331 

10 

337 

20 

342 

30 

348 

40 

3.54 

.50 

360 

60 

366 

70 

371 

80 

376 

90 

382 

100 

386 


TaBIE 51. CoFPFinENTS of DlFrUSION* 

Cm* See"* 


vs. oxygen 0 178 

Air vs hydrogen 0 661 

Air vs water vapor 0 24 

Carbon dioxide vs oxygen 0 180 

Carbon dioxide vs hydrogen 0 56 

Hydrogen vs oxygen 0 72 

Argon vs helium 0 706 

* After Ijinke 
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Table 52 — Heat CoNDtrcnviTY and Coefficient of Vibcosi'T of Aib* 



Conductivity, 

Viscosity, 


Conductivity, 

Viscosity, 

Temp , °C 

cal cm“' 

gram cm~* 

Temp , “C 

cal cm“* 

gram cm”* 

see”’ gram“* 

sec”* 


sec”* gram * 

sec * 

-70 

0 000 0422 

0 000 172 

10 

0 000 0549 

0 000 177 



147 

20 

0565 

181 



152 

30 

0581 

186 

-10 


162 

40 

0597 

191 

0 

0533 

172 





• \fter Linke 


Table 53 — CorFFiciENis of Dynamic Friction 


Glass on glass 0 40 

Carbon on glass 0 18 

Wood on wood 0 25 to 0 50 

Lubricated metal surfaces 0 05 to 0 2 

Stool on ICO 0 02 

Rubber on dry conerele 0 5 to 0 8 

Leather on metals 0 6 


Table 54 — Coefficients of Viscosity 


Substaiuc 

gram cm”’ sec”* 

Temp , 

Air 

0 0181 X 10”* 

20 

Hydrogen 

0 0097 X 10-» 

20 

Mercuiv 

1 56 X 10”* 

20 

Oil, machine 

100-600 X 10”* 

20 

Water 

1 7938 X 10 * 

0 

Water 

1 0087 X lO”* 

20 

■Water 

0 2839 X 10”* 

100 


Table 55 — Emstic Moduli 
Average values of elastic constants, mb 


Material 

Bulk modulus 
k 

1 

Modulus of rigidity 
n 

Young’s modulus 

y 

Aluminum 

7 6 X 10» 

2 4 

X 10" 

6 0 X 10" 

Copper 

Steel 

14 3 X 10» 

4 2 

X 10" 

12 0 X 10" 

18 1 X 10* 

8 0 

X 10" 

20 0 X 10" 

Lead 

India rubber 

SOX 10» 

0 54 X 10» 

0 00016 X 10> 

16 X 10" 

0 05 X 10" 

Crown glass 

Oak 

1 5 0 X 10» 

1 

2 9 

X 10® 

1 

71 X 10" 
13 X 10“ 
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Table 66. — Surface Tensions of Liquids in Contact with Air at Specified 

Temperatures 


Substance 

Dvnes/cm 

"C 

Aluminum (molten) 

520 

750 

Benzene 

28 9 

20 

Carbon tetrachlonflc' 

26 8 

20 

Ether 

17 0 

20 

Ethyl alcohol 

22 3 

20 

Mercury 

476 

20 

Soap solution 

28 

20 

Water 

72 75 

20 


Table 57 — Bla< k-bodt Radiation 
E = aT*, where <r = 0 826 X 10”“ cal cm”* mm”* 


Temp., 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

-40 


239 

235 

231 

227 

223 

219 

216 

212 

208 

-30 

288 

283 

279 

274 

270 

265 

261 

256 

252 

248 

-20 

339 

333 

328 

323 

318 

312 

308 

303 

298 

293 

-10 

395 

389 

384 

378 

372 

366 

360 

355 

349 

344 

- 0 

459 

452 

446 

439 

432 

426 

420 

414 

407 

401 

+ 0 

459 

466 

472 

479 

486 

493 


508 

515 

522 

+10 

530 

537 

545 

553 

560 

568 

576 

584 

592 

601 

+20 

609 

617 

626 

634 

643 

651 


669 

678 

687 

+30 

696 

706 

715 

724 

- - 

734 



743 

753 

762 

772 

782 


t = -50 -55 -60 -65 -70°C 

= 0 204 0 187 0 170 0 155 0 140 
< = 40 45 50 55 60 O.j 70°C 

E = 0 Td2 O 844 0.899 O 956 1 015 1 078 1 143 
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Table 58. — Intensity of Radiation from a Black Body (Unit Angle)" 
In 10’ cal cm~’ min"* for AX = 1 
1 /I — 10~* cm 


Xr = 

313 

293 

273 

253 

233 

213 

193‘’K 


40 

20 

0 

-20 

-60 

-60 

-80''(' 

3 M 

0 017 

0 006 

0 002 

PPII 

0 

0 

0 

4 

0 181 

0 083 

0 034 


0 004 

0 001 

0 

5 

0 580 

0 311 

0 1.52 


0 025 

0 008 

0 002 

6 

1 069 

0 636 

0 322 

0 176 

0 078 

0 030 

0 009 

7 

1 469 

0 941 

0 564 

0 312 

0 156 

0 068 

0 025 

8 

1 706 

1 155 

0 738 


0 238 

0 116 

0 049 

9 

1 792 

1 265 

0 849 

0 535 

0 310 

0 163 

0 076 

10 

1 765 

1 289 

0 899 

0 593 

0 365 

0 205 

0 102 

)1 

1 669 

1 252 

0 ‘K)2 

0 618 

0 397 

0 234 

0 124 

12 

1 537 

1 179 

0 872 

0 615 

0 409 

0 253 

0 141 

13 

1 314 

1 088 

0 822 

0 594 

0 408 

0 261 

0 152 

14 

1 246 

0 989 

0 761 

0 563 

0 396 

0 261 

0 158 

16 

0 980 

0 798 

0 632 

0 484 

0 355 

0 245 

0 158 

18 

0 765 

0 634 

0 514 


0 305 

0 219 

0 148 

20 

0 597 

0 502 

0 414 

0 332 

0 257 

0 190 

0 133 

22 

0 468 

0 408 

0 333 

0 271 

0 214 

0 162 

0 117 

24 

0 371 

0 319 

0 269 

0 222 

0 178 

0 137 

0 101 

26 

0 296 

0 256 

0 218 

0 182 

0 148 

0 116 

0 087 

28 

0 238 

0 208 

0 178 


0 123 

0 098 

0 075 

30 

0 192 

0 170 

0 146 

0 124 

0 103 

0 083 

0 064 

34 

■svin 

0 116 

0 101 

mmm 

0 073 

0 060 

0 047 

40 

BiMirrfl 

0 069 

0 061 

0 051 

0 045 

0 038 

0 031 

50 

BSWikTiB 


0 029 


0 022 


0 016 

60 

0 019 


0 016 

0 014 

0 012 

BhijIH 

0 009 

70 

0 oil 


0 009 

0 008 

0 007 


0 005 

80 

0 007 


0 006 

0 005 

0 004 


0 003 

100 

0 003 


0 002 

0 002 

0 002 


0 002 


* Alter Planck 
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Table 69. — Approximate EMissiviTiEf. op Various duRPACEs, as Compiled by 

Hottel 

Values at intermediate temperal ures may be obtained by linear interpolation 


Material 

Temp, range, 

°c 

Einishivity 

Polished metals; 



Aluminum 

250-600 

0 039-0 057 

Brass 

2.50-400 

0 033-0 037 

Chromium 

50-550 

0 08-0 26 

Copper 

100 

0 018 

Iron 

150-1000 

0 05-0 37 

Nickel 

20-360 

0 045-0 087 

Zinc. 

250-350 

0.045-0.053 

Filaments: 



Molybdenum 

7.50-2600 

0 096-0.29 

Platinum . 

30-1200 

0 036-0 19 

Tantalum . 

1.800-3000 

0 19-0.31 

Tungsten. 

30-3300 

0 032-0.35 

Other materials: 



Asbestos 

40 3.50 

0 93-0.95 

Ice (wet) 1 

0 

0 97 

Lampblack 

20-350 

0 95 

llubber (gray) 

25 

0 86 


Table fiO. — Beauport Scale por Wivn Velocities 
Winds correspond to tiiose at 33 ft above tin surface in an open position Extension 
from force 11 in accordance with the Beaufort formula 
Velocity (mpli) = 1.87 y/F', whoip F is Boiiuforl nunibpr 


Beaiifiirt 
AMiid force 

Desciiptioii 1 

1 

Miles (statute) 
per hour 

Knots 

Mps* 

0 

C'alm 

Ia'ss than 1 

Less than 1 

Less than 0 4 

1 

Light air 

1-3 

1-3 

0 4-1 5 

2 

Light breeze 

4-7 

4-6 

1 6-3 3 

3 

tJentle breeze 

8-12 

7-10 

3 4-5 4 

4 

Moderate breeze 

13-18 

11-16 

5 5-7.9 

5 

Fresh breeze 

19-24 

17-21 

8 0-10 7 

6 

Strong breeze 

2.5-31 

22-27 

10 8-13 8 

7 

Moderate gale 

32-38 

28-33 

13 9-17 1 

8 

Fresh gale 

39- 16 

34-40 

17 2-20 7 

9 

Strong gale 

47-54 

41-47 

20 8-24 4 

10 

Whole gale 

.55-63 

48-55 

24 .5-28.4 

11 

Storm 

64-73 

56-63 

28.. 5-33 5 

12 

Hurricane 

74-82 

64-71 


13 


83-92 

72-80 


14 


93-103 

81 89 


15 


104-114 

90-99 


16 


115-125 

100-109 


17 


126-136 

110-118 



War Department Technical Manual, TMl-236. 
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Kilometeis per hour 100kph=278mp5. 

lie, 3 — Veloiit\ con^eraion scales 
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SLOPE- DIAGRAM 



Flo. 4. — Slope diaKrain for geoetropliic wind. Valid for aiij latitude, pressure gradient, 
and air density. (Courtesy oj J. Fulford.) 
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Z? 10 9 8 1 6 5 4 3.5 3 2.5 2 1.5 \ C D 

Isobar spacing, degrees of latitude 

Fia. 6. — Koy: 


A, wind speed in degrees latitude per 12 hr 

B, wind speed, nips 

, C, wind speed, mph 

D, Beaufort number 

Geostrophie wind scale for sea-level, 3-mb isobars. [After Unitersily of Chicago.) 
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ll'iG. 6. — Koy: 

A, wind spord in degrcos latitudi* ppr 12 hr 

B, wind Hpi'i'd, nips 

C, wind Hpci'd, mpli 

D, Beaufort uunilier 

Geostrophic wind seale for 10,000 ft-level, 3-nib isobars. {.After University of Chiengn.) 
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I'Ki. 7.— Key; 

A, wind speed in degrees latitude per 12 hr 
]i, wind speed, mps 
C, wind speed, inph 
d>, Beaufort number 

Geostrophic wind seale for 10,000 ft-level, 6-mb isobars. {A/ler University of Chiatgo.) 
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Otgrets of lofitude per 3 millibars 



2wvs,ntt,-^=t^ 


A Place straighfedge so that if runs from lafifude 
to observed wind speecfat I km (Honamte/ lines) 

B Straightedge should cross curve representing rwdius of 
curvature of isobar in degrees of latitude 
C Upper scale gives pressure gradient in degrees of lahtude per 3 mb 
D Scales at left give wind speed and wind Travel at I km 
E Right half of nomogram gives tvro wind speeds for 

anticyclone Lower value is used Latitude 

2 mps = 1 knot +3’/. (T „ 'O’ ... 2P°...3P’...''P° ..SP! eiTIP!. 


rio 


2mps = lmph-10*/. [ 

9 — NomogiBin for gradient wind, 3-iTib isobaib 

Church ) 


5* 


15' 

-L. 


25* I 35’ I 45' 


m?' 


{Courltai/ of D F Rlx and 11 I 


Gradient-wind Isopleths 

The f imilips of isoplethe in Firs 11 to 26 give the gradient wind at every 5° 
latitude from 25 to 60°. The gradicnt-wind equation is 

pressure gradient , 

ph - TT 

where v„ = gradient wind 

p = density of the air 
X = (’oriohs parameter (20) sin »>) 

? = radius of curvature of the path 
- = eiclome lurvature 
+ " antieyclonie (urvature 

The ibopleths are valid for p = 1 1 1 kg per m’. The gradient wind vanes approxi- 
nialely inverselv as the density for a given pressure graditnt, latitude, and radius of 




Sec. I] 


WIND DATA. 


55 


sure gradient il^^nTn fo “f l“«tude. ftes- 

sealels p^dad *“• ^ reciprocal 

estimate of the difference bctwVn 


oo 10 


5 4 

M 


3 2.5 2 


1.5 


1-25 If) 0.9 


0.8 

-L 


-r 

1.4 


07 

i— 


0.5 

^ 


«■’ «8 m li » n a i.4 is li i.i 1.9 „ jj, 
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Radius of curvature, degrees latitude 


Fio. 14. - f;<><>.stroi)hi<* and gradient wind. 



Radius ofcurvature.oieqrees latitude 


Fir,. 15. Goobtrophir and gradient wind. 



2 4 6 6 10 12 14 16 00 


Radius of curvature, degrees latitude 

Fio. 10. — Geostropbic and gradient wind. 













Beaufbrt force 
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17. Gcoutropluc and giadient wind. 
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2 4 6 8 10 12 14 16 oo 


Radius of curvature, degrees latitude 

1 10 20 — UvODttopluc and Kradicnt wind 
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Fiq. 21. — Geostrophic and gradient wind. 
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Fiu. 23. — Geohlrophie and grudiont wind. 



Ftci. 24.- -Geo»tropliiv and gradient wind. 
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1 icr. 26 — Gcostzophic and gradient wind. 


nr 
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Table 61. — Cobbections for Indicated Wind Velocities 
Velocities indicated 


By 3-cup 
anemometer, 
mph 

By 4-cup 
anemometer, 
mph 

By 4-cup 
anemometer 
with beaded 
cups, mph 

By small airway 
anemometer, mph 

Corrections, 

whole 

mph 

0-16* 

0-8 

0-5 

0-35 

+1 

17-26 

9-12 

6-13 

35-57 

0 

27-35 

13-16 

14-20 

(Corrections under 

-1 

36-44 

17-20 

21-27 

higher velocities not 

-2 

45-52 

21-24 

28-34 

yet determined; use 

-3 

53-61 

25-28 

35-^1 

zero) 

-4 


29-32 

42-48 


-5 

71-79 

33-36 

49-55 


-6 

80-87 

37-39 

.56-62 


-7 

88-96 


63-69 


-8 

97- 105 

44^7 

70-75 


-9 

106-114 

48-51 

76-82 


-10 

1 15-122 

52-54 

83-89 


-11 

123 132 

55-58 

90-96 


-12 

133-139 

59-62 

97-103 


-13 

140-149 

63-65 

104-110 


-14 

150-1.57 

66-69 

111-117 


-15 

158-166 

70-73 

118-124 


-16 

167-174 

74-77 

12,5-131 


-17 

175-184 


132-138 


-18 

186-192 

81-84 

1.39-145 


-19 

193-200 

85-88 

146-152 


-20 


89-91 

153-168 


-21 


92-95 

159-165 


-22 


96-99 

166-171 


-23 


100-103 

172-178 


-24 


104-106 

179-185 


-26 


107-110 

186-192 


-26 


111-114 

193-200 


-27 


115-117 



-28 


118-121 



-29 


* Inconsequential variation from the rule for diHpohol of decinmls disreKArded as 2 and 4 rnph 
Reprint from InntnicUoiiH No. 1. 1035. 

Notb: Corrections to be applied to wintl velocities determined by anemometers. Correction to lie 
added when the ^ign is pluB and subtracted when the sign is minus. From U.S. IVeather Bur. Ctre. N. 
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Table 62 — Free Lift fob Definite Inflation* 
Average ascensional rates given in meters per minute 


Rates of ascent 

140 

160 

180 

200 

220 

1 ^ 

260 

Weight of 

1 

1 

1 



1 

1 

1 

balloons, grams 








15 

43 8 

68 6 


161 1 

240 4 



16 

44 8 

69 8 

107 3 

162 6 

242 1 



17 

4.1 7 

71 0 


164 2 

243 8 



18 

46 7 

72 2 

110 0 

165 7 

245 5 



19 

47 6 

73 3 

111 4 

167 2 

247 1 



20 

48 5 

74 4 

112 7 

168 7 

248 7 



21 

49 4 

75 5 

114 0 

170 1 

2.50 3 



22 

50 3 

76 5 

115 3 

171 6 

251 9 



23 

51 2 

77 6 

116 5 

173 1 

253 5 



24 

52 0 

78 7 

117 8 

174 5 

2.55 1 



23 

52 8 

79 7 

119 0 

175 9 

2.56 6 



26 

53 6 

80 7 

m 2 

177 3 

2.58 2 



27 

54 4 

81 7 

121 4 

178 7 

259 7 



28 

55 2 

82 7 

122 6 

180 0 

261 2 



26 

56 0 

83 7 

123 8 

181 4 

262 7 



30 

56 8 

84 7 

125 0 

182 7 

264 2 

376 9 


31 

57 6 

85 6 

126 2 

184 0 

26.5 7 

378 5 


32 

i)8 3 

86 6 

127 3 

185 4 

267 2 

380 1 


33 

59 1 

87 5 

128 5 

186 7 

268 6 

381 7 


34 

50 8 

88 5 

129 6 

188 0 

270 1 

383 3 


35 

60 6 

89 4 

130 7 

189 3 

271 .5 

384 9 


36 

61 3 

90 3 

131 8 

190 6 

273 0 

386 5 


37 

62 0 

91 2 

132 9 

191 9 

274 4 

388 1 


38 

62 7 

92 1 

134 0 

193 1 

27.5 8 

389 6 


30 

63 4 

93 0 

135 0 

194 4 

277 2 

391 2 


10 

64 1 

93 9 

136 1 

195 6 

278 6 

392 7 

547 0 

41 

64 8 

94 8 

137 1 

196 8 

280 0 

394 2 

548 6 

42 

65 5 

95 6 

138 2 

198 1 

281 4 

395 8 

550 3 

43 

66 2 

96 5 

139 2 

199 3 

282 8 

397 3 

551 9 

44 

66 9 

97 3 

140 3 

200 5 

284 2 

398 8 

553 5 

45 

67 6 

98 2 

141 3 

201 7 

285 .5 

400 3 

555 1 

46 

68 2 

99 0 

142 3 

202 9 

286 9 

401 8 

556 7 

47 

68 9 

99 9 

143 3 

204 1 

288 2 

403 3 

558 3 

48 

69 5 

100 7 

144 3 

205 3 

289 6 

404 8 

559 9 

49 

70 2 

101 6 

145 4 

206 5 

290 9 

406 2 

561 5 

50 

70 8 

102 4 

146 4 

207 6 

292 2 

407 7 

563 1 

51 

71 4 

103 2 

117 4 

208 8 

293 5 

409 2 

564 7 

52 

72 1 

104 0 

148 3 

209 0 

294 8 

410 6 

566 3 

53 

72 7 

104 8 

149 3 

211 0 

296 1 

412 1 

567 8 

54 

73 4 

105 6 

1.50 2 

212 2 

297 4 

413 5 

569 4 

55 

74 0 

106 3 

151 2 

213 3 

298 7 

414.9 

570 9 

56 

74 6 

107 1 

152 1 

214 4 

300 0 

416 3 

572 4 

57 

75 2 

107 9 

153.1 

215 6 

301 3 

417 7 

574 0 

58 

75 8 

108 7 

154 0 

216 7 

302 6 

419 1 

575 5 

59 

76 4 

109 4 

1.55 0 

217 8 

303 8 

420 5 

577 0 

60 

77 0 

110 2 

155 9 

218 9 

305.1 

421 9 

578 6 


* From Aerographera* Manual, 
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Table 63.- -Avjshagb Ascbnsional Rates (m per min) fob Vahiotts Heuijm Fsee 
Lifts (1) and Variods Weight Baeeoons (W) 
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Tablil 64- -AvEBAGSi AbCENbioN\i. Rates (m per mm) fob Various Htbbogen 
Free Lifts (1) and Various Weight Balloons (W) 
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NUMERICAL AND GRAPHICAL DATA 
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Table 66. — Altitude Timetables foe Various Rates op Ascent 
Ascensional rate in m per min 
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Table 66. — Ceiling Balloon Elevation 
Free lift 40 grams with hydrogen or 45 grams with helium. 10-gram balloon. 
Average rate of ascension after 13^ min = 6 fps 


Time interval, 
min* 

Altitude, ft 

Altitude, m 


250 

76.2 

1 

480 

146 

14 

670 

204 

2 

850 

259 

24 

1,030 

1,210 

314 

3 

369 

3 + 1 

1,210 + 180< 

369 -f 55< 


Time i is in half minutes. 


Table 67. — WiNu-vEixiriTy Preshures 
Air at 15°C and 760 mm mercury. 


True Wind 
Speed 
10 
20 
30 
40 
50 
60 
70 
80 
90 


Velocity Pressure, 
ll)/ft» 

0.26 
1.02 
2.30 
4.09 
6.39 
9.21 
12.53 
16.36 
20.71 


100 2r).r>7 
110 30.94 
120 36.82 



rSec. I 
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NUMERICAL AND QRAPHICAL DATA 


Tabi t 68 — Thfhmai PKOPiiRTiEs or Water — Solid, and Satitrated Liquid and 
Vapor Phases -f50° to 40°(''* 

Values based on results of international research as tabulated by Keenan and KeyeR 
l‘)3b, but with magnitudes in metric units and relative to zero values of enthalpy and 
entropy for uc at 200“K, or — 73°C 



1 




Lnthalpj loulc^/ei am 

Fntropy, aoulea/ftram ®K 

Temp ®C 

Saturated vapo 

P >'ituratca \ ipor 

(U neit^ Kratn>4/ 







pru» jub 











hf 

h/ff 

h. 

*/ 

8/g 

Sg 

^jO 

123 3 

83 1 

676 

2 388 

3 039 

2 49 

7 37 

9 86 

48 

111 5 

7 

3 6 

068 

2 388 

3 036 

2 46 

7 43 


4Q 

100 0 

68 8 


2 iJ93 

3 052 

2 44 

7 49 

9 93 

4i 

91 1 

62 5 

031 

2 398 

3 049 

2 41 

7 56 

9 97 

42 

82 0 

36 6 

643 

2 4U2 

3 045 

2 39 

7 62 

10 01 

4U 

73 7 

51 2 

634 

2 407 

3 041 

2 36 

7 68 

10 04 

36 

6 

3 2 

46 3 

620 

2 412 

3 088 

2 33 

7 75 

10 08 

3G 

59 4 

41 8 

618 

2 410 

3 034 


7 82 

10 12 

34 

5) 2 

37 0 

010 

2 421 

3 031 

2 28 

7 88 

10 lb 

22 

47 5 

33 8 

601 

2 420 

3 027 

2 25 

7 95 

10 20 

30 

42 43 

30 4 

392 

2 4J1 

3 023 

2 22 

8 02 

10 24 

28 

37 78 

27 3 

584 

2 416 

3 020 

2 19 

8 09 

10 28 

26 

3J Ou 

24 4 

376 

2 441 

3 016 

2 17 

8 16 

10 33 

24 

20 82 

21 8 

567 

2 440 

3 013 

2 14 

8 22 

10 37 

22 

26 40 

19 4 

•>‘>9 

2 430 

3 009 

2 H 

8 30 

10 41 

20 

23 37 

17 31 

331 

2 434 

3 005 

2 08 

8 37 

10 43 

18 

20 01 

15 37 

543 

2 459 

3 002 


8 44 

10 50 

10 

18 lb 

H 63 

534 

2 464 

2 998 

1 2 03 

8 52 

10 53 

14 

n 

<)8 

11 

09 

526 

2 468 

2 994 


8 59 

10 59 

12 

14 

03 

ifl 

68 

517 

2 473 

2 990 

1 97 

8 67 

10 04 

10 

12 

28 

0 

41 

309 

2 478 

2 987 

1 94 

8 75 

10 69 

8 

IC 

73 

i 

29 

>01 

2 482 

2 983 

1 91 

8 S3 

10 74 

0 

<3 

35 

7 

27 

492 

2 487 

2 979 

1 88 

8 91 

10 79 

4 

8 

13 

6 

17 

484 

2 492 

2 976 

1 Su 

8 99 

10 84 

2 

7 

03 

3 

% 

473 

2 497 

2 972 

1 82 

9 07 

10 89 

0 

6 

103 

4 

8> 

407 

2 502 

2 969 

1 79 

9 16 


renii 

Over 

W it 01 

0\<r 

uc 

0\er 

witcr 

0\<r 

ilC 

h 


h. 

3. 

S. 

3» 

f) 

0 lO^ 

0 103 

4 83 

4 83 

134 

2 833 

2 969 

0 37 

10 38 

10 95 

-2 

3 27 

3 17 

4 22 

4 14 

129 

2 83b 

2 963 

0 >3 

10 43 

11 00 

-4 

4 34 

4 37 

3 00 

3 >3 

123 

2 830 

2 961 

0 34 

10 >i 

11 07 

-(> 

i 00 

J bO 

3 17 

3 00 

121 

2 837 

2 958 

0 32 

)0 61 

11 12 

~8 

J 34 

^ 10 

i 74 

2 54 

117 

2 837 

2 934 

0 31 

10 69 

11 20 

-10 

2 86 

2 00 

2 36 

2 14 

113 

2 817 

2 930 

0 49 

10 78 

11 27 

-12 

2 44 

2 18 


1 81 

109 

2 838 

2 947 

0 48 

10 86 

n 34 

-14 

2 07 

1 60 

1 74 

1 31 

103 

2 838 

2 9H 

0 4f 

to 95 

11 41 

-10 

1 73 

1 51 

1 48 

1 28 


2 838 

2 939 

0 44 

11 04 

11 48 

-18 

1 48 

1 25 

1 26 

1 06 

97 

2 839 

2 916 

0 43 

11 12 

11 53 

-20 

] 24 

1 04 

1 07 

0 892 

93 


2 932 

0 41 

11 21 

11 62 

-22 


0 854 


0 788 

89 


2 928 

0 40 

11 30 

11 70 

-24 


0 702 


0 012 

85 

2 839 

2 924 

0 38 

11 39 

11 77 

-2b 


U >70 


0 306 

81 

2 840 

2 921 

0 37 

11 48 

11 85 

-28 


0 4b8 


0 414 

77 

2 840 

2 917 

0 33 

11 38 

11 93 

- JO 


0 381 


0 340 

74 

2 840 

2 914 

0 34 

11 67 

12 01 

-32 


0 310 


0 279 

70 

2 840 

2 910 

0 32 

n 77 

12 09 

-34 


0 205 


0 227 


2 839 

2 906 

0 30 

11 87 

12 17 

- Jb 


0 202 


0 185 

63 

2 839 

2 902 

0 29 

11 97 

12 26 

-38 


0 103 


0 131 

60 

2 839 

2 899 

0 27 

12 07 

12 34 

-40 


0 HI 



36 

2 839 

2 893 

0 26 

12 17 

12 43 

-73 





0 

2 836 

2 836 

0 0 

14 20 

14 20 


* KulTilb Paul J Monthly WAafSer Rev Novembei 1941 vol 69 
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Fio. 28. — Variation of sperific heat of water vapor (constant pressure) with tenippraturc 
and pressure. (After C. U. Meyera.) 
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Table 69. — Dew-point Tempekatijre ("F) vs Vapor PBLSbUBE (Ik.)* 


-30 0 007008 

0 007440 

0 007897 

0 008379 

0 008888 

20 0 10274 

0 10779 

0 11306 

0 11857 

0 12432 

70 0 7390 

0 7646 

0 7910 

0 8181 

0 8460 

-25 0 009425 

0 000993 

0 010592 

0 011223 

0 011888 

25 0 13033 

0 13660 

0 14314 

0 14997 

0 15710 

75 0 8748 

0 9044 

0 9350 

0 9664 

0 9987 

-20 0 012591 

0 013332 

0 014113 

0 014935 

0 015801 

30 0 16453 

0 17228 

0 18036 

0 1878 

0 1955 

80 1 0319 

1 0663 

1 1015 

1 1377 

1 1749 

-15 0 016713 

0 017673 

0 018684 

0 019747 

0 020866 

35 0 2035 

0 2118 

0 2203 

0 2202 

0 2382 

85 1 2132 

1 2526 

I 2930 

1 3346 

1 3774 

-10 0 022042 

0 023280 

0 024581 

0 025948 

0 027385 

40 0 2477 

0 2575 

0 2676 

0 2781 

0 2890 

90 1 4215 

1 4667 

1 5131 

1 5608 

1 6097 

-5 0 028895 

0 030481 

0 032146 

0 033894 

0 035729 

45 0 3003 

0 3119 

0 3239 

0 3362 

0 3491 

95 1 6600 

1 7118 

1 7648 

1 8193 

1 8753 

0 0 037655 

0 039675 

0 041794 

0 044017 

0 046348 

50 0 3624 

0 3762 

0 3904 

0 4050 

0 4201 

100 1 9327 

1 9917 

2 0521 

2 1141 

2 1778 

5 0 048791 

0 051351 

0 054034 

0 056845 

0 059788 

55 0 4357 

0 4518 

0 4684 

0 4856 

0 5033 

105 2 2432 

2 3102 

2 378') 

2 4494 

2 5218 

10 0 062870 

0 066097 

0 069474 

0 073009 

0 076708 

60 0 5216 

0 5405 

0 5599 

0 5800 

0 6007 

no 2 5959 

2 6719 

2 7498 

2 8297 

2 9115 

15 0 080579 

0 084626 

0 088857 

0 093280 

0 097904 

65 0 6220 

0 6440 

0 6667 

0 6901 

0 7142 

115 2 9952 

3 0810 

3 1691 

3 2594 

3 3517 

120 3 4463 


♦ From IT 8. Weather Bureau Peyc-hometric Slide Buie, Mar. 23, 3042 

Noth Data invoKins vapor preasures lor temperature below 32°F are based on saturation vapor 
prsasures with respect to ice 
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Tabii. 70 — PsfcDno-i.QurvAiENT PoTiNnAi. Temperature vb. Psbudo-wet-bulb 

PoTEMiAL Temperature* 



0.. 

1 &RW 

e,f 

2.>3 

255 1 

293 

334 3 

255 

257 5 

295 

342 1 

257 

260 0 1 

297 

350 8 

250 

262 5 ' 

299 

360 4 

261 

265 1 

301 

371 0 

263 

267 8 

303 

382 8 

265 

270 6 

305 

396 0 

267 

273 6 

307 

410 9 

269 

276 6 

309 

427 6 

271 

279 9 

311 

446 6 

273 

283 3 

313 

468 2 

275 

286 9 



277 

290 7 



279 

294 9 



281 

299 3 



283 

304 0 



285 

309 1 



287 

314 6 



289 

320 6 



291 

327 1 




* Trom J S Tl eather Bur I orm 1147 K 


Tabu 71 — Pslubo-iquivau Er Poi»ntiai, TtMEtRAiuRB* 


PoUiitJ il temper itiirp 




270 

275 

260 

285 

290 

295 

300 

305 

310 

315 

2 

1 0009 exp (5/7’) 

275 4 

260 5 

285 a 

290 7 

295 8 

.900 

9 

306 

0 

311 1 

.316 

2 

321 3 

H 

1 0014 exp (7 5/r) 

278 0 

283 1 

288 3 

293 4 

298 5 

309 

7 

Einsl 

314 0 

319 

2 

324 4 

4 

1 0018 i-xp (iO/D 

260 5 

285 7 

291 0 

296 1 

301 2 

306 

5 

311 

7 

116 9 

822 

0 

327 2 

() 

1 0028 txp (IS/T) 

285 7 

291 0 

290 2 

301 5 


312 

] 

317 

4 

322 7 

328 0 

333 3 

H 

I 0037 pxp (20/7’) 

291 1 

29b 4 

301 7 

EMEl 

312 3 

117 

7 

321 

1 

328 5 

333 

9 

339 3 

in 

1 0046 exp (25/r) 

295 4 

301 0 

306 6 

312 2 

317 8 

323 

4 

329 

0 

334 6 

340 

2 

345 7 

u 

1 0055 exp (30/7’) 

300 6 

300 2 

311 9 

317 6 

323 3 


U 

333 

4 

340 4 

346 

1 

351 7 


* Vfter Holmboe 
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l'’io. 30. — Partial potential toiiiporaturp correction. Atlcl the correction to 6 to obtain 6j. 

6,, = ea + 0.4G1W). 





I^io. 31. — lioBsby's equivalent potential temperature correction. Add the eorrection to 

^.i to obtain $j{. 
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Z80 2 


Fio. 32. — llotjiiby'ii 
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Lapse rate.deq. C. per 100 meters 


observed femperafures; — ■jvirtual iempenufures; "over-m1er''ihroughouf 

33. — Pacudoadiabatio lapao rates for various pressures aud teiniMratures. {After 

i*, J, Kiefer,) 


p,mb 
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laturation with respect to liquid water assumed at temperatures below 0°C, 
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TABI43 73. MeAHURF.MENTS by 0&BOB.NE, StIMBON, AND GiNNINOS, NATIONAI. 

Bureau of Standards, 1939 


Temp., 

Aha. joules 
gram °C 

Temp., “(1 

Abs. joules 
gram °C 

0 

4.2177 

50 

4.1807 

6 

4.2022 

55 

4.1824 

10 

4.1922 

60 

4.1844 

16 

4.1868 

65 

4.1868 

20 

4.1819 

I 70 

4.1896 

25 

4.1790 

75 

4.1928 

30 

4.1785 

80 

4.1964 

35 

4.1782 

85 

4.2005 

40 

4.1780 

90 

4.2051 

45 

4.1795 

95 

4.2103 

50 

4.1807 

100 

4.2160 


Tabi.e 74. — Wet-adiabatio Lapse Rate (°C per 100 Gm*) 
(’ondeiiantion to li(j»ii<l wat(T 


Pressure, mb 








500 

400 

300 



40 

Hp 

304 

293 

282 

269 

255 

241 

223 

198 

1.55 

35 

■jJK^ 

326 

313 


285 

271 

256 

234 


165 

30 

■iKim 

352 

338 

321 

304 

287 

269 

247 

221 

176 

25 


384 

366 

347 

329 


286 

262 

233 

189 

20 

K|R| 

422 


382 

359 

335 

309 

280 

246 

204 

15 


408 

446 

422 

397 

369 

338 


265 

217 

10 

IjK^ 


498 

471 

442 

411 

375 

335 


232 

5 

0..596 

578 

.555 

.527 

497 


420 

37.5 

318 


0 

0.6.59 


016 

.587 

554 

517 

472 

422 

354 

271 

- 5 

0.723 



653 

619 

579 

536 




-10 


762 

741 

717 

687 

0.50 


543 

461 

343 

-15 


819 

802 


7.53 


677 

615 

.532 

397 

-20 


867 

853 

835 

815 

785 

746 

692 


465 

-25 



893 

880 

863 

842 

811 

764 

690 

537 

-30 

Bffg 

936 

929 

920 

907 


866 

829 

765 

629 

-35 


961 

956 


939 

927 


883 

835 


-40 


976 

972 

968 

962 

954 

942 

922 

886 


-45 

0.989 

988 

986 

983 

979 

973 

964 

952 

931 


-50 

0.995 

994 

993 

991 

988 

984 

979 

971 

956 


-55 


998 

997 

995 

994 

991 

988 

983 

972 

941 

-00 

1.001 

1.001 

1.000 

1 .000 

0.'.H»9 

0.998 



0.985 


-65 

1.003 

1.002 

1 .002 

1.002 

1.002 







* After G. StQvo. 
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Table 75. — Wet- adiabatic Lapse Rate (“C per 100 Gm)* 
Sublimation to ice or snow 


Pressure, mb 



1000 

900 

m 

700 

600 

500 

400 

300 


100 

- 0 


578 

554 

525 

493 

457 

413 

363 

B 

236 

- 5 

0 680 

658 



573 

535 


432 

362 

271 

-10 

0 751 

732 


683 

653 

617 

571 


423 

316 

-15 

0 8iS 


782 


732 

679 

652 

591 


371 


0 872 

862 

846 

827 


773 

734 

679 

588 

447 

-25 

0 914 


893 



839 


761 

683 

535 

-30 

0 945 


932 

922 

910 

894 

872 

835 

772 

640 

-35 


965 


9.53 

945 

935 

921 

896 


743 

-40 

0 983 


977 

974 

968 


952 

035 


825 

-45 

0 992 

991 

989 


983 

979 

973 

964 

944 

891 

-50 


996 

995 

994 

992 


987 


968 

934 

-55 

Imoji 


990 

998 

997 


995 

991 

983 

961 

-60 


BB^i 

HOiO 



nsjj] 

UiliTn 


liliBW 

0 981 

-65 


BHi 




1 003 



■RjQ 



♦ After G. Stave. 
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Z30 Z40 250 260 270 280 290 300 310 



Saturated vapor pressure (e,mb.) and density (yo, gm. per cu m.) 
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Fl«. 36. — Saturato<l vapor prefasurr over Fio. 37. — Differcoce; Buturated vapor 

water of salinity 35 °/oo- {After Soerdrup.) pleasure over pine walor minus saturated 

vapor pressure over sea water (salinity , 
35 °/oo)' (After Setrdrup.) 

PRESSURE MEASUREMENT 

A properly exposed mercurial barometer is used to determine the stmosphcric 
pressure at a station. The direct result of the readiii)! of the instrument, unoorreeted 
for any errors, is known as the observed reading. Cure must be used in reading the 
vernier as well as in setting it at the top of the meniscus. The observed n-ading may 
be correeted as outlined below to give the actual pressure at the ivory point of the 
barometer. The actual pressure is the “static pressure” of the atmosphere at the 
time imd place of reading. 

Pumping. During windy, gusty weather the barometer is subject to rapid and 
irregular oscillations. This phenomenon is known as pumping. Pumping is a 
reflection of actual changes in the static pressure, and the amount cannot, in general, 
be calculated. In strong winds, the fluctuations may amount to as much as 3 mb 
pressure. The term pumping is also applied to the more violent oscillations of the 
mercury c.aiised by the movement of a ship at sea. These violent oscillations are 
damped by metins of a glass tube with a constricted bore. Reasonably accurate 
readings may lie obtained when the barometer is pumping by taking the mean of its 
highest and lowest positions during a jieriod of 1 min. 

Correction for Scale Errors, Capillarity, Etc. This is a mean difference between 
the readings of a given instrument and those of the standard barometer duly corrected. 
This quantity embraces all outstanding errors in the subdivision of the scale, or its 
total length; errors in the adjustment of the sighting edge to the zero line of the 
vernier; errors of capillarity, imperfect vacuum, etc. A card can be made showing 
the sum of these corrections. In a well-eonstnicted barometer, the sum is about 
constant over the scale and rarely exceeds 0.20 mb. 

Correction for Temperature. Changes in the temperaiure of its surroundings 
will produce changes in the length of the scale of the barometer and changes in the 
density of the mercury. Linear expansion of brass is 0.0000102 per °F. Cubical 


84 NUMERICAL AND QRAPHICAL DATA [See. I 

expansion of mercury is 0.0001010 per °F. Barometers reading in inches of mercury 
are manufactured to read true pressure (t e., zero temperature correction) at about 
28.5°F. Barometers reading in millimeters of mercury are manufactured to rend 
true pressure at 0°C. Barometers reading in millibars are, in England, generally 
adjusted to read true pressure at 12“C. The tables for correction usually give the 
correction for both scale and mercury density in one sot of figures. An error is there- 
fore introduced if the uncorrected reading of a mercurial barometer expressed in 
metric units is converted into English units, or vice versa, and a temperature correc- 
tion afterward applied to the result. The convention of readings from one unit to 
another can then be made only after each reading has been fully corrected for temperature 
using the proper tables or graph of corrections. 



Fio. 38. — Correction of the barometer to standaid temperature. Metric measure. 
Isopleths of temperature of attached thermometer. For temperatures above (below) 
0°C the correction is to bo subtracted (added). {Plotted from Smithsonian Meteorological 
Tables.) 


Each barometer is supplied with an “attached thermometer.’’ It is assumed that 
the mercury and scale are at one uniform temperature, the temperature of the attached 
thermometer. The correction necessary for various temperatures and pressures is 
’shown in Figs. 38 and 39 and in Table 76. The curves and tables referred to are 
computed for brass scales. 

Correction for Local Gravity. This correction breaks down into two parts: (1) 
the correction based on the variation of the force of gravity with latitude — latitude 
term, and (2) the correction based on the variation of gravity with altitude above sea 
level. These corrections appear because the weight of a given mass of mercury varies 
over the earth’s surface. For the most precise work, the local value of gravity must 
be determined carefully. For all routine meteorological reports, it is sufficient to 
take local gravity at sea level to be given by 


ffv = 980.62(1 - 0.002640 cos 2v> + 0.000007 cos* 2(c) 



Fig. 30. — Correction of the barometer to standard tcmpcratiirc. English measure. 
Isopleths of temperature of attached thermometer. {Plotted from Smithsonian Meteorologi- 
col Tables.) 
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The correction for altitude is 

c (dynes) = — 0.0003086/t (lu) 

c (dynes) = — 0.000094h (ft) 

The height of the barometer in terms of the value of gravity is given by 

na.Q — ^ 

ff4S.O 

where htt.o = height of the barometer corrected to standard gravity 

hr.M = height of the barometer as read corrected for scale errors, etc.. 

= value of gravity nt the ivory point of the barometer 
g 4 t.o = standard value of gra\’ity (980.62). 

It will be noted that the correction for gravity varies with the pressure. At a 
shore station, it is customary to prepare a card of (iorrections combining gravity with 
the almost constant errors of scale, etc. For use on shipboard, a table of corrections 
corresponding to different latitudes is neecsfiary. The correction for altitude is 
negligible on shipboard and at low-level shore stations. 

Actual Pressure. The preceding discussion briefly illustrates the exceedingly 
complex corrections that are required to be made to a mercurial barometer if very 
accurate values of static pressure arc to be deduced from the observed reading. For 
all routine work, it is adequate to proceed as shown in the below example. 

Example. The observed reading of a mercurial barometer equipped with a brass 
scale is 30.08 in. ; attached thermometer 68°F; latitude 38°45'N ; elevation of barometer 
100 ft above sea level. 


Observed reading 

1,018.6 mb 

30.08 in. 

Scale, etc., error (from calibration card 
supplied by manufacturer or cognizant 

-0.004 in. 

Temperature correction (Fig. 39) 

Latitude correction (Fig. 42) 


-0.080 in. 
-0.019 in. 

Total correction (sum of above three) . . . 
Actual pressure at ivory point 

1,01. '5. 2 mb 

1 

-0.103 in. 
29.98 in. 


Reduced Pressures. The actual pre.ssurc at the ivory point of the barometer 
is generally of secondary interest. For meteorological purposes, several reduced 
pressures are employed. Reductions are commonly carried out for station pressure, 
which is a pressure corresponding to an adopted or station elevation. This may and 
generally does differ from the elevation of the barometer. Sea-leveJ barometric pres- 
sure (M.S.L. pressure) is the theoretical pressure that would be exerted by the atmos- 
phere at a station at a given time, if that station were at sea level. The M.S.L. pressure 
is intended to represent the barometric pressure at sea level under the prevailing 
meteorological conditions of temperature and station pressure. It is designed to 
give fairly smooth, consistent isobars on consecutive weather maps, so far as is prac- 
ticable (ff./S. H’eather Bureau Circular N, 1941). The altimeter setting is a pressure, 
in inches, used for setting a prcssure-scale-type sensitive altimc'tcr in an airplane so 
that upon landing of the airplane at an airport the pointers of the instrument will 
indicate very closely the field elevation above sea level, provided that the instrument 
is functioning properly and is free from error and that the setting was determined by a 
properly equipped station near the time and place of landing and was furnished to the 
pilot just prior to landing. 
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When the difference in altitude between the barometer and the elevation to which 
it is desired to reduce the actual pressure (at the barometer) exceeds about 100 ft the 
calculations require some care. Definite procedures are established by the U.S. 
Weather Bureau for use in the United States. Similar procedures are established by 
the weather services of other countries. See for example Weather Bureau Form 
1154-A, a pressure-allitnde chart for reduction to sea level (1,060 to 800 mb). The 
procedures outlined below will give acceptable results for most stations. 

Reduction to Sea Level. The M.S.L. pressure is defined above. When the 
observed reading is taken at a point in the atmosphere that is directly over the sea 
(e.g., on shipboard) a very accurate value of the M.S.L. pressure may be obtained 
since the pressure, temperature, and humidity of the actual atmosphere between the 
barometer and the sea surface arc measurable. In practice, for such low-level sta- 
tions, an amount is added to the actual pressure. This amount or redwd/ion for 
elevation is obtained by entry in Table 80. 

At other than low-level stations, the temperature during the last 12 hr, the ele- 
vation, and the latitude are considered in the computation of the reduction for eleva- 
tion. In the United States, tables prepared by the Weather Bureau for each station 
give the sea-level pre.ssure for any set of v.alues of actual pressure and average tem- 
perature during the last 12 hr. The average tcmpcr.ature used is one-half the sum 
of the temperature “now” and the temperature 12 hr ago. For very high elevation 
stations, a “plateau corri'ction ” is involved. Exact procedures used will vary 
between different weather serviee.s. 

For intermediate level stations, the Vdmiralt> Weather Manual gives the formula 
log po = log p + 

where po = M.S.L. pressure 

p = actual pressure at station level 
h = altitude of station, ft 

T = mean absolute temperature of the air column between station and M.S.L. 
The above formula may be used when h is not greater than about 1,000 ft. The 
temperature T is usually taken to be the temperature at the station (dry-bulb tem- 
perature in shelter). The very high pressures reported over Siberia in winter and the 
low pressures reported over .\fncau plate.aus in summiT arc duo, at least in part, to 
the method of reduction to sea level. 

Reduction to Sea Level. Example. The observed reading of the mercurial 
barometer on board a ve.sscl in (luantanamo Bay area, latitude 20°N, longitude 
75°IO'W, is 29.95 in.; temperature of attached therrnonieter 74 °F; barometer 60 ft 
above sea level. 


Observed reading 

1,014.2 mb 1 

29 95 in. 

Temperature correction (Fig. 39). 


—0 12 in. 

Latitude correction (Fig. 42) 


—0.06 in. 

Actual pressure 


29 77 in. 

Reduction for elevation (Tabic 80) 


-1-0.06 in. 

M.S.L. pressure . . 

1,010 2 mb 

29 . 83 in. 


In the above example, the corrertions for instrument error and for gravity due to 
altitude are considi'red negligibh'. 

Gold Slide. Barometer corrections at sea may be very simply obtained by means 
of the gold slide. This is a device attached firmly to the barome+er in the position 
usually oceupied by the attached thermometer. It consists of a eombined ther- 
uiometer and sliding scale. The scale is adjusted for height above M.S.L. and for 
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latitude. The combined correction and reduction to M.S.L. is read off the scale in 
line with the top of the mercury in the thermometer. The barometer is then read 
and the M.S.L. pressure obtained by applying the correction-reduction term from 
the scale to the observed reading. A complete description will be found in the 
Admiralty Weather Manual. 

Aneroid Barometer. The aneroid barometer is described in Sec. VIII. The pre- 
cision aneroid as used by the Navy is a very accurate instrument and is especially 
designed for shipboard use. A multiple-spring arrangement damps vibrations. 
Similarly constructed aneroids behave differently when subject to the same changes 
of pressure and temperature, so that each instmmeni must he separaiely calibrated. 
The instrument is subject to hysteresis lag and a secular error due to slow changes of 
the material of construction. This error is allowed for by periodic comparisons 
between the aneroid and a mercurial barometer. The response is almost immediate 
to changes in pressure. No correction for temperature or latitude is necessary. Actual 
pressures as read on the aneroid arc reduced to any desired elevation precisely as 
actual pressure's arc detcrmincel by the mercurial barometer. 

Altimeter Setting. The altimeter setting is a pressure in inches of mercury. It is 
the station pressure reduced to sea level in accordance with the U.S. Standard Atmos- 
phere. See Sec. V for a complete discussion of the standard atmosphere. Tables 
and a nomogram showing variations of pressure, temperature, and elevation in the 
U.S. Standard atmosphere follow. 

Caution: It should be noted that the altimeter setting docs not depend on prevail- 
ing temperatures, as the M.S.L. pressure does depend on prevailing temperatures. 
It is important that altimeter settings not be confused with M.S.L. pressure. The 
former is used by aviation interests in setting barometric altimeters; the latter is 
used by meti'orologists in drawing isobars on weather maps. In airways radio broad- 
casts, the altimeter setting is known as the KoUsman number. 

Station Elevation. Station elevation by aviation interests is usually considered 
to be a point 10 ft above the mean elevation of the runway. Observed reading of the 
barometer is first corrected to give the actual pressure. The actual pressure is then 
reduced to give the pressure at the station elevation, i.e., to give the station pressure. 
The station pressure is finally reduced to give altimeter setting (Kollsmau number). 

Altimeter Setting. Example, hfcan elevation of runway = 30 ft. Station 
elevation = 10 ft above runway = 40 ft above M.S.L. Elevation of ivory point of 
barometer = 60 ft above M.S.L. Current actual pressure at the ivory point (after 
making corrections to the observed reading) = 29.825 in. 

1 . Station pressure is obtained by adding 0.001 in. for each foot the station elevation 
is below the ivory point, thus 

Station pressure = (60 — 40) X 0.001 -b 29.825 = 29.845 in. 

2. Altimeter setting is obtained by entering Table 81 with the station elevation to 
find the amount of the reduction. Enter with 40 ft to find a reduction of 0.044 in. 
Then 

Altimeter setting = 29.845 + 0.044 = 29.889 in. 

The above setting would be reported to the nearest 0.01 in.; f.e., as 29.89 in. 

Note: It is especially to be noted that established stations within the United 
States are furnished individually prepared tables which will be used in determining 
the altimeter setting. Entry is made with station pressure to the nearest 0.01 in. 
Altimeter setting is read directly without interpolation. For stations not equipped 
with such tables, the above procedure is adequate. 

Pressure Altitude and Altimeter Setting. An alternate but equivalent procedure 
for determination of altimeter setting involves use of tables of altitude vs. pressure 
according to the U. S. Standard atmosphere. Bee for example Table 86o. To obtain 
altimeter setting proceed as follows: (1) Correct and reduce observed barometric 
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rpadins to tliG SiCtuftl pressure (p), 10 ft above the airport runway by methods given 
above. (2) Enter Table 86(i with pressure (p) in inches and read the corresponding 
elevation (z). This elevation is known as the pressure alhtude. (3) Subtract the 
surveyed elevation of the airport runway from the pressure altitude. The result in 
feet is known as the pressure alUtude variation. (4) Enter Table 86ti with the pressure 
altitude variation and read the correspondmg pressure. This pressure is the aUitneUt 
setting. 

Example. 

1. Pressure (p), corrected and reduced to elevation 10 feet 

above runway 28 30 in. 

2. Pressure altitude, z (Table 86o) 1,533 ft 

3. Pressure altitude variation when elevation of runway is 

500 ft (z - fc) 1 ,033 ft 

4. Altimeter setting (Table 86(i) 28 82 m. 


Table 76. — Temperature ('orrlction of thi: Kew Pattern Barometer (Milli- 
bar Graduations) 

Corrections (mb) to be applied to the readings of Kew pattern barometers to reduce 

them to 285°K 


Attached 

thermom- 

eter. 

(aad) 


Barometer readings 


Attached 
thermom- 
eter, °C 
(subtraetj 
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Table 77 . — Normal Value of the Acceleration of Gravity at Sea Level (Cm 

PER Sec’) 


Latitude, ° 

0° 

2° 

4" 

6° 

8° 

80 

983.06 

983.12 

983.16 

983.19 

983.21 

70 

982.61 

982.72 

982.82 

982.91 

982.99 

60 

981.92 


982.22 

982.36 

982.49 

50 

981.07 

981.2.'> 

981.42 

981.. 59 

981.76 

40 

980.17 


980.. 53 

980.71 

980.89 

30 

979.33 

979.49 

979.65 

979.82 

980.00 

20 

978.64 

978.76 

978.89 

979.03 

979.18 

10 

978.19 

978.26 

978.34 

978.43 

978.53 

0 

978.04 


978.06 


978.14 

(90° = 983.22) 

(45° = 

980.62) 




Table 78. -Normal Valub.s of 



AT Various Latitudes 


Latitude, ° 

0° 

1° 

2° 

3° 

4° 

5° 

6° 

7° 

8° 

9° 

80 

1.0031 

HI 


H 

1PIP 

1.0032 




1.0033 

70 

1.0027 



liiS/i: 


■iiiy 1 


1.0030 


1.0031 

60 

1 


1.0021 

liiiiVy. 


Hiiiy i 

1.0024 


Hi?it% 

1.0026 


1 Mil 

■(jiK 


liniE' 

IfllllC 

■riiK 

1.0016 

■rntr] 

liiSil: 



1 IllflV 

KlflflK 

KM 



lirrm 

HI i:ilri 

hTIjH 

1 ITIIIU 

tini 


11 



ilKliiiii 

0.9996 


lib lu!: 

0.9999 

1 iTitlJ 



11 ihIiIi 


0.9987 



0.9989 

iHj {{ill 

uWiHal 

11 


10 


iKml^ 

0.9982 


IkWjW 

0.9983 


0.9984 

11 ifit:* 


0 

HI 

HI 


Hi 

HU 


HI 


{III 

0.9981 



Fio. 40, -Noriiml value of the acceiciatiou of gravity at sea level. 
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Fig. 41. — Correction of the baromete*' to standard latitude. Millibars. For latitudes 
above (below) 45° the values arc to be added (subtracted) . 
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Flo. 42. — Correction of 
latitudes abov 
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Table 79 — Influence of Gbavitt on Babometric Obsebvations* 
Correction for altitude to be subtracted 


Height, ft 

Reading of barometer, m 

18 

22 

26 

30 

2,000 

4.000 

6.000 
8,000 

10,000 

0 on 

0 008 

0 on 

0 013 

0 003 

0 006 

0 009 

0 004 


* From U 8 Weather Bur Ctre F 


Tabil 80 — Reduction of Babouetric Reading to Mean Sea Level 
Reading 30 in The correction is a1» avs to lie added 


Height, ft 

Temperature of air (dry bulb m shelter), °K 

0 

20 

40 

60 

80 

10 

0 01 

0 01 

0 01 


0 01 

20 

0 02 

0 02 

0 02 


0 02 

30 

0 04 

0 04 

0 03 


0 03 

40 

0 05 

0 05 

0 04 

0 04 

0 04 

50 

0 06 

0 06 

0 06 

0 05 

0 05 

60 

0 07 

0 07 

0 07 

0 06 

0 06 

70 

0 09 

0 08 

0 08 

0 08 

0 07 

80 

0 10 

0 09 

0 09 

0 09 

0 08 

90 

0 11 

0 11 

0 10 

0 10 

0 09 

100 

0 12 

0 12 

0 11 

0 11 

0.10 


Table 81 — Correction Factors to Be Added io Station Pressure io Obtain 

Altimeter Setting 


' all pressures between 29 0 and 31 0 in 
Altitude of Station 

Elevation above 

Correi tion in 

MSL, Ft 

In Hg 

0 

0 000 

10 

0 on 

20 

0 022 

30 

0 033 

40 

0 044 

50 

0 055 

60 

0 066 

70 

0 077 

80 

0 088 

90 

0 099 

100 

0 no 

h 

0 00115 
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Table 82. — Reduction of Station Pressure to M.S.L. Pressure* 

ja_ 

iip = k ■ p, where k = — 1) 

Tabulaf^ values of k are valid for p in mb or in mm 


Station 



Mean temperature, 

°C 



elevation, ni 

-30 

-20 

-10 

0 

+ 10 

+20 

+30 

+40 

20 

0.0028 

027 

026 

025 

mt 



022 

40 

0.0056 

054 

052 

050 



045 

044 

60 

0.0085 

081 

079 

076 



068 

066 

80 

0.0113 

109 

105 

101 


094 


087 

100 

0.0141 

136 

131 

126 

121 

117 

113 

109 

120 

0.0170 

164 

158 

152 


141 

136 

131 

140 

0.0199 

191 

184 

177 


165 

1.59 

154 

160 

0.0228 

219 

211 

203 

195 

188 

181 

176 

180 

0.0257 

247 

237 

228 

219 

212 


199 

200 

0.0286 

274 

264 

254 

244 

236 

227 

221 

220 

0.0315 

302 

291 

280 

269 

260 


224 

240 

0.0344 

330 

317 

306 

294 

284 

273 

266 

260 

0.0373 

357 

344 

331 

319 

308 

296 

289 

280 

0.0402 

385 

371 

357 

344 

332 


311 

300 

0,0431 

413 

397 

383 


356 

344 

334 

320 

0.0460 

441 

424 

409 

394 

380 

367 

357 

340 

0.0490 

470 

451 

435 

419 

404 

391 

379 

360 

0.0519 

498 

479 

461 

444 

428 

414 

402 

380 

0.0548 

526 

506 

487 


453 

437 

424 

400 

0.0578 

555 

533 

513 

495 

477 

461 

447 

420 

0.0608 

584 

560 

539 

520 

502 

485 

470 

440 

0.0638 

612 

588 

566 

546 

526 

508 

493 

460 

0.0668 

641 

615 

592 

571 

.551 

.532 

51.5 

480 

0.0698 

670 

643 

618 

596 

.575 

555 

538 

500 

0.0728 

698 

671 

645 

622 

600 

579 

561 


* liLukc. 










Fig. 43. — Barometric scale conversions and XJ.S. Standard atmosphere. 
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SCALES far dunging INDICAIB) ALTITUDE to TRUE ALTITUDE 
using nighr Tempencures 

ntfnimTRD INDICATED ALTTIUM 



CDpyrghi l9)Sb)r KOUSMAN INSTItmENT OC»(fAKY, INC. imArjMh AwMc.EtinhurflNevYoA,U&A 

Fig. 44. — Indicated altitude to true altitude uniig flight tomperaturcH. Put a straight* 
(dge from the temperature scale In to the altitude (over sea level) on scale H and make a 
^ mark where it goes across line XX. Put the straighto(igt> from this mark to the indicated 
altitude (over the ground) on scale H*. Where it goes across //< is the true altitude (over 
the ground). Use the right side of scale H% with the right side of scale Ht and the left 
hide of scale Ht with the left side of Ht* Tho numbers on these scales may be used for any 
altitude units; e.g., 35 may be used for 350 m. 3.500 ft. 3,500 m. 35,000 ft. etc. {Scales 
hu permissiem.) 
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SCALES for dungif^j INDICATED ALTITUDE to TRUE ALTITUDE 
using Mnn Temperatures 



OfTflllil l9Mi by KOUSMAN INCTHUMrNT COMPANY. INC. MW PotT^Mi Awmm, ttaimiA. Mw Yeil.U&A 

Fig. 45.- > Indicated altitude to true altitude umuk mean temperatures. Put a straight- 
edge from the seu-level temperature on scale to to the flight temperature on scale tn* Make 
a mark wliorc it goes across tlio irioan temperature on scale in- Put the straightedge from 
this mark to the altitude on scale and make a mark whore it goes across line XX, Put 
the straightedge from this mark to the indicated altitude on scale Hi. Where it goes across 
scale Hi is the true altitude. Pn»coed similarly with ground temperature and indicated 
altitude over the ground to obtain true altitude over the ground. Use the right (left) 
side of scale Hi with the right (left) side of scale Hi. The nuial>er3 on scales may boused 
with any altitude units. (^Scales by permieaion.) 
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Fio. 46. — Nomogram for thicknesB correction due to the presence of water vapor in a 
stratum. Correction is always added. 4(Az) = O.Olw Az. Rule- To obtain correction 
lay down straightedge as shown above to find 3.7 m correction to be added because of 
mean mixing ratio equal to w = 0.0 grams per kg in a layer 1,000 m thick if dry. 
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Table 83 — Inches op Standard Mercury into Millibars 


Inch 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

27 0 

914 3 

14 7 

15 0 

15 3 

15 7 

16 0 

16 4 

16 7 


17 4 

27 1 

917 7 

18 1 

18 4 

18 7 

19 1 

19 4 

19 7 



20 8 

27 2 

921 1 

21 4 

21 8 

22 1 

22 5 

22 8 

23 1 

23 5 

23 8 

24 1 

27 3 

I 924 5 

24 8 

25 2 

25 5 

25 8 

26 2 

26 5 

26 9 

27 2 

27 5 

27 4 

927 9 

28 2 

28 5 

28 9 

29 2 

29 6 

29 9 


KljM| 

30 9 

27 5 

I 931 3 

31 6 

31 9 

32 3 

32 6 

33 0 

33 3 

33 6 


34 3 

27 6 

934 6 

35 0 

35 3 

35 7 

36 0 

36 3 

36 7 


37 4 

37 7 

27 7 

1 938 0 

38 4 

38 7 

39 0 

39 4 

39 7 

E&n 


K&U 

41 1 

27 8 

1 941 4 

41 8 

42 1 

42 4 

42 8 

43 1 

43 4 

43 8 

44 1 

44 5 

27 9 

944 8 

45 1 

45 5 

45 8 

46 2 

46 5 

46 8 

47 2 

47 5 

47 9 

28 0 

948 2 

48 5 

48 9 

49 2 

49 5 

49 9 




51 2 

28 1 

951 6 

51 9 

52 3 

52 6 

52 9 

53 3 

53 6 

53 9 

54 3 

64 6 

28 2 

955 0 

55 3 

55 6 

56 0 

56 3 

56 7 


57 3 

57 7 

58 0 

28 3 

958 3 

58 7 

59 0 

59 4 

59 7 

60 0 

60 4 

■iliwa 


61 4 

28 4 

961 7 

62 1 

62 4 

62 8 

63 1 

63 4 

63 8 

64 1 

64 4 

64 8 

28 S 

965 1 

65 5 

65 8 

66 1 

66 5 

66 8 

67 2 

67 5 


68 2 

28 6 

968 5 

68 8 

69 2 

69 5 

69 9 

Kora 

70 5 

■rOW] 

71 2 

71 6 

28 7 

971 9 

72 2 

72 6 

72 9 

73 2 

73 6 

73 9 

74 3 

74 6 

74 9 

28 8 

975 3 

75 6 

76 0 

76 3 

76 6 


77 3 

77 7 

78 0 

78 3 

28 9 

978 7 


79 3 

79 7 

80 0 


80 7 

81 0 

81 4 

81 7 

29 0 

982 1 

82 4 

82 7 

83 1 

83 4 

83 7 

84 1 

84 4 

84 8 

85 1 

29 1 

985 4 

85 8 

86 1 

86 5 

86 8 

87 1 

87 5 

87 8 

88 2 

88 5 

29 2 

988 8 

89 2 

89 5 

89 8 

90 2 

era 

90 9 

91 2 

91 5 

91 9 

29 3 

992 2 

92 6 

92 9 

93 2 

93 6 

93 9 

94 2 

94 6 

94 9 

95 3 

29 4 

995 6 

95 9 

96 3 

96 6 

97 0 

97 3 

97 6 


98 3 

98 (> 

29 5 

999 0 

99 3 

99 7 

00 0 

00 4 

00 7 

01 0 


Era 

02 0 

29 6 

1002 4 

02 7 

rFil 

03 4 

03 7 

04 I 

04 4 

04 7 

05 1 

05 4 

29 7 

1005 8 

06 1 

isll 

06 8 

E31 

07 5 

07 8 

08 1 

08 5 

08 8 

29 8 

1009 1 

09 5 


10 2 

10 5 

■Era 

11 2 

11 5 

11 9 

12 2 

29 9 


12 9 

13 2 

13 5 

13 9 

14 2 

14 6 

14 9 

15 2 

15 6 

30 0 

1015 9 

16 3 

16 6 

16 9 

17 3 

17 6 


18 3 

18 6 

19 0 

30 1 

1019 3 

19 6 

era 

20 3 

20 7 

21 0 

21 3 

21 7 

22 0 

22 4 

30 2 


era 

23 4 

23 7 

24 0 

24 4 

24 7 

25 1 

25 4 

25 7 

30 3 

1026 1 

26 4 

26 8 

27 1 

27 4 

27 8 

28 1 

28 4 

28 8 

29 1 

30 4 

1029 5 

29 8 

30 1 

30 5 

30 8 

31 2 

31 5 

31 8 

32 2 

32 5 

30 5 

1032 9 

33 2 

33 5 

33 9 

34 2 

34 5 

34 9 

35 2 

35 6 

35 9 

30 6 

1036 2 

36 6 

36 9 

37 3 

37 6 

37 9 

38 3 

38 6 

38 9 

39 3 

30 7 

1039 6 

Esra 

40 3 

40 6 

41 0 

41 3 

41 7 

42 0 

42 3 

42 7 

30 8 

1043 0 

43 3 

43 7 

44 0 

44 4 

44 7 

45 0 

45 4 

45 7 

4b 1 

30 9 


46 7 

47 1 

47 4 

47 8 

48 1 

48 4 

48 8 

49 1 

49 5 

31 n 

1049 8 

50 1 

50 5 

50 8 

51 1 

51 5 

51 8 

52 2 

52 5 

52 8 
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Tabi 1, 84 — The U S Standard Atmosphere 
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Table 86 — Altitude^, Pressures, and TEMPERATUREfe" 
U.S Standard Atmosphere 


Ft 

M 

In 

mercury 

Mm 

mercury 

Air 

temp ,°F 

Air 

temp ,°C 

Mean 
tomp ,®F 

Mean 
temp. ,°C 

-1,640 

4 

-600 




806 

2 

+65 

0 

+18 

3 

+61 

9 

+ 16.6 



-304 

8 

31 

02 

787 

9 

62 

6 

17 

0 

60 

8 

16.0 

0 


0 


29 

92 

760 

0 

59 

0 

15 

0 

59 

0 

15.0 

+1,000 


+304 

8 

28 

86 

732 

9 

55 

4 

13 

0 

57 

2 

14 0 

1,640 

4 

600 




716 

0 

53 

1 

11 

7 

56 

1 

13 4 



609 

6 

27 

82 

706 

6 

51 

8 

11 

0 

55 

4 

13 0 



914 

4 

26 

81 

681 

1 

48 

4 

9 

1 

53 

6 

12 0 


8 

1,000 




674 

1 

47 

3 

8 

5 

53 

1 

11 7 



1,219 

2 

25 

84 

656 

3 

44 

8 

7 

1 

51 

8 

11 0 

4,921 

2 

1,600 




634 

2 

41 

4 

5 

2 

50 

2 

10 1 

6,000 


1,524 

El 

24 

89 

632 

3 

41 

2 

5 

1 

50 

0 

10 0 



1,828 

8 

23 

98 

609 

0 

37 

6 

3 

1 

48 

2 

9 0 

6,561 

7 





596 

2 

35 

6 

2 

0 

47 

1 

8 4 

^^■rniTiTi] 


2,133 

6 

23 

09 

586 

4 

34 

0 

+ 1 

1 

46 

4 

8 0 



2,438 

4 

22 

22 

564 

4 

30 

6 

-0 

8 

44 

6 

7 0 


1 

BBS 




560 

1 

29 

8 

-1 

2 

44 

2 

6 8 

9,000 


2,743 

2 

21 

38 

.543 

2 

27 

0 

-2 

8 

42 

8 

6 0 

9,842 

5 

3,000 




.525 

8 

23 

9 

-4 

5 

41 

4 

5 2 

10,000 


3,048 

0 

20 

58 

522 

6 

23 

4 

-4 

8 

41 

0 

5.0 

11,000 


3,352 

8 

19 

79 

502 

6 

19 

8 

-6 

8 

39 

2 

4 0 

11,483 


3,600 




493 

2 

18 

0 

-7 

8 

38 

3 

3 5 

12,000 


3,657 

6 

19 

03 

483 

3 

16 

2 

-8 

8 

37 

2 

2 9 

13,000 


3,962 

4 

18 

29 

464 

5 

12 

6 

-10 

8 

35 

4 

1 9 

13,123 


4,000 




462 

2 

12 

2 

-11 

0 

35 

2 

1 8 

14,000 


4,267 

2 

17 

57 

446 

4 

9 

1 

-12 

7 

33 

6 

0 9 

14,764 


4,600 




432 

9 

7 

6 

-14 

2 

32 

2 

+0 1 

16,000 


4, >72 

0 

16 

88 

428 

8 

.> 

5 

-14 

7 

31 

8 

-0 1 

16,000 


4,876 

8 

16 

21 

411 

8 

1 

9 

-16 

7 

29 

8 

-1 2 

16,404 


6,000 




405 

1 

+0 

5 

-17 

5 

29 

2 

-1 6 

17,000 


.5,181 

6 

15 

56 

395 

3 

-1 

7 

-18 

7 

28 

0 

-2.2 

18,000 


.5,486 

4 

14 

94 

379 

4 

-5 

3 

-20 

7 

26 

2 

-3 2 

18,045 


6,600 




378 

7 

-5 

4 

-20 

8 

26 

1 

-3 3 

19,000 


.5,791 

2 

14 

33 

364 

0 

-8 

7 

-22 

6 

25 

7 

-4 3 

19,685 


6,000 




3.53 

8 

-11 

2 

-24 

0 

23 

0 

-5 0 

20,000 


6,096 

0 

13 

75 

349 

1 

-12 

3 

-24 

6 

22 

5 

-5 3 




8 

13 

18 

334 

7 

-15 

9 

-20 

6 

20 

7 

-6 3 

21.325 






330 

2 

-17 

1 

-27 

3 

19 

9 

-6 7 




6 

12 

63 

320 

8 

-19 

5 

-28 

6 

18 

7 

-7 4 

22.966 






307 

8 

-22 

9 

-30 

5 

16 

9 

-8 4 




4 

12. 

10 

307 

4 

-23 

1 

-30 

6 

16 

9 

-8 4 

24.000 


7.315 

2 

11 

59 

294 

4 

-26 

5 

-32 

0 

14 

9 

-9 5 



■n 




286 

8 

-28 

7 

-33 

7 

13 

8 

-10 1 




0 

11 

10 

281 

9 

-30 

1 

-34 

5 

13 

1 

-10 5 

26,000 


7.924 

8 

10 

62 

269 

8 

-33 

7 

-36 

5 

+ 11 

1 

-11 6 

26,247 






266 

9 

-34 

6 

-37 

0 

10 

6 

-11 9 
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Table 86 — Altitudes, Pbessures, and Temperatures * — (Continued) 
U.S Standard Atmosphere 


Kt 

M 

In. 

mercury 

Mm 

mercury 

Air 

temp 

Air 

temp ,“r 

Mean 

temp 

Mean 

temp 

27,000 

8,229 6 

10 16 

258 1 

-37 3 

-38 5 

0 1 

-12 7 

27.887 

8,600 


248 1 

-40 5 

-40 3 

7 5 

-13 6 


8,534 4 

9 72 

246 9 

-40 9 

-40 5 

7 3 

-13 7 

29,000 

8,839 2 

9 29 

236 0 

-44 5 

-42 5 

5 4 

-14 8 

29,528 

9,000 


230 5 

-47 0 

-43 6 

4 3 

-15 4 

30,000 

9,144 0 

8 88 

225 6 

-47 9 

-44 4 

3 4 

-15 9 

^KTiriiiTi^H 

9,448 8 

8 48 

215 5 

-53 5 

-46 4 

1 6 

-16 9 

31,168 

9 600 


213 8 

-54 1 

-46 7 

+1 2 

-17 1 

32,000 

9,753 6 

8 10 

205 8 

-55 1 

-48 4 

-0 4 

-18 0 

32,808 



198 2 

-58 0 

-50 0 

-2 0 

-18 9 

33,000 


7 73 

196 4 

-58 7 

-50 4 

-2 0 

-19 1 

34,000 


7 38 

187 4 

-62 3 

-52 4 

-4 4 

-20 2 

34,449 

pfnrTtfi^l 


183 4 

-63 9 

-53 3 

-5 3 

-20 7 

36,000 


7 04 

178 7 

-65 7 

-54 3 

-6 3 

-21 3 

36,000 

10,973 

6 71 

170 4 

-67 0 

-.55 0 

-8 1 

-22 3 

36,089 

11,000 


169 7 

-67 0 

-55 0 

-8 3 

-22 4 

37,000 

11,278 

6 39 

162 4 

-67 0 

-55 0 

-9 9 

-23 3 

37,730 



1.56 9 

-67 0 

-55 0 

-11 2 

-24 0 

38,000 

11,582 

6 10 

154 9 

-67 0 

-55 0 

-11 7 

-24 3 


11,887 

5 81 

147 6 

-67 0 

-.55 0 

-13 4 

-25 2 

^KpKyTi^H 

12,000 


145 0 

-67 0 

-55 0 

-13 4 

-25 2 


12,192 

5 54 

140 7 

-67 0 

-55 0 

-14 8 

-26 0 


12 497 

5 28 

134 2 

-67 0 

-55 0 

-16 2 

-26 8 

^Kilniii^H 



134 1 

-67 0 

-55 0 

-16 2 

-26 8 

42,000 

12,802 

5 04 

127 9 

-67 0 

-55 0 

-17 7 

-27 6 

42,6.51 



124 0 

-67 0 

-55 0 

-18 8 

-28 2 

43,000 


4 80 

122 0 

-67 0 

-.55 0 

-18 9 

-28 3 

44,000 

13,411 

4 58 

116 3 

-67 0 

-55 0 

-20 2 

-29 0 

44,291 

13,600 


114 7 

-67 0 

-55 0 

-20 7 

-29 2 

46,000 

13,716 

4 36 

110 8 

-67 0 

-55 0 

-21 3 

-29 6 

45,932 

14,000 


106 0 

-67 0 

-55 0 

-22 4 

-30 2 

46,000 

14,021 

4 16 

105 7 

-67 0 

-55 0 

-22 4 

-30 2 

47,000 

14,326 

3 97 

100 7 

-67 0 

-55 0 

-23 4 

-30 8 

47,572 

14,600 


98 0 

-67 0 

-55 0 

-24 2 

-31 2 

48,000 

14,630 

3 781 

96 05 

-67 0 

-55 0 

-24 5 

-31 4 

49,000 

14,935 

3 605 

91 57 

-67 0 

-55 0 

-25 4 

-31 9 

49,212 

16,000 


90 6 

-67 0 

-55 0 

-25 4 

-31 9 

60,000 

1.5,240 

3 436 

87 30 

-67 0 

-55 0 

-25 6 

-32 0 


* 1 roin Irvm, "Aircraft Instrumeutis, ' 2d ed , McGruw-Ilill, New Yurk, 1944 
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Table 86o — ALT irTroB-PBEssTTRE Table (In Hg)" 

U S Standard Atmosphere 


Pree- 
Bure 
in Hg 


Altitude Ft 


000 


0 01 


0 02 


0 03 


004 


0 0 '> 


0 0 (> 


0 0 - 


0 08 


009 


21 

0 

■» 

471 

9 

458 

9 

446 

9 

434 

9 

422 

21 

1 

H 

34fi 

9 

336 

9 

323 

9 

311 

9 

290 

21 

2 

H 

22>> 

9 

21.^ 

9 

201 

9 

189 

9 


21 

3 

m 

lOi 

9 

091 

9 

079 

9 

067 

9 

055 

21 

4 

8 


8 

970 

8 

9o8 

8 

946 

8 

933 

21 

5 

8 

861 

8 

849 

8 

837 

8 

825 

8 

813 

21 

6 


74(] 

K 

72f 

8 

716 

8 

7(H 

8 

692 

21 

7 


62(] 

B: 

oot 

8 

596 

8 

j84 

8 

572 

21 

K 


50(] 

B: 

48fi 

8 

477 

8 

465 

8 

4t>3 

21 

0 

8 

381 

K 

369 

8 

357 

8 

340 

8 

334 

22 

0 

8 

eS 

P 

250 

8 

239 

8 

227 

8 

215 

22 

1 


144 

8 

132 

8 

120 

8 

100 

m 


22 

2 

E 

026 

E 

014 

8 

003 

7 

991 

K 

ErSi 

22 

3 

E 

CM 

E 

897 

7 

88) 

7 

873 

K 


22 

4 

7 

791 

7 

780 

7 

768 

7 

756 

7 

746 

22 

5 

7 

675 

7 

()()3 

7 

652 

7 

640 

7 

628 

22 

6 

n 

559 

7 

547 

7 

03) 

7 

)24 

7 

512 

22 

7 

t! 

443 

7 

431 

7 

420 

7 

408 

7 

197 

22 

8 

E 

327 

7 

116 

7 

304 

7 

293 

7 

281 

22 

9 

7 

212 

7 

201 

7 

189 

7 

178 

7 

167 

23 

0 

7 

098 

7 

086 

7 

075 

7 

064 

7 

(Hi 

23 

1 

E 

984 

6 

972 

0 

961 

6 

449 

( 

938 

23 

2 


87(1 

() 

85fl 

6 

847 

6 

836 

6 

824 

23 

3 


756 

fl 

74o 

(l 

714 

6 

722 

b 

711 

23 

4 

6 

M9 

6 

632 

() 

621 

■ 

610 

6 

V»8 

23 

5 

6 

531 

6 

519 

(1 

508 

6 

497 



23 

6 

6 

418 

0 

407 

(l 

196 

6 

385 


i 

23 

7 

6 

307 

0 

2<>0 

6 

281 

6 

273 



23 

8 

6 

195 

6 

184 

6 

173 

6 

162 

6 

l5l 

23 

9 

6 

084 

(I 

073 

6 

D^ 

6 

Ool 

0 

040 

24 

0 

5 

974 

5 

962 

5 

951 

5 

940 

5 

929 

24 

1 

5 

86 i 

5 

8)2 

5 

841 

5 

810 



24 

2 

5 

753 

) 

742 

5 

731 

5 

720 

H 

ri <j] 

24 

3 

o 

044 

1 

633 

5 

622 

5 

(11 



24 

4 

5 

531 

o 

524 

5 

513 

5 

j02 

5 

491 

24 

5 

5 

425 

5 

4I.J 

5 

404 

5 

391 

5 

382 

24 

6 

5 

317 

5 

306 

5 

295 

5 

28 •) 

5 

274 

24 

7 

5 

209 

j 

198 

) 

J87 

5 

176 

) 

1(6 

24 

8 

5 

101 

5 

090 

5 

080 

5 

069 

5 

0)8 

24 

9 

4 

994 

4 

981 

4 

972 

4 

961 

4 

9)1 

25 

0 

4 

886 

4 

876 

4 

865 

4 

854 

4 

814 

25 

1 

4 

780 

4 

769 

4 

7 )8 

4 

718 

4 

717 

25 

2 

4 

073 

4 

661 

4 

6 i2 

4 

(42 

4 

611 

25 

3 

4 

567 

4 

557 

4 

146 

4 

516 

4 

525 

25 

4 

4 

462 

4 

451 

4 

110 

4 

430 

4 

419 

25 

5 

4 

356 

4 

146 

4 

315 

4 

325 

4 

314 

25 

6 


251 

4 

241 

4 

230 

4 

220 

4 

209 

25 

7 

4 

146 

4 

136 

4 

12) 

4 

115 

4 

10) 

25 

8 

El 

042 

4 

032 

4 

021 

4 

on 

4 

(MM) 

25 

9 

3 

938 


928 

3 

917 

3 

907 

3 

896 

26 

0 

3 

834 

3 

824 

3 

814 

3 

803 

3 

791 

26 

1 

3 

731 

3 

720 

1 

QEll 

3 

7(KI 

3 

OS'* 

26 

2 

El 

628 

3 

617 

3 

607 

3 

597 

3 

58() 

26 

3 

3 

525 

3 

•)15 

3 

504 

3 

494 

3 

481 

26 

4 

3 

422 

3 

412 

3 

402 

3 

392 

3 

182 

26 

5 

3 

BBS 

3 

310 

3 

300 

3 

290 

3 

279 

26 

6 

3 

218 

3 

208 

3 

198 

3 

188 

1 

178 

26 

7 

3 

117 

3 

107 

1 

097 

1 

086 

3 

076 

26 

8 

3 

Dim 

3 

005 

2 

995 

2 

985 

2 

975 

26 

9 

2 

915 

2 

n 

2 

895 

2 

884 

2 

871 


9 

409 

9 

397 

9 

385 

9 

372 

9 

360 

9 

287 

9 

274 

9 

262 

9 

250 

9 

238 

9 

lb4 

9 

152 

9 

140 

9 

128 

9 

11b 

9 

043 

9 

030 

9 

on 

0 

000 

8 

994 

8 

921 

8 

909 

8 

897 

8 

885 

8 

873 

8 

801 

8 

789 

8 

776 



8 

752 

8 

080 

8 

668 

8 

656 



8 

632 

8 

560 

8 

548 

8 

536 


ItVlfl 

8 

512 

8 

441 

8 

429 

8 

417 

8 

405 

8 

393 

8 

322 

8 

310 

8 

298 

8 

286 

8 

274 

8 

203 

8 

191 

8 

179 

8 

168 

8 

156 

8 


8 

073 

8 

061 

8 

050 

8 

038 

7 

9(>7 

7 

956 

7 

944 

7 

932 

7 

920 

7 

850 

7 

838 

7 

827 

7 

815 

7 

803 

7 

733 

7 

721 

7 

710 

7 

G98 

7 

b8b 

7 

617 

7 

60'’ 

7 

o93 

7 

o82 

7 

570 

7 

501 

7 

480 

7 

478 

7 

466 

7 

454 

7 

38) 

7 

374 

7 

362 

7 

350 

7 

339 

7 

270 

7 

2o8 

7 

247 

7 

235 

7 

224 

7 

1 > 

7 

144 

7 

132 

7 

121 

7 

109 

7 

Oil 

7 

029 

7 

018 

7 

RSI 

0 

995 

6 

9.7 

6 

015 

() 

004 

b 

803 

6 

881 

6 

813 

6 

802 

b 

790 

6 

770 

6 

768 

0 

7(H) 

6 

688 

b 

(»77 

6 

OfaO 

b 

655 

6 

587 

6 

576 

b 

o64 

■ 

553 

b 

542 

6 

475 

C 

463 

6 

452 

6 

441 

6 

430 

b 

363 

6 

3a)1 


340 

0 

320 

6 

318 

6 

251 

6 

-.40 

6 

229 

6 

218 

6 

206 

6 

140 

6 

129 

6 

118 

b 


0 

095 

b 

029 

6 

018 

6 

007 

5 

99b 

5 

985 

5 

918 

) 

007 

5 

89( 

5 

SS-) 

5 

874 

o 

808 

) 

7)7 

5 

78t* 

5 

775 

o 

764 

5 

r98 


687 

> 

076 

5 

66(> 

5 

655 

•I 

589 

o 

>78 

> 

■>b7 

5 

555 

5 

545 

o 

480 

o 

469 

5 

458 

5 

447 

5 

43b 

5 

371 

5 

360 

) 

3)0 

5 

339 

5 

328 

> 

2()3 

5 

252 

> 

241 

o 

230 

) 

220 

5 

1 )■) 

) 

144 

) 

133 

) 

123 

) 

112 

) 

047 

5 

()?7 

) 

026 

) 

015 

5 

004 

4 

940 

4 

029 

4 

919 

4 

308 

4 

897 

4 

833 

4 

822 

4 

812 

1 

801 

4 

790 

4 

72(> 

4 

716 

4 

705 

4 

695 

4 

684 

4 

020 

4 

6 JO 

4 

)0*) 

4 

588 

4 

578 

4 

)14 

4 

■>04 

4 

493 

4 

483 

4 

472 

1 

40*) 

4 

308 

4 

388 

4 

377 

4 

167 

4 

304 

4 

293 

4 

283 

4 

272 

4 

262 

4 

1 )9 

4 

188 

4 

178 

4 

167 

4 

]o7 

4 

094 

4 

081 

4 

07 J 

4 

063 

4 

052 

3 

9‘M) 

3 

980 

3 

*)()9 

3 


3 

948 

3 

886 

3 

876 

3 

865 

3 

855 

3 

845 

3 

782 

3 

772 

3 

762 

3 

751 

3 

741 

3 

679 

3 

669 

3 

659 

3 

648 

3 

638 

3 

576 

3 

j(>6 

3 

)>6 

3 

545 

3 

535 

3 

474 

3 

463 

3 

4)3 

3 

443 

3 

433 

) 

371 

3 

161 

3 

351 

3 

341 

3 

331 

3 

269 

3 

259 

3 

249 

3 

239 

3 

229 

3 

168 

) 

157 

3 

147 

3 

137 

3 

127 

1 

0()6 

3 

056 

3 

04b 

3 

036 

3 

026 

2 

965 

) 

955 

2 

945 

2 

935 

2 

925 

2 

804 

2 

Sol 

2 

841 

2 

834 

2 

824 


* From Irvin Aircraft Iiibtnimcnts 2i] fd McGrow Hill Ntwlork 1944 
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NUMERICAL AND GRAPHICAL DATA 


[See. I 


Table 86a — Altitudb-pbbssuke Table (In He) * — ( Conttnwd ) 
U S Standard Atmosphere 


BUTf 
in Hs 

B 

0 01 

0 02 

0 03 

004 

0 05 

0 06 

0 07 

0 08 

000 

27 0 

2 814 

2 804 

2 794 

2 784 

2 774 

2 764 

2 7o4 

2 744 

2 734 

2 724 

27 1 

2 7L 

2 70' 

2 694 

2 684 

2 674 

2 664 

2 654 

2 644 

2 634 

2 624 

27 2 

2 61^ 

2 60^ 

2 594 

2 584 

2 574 

2 564 

2 554 

2 544 

2 534 

2 524 

27 3 

2 514 

IWri? 

2 494 

2 484 

2 474 

2 464 

2 454 

2 444 

2 434 

2 425 

27 4 

2 41'’ 


2 395 

2 385 

2 376 

2 365 

2 355 

2 345 

2 335 

2 325 

27 5 

2 312 

2 306 

2 296 

2 286 

2 276 

2 266 

2 256 

2 246 


2 226 

27 6 

2 211 

2 20* 

2 197 

2 187 

2 177 

2 167 

2 1>8 

2 148 

2 118 

2 128 

27 7 

2 IK 

2 101 

2 098 

2 098 



2 059 

2 049 

2 040 

2 030 

27 8 

wmmt 

2 OK 


1 990 

1 981 

1 971 

1 961 

1 951 

1 942 

J 932 

27 9 

1 922 

1 912 

1 902 

1 893 

1 883 

1 873 

1 863 

1 854 

1 844 

1 834 

28 0 

1 824 

1 814 

1 805 

1 795 

1 785 

1 776 

1 766 

1 756 

1 746 

1 737 

28 1 

1 72; 

1 7i; 

mmSii 

1 698 

1 688 

1 678 

1 668 

1 659 

1 649 

1 639 

28 2 

1 63( 

1 62( 

1 610 

1 601 

1 591 

1 581 

1 572 

1 562 

1 552 

1 542 

28 3 

1 531 

1 521 

1 313 

1 504 

1 494 

1 484 

1 475 

1 465 

1 456 

1 446 

28 4 

1 436 

1 427 

1 417 

1 407 

1 398 

1 388 

1 378 

1 369 

1 359 

1 350 

28 5 

1 340 


1 321 

1 311 


1 292 

1 282 

1 273 

1 263 

1 254 

28 6 

1 244 

1 234 

1 225 

1 216 

1 206 

1 196 

1 186 

1 177 

1 167 

1 158 

28 7 

1 14£ 

1 ]3<; 

1 129 

1 120 

^HTni 

1 100 

1 091 

1 081 

mmia 

1 062 

28 8 

EEI# 

1 042 

1 034 

1 024 

1 015 

1 005 

996 

986 

976 

967 

28 9 

957 

G48 

938 

929 

919 

910 

900 

891 

881 

872 

29 0 

863 

853 

844 

834 

825 

815 

806 

790 

787 

777 

29 1 

768 

758 

749 

739 


721 

711 

702 

602 

683 

29 2 

673 

664 


645 

636 


617 

607 

598 

589 

29 3 

679 

570 

560 

551 

542 

532 

523 

514 

504 

49) 

29 4 

485 

476 

467 

457 

448 


429 

420 

410 

401 

29 5 

392 

382 

373 

364 

354 

345 

336 

326 

318 

308 

29 6 

298 

289 

280 

270 

261 

252 

242 

233 

224 

21o 

29 7 


196 

187 

177 

168 

159 

149 

140 

131 

122 

29 8 

112 

103 

94 

85 

75 

66 

57 

47 

38 

29 

29 9 

20 

10 

+ 1 

-8 

-17 

-26 

-36 

-45 

-54 

-63 

30 0 

-73 

-82 

-91 

-100 

^B{3{ 

-119 

-128 

-137 

-146 

-1% 

30 1 

-165 

-174 

-183 

-192 


-21] 

-220 

-229 

-238 

~ 248 

30 2 

-257 

-266 

-275 

-284 

-293 


-312 

-321 

-330 

-339 

30 3 

-348 

-358 

-367 

-376 

-385 

-394 


-412 

-421 

-431 

30 4 

-440 

-449 

-458 

-467 

-470 

-485 

-494 

-604 

- *li 

-522 

30 6 

-531 

-540 

-549 

-558 

-567 

-576 

-586 

- >94 

-604 

-613 

30 6 

-622 

BSH 

-640 

-649 

-658 

-667 

-676 

-68j 

-694 

-701 

30 7 

-712 

-721 

-730 


-749 

-758 

-767 

-776 

-783 

/94 

30 8 

-803 

-812 

-821 

-8i0 

-839 

-848 

-857 

-866 

-87j 

-884 

30 9 

-893 

-902 

-911 

-920 

-929 

-9^8 

-947 

-956 

9()5 

-974 

31 0 

-983 

-992 

-1 001 


-1 019 

-1 0J8 

-1 037 

-1 046 

- I 0j5 

I 064 


* From Irvin Aircraft Inetrumeutfi 2d ed McOraw Hill Ncn A ork 1944 
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Table 87. — Distance between Standard Isobaric Surfaces in Dynamic Meters* 
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N V MERIC AL ASD GRAPHICAL DATA 


[Sec. I 
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Table 88. — Virtual Temperature Difference at Saturation 

(T. - T). 


Tei^ , 

PVessure, mb 

Tei^., 

1,000 

900 

800 

700 

600 

500 

400 

300 

200 








T, 

- T 








-50 


0 

0 

0 

■ 

0 

0 0 

0 

0 

0 

0 

0 

0 


0 

0 


-40 


0 

0 

0 

0 

0 

0 0 

0 

0 

0 

0 

0 

0 


0 

1 


-30 


0 

0 

0 


0 

0 1 

0 

1 

0 

1 

0 

1 


0 

2 


-20 


1 


1 

Hi 

1 

0 1 

0 

2 

0 

2 

0 

2 





-10 


2 


2 

0 

2 

0 2 

0 

3 

0 

3 

0 

4 





- 5 


3 

0 

3 

0 

3 

0 4 

0 

4 

0 

5 

0 

6 

■Sllil 

1,000 


- 2 

0 

4 

0 


0 

5 

0 6 

0 

7 

0 

8 



mb 

mb 


- 1 

0 

5 

0 

6 

0 

7 

0 8 

0 

9 

1 

1 



9 9 

8 

8 

40 

0 

0 

6 

0 

6 

0 

7 

0 8 

0 

9 

1 

2 



9 3 


9 

39 

1 

0 

6 

0 

7 

0 

8 

0 9 

1 

0 

1 

3 



8 8 


i 

38 

2 

0 

7 

0 

8 

0 

8 

1 0 

1 

1 





8 3 

E 

4 

37 

3 

0 

7 

0 

8 

0 

9 

1 0 

1 

2 



800 

7 8 

E 

El 

36 

4 

0 

8 

0 

9 

1 

0 

1 1 

1 

3 



■UlS 

7 3 

6 

6 

35 

5 

0 

8 

0 

9 

1 

1 

1 2 

1 

4 



m 


6 9 

6 

2 

34 

6 

0 

9 

1 

0 

1 

1 

1 3 

1 

5 



i 


6 5 

5 

8 

33 

7 

1 

0 

1 

1 

1 

2 

1 4 

1 

6 



6 

9 

6 1 

5 

5 

32 

8 

1 

1 

1 

3 

1 

4 

1 6 

1 

9 



0 

r> 

5 7 

5 

2 

3! 

9 

1 

2 

1 

4 

1 

«> 

1 7 

2 

0 



6 

1 

5 4 

4 

8 

30 

10 

1 

3 

1 

5 

1 

0 

1 9 






m 

5 1 

4 

6 

29 

11 

1 

4 

1 

6 

1 

8 

2 0 






9 

4 8 

4 

3 

28 

12 

1 

5 

1 

7 

1 

9 

2 1 





5 

0 

4 5 

4 

0 

27 

13 

1 

6 

1 

8 

2 

0 

2 3 



700 



4 2 

3 

8 

26 

14 

1 

7 

1 

9 

2 

2 

2 3 



mb 



4 0 

3 

6 

25 

15 

1 

8 

2 

0 

2 

3 

2 6 



1 

8 



mmm 

3 

3 

24 

16 

2 

0 

2 

2 

2 

o 

2 8 



4 

o 

3 

9 


3 

1 

23 

17 

2 

1 

2 

3 

2 

6 

3 0 



4 

2 

3 

9 


2 

9 

22 

18 

2 

3 

2 

5 

2 

8 

3 2 



3 

9 

3 

1 

3 0 

2 

7 

21 

19 

2 

4 

2 

7 

3 

0 

3 4 



3 

7 

3 

■I 

■1 

2 

6 

20 


Tho tabulated values may be iiiultiphed by the relative humidity to give the actual 
virtual temperature difference. 
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NUUEBICAL AND OBAPHICAL DATA 


( Sec.I 



" Aftrr Cannegieter 
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* After Linke 

Example, At 40° latitude, 14,000 m abo^e sea le\el bocunics 


14,000 


^ + iii V 

2 ^ 100 


13 692 gm 


Table 91. — Table or Factors to C'EANaf Dtnamic Metjrs (Gm) into Meters* 
I'sc moan values from table 



* After Lixike. 
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NUMERICAL AND ORAPHICAL DATA 


[Sec. 1 


Table 02. — Dimensions or Eabth, Lands and Seas* 


1 

Area, km* 

Average 
depth, m 

1 

Average 
height, m 

Volume, km* 

Whole earth 

510,100,000 



1,083,000,000,000 

Whole ocean 

361,160,000 

4,117 


1,486,900,000 

All land 

148,940.000 




Pacific Ocean 

165 200,000 

4,282 


707,500,000 

Atlantic Ocean 

82,400,000 

3,926 


323,600,000 

Indian Ocean 

73,500,000 

3,963 


291,000,000 

Arctic Ocean 

14,090,000 

1,205 


17,000,000 

Seas 

25,970,000 




Asia 

44,134,000 


960 


Europe 

10,009,000 


340 


Africa 

29,834,000 


750 


North Amencii 

24,063,000 


720 


South Amerii a 

17,788,000 


590 


Australia 

8,901,000 


340 


Antarctica 

14,169,000 


2,200 



* From Gutenberg, Internal Cunetitution of the Earth,'* McG^a^%-HlII, New York, 1939« 


Tabie 93 — Temperatukl Lag (t Days)* 


Depth 


K 



Ft 

m 

0 0031 
dry soil 

0 0049 
damp soil 

0 0064 
cri'tal rocks 

0 0133 
sandstone 

1 

0 30 


8 0 

1 7 0 

4 8 

5 

1 52 


39 9 

31 9 

' 24 2 

10 

3 05 


79 9 

69 9 

48 5 

15 

4 57 


119 8 

104 8 

72 7 

20 

6 10 


1.59 7 

139 8 

96 9 

25 

7 62 


199 7 

174 7 

121 2 

30 

9 14 

301 2 

239 6 

209 6 

145 4 

35 

10 67 

351 4 

279 5 

244 6 

169 7 


* Froir Gutenberg. “Internal Constitution of the Earth,’* McGraw-Hill, 1939 


Table 94. — Approximate Time Lag in the Transmission op Solar Heat through 

Walls and Roofs* 


Material and Thickness of Wall or Roof Time LaR, Hr 

2 m pine 

3 in concrete + 1 m cork 2 

4 in. gypsum 2*^ 

6 in. eonerete 3 

22 in. brick and tile 10 

16 in concrete + 1.6 in. cork 19 

* From A.S.H V.E. Guide. 
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GENERAL LATA 
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Table 95. — Length op 1° Mebidian at Different Latitudes* 

GeoKTsphic Miles 
Latitude, ° (1' of the Equator) 


0 

59 594 

10 

59 612 

20 

59 665 

30 

59 745 

40 

59 845 

50 

59 951 

60 

60 051 

70 

60 132 

80 

60 186 

90 

60 204 


* From Smithsonian Tablef. 


Table 96. — ^I.ength op 1° op the Parallel at Different Latitudes* 


GeoKraphie Miles 
Latitude, ° (1' of the K(iuator) 


0 

60 000 

5 

59 773 

10 

59 095 

15 

57 969 

20 

56 404 

25 

54 411 

30 

52 006 

35 

49 204 

40 

46 027 

45 

42 498 

50 

38 644 

55 

34 493 

60 

30 076 

65 

25 428 

70 

20 583 

75 

15 578 

80 

10 453 

85 

5 247 

90 

0 000 


* From Smithsonian Tables 


Table 97. — Molkcii.ar Densities op the Gases op tiib Atmosphere* 


z, km 







TT. 




A 




2 

tie 


Total 

0 

2 

0 

X 

101’ 

5 

4 

X 

10'" 

2 

4 

X 

10” 

7 

7 

X 

10” 

1 

0 

X 

10” 

2 

6 

X 

10*“ 

20 

1 

5 

X 

10’* 

4 

0 

X 

10” 

1 

8 

X 

10” 

5 

7 

X 

10” 

7 

1 

X 

10” 

1 

9 

X 

10” 

40 

8 

4 

X 

10’“ 

2 

3 

X 

10” 

1 

0 

X 

10” 

3 

2 

X 

10” 

4 

3 

X 

10” 

1 

1 

X 

10” 

60 

7 

8 

X 

lO’'* 

2 

1 

X 

10” 

9 

4 

X 

10” 

3 

0 

X 

10” 

4 

0 

X 

10>» 

9 

9 

X 

10” 

80 

8 

0 

X 

10” 

2 

2 

X 

10” 

9 

6 

X 

10” 

3 

0 

X 

10“ 

4 

1 

X 

10“ 

1 

0 

X 

10*“ 

100 

1 

2 

X 

10” 

3 

3 

X 

10” 

1 

5 

X 

10” 

4 

6 

X 

10” 

6 

3 

X 

10“ 

1 

6 

X 

10** 

120 

2 

0 

X 

10” 

5 

4 

X 

10” 

2 

4 

X 

10” 

7 

7 

X 

10“ 

1 

3 

X 

10“ 

2 

6 

X 

10” 

140 

3 

5 

X 

10” 

9 

3 

X 

10” 

4 

2 

X 

10” 

1 

3 

X 

10“ 

1 

8 

X 

10’ 

4 

4 

X 

10’“ 

160 

6 

1 

X 

10” 

1 

5 

X 

10” 

5 

3 

X 

10“ 

1 

5 

X 

10“ 

5 

6 

X 

10“ 

7 

7 

X 

10“ 

180 

1 

1 

X 

10“ 

2 

2 

X 

10” 

4 

8 

X 

10“ 

1 

0 

X 

10’ 

4 

4 

X 

10“ 

1 

4 

X 

10“ 

200 

2 

2 

X 

10” 

3 

3 

X 

10» 

4 

5 

X 

10’ 

7 

5 

X 

10“ 

3 

5 

X 

10“ 

2 

5 

X 

10*» 

220 

3 

2 

X 

10’ 

5 

1 

X 

10« 

4 

4 

X 

10“ 

4 

7 

X 

10* 

2 

8 

X 

10“ 

3 

7 

X 

10“ 

240 

5 

3 

X 

10" 

7 

8 

X 

10’ 

4 

1 

X 

10“ 

3 

6 

X 

10* 

2 

2 

X 

10“ 

6 

1 

X 

10“ 

260 

8 

7 

X 

10’ 

1 

2 

X 

10’ 

3 

9 

X 

10* 

2 

9 

X 

10“ 

1 

8 

X 

10“ 

1 

0 

X 

10“ 

280 

1 

4 

X 

10’ 

1 

8 

X 

10“ 

3 

6 

X 

10’ 

2 

3 

X 

10 

1 

4 

X 

10“ 

1 

7 

X 

10’ 

300 

6 

4 

X 

10* 

2 

8 

X 

10“ 

3 

3 

X 

10“ 

1 

8 



1 

1 

X 

10“ 

7 

7 

X 

10“ 

350 

2 

6 

X 

10* 

2 

6 

X 

10“ 









fv 

1 

X 

10“ 

7 

3 

X 

10“ 

400 




















_4 

_1_ 

21 

10“ 

_4 

_1_ 

21 

10“ 


* From Fleming, “Terrestrial Magnetism and Electricity,** McGrarv-Hill, New York, 1030. 
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MU OF FCft KM OF AIR^ N.T.F. 


Fia. 48. — Vertical distribution of ozone. {From Fhmtng^ Terresiriol Magnetism and 
Elecirieity,** McGraw-Hill, New York, 1939.) 


Taple 98. — CHARArTERisTics OF Pallinq Raindrops* 


Drops 


Number of drops per mVwc 


Diameter 

Vol- 

ume 

mm* 

Ram **lookins 
very ordinary^' 

Ram 
with 
breaks 
dunns 
which 
the 8UU 
shone 

Begin- 
ning of 
a short 
fall like 
a thun- 
der- 
shower 

Sudden 
rain 
from a 
small 
cloud 

Violent 
rain like 
a rloiid- 
biirst, 
with 
some 
hull 

Period 
of heav- 
iest 
cloud- 
burht 

Peiiod 
of less 
heavy 
cloud- 
burst 

Ending 
period 
of con- 
tinuous 
fail 

Mm 

In 


1 

2 

3 

4 

5 

6 

7 

8 

9 

0 6 

MM 


HBH 

] .000 

126 

60 

0 

100 

514 

67M 

7 


■iWtkM 

0 524 


120 


280 

50 

1 300 

423 

524 

233 

1 5 

0 050 

1 77 


60 

73 

ISO 


500 

356 

347 

113 


EKva 


140 



20 

150 

200 

138 

265 

4b 

2 5 

0 098 

8 18 

0 

0 

26 

20 

0 

0 

156 

205 

7 


0 118 

14 1 

0 

0 

57 

0 

200 

0 

138 

81 


3 5 

0 138 

22 4 

0 

0 

0 

0 

0 

U 

0 

28 

32 



33 5 

0 

0 

0 

0 

50 


0 


39 

4 6 

■iBm 

47 7 

0 

0 

0 

0 

0 


101 


0 



65 4 

0 

■IKII 

0 

0 

0 

0 


0 

25 

Tot.: 



1,480 

1,080 


WTH 



1,829 

2 179 

502 

Hate of rainfall 





bm 






Mm per min 





Kill 




0 38 


In. per hr 


0 14 



Hi 

iBH 

iilil 

1 35 

0 89 

iHlI 


* From Meinser. Hydrolocy," McGraw-Hill, New York, 1042. 
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Table 99 — ^Velocity of Falling Raindrops* 



Maximum fallmg 

Diameter, 

velocity, mps 

mm 



Lenard 

Lars 


1 0 

4 4 


2 0 

5 9 

6 6 

3 0 

7 0 

8 0 

4 0 

7 7 

8 8 

5 0 

7 9 

9 2 

5 5 

8 0 

9 3 

6 5 

7 8 



* From Meinier, “Hydrology," McGraw-HiU New York, 1942 


Tabll 100. — Depth ot Water in Inches Corresponding to the Weight of Snob 
(or Rain) Collected in an 8-i\ Gcuge* 

1 lb = 0 5507 m 


Weight, lb 

0 

00 

0 

01 

0 

02 






05 


06 









0 

00 


i 

0 

01 

0 

02 

0 


0 





04 

0 

04 


05 


1 

0 

06 



0 

07 

0 

07 

0 

08 

0 





iml 

0 

10 


10 


2 

0 

11 



0 

12 

0 

13 

0 

13 

0 

14 


14 


15 

0 

15 


16 


3 

0 

17 

0 

17 

0 

18 

0 

18 


19 

0 

19 


19 


20 

0 

21 


22 

0 

4 

0 

22 

0 

23 

0 

23 

0 

24 


24 

0 

25 


25 


26 

0 

26 


27 

0 

5 

0 

28 

0 

28 

0 

29 

0 

29 


l!f!l 

0 

Kflii 


31 


31 

0 

32 

0 

33 

0 

6 

0 

34 

0 

34 

0 

34 

0 

35 

0 

35 

0 

36 


36 


37 

0 

38 

0 

38 

0 

7 

0 

39 

0 

39 

0 

40 

0 

40 


41 

0 

41 


42 

0 

43 

0 

43 

0 

44 

0 

8 

0 

44 

0 

45 

0 

45 

0 

46 


46 

0 

47 

0 

47 

El 

48 

0 

49 

0 

49 

0 

9 

0 

50 

0 

50 

0 

51 

0 

51 


52 

0 

52 

0 

53 

0 

54 

0 

54 

0 

55 


* from SmittiBonmn Tables 


Table 101 — Depth oi Water Corresponding to thi WnGiir of a C’ylindrical 
Snow Cori 2 655 In in Diamp.tlr* 
mb = 1 in 


Weight pounds 

0 0 



1 5 

2 0 

2 

5 

3 

0 

Inches, water j 

0 00 




10 00 

12 

50 

15 

00 


* f rom Smithsonian Tables 


Table 102 — Tempp ratitre, r°K, of the Day Atmosphere* 


z, km 1 

T, °K 

z, km 

T, “K 

0 

287 

60 

260 

10 

220 

80 

320 

20 

225 

100 

360 

30 

230 

200 

360 

40 

240 

220 

360 


* After Mans 
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Tabi^e 103. — CoBioLis Parameter an» Derivative (X = 2a> sin v>) 


ax _ ( 20 ) cos v>) 
ay ~ a 


Latitude, ° ^ 

M 

X X 10^ aec-‘ 

j 

— X 10^* cm“* see * 

oy 

0 

0.00 

2.29 

15 

0.38 

2.12 

30 

0.73 

1.98 

45 

1.03 

1.62 

60 

1.26 

1.14 

75 

1.41 

0.59 

90 

1.46 

0 00 


a = 6.37 X 10" (!in = radius of the earth 

01 = 7.29 X 10“* see“i = angular velocity of the earth 


Tabi.k 104. — IIeight of IIomookneoub Atmosphere. Meters (at 45° Latitijoe) 


= ^ X Hu 
gti 


Surface 
temp., °C 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

-30 

7,113 

7,084 


7,025 

6,996 

6,966 

6,937 


6,878 

6,849 

-20 

7,405 

7,376 

7,347 

7,318 

7,289 

Q^J 

7,230 


7,171 

7,142 

-10 

7,689 

7,668 

7.639 

7,610 

7,581 

7,552 

7,522 

7,492 

7,403 

7,434 

- 0 

7,991 

7,962 

7,932 


7,874 

7,844 

7,815 

7,786 

7,756 

7,727 


7,991 

8,020 

8,049 



8,138 

8,167 

8,196 

8,225 

8,254 

+ 10 

8,283 

8,312 

8,341 

laferZil 



8,459 

8,488 

8,517 

8,546 

+20 

8,576 

8,605 

8,634 

8,664 

8,693 

8,722 

8,7.52 

8,781 


8,840 

+30 

8,869 

8,898 

8,927 

8,956 

8,986 



nm 


9,132 


Table 105. — Density op Air, Kg per M* 


Pressure, 





Virtual temp., ' 

“C 





mb 

-70 

-60 

-50 

-40 

-30 

-20 

-10 

0 

10 

20 

30 

40 

100 

0.172 

0.164 

0.156 

0.150 

0.143 

0.138 

0.132 

0.128 

0.123 

0.119 

0.115 

0.111 

200 

0.343 

0.327 

0.312 

0.299 

0.287 

0.275 

0.265 

0.255 

0.246 

0.238 

0.230 

0.223 

300 

0.514 

0.491 

0.468 

0.449 

0.430 

0.413 

0.397 

0.383 

0.369 

0.357 

0.345 

0.334 

400 

0.686 

0.654 

0.625 

0.598 

0.573 

0.550 

0.530 

0.510 

0.492 

0.475 

0.460 

0.446 

500 

0.858 

0.818 

0.781 

0.748 

0.717 

0.689 

0.662 

0.648 

0.615 

0.504 

1 

0.575 

0.556 

600 

1.030 

0.981 

0.937 

0.897 

0.860 

0.826 

0.795 

0.766 

0.738 

0.713 

0.689 

0.668 

700 

1.202 

1.146 

1.095 

1.047 

l.(K)4 

0.965 

0.927 

0.894 

0.862 

0.833 

0.805 

0.779 

800 

1.374 

1.310 

1.250 

1.197 

1.146 

1.102 

1.059 

1.020 

0.986 

0.952 

0.920 

0.801 

900 

1.544 

1.472 

1.406 

1 345 

1.290 

1.239 

1.192 

1.148 

1.108 

1.071 

1.035 

1.002 

1,000 

1.715 

1.635 

1.562 

1.495 

1.434 

1.376 

1.325 

1.276 

1.230 

1.190 

1 . 150 

1.113 

1,100 

1.887 

1.801 

1 720 

1.645 

1.578 

1.515 

1.459 

1.405 

1.354 

1.308 

11.265 

1.225 
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Tig 40 — Giaph for appronmalily (xtrapoIitinR thi piessuiD at the 10 000-ft level 
flora suifare obi>ii\ itioiis C oiiiputed on the assumption tint the sounding lies along a 
wet adiabatic Note the icstiictioiib on use of the giapli listed in uppir left hand rorner 
of figure 
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Table 108. — Height of Ciajud or Ceiling, Ft, Light Beam Projected 

Vertically* 




Base 



Base 

Angle 

tan 




Angle 

tan 







1,000 f 

, 1,500 f 



500 ft 

1,000 f 

t 1,500 ft 



h 

h 

h 



h 

h 

h 

5 

IMi 

44 

87 

131 

46 


518 

■n 

1,.554 

6 

111 ilnii 

52 


157 

47 


536 

1 ,07i 

1 ,608 

7 

iH 

62 

123 

185 

48 


556 

1,11 

1.667 

8 

ill ;!IN% 


141 

211 

49 


575 

1,1.5( 

1 1,725 

9 


79 

158 

237 

50 

1.191f 

596 

1,192 

1,788 

10 


1 88 

176 

264 

51 

1.2349 

618 

1,23.5 

1,8.53 

11 

[iiIuIkI: 

97 

194 

291 

52 

1.279E 


1,280 

1,920 

12 

llwliWTf 

106 

213 

319 

53 

1.3270 

664 

1,327 

1,991 

13 

'llLK(l>Iri 

116 

231 

347 

54 

1.3764 

688 

1,376 

2,064 

14 

0.24933 

124 

249 

373 

55 

1.4281 

714 

1,428 

2,142 

15 

0.26795 

134 

268 


56 

1.4826 

742 

1,483 

2,225 

16 


144 

287 


57 

1.5399 


1,540 

2,310 

17 

0.30573 

153 


459 

58 

■WiTiTiM 


1,600 

2,400 

18 


162 

325 

487 

59 

1.6643 

832 

1,664 

2,496 

19 


172 

344 

516 

60 

1 . 7321 

866 1 

1,732 

2,. 598 

20 


182 

364 

546 1 

61 





21 


192 

384 

576 

62 

lllikririi 


1,881 

2,821 

22 

lIcilHlK 




63 

1.96261 

982 


2,945 

23 

llEKfIti 

212 

424 

636 

64 

2 0,503 




24 


222 

445 

667 

65 

2.1445 


2,144 

3,216 

25 


233 

466 

699 

66 

2.2460 

1,123 

2,246 

3,369 

26 

iKIlrir^] 

244 

488 

732 

67 

2.3,559 

1,178 

2,3.56 

3.. 534 

27 

IIKtlkKkl 

255 

510 

765 

68 

2.4751 

1 ,238 

2,475 

3.173 

28 

IlKslril 

200 

532 

798 

69 


DEna 

2,605 

3,907 

29 

0. 5,5431 

277 

554 

831 

mm 

2.7475 

1,374 

2,748 

4,122 

30 


288 

577 

865 

71 

RRra 

1,452 

2.904 

4 3.56 

31 

iVriJ^itt 

300 

601 

901 

72 

KlliVrirJI 

1,.539 

tuiMal 

4,617 

32 

iMwibr 

312 

625 

937 

73 

kIkVZiinl 

1 ,636 

3,271 

4,907 

33 

iHti'tfff 

,324 

049 


74 

3.4874 

1 ,744 

3,487 

5,231 

34 


338 



75 

3.7321 

1 ,866 

3,732 

5,598 

35 


3,50 



76 

4.0108 

2,006 

4.011 

6,017 

36 

n. 726, 54 

364 

727 


77 

4.3315 

2,166 

4,332 

6,498 

37 

5.753,55 

377 

754 

1,131 1 

78 


2,352 

kKQSI 

7,0.57 

38 



781 

1,171 

79 

5.1446 

2,572 

5,145 

7,717 

39 




1,215 

KB 

5.6713] 

2,836 

5,67l| 


40 



839 

1,259 ! 

81 

6.3138 

3,1,57 

6,314 

9.471 

41 


434 

869 


82 

7.1154 

3,5.58 

7,115 


42 



900 


83 

8.1443 

4,072 

8,144 

12,276 

43 


466 

933 

1 ,399 

84 

9.5144 

4,757 

9,514 

14,211 

44 


483 

966 

1.449 

85 

11.430 

5,715 

11,430 

17,175 

45 

B3 




86 


7,150 


21,441 


* From l/.S. Wealhnr Bur. Circ. N. 
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SECTION II 


METEOROLOGICAL MATHEMATICS 
AND CALCULATIONS 

By Fkedehick A. Ficken 

1. REAL NUMBERS 

Tho applications of niathornatics arc based fundamentally on the familiar system 
of real numbers. 

1.11. Rational Numbers. The numbers ■ ■ ■ , —3, —2, —1, 0, 1, 2, 3, • • • are 
integers. Any two integers may be added, subtracted, or multiplied. If p and q 
are integers, and q ^ 0, then r = p/q is a ralumal nvmber. Any two rational numbers 
may be added, subtracted, multiplied, or divided, provided that the divisor is not 
zero. The rational numbers arc real numbers. 

1.13. Representation of Rationale on a Line. On a given line, let a point 0 and a 
different point A be chosen. Accept OA as a unit of distance. Let r = p/q be any 
rational number, with the signs of p and q so adjusted that q is positive Divide OA 

-I r 0 1 2 3 

1— I 1 1 1 ► 

JR 0 A B 

Kio. 1.12. 

into q equal parts. From Q measure off p of these parts, in the direction of A or in the 
opposite direction according as r is positive or negative, f.p., p = —3,q = 5,r = —3/5 
in the figure. For each rational number r, this construction yields precisely one point 
ff on the line. 

1.13. Real Numbers and Their Representation on a Line. It is easy to find, on 
the line of Fig. 1.12, many points not obtainable in this way from any rational number 
r, e.g., lay off from O the diagonal (length >72) of a square whose side is OA . These 
gaps in the rationals are filled by irrational real numbers devised for the purpose by 
mathematicians. Every real number is rational or irrational. Thus the real numbers 
may be represented on the line of Fig. 1.12 in such a way that each real number r 
measures the directed distance from 0 of precisely one point R of the line, and, con- 
versely, each point R of the line has its directed distance from 0 measured by precisely 
. ii leal number r. 

'I’he directed distance /row the point R to the point S is always s — r. In Fig. 1.12, 
the directed distance from AtoBisS — 1 =2; that from BtoAisl — 3 = —2. 

1.21. Order and Inequalities among Real Numbers. If r — s is positive, we say 
that r IS greater than s and write r> s or s < r. If either r > s or r = s, write r ^ 
himilarly for r ^ s. In terms of Fig. 1.12, r < s means that the displacement from 
R to S has the same direction as the displacement from O to A, i.e., the directed dis- 
tance from If to B is positive; if s < r, reverse the direction, lb denote that r is 
not equal to s, write r ^ s. To denote that cither r = s or r = — s, write r = ±«. 

Properties of Inequalities. 1. If a < b and b < c, then o < c. Special Case. If 
oi ^ oj ^ • • • $ o«, then Oi = a„ if and only if oi = Os «= • • • = Ui.; thus one 
inequality would require Oi < an. 
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2. If 0 and b aro any real numbers, then precisely one of the following three 
relations holds: a > b, a = b, a < h. 

3. If o < b, then a + c < b + c. 

4. a. If a <b and 0 < r, then or < hr, e.g., since 2 < 3 and 0 < Jb, H < H- 

b. If a <b and r < 0, then br < ar, e.g., since -2 < -1 and - .3 < 0, 3 < 6 

The arithmetic (il), geometric (G), and harmonic (H) means of positive numbers 
at, <K arc given by 


A = + • • • + G = 

n 

By means of Cauchy’s inequality 


II 


n Voi 


+ 



(Oifti + ■ • • + Onfen)* ^ (fli* + • • • + 0„' (hi’ + • • • + hn’l 

it can be shown that H ^ G A, equality holding when anti only when Oi/hi = • ■ • 
= an/bn. Cauchy’s inequality is a eonsequence of lingrnnge’s identity 

(fli* + ■ • • "h an’)(hi* + ■ • ■ ~l“ hn’) = (aibi -f" * ■ "h Owh,,)’ + [(ai52 — OahP’ 

+ • • • + (aih« — Onhil’ + (a^ s— ajhj)* + • • • + (o2h» ~ aj)i)* + • • • + 

(o„_,6„ - o„5„_,)’] 

holding for any a’a and 6’s. The bracketed expression is never negative. 

1.22. Absolute Value (Numerical Value, Modulus) of a Real Number. The 
absolute value H of a real number r is equal to r if r ^ 0 and to — r if r < 0. Thus 
|21 = 1 —21 = 2. On the line of Kig. 1.12, |rl is the undirected distance between 0 
and R. 

Properties of Irl. 1. Irl ^ 0. 2. Irs] = Irllij. 3. Hrj — 1«11 ^ Ir ± *1 ^ [rj + Isj. 

If a and 6 are fixed real numbers and x a variable real number. |i — o| $ 6 means 
that —b^x—a^b, or that a— b^x^a + b, and com ersely. The totality 
of such values of x is said to form a closeil interval with end points a — b and o + 6. 
The interval is open if < replaces ^ throughout. 

1.23. Continuity of the Real Numbers. In contrast to the rational numbers, the 
real numbers are gapless. This important properly may be formulated as follows: 
If Oi < 02 < oa < ■ ■ • , but o. < A for i = 1, 2, 3, • • • and some fixed A, then 
there is a unique number b ^ A such that o, $ 6 for f = 1, 2, 3, ■ • • but c < b 
implies that c < o, for some value of i. The number b is called the least upper bound 
or supremum of the family of numbers o., i = 1, 2, 3, • • ■ . 

1.24. Decimal Representation of the Real Numbers. It follows from 1.23 that, 
for example, the rational numbers 3, 3.1, 3.14, 3.141, 3.1415, 3.14159, • ■ • have 
associated with them a unique number b which is not leas than any of them and not 
greater than any number that is not less than any of them. The number 6, of course, 
could be TT for this example. Any decimal d„d»_i ■ ■ ■ dido . d_id_ 2 d_i • • • , where 
each d is a digit (one of the integers 0, 1, • • • , 9) represents a real number, and every 
real number has such an expansion. If, from some position on, each digit is 9, the last 
digit that differs from 9 may be increased by 1. Thus 0.0279999 • • • = 0.028. 

Remark; The decimal representation for r will repeat if end only if r is rational 
(see 4.42). 

1.3. Operations with the Real Numbers. The following rules hold. For defini- 
tions and proofs, see a text on the theory of functions of a real variable. 
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1. Addition and /Subtraction. 

a + b — b + a a + (b + c) (a + b) + e 
a + 0 = a a + (-a) = o - o - 0 

2. Multiplication and Division. 

ab “ ba a(bc) = (o6)c 
l-a=a a-- = l (ifo?«0) 


Important : a ■ 

is not defined. 

3. Fractions. 


a(b + c) = ab + ac 

a(—b) = (—a)b = —ab (—a)(—b) = ab 
= 0; ab = 0 implies that either a = 0 or b •= 0. Division by zero 


o I c _ 
b / d 


a d 
b c 


" b '“b 
ad 


a c 
b"d 


ac 

bd 


(“Invert the divisor and multiply.”) 


a b _ g + b 

c c c 


a + - 


oc b 
c c 


o r + b 
c 


a c _ ad be _ ad -t- be 

h '^d ~ bd'^bd ~ 


bd 


—a 

b 


a 

-b 


-b \ b/ b 


4. Exponents and Radicals. 

or • a« >= or+e 
orbr = (ab)" 


(o”)' 


o» 


a-r = — 


aP = \/a 


£ i 

OP = (a®)? 


o” = 1 (except possibly when o = 0) 

Example. 3-« = H (-27)H = ^27 = -3 

= (16’)» = (4«)14 = 4« = 4» » 64 


Caution ; If o < 0, a*" is not a real number unless p is an odd integer (sec 5.7). 


Kadicals are generally best managed with fractional exponents, except possibly 
for square and cube roots. Square roots can occasionally be eliminated from a 
denominator (or numerator). 

b + Vc a(b + v/cj 
b + Vc b T Vc b* — c 


1.41. Constants, Variables, Functions. Typical problems in meteorology and 
other natural sciences seek relations between numbers that measure the magnitudes 
of physical quantities. For the purposes of a particular problem, a magnitude whose 
variation is known (or assumed) to be negligible is called a constant, e.g., the mass 
of a shell during its flight, the density of an incompressible fluid. Other magnitudes 
are called variables. Generally, though by no means always, letters from the second 
half of the alphabet denote variables and those from the first half denote constants. 

The possible values of a variable, which together form its range, are often thought 
to be continuously distributed in much the same way as points are distributed on a 
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line. At the same time, the range is frequently limited, e.g., relative humidity in 
per cent can be any number between 0 and 100. 

Let X and y be two variables and suppose that, whenever a value for x is given, a 
value (or values) for y can be found. Under these circumstances, the [dependent) 
variable y is said to be a function of the [independent) variable x, and we write y = 
f[x), saying “y equals/ of 

Caution: 1. It is not implied that there is necess.irily any “causal” connection 
between x and y. 2. It is not necessary for y to have different values for different 
values of x. 3. /[x) does not mean a number/ times a number x;/ miiy be thought of 
as an operation that yields y when applied to x. 

Let y = f[x) and suppose that the value a of x is given, so that a value, say, 6, 
can be found for y. This is expressed by writing 6 = /(a) ; thus /(a) denotes the value 
found for y when x = a. f[x) is tmgle-valued or multi ple-mhied according as the rule/ 
applied to a yields just one f[a) for every a or yields more than one value for some o; 
unless otherwise stated, all functions are assumed to be siugh^valued. 

The operation/ for finding y when x is known commonly consists in (1) making a 
prescribed measurement, (2) calculating from a prescribed formula, or (3) estimating 
or measuring the ordinate on a given graph. 

Example. 1. Temperature T (“F) is a function /f/) of time / (hr): 


t 

6 


8 

9 





14 

T 

35 


36 

38 





50 


so that/(9) = 38, /(13) = 51, etc. 

2. /(*) = 3x* - fix + 2, so that/(-2) = 3(-2)2 - 5(-2) + 2 = 24, etc. 

3. In place of the discrete observations of 1, a thermograph would record a smooth 
curve or graph (see Fig. 1.42), the abscissae and ordiiiales of whose points [t,T) give 
the times t and temperatures T simultaneously observed. 



Fio. 1.42. 

The heavy points alone come from the table. The broken line is put in to carry 
the eye along, and may or may not be an appropriate representation of the actual 
behavior of [t, T) between the heavy points. A thermograph .night give the dotted 
curve. If a graph is expected later to accommodate further data, spare for the addi- 
tional points should be allowed at the outset. 









128 


meteorological mathematics and calculations 


[See. U 


A variable y is said to be a function /(xi, • • • , x«) of several variables xi, * 2 , • • • i 
Xn if, whenever a value is given for each of the variables Xi, • • • , Xn, a value for y can 
be found. The foregoing remarks apply. 

1.42. Graphical Representation of V = /(z). Asdescribedin 1.12and 1.13, zand y 
may each be represented on a line, and y = f(x) will give, for points a on the x-axis 
(line), points /(o) on the p-axis. Place these axes at right angles in a plane; their 
point of intersection is called the origin. The axis of the independent (dependent) 
variable, here x(y), is usually horizontal (vertical) with the abscissa x {ordinate y) 
increasing to the right (upward). The number pair {x,y) then corresponds uniquely 
to a point P found by measuring off the abscissa z (always the first of the number 
pair) to get a point on the z-axis, there erecting a perpendicular to the z-axis, and then 
measuring off on this perpendicular the ordinate y. Only the relevant parts of the 
axes usually appear. On them the unit of measure (scale) may be adjusted hi permit 
an effeetive display of the data. The table {t,T) above gives the adjoining graph 
(Fig. 1.42). 

1.6. Mathematical Induction. Given, for caeh positive integer n, a proposition 
Pn; to show that Pn is true for each sufficiently large value of n. 

Step 1. Verify P* for some specific value q of n. 

Step 2. Prove that P» (or, occasionally, P, and P,+i and • ■ ■ and P„) implies 
Pn+i whenever n ^ g. 

Gonclusion. Pn is true whenever n'^ q. 

Ordinarily g = 0, 1, 2, 3 or some other small integer. Steps 1 and 2 are both 
necessary. A proof proceeding in precisely this manner is a proof by mathematical 
induction (no connection with empirical induction). Such proofs occupy a basic 
position in mathematical literature. 

Example,. liCtPnbc En'. 1’ + 2' + • • • + n* = n(n + l){2n + l)/6. 

Step 1. El is 1* ■” 1(1 + 1)(2 + l)/6, which is true. 

Step 2. Add (n + 1)* to each side of A'* and simplify the right member. Since 
the resulting equation is A'n+i, we see that implies A'„+i whenever n ^ 1. 

Conclusion. A'„ is true for n ^ 1. 

1.6. Necessary and Sufficient Conditions. Let P and Q be two propositions, and 
suppose that P implies Q (i.c., if P is true, then Q is true). Then (the truth of) P 
is a sufficient condition for (the truth of) Q ("Q if P”), and (the truth of) Q is a neces- 
sary condition for (the truth of) P (“P only if Q”). Q is a necessary and sufficient 
condition for P (“Q if and only if P") thus means that P implies Q and Q implies P, 
and thus any proposition E which implies (is implied by) either implies (is implied 
by) the other; P and Q are then equivalent (logically). Let o, 6, c be the sides of a 
triangle. A, B, C the opposite angles. In order that o® = 6* + c®, it is necessary, 
but not sufficient, that a> 6; it is sufficient, but not necessary, that a = 5, 6 = 4, 
c = 3; it is necessary and sufficient that A = 90 deg. The converse of “If P, then 
Q" is “If Q, then P,” and “P is equivalent to Q” may therefore be stated "P implies 
Q, and conversely.” 

2. COMPUTATION 

2.1. Symbols of Aggregation. Parentheses ( ), brackets [ ], and braces | } 

group into a single term the entire expression they surround. The vinculum 

(now rare) and the fraction bar / or — group into a single term the entire expression 
below either symbol or above the bar. The sign appearing before an aggregated sum 
is to be distributed to each term of the aggregate expression. 

Example. 2 + [3 - (5 - 7)1 = 2_+ 13 - (-2)] = 2+13+2] = 2+ 5= 7 
— lo + 6 — c| = — o — b — c = —a — b — (— r) = c — a — 6 
_ ^ ~ 2 ^ — z + 2 _ z — 2 
z— 3 “ z — 3 z+3 
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Caiitioii: Exponents apply to precisely the terms indicated by the symbols; they 
are not to be distributed to the terms of an aggregated sum, e.g., 2®* is twiee **, while 
(2a:)* ■= 2*®* — 8a:®, Supercaution: i 6^* ^ o ± 6 unless p " 1 (see 4,6), 

By convention, signs of aggregation are frequently omitted when no confusion 
can arise, e.g., a + (6c) = o + 6c. Generally speaking, + and — separate more 
strongly (bind more weakly) than • (or X) and -i-, so that the latter operations should 
be performed first; thus a + be means “multiply 6 and c and add a to the result,” 


e.g., „ + 6 c = o + ^ = ^ ^ ? 4 ^ 

c c c c c 


n -I- c -j 6 4- c 


Caution: The fraction bar binds Ihe enlue numerator into a single term and the 
entire denominator into a single term, 

^2+3_ 5,, 2 + 3^ 3 

* ® ’ 2 - 8 ~ 6’ 2 - 8 ^ ” I' 

2.2, Change of UnitB. If (u) and (11') are two units for measuring the same 
physical quantity, a constant k will be known such that l(u) - k{u'). 1 m = 100 cm 

= 0.001 km = 3.281 ft = 0.0006214 mile. Thtis g(«) = gk(u') = ?'(«')> wher<‘ g' =■ gk. 

Example. To change Ib/in.® to kg/cm*, given that 1 lb = 0.4536 kg and 1 in. = 
2.540 cm. 

1 =00 JlL = 1 Kog 0-4536 k g 1^32 X 0.4536 Jcg 
in.® (2.540 cm)® “ (2.540)® cm® 


To change cm (to m) to ft: 21.03cm = 21.03 m/100 = 0.2103m = 0.2103 (3.281 ft) 
= 0.2103 X 3.281 ft. Ijcarn the process; the formula is too easily inverted in memory 
and in application. 

2.31. Scientific Notation, Significant Figures, and Relative Error. In computing 
with real numbers, we express each number as a decimal that is broken off at a certain 
position, thus tisually introducing an error. In expressing x for theoretical purposes, 
one writes x = 3.1415, giving the digits correctly as far as they go. 'I'his expression 
gives the left end point of the interval from 3.1415 to 3.1416 in wlueli x lies. Although 
the last recorded digit (5) is correct, the error x — 3.1415 may (and here does) amount 
to almost as much as 0.0001, i.e., to 1 in the last digit rec-orded. Practical notation, 
to which we adhere, is different. A decimal is to be broken off so as to give the 
midpoint of an interval. The last digit may be incorrect, but the error is at most 
half a unit in the last position. Since x = 3.141.592+, we write x = 3.1416 (to four 
decimal jilaces), meaning that 3.14155 ^ x < 3.14165. A decimal n expanded to g 
places (7 = 3 for thousandths, g = —2 for hundreds, etc.) thus carries a notatiomil 
error of 0.5 • 10"’ = An (say “delta n”). 

Rule for Rounding Off: If the leftmost discarded digit is 5 or more, increase by 1 
the last digit retained. To three decimal places, x = 3.142 (Ax = 0.5 • 10~®) : to two, 
X = 3.14 (Ax = 0.5 ■ 10“*). Caution: Round off to the desired levl in one step; to 
two places, 7.36495 = 7.36, while repeated roundings off give the false result 7.37. 
Some authorities refine the above rule, when the leftmost discarded digit is 5 followed 
by zeros only, to make the last retained digit even: to 0 places, 31.50 and 32.50 both 
become 32. 

Given n, there is a number n*, 1 ^ n* < 10, and an integer p„ such that n = 
n* • lOs., expressing n in scientific notation. 

The factor lOe* merely locates the decimal point. Rule: Multiplying by 10 moves 
the decimal point one place to the right; multiplying by 10“® {i.e., -s- 10) moves the 
decimal point one place to the left. 
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ITie number n* has no name but could well be called the significant part of n. 
Its digits (if it is carried to — 1 decimal places) are said to be the significant 
figures (or digits) of n. Thus An* = 0.5 • lO”-^"'*'* and An = 0.5 ■ 10’’»“'^»+'. 

Example. It is known of the gas constant R ergs per mole deg that 83145000 < 
K< 83155000. HereZe* = 8.315 ,/b = 4,pji = 7, « = 8.315 X lO’f. For the Boltz- 
mann constant k = 1.37 X 10”“ erg per mole deg, k* = 1.37, /» = 3, p* = —16. At 
40°^ latitude, to three significant figures, the acceleration of gravity is ([ = 9.80 X 
10® cm per sec®. Caution: Be sure to include final significant ciphers in n*; g = 9.8 
X 10® would give only two significant figures. 

In speaking of order of magnitude, one says that n is "of the order of” 10»« (or of 
the order d X lOe., where d is the integral part of n*), and An is of the order of 

The error An in a measurement, which experimental care seeks to minimize, can 
usually be given precisely to one significant figure, but rarely to more. If a measure- 
ment produces a decimal n', then we can say of the unknown “true” value n only that 
n' — An ^ n ^ n' + An; this is often expressed by writing n = n' ± An, e.g., the 
(average) density of the earth is p = 5.517 ± 0.004 grams per cm®, meaning 5.513 
^ p ^ 5.521. Since it would be inconvenient to compute with such an expression 
as n' + An, one wishes to write n = n'. This raises the question of how to choose n' 
so that its notatioual accuracy may most closely represent the accuracy of the measure- 
ment. The most conservative u.sagc (no usage is unanimous) puts An' = 0.5 • 10”« 
if 0.5 • ]0"«”® < An ^ 0.5 • 10”«. However, the (f -b ])th di'cimal place of n' is 
often recorded in such a waj' as to place n' as close as possible to the midpoint of the 
shortest interval within which n is known to lie, i.e , to give a best available estimate 
of the “correct” (q 4- l)th place. Thus, to say that the density of the earth is 
p' = 5.52 conveys the erroneous impression that 5.615 ^ p < 5.525, and the approxi- 
mation 5.517 is ordinarily used. 

The statement n = n' ± An is sometimes interpreted to mean that n has the 
average or mean value n' and the probable error An (see 11 24). 

The (maximum) nlaltve error in « is hnln. Thus 

An ^ 0 5 10«’»-^-+* 1 

n n* ■ lorn “ 2 ■ n* ■ lO-'-”' 

Note that n* ■ 10^ is always an integer consisting of precisely the significant figures 
of n, and that the sign of An is chosen, conventionally, so that An/n > 0. 

Example AR/R = 1/(2 • 8,315), or one half part in 8,315; dk/k = 1/(2 • 137), or 
one half part in 137. 

When expressed as a percentage, An/n is called percentage error. Thus the 
’ percentage error in k is slightly less than 0.4 per cent. 

The fact that 1 ^ n* < 10 implies that An/n $ 1/(2- lO-'"”*). 

Thus a knowledge of the number of significant figures, disregarding their values, 
gives for the relative error a crude estimate that is frequently adequate for practical 
purposes. Conversely, suppose we know (1) that An/n $ 1/(2 • nj • 10®”®), where 1 
^ ni < lOandgis an integernotless than 1, and (2) that An/nmay exceed 1/(2 • 10»), 
BO that the given estimate cannot be improved (except possibly by establishing it for a 
larger n\ < 10). Two rases are possible. If n* $ ni, then An/n ^ 1/(2 • ni • 10»”®) 
^ 1/(2 • n* • 10»~®),andwe are justified in carrying n to /» = g significant figures. On 
the other hand, if ni < n*, then our estimate for the relative error does not imply that 
An/n ^ 1/(2 . n* • 10®”®) but does imply that An/n ^ 1/(2 ■ n* - 10“”*®”®); whence 
only/n ” g — 1 figures in n may be given with genuine assurance. It often happens. 
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however, that the origin of n {e.g., as a product or quotient) guarantees that its jrth 
computed figure is a best available estimate of the correct gth figure and so may 
appropriately be recorded. This connection between An/n and fn accounts for the 
interest accorded to fn in computation. 

As a practical gauge of the reliability of a measurement, An/n is alninst always 
preferable to An. An/n relates the size of the error to the size of the quantity meas- 
ured, indicating, for example, that an error of 1 in. could possibly be tolerated in 
measuring a mile, but not in measuring 1 cm. Again, if a unit u' replaces u, !(«) = 
h{u'), then An' /n' = An/n, in any system of units within the limits of multiplicative 
error (sec 2.32), An/n is thus given by the same number, and hence n may be given to 
the same number of significant figures. 

2.32. Significant Figures in Computation. A result computed from numerical 
data depends for its accuracy on the accuracy of the data and on the extent to which 
the particular computation prc.scrves this accuracy. It m I'xcctxlingly laborious to 
carry along a large number of digits at each stage of a computation, particularly when 
tables are used. It is misleading to <,uote a result with an accuracy beyond that 
warranted by the data and their treatnicnl. Itotli torpor and integrity thus suggest 
a preliminary estimate of the relative error of the result in terms of the relative errors 
in the data. 

The computer must be aware of the accuracy of hi" data. A carefully written dis- 
cus.sion will contain a statement of the error conventio» that is usi'd in it. ihiless the 
contrary is explicitly stated, conservative practical notation permits a computer to 
assume that the data he is given are so expressed that, if n = n* ■ 10>'n in scientific, 
notation and n* has /„ significant digits, then 0.5 • < An $ 0.5 • 10”" 

In addition (positive terms), errors add: A(x + y -|- • • • + z) = A® -|- Ay 
• • • -|- Az. Also, the relative error in a sum cannot exceed the greatest relative 
error in the summands; it is often very mueh leas, e.g., 3,131.7 + 0.0002 = 3,131.7, 
with a relative error less than 1 /60,000, although the relative error in 0.0002 is 

Recommifided Procedure. Settle each case on its merits according to the principle 
that a doubtful figure in a column renders the whole column doubtful. More pre- 
cisely, select .a summand » that is carriixl to the least number q of decimal places, f.c., 
has the greatest e'rror As = 0.5 • 10“«: round off each summand to q decimal places 
(or preferably one or two more, if they are available, to avoid influencing the last 
figure of the result by an accumulation of small errors); the result should be rounded 
off to q places, or possibly fewer, according as the sum of all the errors is not or is 
greater than A«. 

Example. 

1.00957 1.0096 

21.35 becomes 21.35 

0.095412 0.09M 

22.46 

Although A(x — y) = Ai -|- Aj/ (-1- to get the maximum error on the right), there 
is no similar “rule” for subtraction. Tlius 34,152 — 34,151 could be an.ything 
between 0 and 2 and assuredly carries a large relative error. When possible, experi- 
ment and computation should be arrangeil beforehand so as to avoid anticipated 
subtractions of numbers close to each other. 

In other cases, an estimate of An and An/n is most easily found with the aid of 
calculus. The differential dn is an approximation to An whose reliability varies, in a 
rough way, inversely as the size of the second derivative. Thus dlx”) = px* dx 
and d(a:*‘)/xe = p dx/x, so that the error Afxc) in x^ is approxima ■ ely piC" * times the 
error Ax in x, while the relative error A(xe)/xr is approximately p times the relative 
error Ax/x in x. 
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I’roducts and quotients (of positive quantities) are controlled by the approximate 
equation = A®/* + ^y/y (+ on right to get maximum relative error) 

By the inequalities 3 of 1.22, the relative error of the result is not greater than the sum 
(and not less than the difference) of the relative errors of the factors. 

Rule for xy^ Let /, and f, denote the number of significant figures in x and y. 
If ft < fy (or fy < /r), round off y (or x, etc.) to y' with = /i +1. Carry xy' 
(or xjy') to /r + 1 significant figures and then round it off to ft figures. Ordinarily 
only the first ft — \ figures are assuredly correct, but the /ith figure computed in this 
manner is the best available estimate of the correct /,th figure. 

Caution : When several multiplications or divisions arc performed, relative errors 
odd; the "rule” quickly becomes unreliable. 

When only a certain number of significant figures is desired in the result, mul- 
tiplication and division can be substantially abbreviated by the following arrange- 
ments of the work: 


W = (4.3 1 8 X 10^) (8.7 6 2 X 1 O"*) 

4.3 1 8 X 1 
_8.^6 2 X 1 0-* 

3 4 5 4 4 MULTIPLICATION 

3023 - 
259 • • 

9 • • • 

W = 3 7.8 4 X 10* = 3.7 8 4 X 10» 

Use the digits of the multiplier from left to right. After finishing one line, start 
the right end of the succeeding line one place farther to the right. Hound off, actually 
writing down for final addition only one more place than the number of places desired 
correct. 


W = (3.784 X 10») -5- (8.762 X 1 0-») = (3.784 + 8.7 6 2) >^10‘ 

8.7 6 2 1 3.7 8 4 1 .4 
3505 

8^61 279|3 

DIVISION 

88 | 1 6 1 1 
_9 

9 ! 7 I 8 

W = 0.4 3 1 8 X 1 0‘ = 4.3 1 8 X 1 0‘ 

Round off at each step in divisor and its product by digits of quotient. 

2 . 33 . The Bedmal Point. As indicated in the preceding examples, the decimal 
point is best located by means of scientific notation. The powers of 10 are easily 
managed, and there is little difficulty with products and quotients of numbers lying 
between 1 and 10. 

Example. 0.008312 X 21.35 = (8.312 X 10-')(2.135 X 10) = (17.75) X 10"* = 
1.775 X 10-'. 11,300 -5- 0.00215 =■ (1.13 X 10*) + (2.15 X lO"*) = (1.13 -5- 2.15) 
X 10’ = 0.526 X 10’ = 5.26 X 10*. 

2 . 4 . Logarithms. If b is any positive number different from 1, and n is any posi- 
tive number, then a number / can be computed such that b' = n. I is called the 
logarithm of » to tlie base b: 1 » log» n. Being exponents, logarithms obey the rules 
for exponents. 



See. ni 


COMPUTATION 


133 


log! pg = logi p + logk q logb pi = g logb p 

logb 1=0 logb 6 = 1 for any b 

If 6 > 1, logb n > 0 or <0 according as n > 1 or <1 

Only two numbers are in practical use as bases for logarithms. Logarithms to 
the base 10 are called common logarithnu and written log (no base indicated). IjOga^ 
rithms to the base e = 2.71828 • ■ • are called ncUmal (Napierian, hyperbolic) 
logarUhma, and written log, or (here) In (technical practice, not unanimous). 

2.41. Common Logarithms. Ifl ^ n ^ 10, then 0 ^ logn ^ 1. The logarithms 
of numbers between 1 and 10 have been tabulated. (For errors, interpolation, etc., 
see 2.5.) For example, log 4.15 = .6590 (i.c . 4.56 = 10 “*“). If » < 1 or 10 < n, 
use scientific notation: n = n* • 10’’' 1 ^ < 10, p« an integer. Then log n = 

log n* + log lOc*. Log n* may be ioimd from the tables and is called the mantism 
of log n. Log lO”. = Pn is called the characlerigtie of log n. In going from log n to n, 
if log n is not between 0 and 1, write log n = log n* + Pn, where p, is an integer and 
0 $ log n* < 1. Then n* may he l«’und from the tables, and n = n* • 10c». For 
example, log 45,600 = log (4.56 X 10‘) = .6590 + 4 = 4.6590. If log n = 4.6590 = 
.6590 + 4, then n* = 4..56 and n = 4.56 X 10* = 45,600. If log n = —2.3410 = 
.6.590 — 3, then n* = 4.56 and n = 4..56 X 10~*. A negative characteristic is some- 
times written before the mantissa with a superscript minus sign ; such a sign applies 
only to the characteristic: log (4.56 X 10“*) = .6590 — 3 = 3.C590. 

In the course of a computation, the mantissa ina\ Ihrcalcii to Ix'come negative, 
or a (negative) characteristic to hccomc fractional; each emergency can and should be 
avoided, as indicated in the following examples: 

MuUiplicalion. n = .000796 X 8740 = (7.96 X 10“*) (8.74 X 10') 

log 7.96 X 10“* .9009 - 4 

log 8.74 X 10* .9415 -|- 3 

(Adding) 1.8424 - 1 

log n = .8424, n = 6.957 

Diviftion, n — 796 -e .00874 = (7.96 X 10*) -e (8.74 X 10 *) 


log 7.96 X 10* 1.9009 + 1 

log 8.74 X 10“* ^15 -3 

(Subtracting) .9584 + 4 

log n = .9584 + 4 
n = 9.09 X 10* = 90,900 


Here the mantissa would be nega'ive after subtraction if the precaution had not been 
taken of writing 1 .9009 + 1 instead of .9009 + 2. i k q 

Exponentiation, n = (.00874)'^. Here we wish to divide log 00874 = 941.5 - 3 
bv 5 and the characteristic threatens to become the fraction H- V\nte log .00874 
= 2.9415 - 5 (or 7.9415 - 10 or 27.9415 - 30, etc.), so that the characteristic is 
exactly divisible by 5. Then log n = (2 9415 5)/5 = .5883 1, n = 3.88 X 10 

= .388. 


2.42. Natural Logarithms. Write n = n* ■ fC", 1 S n* < c, p, an integer, the 
latter determined by a table of integral powers of c. Mantissas range from 0 to 1 
and are found in tables. Characteristics are interpreted as integral powers of e, 
e.g., n = 2.37 X 3.51, In n = In 2.37 + In 3.51 = .8629 + 1.2256 = 2.0885 = In 
8.05, n = 8.05. 

It is often simpler to go over to logs for actual computation. This may be done by 
means of the equations log x = .4342943 ■ In i. In i = 2.3025851 • log x. 

2.6. Tabular Work and Interpolation. Besides the tables given elsewhere in this 
volume, there are tables of squares, square roots, powers (which, used inversely , 
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give % powers), cubes, areas and volumes of spheres, unit conversions, etc. Generally 
speaking, any function whoso values are needed frequently has been tabulated. 
Logarithms are available to 16 places, though empirical data justif 3 dng their use are 
rare. 

Many excellent tables of the elementary functions have recently been produced 
by the Work Projects Administration (City of New i'ork). Less common functions 
are tabulated in the “Funktionentafeln” of Jahnkc and Emde, which also contains 
many useful graphs and a bibliography (to 1933) on numerical, graphical, and mechan- 
ical computation. 

A table for the function j/ = log i appears in part as follows; 



0 

1 

2 

3 

7 0 

8451 

8457 

' 8463 

8470 

7 1 

8513 

8519 

8525 

8531 

7 2 

8573 

8579 

8.585 

8591 


Here, as in many tables, the absent decimal points are to be supplied. 

Caution: Examine carefully a fable nhose use is contemplated for conventional 
notation of this sort, usually I'xplaincd at the head of the table, (.ff., the initial 8 in the 
tabular entries might be given only once. 

From the table, we sec that log 7.11 =» .8519. This is understood to mean that, 
to four decimal places, i.e., to within .5 X 10"^ the log of the (precise) number 
7.11000 • ■ • is .8519; it could, of course, be computed to any required accuracy. 
N.B. Absolute error and (knmal-place accuracy are involved in tabular work. In 
practice, we are likely to know instead that, to two decimal places, » = 7.11. It is 
then absurd to compute log x to more than a certain number of places. It is shown in 
calculus that, for any function y = /(i), the error Ay in y when x has the value a is 
approximately dy = f'(a)Ax, where f'{a) is the value when i = o of the derivative 
of y with r<>spcct to x. Roughly, when y is changing rapidly (.slowly) per unit idiangc 
in X, the tabiilat(*d (coniputcil) value of y is propi’rly given to fewer (more) places 
than the given value of x. For log x, it can be shouii that dy = AZ^29Ax/x, which 
decreases as x increases In our example, putting a: = 7.11, Ax = .005, we find 
Ay = .3 X 10“', so that y may properly be given to three decimal places. The 
fourth place given in the table may be assumed to be chosen in accordance with the 
convention explained in 2.31. 

Suppose now that, to three decimals, x = 7.114. 

log 7110 = .8519 
log 7.114 = .85?? 
log 7.120 = .8525 

While X runs from 10 to 20 in the last two places, a jump of 10, log x runs from 19 to 25, 
a jump of 6. Assuming that the jump in y is uniformly distributed, each unit jump 
in X would contribute .1 of the total jump, or .6. Four jumps in x will contribute 
4 X .6 or 2.4, giving log 7.114 = .8.5214 = .8521. This particular process for finding 
values of /(x) for values of x between those given in the table is called linear interpola- 
tion. Further illustration, from trigonometry; 

cos 51.70'* .6198 

cos 51.76'* .61?? 

cos 51.80'* .6184 
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Here the cosine jumps down 14 while the angle jumps up 10. A jump of 6 up in the 
angle will hence give a jump of 6 X 1.4 = 8 down m the cosine, yielding cos 51.76° 
= .6190^ alternatively, a jump of 4 down (from 51.80°) in the angle will give a jump 
of 4 X 1.4 = 6 up (from .6184) in the cosine, yielding the same result. 

Inverse interpolation goes the other way, c.jy., eos .51.7? = .6195. Her. the cosine 
jumps down 3; 2 jumps of 1.4 give a jump of 2.8, which is as close to 3 as an integral 
number of jumps of 1.4 can get. Hence cos 51.72° = .6195. 

Recommendations. Master the process rather than try to learn a “rule.” Be 
sure to follow the direction (increase or decrease) of the table. In moat simple cases, 
interpolation can be performed mentally; this is expedited by the “tabular differences” 
and small tables of “proportional parts” which often accompany tables. 

Thus the table of logarithms from which the above excerpt was taken amounts 
to a schema from which, by interpolation, a number given to three decimal place* 
determines its logarithm to four places (last place best est' natc), while a log given to 
four decimal places determines a number to three decimal places. This conveys the 
maximum consistent information in the minimum space, which is the object of the 
table. A table giving five-place log« for tliree-placc values of x allows the deter- 
mination, by interpolation, of the logs of numbers given to four places, and so on. 

The assumption, in linear iiiteriKiIation, that the jump in y is uniformly dis- 
tributed over the jump in x usually introduces an error. In most tables encountered 
in elementary practice, except possibly at an exlnunity of the table, this error 
rarely amounts to more than 1 in the last decimal jilnce to which the table is carried. 
Roughly speaking, this error will be large or small according as the curve y — f(x) 
is bending rapidly or slowly at the point in question (st'e 8 4); unusiwlly large tabular 
differences warn against reckless interpolation (r.g., tor log x nc'ar x = 1; tor tan x 
near x = 90°). If investigation (perhaps via calculus) discloses that linear interpola- 
tion is unreliable, more refined formulas are available INewton-Oregory (14.]4)J; 
or the desired value may be computed directly, eg, wulh s(>ries. V'arious texts* 
should be consulted on those and allietl questions. 

2.6. Graphical and Mechanical Aids. Physical data may be presented lor use in 
graphical form (see Sec. I). 



Contour charts are useful in dealing with several variables. The isobars on a 
weather map are lines of equal pressure (level jircssure curves, pr< 'sun contour lines). 
The familiar piMiiagram in thermodyn.-imic8 usually carried curves along which tem- 
perature is constant. It often has also another family, the isentropes, along any 
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one of whieh entropy is constant. For a contour chart used in fog prediction, see 
See. V. Principle. When the values of two variables are known, one or more 
values for the other may be read off the chart. 

Computation from a formula may be permanently embodied in a graph, with 
accuracy to two and often three figures. In Fig. 2.61>, the graduations for the two 
variables have been entered on opposite sides of the same line. Since distances 
between graduations are proportional to differences between labels, these scales (for 
degrees centigrade and Fahrenheit) arc called uniform. 



Fig. 2.0l>. 


Always indicate, with units, the quantity whose values arc given by the labels 
on a scale. 

Nonuniform Scales. Kven in case y = /(*) is not linear, representation on one 
line is possible for a range of values of x within which no value of y occurs more than 
once. Using chosen values a of x, compute /(o), getting a table of values. On the 
line, choose a fixed origin O and a fixed length m, called the modulus of the scale. 
Changing the sign of m changes the direction of the scale. Choose m so as to accom- 
modate the desired range of values of f(x) in the length available. Thus, if f ranges 
from —1.5 to 140, and 8 in. are available, take m = 8/[140 — ( — 15)] = 0.05 approxi- 
mately, i.e., 0.5 in. for a jump of 10 in/(a!). Prom 0, measure off mf(a), and assign 
the label a to the point so obtained. For y = log *, with m = 10 cm, we get the 
logarithmic scale. 

I 2 3 45678910 

— ..I— ■ I 1 1 I I I .1.1, , 

Fig. 2.6c. 

Semilogarilhmic graph paper has one uniform scale and one logarithmic, at right 
angles. If y = od", then log y = log a + bx log e and the graph on semilog paper 
is a straight line. 

Logarithmic graph paper has two logarithmic scales at right angles. If y = ajfi, 
then log y = log o -|- 6 log x, and the graph on log paper is a straight line. 

Slide It till . Two logarithmic scales slide along each other in such a way that seg- 
ments (logs) may be added, and hence multiplications and divisions may be performed. 
Most rules also contain other scales for other computations. Depending on the 
size and quality of the rule and the part of the rule used, accuracy varies from three to 
five significant figures. Full directions i-ome with each instrument. Though 
desirable, knowledge of logarithms is not necessary. Special slide rules may be 
constructed for special purposes. 

Other Instruments. Besides the familiar adding machine, there are machines for 
multiplying and dividing (and extracting simple roots), solving systems of linear 
equations, solving an algebraic equation, finding the coefficients of a Fourier series 
(harmonic analyzer), measuring areas {i.e., integrating), etc. Information may be 
secured from the manufacturers. Machines for the more elaborate problems are often 
expensive and require highly trained operators. 

2.7. Alignment charts (nomograms or nomographic charts) are widely used. 
Scales are so graduated and so placed that a ruler or taut thread laid across the scales 
will cut them in a set of values that satisfy a given equation. The validity of a 
nomogram usually depends on similarity of triangles. To supplement the following 
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remarks, see refs. 2 and 3. An interesting nomogram connecting barometric pressure, 
absolute and relative humidity, dew point, and several temperatures occurs in ref. 4. 

Many common nomograms treat equations of the form f(u) + g(v) = h(ie). 
Draw two parallel lines X, m usually vertical, at opposite edges of the available space. 
On them construct the respective scales x = lf(u) and y = mg{v), choosing the moduli 
I and m BO as to stay on the available lengths. Draw a line p parallel to X and it and 
so placed that its respective distances from these lines arc in the ratio l/m. Let the 
points P and Q, labeled u = a, v = b, he joined by a line a cutting v in a point R. 
Find c such that f(a) + g(b) = h(c), and give B the label c. Let n = lm/(l + m). 
Using nft(c) for the point P, put the scale « = nh{w) on the line k, and the chart is 
ready for use. For, let any line /3 cut X, />, nnd v in points P', Q', and R', labeled a', 
V, and c'; by properly equating ratios of appropriate segments, and using the fact 
that PB/RQ = l/m, one may readily verify that /(o') + g(b') = h(c'), as required. 

To treat an equation of the form f(u)g(v) = h(w), take logarithms, and write 
P(u) = log /(u), • ■ ■ , H(w) = log h(w), getting P(u) +(?(») = IHw). Then 
use the preceding process. 

Example, ■= w becomes log u + 1.41 log v = log w. Of course, if f(u) = it 

(or 10“) then the scale for P(u) reduces to a logarithmic scale (or a uniform scale). 

Let the equation f(u) + g(v) + h(w) = <^(f) be given. First construct a nomo- 
gram for 2 = /(ii) + g(v), it being unnecessary to graduate the 2 -scale. Then con- 
struct a nomogram for z + h{w) = 4>(1), using the 2 -scale and a conveniently placed 
u>-scale as the “outside” parallel scales, with the 1-scale properly placed between and 
parallel to them. In graduating the 1-scale, let u — a, v = h, w c, and find d so 
that/(o) -|- g(5) H- h(c) = <l>(,d). The modulus on the 1-scale turns out to be lmn/(,lm 
-f- mn td), if the u, v, w moduli are I, m, n. If two lines intersect at a point on the 
2 -scale, then the u and v values picked out by one line and the w and 1 values picked 
out by the other give a quadruple of values that will satisfy the given equation. 
/(“) + gW = /i(w) -f ^(1) is handled similarly. Proceed similarly, step by step, for 
the sum of a larger number of functions. 

Take logarithms to reduce /(«)g(e)A(w) = <t>(t) or f{u)g{v) = hlw)(t>(J) to the ease 
just described. 

A term of the form !//(«) may be replaced by / i(m) = l//(u). 

In case several scales are being used at once, a key should be included indicating 
which pairs, triples, etc., are to he used together. The equation should always be 
given. In simple eases, this may suffice. 

If it is inconvenient to introduce logarithmic scales in treating f(v) = g(v)h(w), 
one may proceed as follows: At opposite ends of the available space, draw parallel 
X = tf{u) and y = mg(,v) scales, oppositely directed. Draw a line v joining the points 
u = 0 and » = 0 on these scales. On the y-scale, choose a convenient point Q distant 
^fromv = 0. On the a-scale superpose temporarily the auxiliary scale = plh{w)/m. 
To get the ti>-scale on the line r, project this x'-ecale, along with its u>-labels, from the 
point Q on ». This completes the nomogram, as may again be verified by means of 
similar triangles. 

The equation f{u)g(v) = h(,vi) 4 >(t) may be written as = h{w)/g(v). 

This proportionality may be displayed by several different arrangements of the scales, 
and the result is sometimes called a proportionality chart. The moduli mu, ■ • ■ ,mi 
must be proportional: = mw/m^. Often the scales are superposed in pairs, 

u and w together and t and v together, the two lines making any convenient angle 
with each other. 

For an equation of the form /(«) -(- g{v) = h{w)/^{t), or ^(f)/(u) -1- <l>(t)g(,v) “ 
h{w), construct parallel scales x = lf(u) and y = lg(v) in the same or opposite direc- 
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tions according a.s/(u) and g(v) have opposite or like signs. On the line of the u-scale, 
and with the same origin, put a scale z = mh(w). Draw the line, of length K, joining 
the origins of the u- and a-scales. On this line, with n = Km/l, and origin at the 
origin of the it-seale, put a scale 7' = «<^(/)i completing the nomogram. If two parallel 
lines cut the diagram, labels u and a picked out by one and w and t picked out by the 
other will together satisfy the equation. 

3. ELEMENTARY GEOMETRY 

Cotitcs are di^’usaed in 7.31. 

3.1. Definitions. 3.11. Circle. As is the case with many names of curves and 
surfaces, circle can mean, according to context, either the circumference, or the part 

of the plane inside (or insidt' and on) the circum- 
ference. l>et O denote the center. If P is on the 
circumference, the segment OP is a radiws; its length 
r is “the” radius of the circle. If A and B are on the 
circumference, the segment A I? is a chord of C; 
a diameU r if it contains O, as A OP. A chord subtends 
(divides the circumference into) two arcs, a longer 
(shorter) of which is called the major (minor) arc. 
A diameter subtends a semicirrfe. The area between 
a chord and either of its arcs is a segment. A straight 
line that has two (one) points in common with a 
circle is a secant (tangent), e.g., s (t). 

3.12. Angle. Degrees, Radians. Let I bo a line 
through a point Q. Di.scard one of the two halves 
into which Q divides i. The residual half line (including Q) is called a ray issuing 
from Q. Hays r and r' issuing from Q form an angle a whose vertex is Q and whose 
sides arc r and r'. Let C be a circle with center at Q. Then or is a central angle in C. 
Place 360 equally spaced points on the circumference of C. If r and r' pass through 
an adjacent pair of those points, the measure of a is 1 degree (1 ”). The total angle at 
Q is 360° or 1 r< volution. 

In addition to the revolution and the degree, there is one other angular unit in 
common scientific use. In this unit, the radian, the total angle at the center of the 
circle is 2ir. Since the circumference is 2irr, 1 rad is a central angle whose sides have 
between them (intercepl) a shorter arc equal in length to the radius of the circle. 
If s denotes the arc intercepted by an angle of a rad, then s = ra. 1° = tt/ISO rad = 
0.0174.53 rad; 1 rad = 180 /» deg = 57.29.58° = 57°17.7.5'. 

If A, B, C lie in that order on a straight line, the angle ABC (i.e., the angle with 
vertex B and sides passing through A and C) is a straight angle (180°). The left side 
of an angle is that one whicli, by a clockwise rotation about the vertex of not more 
than 180°, can be made to coincide with the other (right) side. A right angle is half a 
straight angle (90°) ; the sides of a right angle are perpendicular (orthogonal) to each 
other. If 0 ^ a < 90°, a is acute; if 90° < a < 180°, a is obtuse. If o -f- 3 = 90°, 
a and are complements of each other; if a (1 = 180°, a and d are supplements of 
each other. If the vertex of an angle is on a circle, and its sides are secants, the angle 
is inscribed in the circle. 

3.13. Polygons. If points A\, At, ■ • • , A„ are given, and, lor i = 1, . • • , 
n — l,thesoginent-4,A,4iis drawn, the result is a broken Ifrac. If An = Ai, the broken 
line is a with f;crftre» A 1 , ■ • • , A„ , and sides A lA!, • • • , An_iAi, the sum 

of whose lengths is the perimeter. A polygon with four sides is a quadrilateral; the 
sides AisA and AjA* are opposilt, as are the other two. A trapezoid (parallelogram) 
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is a quadrilateral with one pair (both pairs) of opposite sides parallel. (Two lines 
in a plane are parallel if they do not meet.) A rhombus is a parallelogram with a pair 
of adjacent sides equal. A rectangle is a parallelogram whose angles are right angles. 
A square is a rectangle with eciual sides. If each vertex of a polygon lies on the cir- 
cumference of a circle, the polygon is inscribed in the circle, which circumscribes the 
polygon. 

8.14. Triangle. A triangle is a polygon with three sides. It is usual to letter the 
vertices with capital letters and the sides opposite the respective vertices with cor- 
responding small letters. It is usually unambiguous to let .4, ■ • • (o, • • • ) stand 
for a vertex (line), or the angle with that 

vertex (segment), or the measure of the angle C 

(length of the side) according to context A 

triangle is isosceles (equilateral) if two (all ^ j \ 

three) aides are equal; the odd side (isosf'eles ccj 

case) is the base. If one angle is a right j j 

angle, the triangle is a right triangle; the svlc ^ / [ 

opposite the right angle is the hypulmvse, and c JB If 

the other sides are legs. A segmint from a 1 ,^,. 3 . 14 . 

vertex to and perpendicular to the opposite 

side is an altitude (h). A segment joining a vertex to the midpoint of the opposite 
side is a median. An angle lietwiH'u ouc side and the t-xtimsion of an adjaci'iit side 
(DBC) is an exterior angle of the triangle; the noiiatlj scent interior angles arc 
its opposite irUctior angUs (A and C). Two triangles whose angles are equal in 
pairs arc similar. 

8.16. Congruence. Two configurations are congruent (or equal) if it is possible 
to move cither rigidly into a position coinciding pri'cisely with that of the other. 
(Corresponding distances, angles, area, volumes, etc., of congruent configurations 
are equal.) 

3.16. Reflections; Symmetry. If O is a given point, the n flection of a point 

P ^ O inO is the point P’ ^ P on the line OP such 

JP 2 that OP ~ OP'. The reflection of P in a line I or 

plain w is the reflection of P in the point O of I or tt 
nearest to P. A configuration that is tr.ansfornied 

jp £ into itself by reflecting each of its points in a point 

O, a line I, or a pl.ane ir is said to be symmtfric about 

O, I, or ir. Thus a circle is syiiiiiietric about its 

center, and about any diameter. 

\ / 3.2. Theorems and Formulas. 3.21. Circle. 

Tlinnigh three ilistinct noncollinear points precisely 
I'Ki. 3.10. oircle can be diawn. A line tlmaigh a point P 

on the circiiinfercncc of a circle C with center O is tangent to C if and only if it is 
perpendicular to OP. If the lines HP and HQ are tangent at P and Q to the same 
circle, then the lengths HP and HQ are equal .V central angle is measured by the 
included arc. An inscribed angle is measurcil by half the included arc and hence is a 


right angle if and only if the includisl arc is a semicircle. 

3.22. Angle. IVo angles are cipial (or supplementary) if their sides are either 
parallel or perpendicular right to right and left to left (or right to left and left to right). 
If / is a line, P a point on I, and Q a point not 011 /, then P is the point on I closest to 
Q, and the distance PQ is the distance betwei'n Q and /, if and only if QP is perpendicu- 
lar to 1. If the angle a has vertex O, a ray inside issuing from 0 bisects « if and only 
if each point of the ray is equidistant from the sides of O. P is on the line that bisects 
a segment AB perpendicularly if and only if AP = PB. 
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5.25. Polygons. Opposite sides and angles of a parallelogram are equal. Each 
diagonal of a parallelogram divides it into a pair of congruent triangles. The diagonals 
of a parallelogram bisect each other, perpendicularly if and only if the parallelogram 
is a rhombus. 

8.34. Triangle, a — b<c<a+h unless the triangle collapses (letters may be 
permuted). Ordered according to magnitude, a, b, c have the same order as A, B, C. 
A triangle is isosceles (equilateral) if and only if two angles (all angles) are equal. 
An exterior angle is the sum of the two opposite interior angles. The sum of the three 
angles of a triangle is 180°. C = 90° if and only if c* = a® + 6® (Pythagoras). The 
three altitudes meet in a point; so do the angle bisectors, the perpendicular biscetors 
of the sides, and the medians, the latter in a point two-thirds of the way from each 
vertex to the opposite side. 

Two triangles are congruent if they have respectively equal two sides and the 
included angle, a side and the two adjacent angles, three sides, or, under certain 
conditions, two sides and the angle opposite one of them. From each of these sets of 
data, then, a triangle may be constructed (see 5.6). 

If two triangles are similar, their sides, altitudes, medians, perimeters, etc., are 
proportional. IVo lines are cut in proportional segments by a family of parallel 
lines. (One of two similar figures is an enlargement of the other, as in photography.) 

3.26. Areas. Circle with radius r, diameter d = 2r, and circ-umference C = 2irr = 
ird has area vr® = ird®/4 = c®/(4ir). 

Circular sector with central angle cC = fi rad and arc « = = jrra/180 has area 

r*/2 = r®d/2 = irr®o(/360. 

Circular Segment. Subtract triangle (vertex at center) from sector. 

Triangle with altitude a' on side a and semiperimeter « = (o + h -(- c)/2 has area 
aa'/2 = ab sin C/2 = t/si* — a)(s — b)(s — r), where sin C = o'/6. 

Trapezoid with parallel sides b and b' distant h apart has area h(b + h’)/2. 

ParaUelogram and redarigle. thus have area bk, and a square of side s has area s®. 

8.3. Constructions (some easier with drawing equipment). To construct the 
perpendicular bisector of a segment AB. With a fixed radius r > AB/2, and A and B 
as centers, describe circular arcs intersecting in P and Q. PQ is the required line. 



" — — ^ 5 

Fia. 3.3. 

. To construct through a given point P a parallel to a given line d. 

Adjust compass so that, with P as center, the arc just touches 1, at Q. With R Q 
on 1 as center and radius PQ, draw an arc, on the same side of i as P ; the tangent from P 
to this arc is the required parallel. Or drop a perpendicular PQ from P on I, and 
construct at P a perpendicular to PQ. 

To drop a perpendiailar from a given point P toa given line 1. (1) PQ is the required 

line, where Q is the point in the preceding construction. (2) If greater precision is 
required, use a longer radius, the arc then cutting / in T and U. The perpendicular 
bisector of TU is the required lino (PQ). 

To erect a perpendicular at a given point P of a given line 1. With P as center and 
any convenient radius, describe an arc cutting i in Q and K. The perpendicular 
bisector of QR is the required line. 
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To bisect an angle a with vertex cU O. Lay oS equal distances OA and OB on the 
sides of a. With A and B as centers and a fixed radius r > AB/2, describe arcs inter- 
secting at C. OC is the required bisector. 

To construct a circle through noncoUinear points ABC, or to find the circle circumscrib- 
ing a triangle ABC, or to find the center of a circular arc ABC (by taking C not on the 
line AB), The perpendicular bisectors oi AB and BC intersect in the center O of the 
required circle. OA is its radius. 

To draw a tangent to a given circle, center O, from an external point A . Let B be the 
midpoint of OA. The circle with center B and radius BO cuts the given circle in the 
points of tangency. 

8.4. Three-dimensional Definitions and Theorems. Two nonparallcl non- 
intersecting lines are skew (to each otherl. Two nonskew lines or a line and a point, 
or three noncoUinear points determine n plane. Two planes are parallel or have a 
line I in common ; in the latter case, the dihedral angle between the planes is the angle 
between two lines, one in each plane, each line perpendicular to 1. Three planes that 
have a point but not a line in coiinnon form a trihedral angle. A solid bojindcd by 
planes is a polyhedron; of these the simplest is a tetrahedron (four planes). A solid 




Parallelepiped 

Fio. 3.4. 



bounded by three pairs of parallel planes is a parallelepiped, which is rectangular if 
the planes intersect at right angles, and a cube if the edges arc of equal length. If F 
is a point on a plane r, a line I through P is normal (perpendicular) to tt if and only if 
it is perpendicular to every line in tt through P. The axis of a circle is a line through 
its center normal to its plane. 

Let C be a curve in a plane ir and I a line in v not cutting C. The surface generated 
by revolving C about i as axis is a surface of revolution, and the solid bounded is a 
solid of revolution. Each point of C traces out a circle with I as axis. 

Let C be a curve in a plane and 1' a line not in or parallel to v. Let a line I 
move so as to cut C and be parallel to llie surface A' so formed is a cylindrical 
surface (or cylinder, if Cis closed) with generatrix C, and the lines with which I coincides 
during its motion are the generators of S. If C is a polygon, S is a prism. If C is a 
circle (eUipse, parabola, hyperbola) A' is circular (elliptic, parabolic, hyperbolic). If 
V is normal to ir, S is a right cylindrical surface. If C is closed, the interior of C is the 
base of A. 

Let C be a curve in a plane x and P a point not in x. Let a line I move so as to 
contain P and cut C. The surface S so formed is a conical surface (oi rone, if C is 
closed) with generatrix C and vertex P, and the lines with which I coincide-s during 
its motion are the generators of S. If C is a polygon. A' is a pyramid. If 0 is a circle 
(ellipse, parabola, hyperbola). A' is circular (»:Iliptic, i)arabolii,, hyperbolic). If C 
has a center O, and P is on the normal to x through O, A’ is a right cone. It C is closed, 
the interior of C is the base of S. 

3.41. Areas and Volumes. A prism or cylinder contained beiween the plane x 
of its base and a parallel plane h units away from x has volume Bh — Nl and lateral 
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aroa where I is the length of a generator, B and p are the area and perimeter of the 
base curve C, and N is the area of a section of the solid by a plane normal to the 
generators. 

A cone (or pyramid) with vertex h perpentlicular units from its base has volume 
Bh/A, where B is the area of the base. 

Right circular cylinder, height h, base of radius r, has volume rrr^h and lateral area 
2rrh, hence total area 27rr(li + r). 

Right circular cone, height h, base of radius r, has volume V = irr%/3 and lateral 
area A = vr \/r^ + h‘‘, hence total area 5rr(r + -y/r* + A*). In terms of the semi- 
vertical angle a = are tan (r/h), V = ’SirA'* tan* a = J^irr* cot a and A = ttt* esc a = 
tA’ tan a sec a. (Vor tan a, etc., see 5.) 

Areas of surfaces and volumes of solids of revolution may often be found by Pappus’ 
theonmi : In a plane x, let a curve of length s (if closed, bounding an area a) lie entirely 
on one side of a line 1. llevolve the curve about 1. bet the centroid (see 10.6) of the 
curve (area) be distant / .(r,,) units from /, so that it moves on a circle of eircumferenee 
2xr,(2xro). Then the area generatetl by the curve is 2xsr,, and the volume gimerated 
by the area is 2xor„. However, unle.ss the position of the centroids is obvious, by 
virtue of symmetry or otherwise, they will have to be located by integration, and it is 
then often easier to compute the area or volume directly by inti'gration (sec 9.1). In 
some instances the centroid and/or the volume may be found experimentally. 

3.6. Sphere. A pl<ane x that meets a sphere B either is tangent to the surface of 
S (i.e., has just one (Kiint in common with it), or cuts it in a circle (\ and every circle 
on iS’ lies in just one cutting jilaiie. The axis of C cuts S m two points that are the 
poll's of ('. If X contains the ccniter O of «S', x is a diametral plane; C is then a great 
circle, and any diameter of (' is a diameter of <S'. 'Two points I‘, Q on the surface of «S' 
determine, along with O, a plane OPQ that cuts A’ in a great circle f containing P and 
<?; the minor arc l‘(i of (' is the shortest route on .S' betwec-ii P and Q. The part of S 
(surface or solid) between two parallel planes (one of which may be tangent) is a 
zone or segment. 

Let O be a given point and 7' a given surface. Draw' the ray OP for every point P 
on T. I/i't .S' be a sphere of radius 1 and center 0. That area of the surface of B, 
every point of which lies in some ray OP, is the solid angle il subUndid at U by T. 
The complete solid angle at 0 is 4x stereuUans = 1 steregon. (I'nits for il are rarely 
needed.) 

3.61. Volumes and Areas. Let a sphere B have radius r. Tliim its volume is 
4xr'‘/3 and its area is 4xr*. 

A zone or segment between planes x and x', h units apart cutting out circles of radii 
a and a' (o' =» 0 if x' is tangent to B), has volume xA(3o* + 3a'* + A*)/6 and lateral 
area 2xrA. 

A spherical triangle bounded by the arcs of three gre^at circles making angles A, 
B, C at the vertices has area xr*i4'°/180°, where the spherical excess A'° = A + B + 
C - 180°. 

3.6. The Earth. The earth is an oblate spheroid with an equatorial radios of 
6,378.4 km, while the polar radius (distance from a center to a pole) is 6,359.9 km. 
'Phis departure from sphericity is of little interest to meteorologists, W'ho treat the 
earth as a sphere of radius 6,370 km. The area of the earth is 5.09951 X 10* km*; its 
volume 1.082841 X 10** km*. 

If P is a point on the surface and 0 the center of the earth, and N and S the north 
and .south poles, then the semicircle SPB is the meridian of P. If this meridian cuts 
the equator m K, the angle KOP is tlie latitude ip of P. . ^ is positive or negative 
according as P is in the .Vorthern or Southern Hemisphere. .\11 points with the same 
latitude lie on a parallel. The value 981 cm per sec* used for the acceleration g of 
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gravity at sea level is an approximation that is sufficiently exact for most meteorologi- 
cal purposes. More accurately, at (p = 45*, g - 980.62; elsewhere, g — 980.62 
(1 — 0.00259 cos 2»>). 

The angle at N between the meridian NPS of P and the meridian NGS of Green- 
wich is the longitude n of P, positive or negative according as NPS is west or east of 
NOS. 

The length of one minute of arc of a great circle is a nautical mile, approximately 
6,080 ft or 1.1515 ordinary (statute) miles. If P’ is #>', m', then the angle POP' *• ^ 
is given by cos ^ = sin sin if' -|- cos f cos v' cos (/i — ju')- Expressed in minutes, 
1 ^ gives the number of nautical miles in an arc of a great circle joining P and P'. A 
knot is a speed of 1 nautical mile per hr. 

S.7. Maps. A map represents a poition of the surface of the earth on a plane. 
A map such that, at each point, the angle belwoen two terrestrial directions equals 
the angle between the corresponding directions on the map is conformal. On such a 
map, at each point, the scale is the same in every direction. Shapes of sufficiently 
small terrestrial areas arc displayed quite accurately, but sizes are often given very 
roughly. An eqval^area, or authatic, map has the property that r>qual terrestrial areas 
are displayed by equal areas on the map. Most maps have one or the other of these 
properties. No map can have both. The cartographer balances the demands of 
these properties and others, of interest mainly in navigation, with a view to the uses 
to which his map will be put. 

8.71. Mercator (conformal, excess! velv uonautlialu' toward the poles). The 
earth is projected on a cylinder tangent to the earth at the equator, not in a geomet- 
rically simple manner, hut so that each parallel of latitude has the same length on the 
map and so that the scale on each meridian is equal, at each point, to the scale on the 
parallel through the point. I'he cylinder is then rolled out onto a plane. This map 
IS useful to navigators because a straight line on the map represents a rhumb line 
or loxodrome, i.e., a curve making a fixed angle with thi' meridians. The scale is good 
only very close to the equator. 

3.72. Lambert Secant Cone (conformal, appreciably but not excessively non- 
authalic). A portion of the earth is projeeW (again in a geometrically complicated 
manner) on a soeant cone that contains two chosen standard parallels. For United 
States weather maps, 30 and 60° are standard; for Civil Aeronautic Authority maps, 
33 and 45° arc standard. On the standard parallels, the scale is exact. Between 
them, it is decreased by not more than about 1 per rent. Outside tnem, distortion 
increases more rapidly. Graphical measurement of even comparatively long distances 
is fairly reliable, unless the latitudes differ too greatly. 

8.73. Autholic Maps. Many of these are in use, the commonest which depict 
the entire globe being similar in character to those of Mollweide or Aitoff. These 
maps represent the entire earth on an ellipse, with the major axis twice the minor axis. 
They are especially useful when, as in climatology, one wishes to indicate clearly 
the distribution over the earth’s area of such items as rainfall, nebulosity, temperature, 
air currents, etc. 

4. FORMAL ALGEBRA 

Operations with algebraic expressions follow the rules of 1.3 for operations with 
real numbers. 

4.1. Special Products and Factoring. 

o(® + y) “ ox + ay 

(ax + by)(cx + dy) = acx‘ + (be + ad)xy + bdi * 

1. (ax + 6y)* = o*x* ± 2o6xy + 6*!/* 

2. (ax -1- by)(ax - by) = a’x* - 6'y* (not (ax - by)‘; see 1} 
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3. (ox + 6) (cx + d) = OCX’ + (be + od)x + hd 

4. (X + b)(x + d) = x» + (b + d)x + bd 

(ox ± hy) (o’x* T obxy + b’y*) = o’x’ ± b’y’ 

(ox + by + ex)* = o’x* + b’y’ + c’x’ + 2bcyx + 2cazx + 2obxy 

Use either the upper or the lower ambiguous sign throughout. The expressions that 
are “multiplied out” on the right appear “factored” on the left. To factor a"x” — 
b"y“, n any positive integer, divide by ox — by. To factor o"x“ + b*y", n any odd 
integer, divide by ox + by; not factorable for even n. 

441 . 2 and n Notation. It is often advantageous to abbreviate oi + • • ■ + On 

by writing a,. The notation means that the index i is to bo given the values 
from 1 to n, inclusive, and the terms thus obtained are to be added up. Similarly, 


n:- = 


Oess common). For example 


a,x,'’ = fliXi’ + 02 X 2 ’ + oiX]’, a,bi — aibiaj>){iiibta4b4. 


The averages in 1.21 may be written 



When there is only one index, a< is sometimes written simply So,-, or, carelessly. 
So. If there are several indices, it is important to be quite clear about which arc 

n 

being summed: y,- = ^ Oi,x,- means y< = o,iXi + 0 * 2 X 2 + • • • + ai„x„. In work 

j=i 

with tensors, indices occur as superscripts as well as subscripts; surh indices arc not 
to be confused with exponents. 

4.8. Ratio and Proportion; Variation. The ratio of x to y i.s x/y. A proportion 
is on equality between two ratios; x/y = a/b, read “x is to y as o is to b.” (Formerly 
written x;y::a:b; for extremes, means, antwedents, consequents, etc., and the 
Kuelidcan theory of proportion, see any elementary algebra or geometry. Direct 
treatment as equality of ratios recommended.) For example (Avogadro's law), 
at given temperature and pressure, the densities of two gases are proportional to their 
molecular weights; {Mi/Vi)/i,Mi/Vt) = m\/m%, where M, V, and m denote mass, 
volume, and molecular weight, respectively. 

If a/b = b/c, then b’ = ac, and b is said to be a mean proportional between a and c. 

ITic locutions “y varies as x," “y varies directly as x," “y is proportional to x," 
and the symbol y x all mean that the ratio of y to x is a constant k ^ 0, called the 
ronaiani of proportionality: y = kx. “y varies inversely as i” means that y varies 
as the inverse of x, i.e., as 1/x; y «= k/x or xy = fc. “y varies (jointly) as x and t” 
means that y varies as the product xt; y = kxt. The constant of proportionality is 
determined from a knowledge of one particular set of associated values of the variables, 
e.g., Newton’s law of gravitation states that the attractive force between two particles 
varies as their masses and inversely as the square of their distance apart : F = kmm' /r^. 
Mi-asuring m in grams, r in centimeters, and F in dynes, it may be observed experi- 
mentally that the force between two 1-kg masses placed 10 cm apart is 6.66 X 10“‘ 
dynes. Hence k = 6.66 X 10“* cm’ per sec’ gram, and F — 6.66 X 10~‘ mm'/r*, 
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from which the attraction between two masses in given relative position may be com- 
puted at once without further measurement. 

4 . 41 . Arithmetic Progressions. Tlie sequence of numbers Oi, Oj, • • ■ , Ob, • • • 
is an arithmetic progression {AP) when and only when Os - oi - a, — oj - • • ■ >= 

~ ®»-< “ ■ ■ ■ “ called the common difference. An AP can thus be written 
a, a + d, a + 2d, ■ ■ ■ . The nth term is t„ = o + (n — 1)(1. The sum of the first 
n terms is s„ — n[2o -|- (n — \)d\/2 = n{a t,^/2 {n times the average of the first 
and last terms). For example, S, i;^, ■ is an AP with a = 5, d = —1/3, 

«. = 5 + 7(-l/3) = *, = 8(5 + %)/2 = »?3. 

4 . 42 . Geometric Progression. The sequence of numbers oi, oj, • ■ • , On, • • • 
is a geometric progression (GP) if snd only if Oi/a, = at/at = ■ • - = Ob/ob-i = • • • 
= r, called the common ratio. A GP can thus be written a, or, or*, • • • . The nth 
term is <b = or*”*. The sum of the first n terms is Sn = o(l — r")/(l — r) = (o — 
rt„)/(l — r) if r 1. For example, 3, 3(1.04), 3(1.04)*, • • • is a GP with o = 3, 
r = 1.04, /, = 3(1.04)<, Ss = 3[1 - (1.04)‘J/(1 - 1.04) - 16.26. 

As n increases, r“ does or docs not p“t indefinitely small according as jr] < 1 or 
lr| ^ 1. In case |r| < 1, the series a(l b r + r* + ■ ■ ■ ) “ said to converge, and 
to have the sum a/(l — r); if |rl ^ 1, the series diverges and is of no interest here. 
The rational number represented by a repeating decimal may be found by 
summing a GP. I^or example, 2.^2 = 2.3582582682 • • • = 2.3 + 582 • 10-* 
+ 582 • 10-* -!-• •• = 2.3 + 582 • 10-<(1 + 10-> -y lO"* -|- • • ■ ) = 2.3 -f- 682 ■ 
10-V(1 - 10-») = 23,559/9,990. 

4 . 6 . Permutations and Combinations. A permviation of n distinct objects a is 
an arrangement of the objects in a definite order; oi, Oj, • • • ,Ob. There are n(n — 1) 

(n — 2) 3 ■ 2 • 1 = n! (saj' “a factorial”) permutations of the o’s. If the 

o’s are alike in groups, ki in a group, • • • , in a group, with !;)+••• + fc, = n, 

then the number of distinct permutations is ny(ki\ki\ kpf). For example, 

7 flags of different colors can be flown from a mast in 7! different orders; if 3 ot the 
7 flags are red, 2 white, and 2 blue, the number of orders (permutations) is 7!/3!2!2! = 
2 ■ 3 • 5 • 7. 

If, instead of using all n of the obji-ets, we u.sc only r of them, there will be 
n!/(ra — r)! permutations of the n distinct objects taken r at a time. 

If we are not interested in the order in which the r objects are arranged, and agree 
that the same r objects shall constitute one combination (regardless of order), then 
we find that there are „Cr = C" = Cb., = C) = n!/(n — r)!r! combinations of n 
objects taken rata time. From the 7 different flags there cun be drawn 7 1/5 '2 ! different 
pairs (r = 2). N.B. C" - Also, 01 = 1 (definition), so that CJ = CJ = 1. 

C' is often written n(n — 1) (n — r l)/r! = n(n — 1) (r 1)/ 

(n - r)l. 

If n is large, n! may be approximated by means of Stirling’s inequality {formula): 

< n' < where e is the natural base for 

logarithms (sec 2.4). 

4 . 6 . Binomial Theorem. If n is a positive integer. 


(o + b)» = CJo»5» + CTo»-*&‘ + C^a''-‘b‘ H- C;o»-*5' + • • 

+ CJUi®' = o” + na’'~^b o““*6* 

, n(n 




3r”~^ 0--36* + ■ ■ + b'. 


+ 


Example, (x - y^)‘ = x‘ + 5 ar*(-y«) + 

x(-yH)* + (-g^)‘ = - 5xY^ + lOiV^ - 10x*j/* + - y'%. 

I *2*3*4 
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For (7", see 4.5. In case n is not a positive integer, the series does not terminate 
(see 8.74). 

4.7. Determinants. The symbols 

ja b e\ 

^ ^ /|i ' ' ' » 

t b i! 

<*11 <*1» ■ ■ ■ <*la 

= Oji Ojj • • • a2n — |<**)|i ■ ■ ■ 


|<lnl <*n2 * ‘ <*«nl 

are deUrminanls. Dn is of order n. The horizontal (vertical) lines are called rows 
{columns); the individual entries are called elements. Each i) denotes an expression 
formed in a specific way from its elements. When fully written out (expanded), 
D„ is a sum of n! terms. Perhaps the most intelligible direct method of expansion is 
contained in the formula 

n n 

(by the jth column) ^ (-l)''*-<Oi/d.<,- = I>« = ^ (-1)*+' (by thejth row) 
2-1 2=1 

holding for any chosen fixed j, wherein denotes that l)n-t obtained by delet- 
ing from D, the row and column in which Op, occurs (for S, see 4.2). Thus Ih = 
(_l)i+«6(f) (_ 1 )J+V(a) = ad — be. Using the left expression for D« with 
3=2 (t.f., using the second column), we get 

D, = -b|^ + e“j. -b^f ” - aO + e(ai - cff) - h{af - dc) 

= aei + bfg cdh — ceg — bdi — afh. 

The formula for D„ reduces Di to Di’e, etc. 

Elementary Properties. 1 . II = 0 if every element in some one row (or column) 
vanishes. J) = 0 if it has two rows (columns) with the elements of one proportional 
to (i.f., a constant k times) the elements of the other. 

2. I<*i J = i-f.t il the columns and rows of D' arc the rows and columns of D, 
in the same order, than D = 1)'. 

3. If D' consists of 1) with one pair of rows (or columns) interchanged, then 
D' = -D. 

4. If D' consists of D with each element in any one row (or column) multiplied by 
the same constant k, then 1)' = kD. Thus a common factor of all the elements of a 
row (or column) may be brought out and written as a multiplier of I). 

5. If I)' arises from D by multiplying each clement of some one row (or column) 
by the same constant k and adding it to some other row (or column), then 1)' = D. 

For addition, multiplication, other means of expansion, etc., see a text. For 
application to linear equations, see 6.2. 

4.8. Polynomials. A monomial axici • has degree p, in x, and 

total degree pi + • • • -1- p*. A function f{xi, •••,*») = 'Sap,p, . . ■ ® 2 ’’’ 

x*"*, where the indices of sumination p run independently from 0 to n, is a 

polynomial in Xi, • ■ • , Xn of degree equal to the total degree of the monomial of 
highest total degree. xi*X 2 ®a!«X 2 ’ -f'3xi“x2 — Txi’xj'xsXj* is a polynomial of degree 10 
in xi, • ■ • , Xi. Thus f(x) = On^ -f a„_ix'*“* H- • • • -f- OiX -f- an with a„ ^ 0 is a 
polynomial of degree n in x; it is linear if n = 1, quadratic if n =■ 2, cMc if n = 3, 
and quariic if n = 4, etc. 
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To divide /(x) by x c, write down the coefficients * i ooj being sure to 

supply a zero for each missing coefficient, including ao. Knter c (not — c) as divisor, 
bring down On, multiply o* by c and add (algebraically) to a„-i; multiply the result 
by c and add to a„_i; ■ • • ; the end result is the remainder and is also the value /(c) 
of the polynomial when x = c. The other figures appearing below the line are the 
coefficients of the quotient. This process is called synthetic division or [because the 
r«‘mainder is /(c)] ayrdhetic aubstUution. 

a, Oh-i a, as |c 

_ 0 ,£ 

0» <lnC + a„_i /(c) 

To divide /(x) = 3x‘ + 2x’ — x by x -* 2: N.Tl. z + 2 = x — (—2), so r = —2 

3+04-2-1+0 1^ 

- fi -f 1 2 - 28_+_58 
3 - 6 + 14 - 29 + 58 

Hence 3x* + 2x* — z = (3z’ — 6z* llz — 29) (z + 2) + 68. The quotient is 
3z® — 6z* + ]4x — 29; the remainder is 58 = /(— 2). 

To divide /(x) by ax — b, divide synthetically by z = b/a, getting /(z) = q(x) 
(z — 6/a) + r = (ax — b)q(x)/a + r, so that the quotient, on division by oz — 5, is 
q(x) /a and the remainder is i = fijtt/a). 

Evidently /(x) = (z — c)q(x) when and only when /(c) = 0 (Le., remainder 0); 
if /(<■) = 0, c is a root or solution of the algebiaic equation f(x) =» 0. Every equation of 
degree n ^ 1 has at least one root c, which may be complex (see 5.7) (“fundamental 
theorem of algebra”). Proceeding to find roots of q(x), etc., wo finally get /(z) = 
a»(z — Ci)(z — Cl) (x — c„), expressing /(x) as a product of k linear factors. 

If Cl, ■ • • , Cl, I ^ n are the distinct c's, then/(z) = a„(z — Ci)"i (x — ci)"', 

where nii + • ■ • + nii = n; ni, is the multiplicity of r, (i = 1, • • • , 1). Hence, 
eoiintiiig m times a root of multiplicity m, a polynomial of degree n has exactly n roots. 
If /(z) has real eocflicioiits, and /(o + 5i) = 0, then /(o — bi) = 0; complex roots 
occur in conjugate pairs. If r = a -t- bi, the factors z — (o + bi) and x — (a — bi) 
may be nultiplied together to get z* — 2az + a* + 6*. Hence, if /(z) has real 
coefficients, /(z) may be expressed as a pniduct of real hmar and quadratic factors. 
Thus 

_ 1 = _ ]) '^2^) ~ + ^ + ’>• 

An equation of odd degree with real •oefficients has at least one real root. To solve 
an algebraic equation, see 6.3. 

4.9. Partial Fractions. Let R(x) = N(x)/D(x) be a quotient of two polynomials 
with real coefficients (a rational function in technical terminology), in w'hich every 
factor common to N and D has been removed, and in which the indicated division 
has been carried out, if necessary, until the degree of N is less than the degree of D. 

ni n« 

Suppose that, in factored form (see 4,8), D(z) = f| (a,z + 5,)'> f] (rtz* + d*x + ft)»t, 

»-l i"=l 

where the a,x + 6, are the n distinct linear factors of D, and the c*x* + <i*x + c* are 
the distinct (irreducible) qyadratic factors of D, Then, by methods indicated in the 
following example, unique constant it's, and C's can found such that 

- 1 53 ^,;] + 1 , [|, 
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The fractions on the right are ‘partial fractions for R{x). N.B. (Useful checks.) 

li + 2 g* = degree of D. For each i, Ajij ^ 0; for each fc, either 0 

or Cktt 0. 

We are to find numbers A, B, • • • , F so that the sum of the partial expressions 
on the right (written down in accordance with the preceding formula, m = n, = 1, 
/, as 2 IS g, ) is equal to the expression if (i) on the left; 

X* - + 24xJ^^14x 7 _ _ A_ B_ C x + U , Ex + F 

(2x - + 2)» 2i - 1 (2x - 1)» x» + 2 (x> + 2)»‘ 

Clearing of fractions, 

X* -8x^ + 24x> ~ 14x + 7 = A(2x - l)(x‘ + 2)> + B(x‘ + 2)‘ 

+ iCx + D) (2x - l)*(x» + 2) + (Ex + i’)(2x - 1)». 

This is an identity (see 6.1). By expanding and equating coefficients, or by differ- 
entiating repeatedly and putting x = 0 (see 8.2, 8.7), we could find enough linear 
equations to determine the required constants (sec 6.2). However, it is recommended 
that the following processes be tried first, using linear equations only as a last resort. 

In the identity, put x = (chosen so as tf> make 2* — 1 =0). The result is 
81/16 = 81If/16, whence B = 1. Insert this value for B, transpose that tt'rm to the 
left, and divide each side b.v 2x — 1. The result is 

-4x> -t- Sx - 3 = A(x^ + 2y + (Cx -t- U)(2x - l)(i» + 2) + (Ex + F)(2x - 1) 

Put X = again, obtaining .4=0, Divide again by 2x — 1, obtaining — 2x 4- 3 = 
(Cx + D) (x* + 2) + Ex -(- F. If, now, either C or D were not to vanish, there would 
be a term either in x’ or in x* on the right, while there is no such term on the left. 
Hence C =■ J) — 0, and we have —2x+3 = Ex + F. Equating coefficients (or 
putting X = 0, etc.), E = —2, F = 3. Hence 

1 2x — 3 

~ (2x - 1)» -I- 2)>' 

It is wise to verify the result before using it. 

0. TKIGOHOMETRY 

6.1. Rectangular Cartesian Coordinates. As in 1.42, take horizontal (x) and 
vertical (y) axes intersecting at an origin O. Use now the same scale on each axis, 
and measure distances on each axis from O. Each point P of the plane then has 
uniquely associated with it a pair of numbers (x,y), which are called its rectangular 
cartesian coordinates. The axes divide the plane into four quadraiUs, in which x and y 
have the signs indicated in Fig. 5.1. (When x > 0 is measured to the right and y > 0 
upward, as in the figure, the axes are “right-handed”; reversing the direction of one 
axis gives a “left-handed” pair, equally appropriate but rarely used.) 

6.2. Angles. In trigonometry and more advanced work, an angle is understood 
to be the amount by which a ray (see 3.12) has been rotated from a certain initial ray 
in order to coincide with a certain terminal ray. In standard position, the vortex of 
an angle is at the origin and its initial ray is the positive x-axis (the initial direction). 
Rotation is counted positively in the counterclockwise direction (from initial direction 
toward positive y-axis) and negatively in the clockwise direction. Thus an angle 
of 745 deg means two counterclockwise revolutions (720 deg) and 25 deg more; 

— 7ir/2 rad means a clockwise revolution (2ir) and ^ revolution = 3x/2 more. 

6.3. The Trigonometric (Circular) Fuactiona. Ijet 0 be an angle in standard 
position and let P sA O be a point on the terminal ray. Drop a perpendicular from P 
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on the x-axis. Find the coordinates (x,j/) of P and the distance OP ^ r = Vx* + w* 
> 0. Then 'v * t y 


sin e 


y 


r 

CSC 9 = - 

y 


cos 9 
sec 9 


X 

r 

r 

X 


tan 9 = ^ 

X 

cot 9 = - 

y 


By similar triangles, these ratios are independent of the position of P on the terminal 
ray and hence define functions of 9 (see 1.41). Sin 9 has the sign of y, cos 9 has the 
sign of X, and tan 9 and cot 9 have the same sign, which is + or — according as the 
signs of X and y agree or disagree; each of these signs is determined immediately by the 
quadrant in which the terminal ray of 9 lies. 



From the behavior of x and y when the sense of 9 is reversed, we sec that sin ( — 9) = 
— sin 9, cos ( — 9) = cos 9, etc. Since |a;| ^ r and [i/l ^ r, |sin 9] ^ 1, jeos 9| ^ 1, 
[see 9| ^ 1 and |csc 9| ^ 1 always. Further rotation of k ■ 360 deg = Zkr rad, k 
any itUeger, will give an angle with the same terminal ray as 9, hence the same ratios 
of X, y, r, hence the same values for any of the functions; i.e., these functions arc 
periodic, with period 2v (see graphs in 8.9). 

The definitions fail whenever an xoi y vanishes in a denominator. For 9 = ic/2, 
X = 0,y > 0, and tan 9 is not defined. However (sec 8.13), tan 9 — ► + "o as 9 — > r/2~, 
and tan 9 — ♦ — « as 9 — * ■ir/2'^. By inspecting the quadrantal angles, the sides of an 
isosceles right triangle (side 1) or the sides of an equilateral triangle (side 2) with an 
altitude inserted, one arrives at the following table, where an entry ± « or + w means 


9° 

0° 

30” 

45° 

1 

00 ^ 

1 

90° 

180° 

270° 

360° 

9 rad 

0 

ir/6 



ir/2 

IT 

3v/2 

27r 

sin 9 



1/V^ 

V3/2 

1 

0 

n 

0 

cos 9 

1 

V3/2 

1/V2 

H 

0 

-1 


1 

tan 9 


1/V^ 

1 

V3 

+ oo 

0 


0 

cot 9 


V3 

1 

1/V3 

0 

T 

WBM 

T “0 

sec 9 

1 

2/V3 

V2 

2 

+ 00 

-1 


1 

CSC 9 

+ “ 

2 

y/2 

1 2/V3 

1 

1 

^ oo 

1 

ISI 

T oo 
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that the function has the limit indicated by the upper or lower sign, respectively, as 
9 tends to its value from below or above. 

Tables refer to positive acute angles. To find values for other angles 0, find from 

a diagram the positive acute angle 0' with 
numerically the same ratios of x, y, r; then the 
fimction of 0 will have numerically the same 
value as for 0', and its sign will be determined 
by the quadrant in which 0 lies. 

Thus, for 142°, 228°, -48°, -142°, 312°, 
0' = 48°; since 142“ is in II, cos 142° = — cos 
48°, tan 142° = — tan 48°; since 312° is in IV, 
cos 312° = cos 48°, sin 312° = — sin 48°; etc. 

Going the other way, suppose tan 9 = —k, 
where k = tan 48°. Then 0 = 142° + k • 360° in 
II or 0 = 312° + k ■ 360° in IV, fc any integer. 

6.41. Identities among Functions of a Single 
An^e. An ambiguous sign before a radical is 
determined by the quadrant in which 0 lies. 


. 1 
sec 0 = 

tan 0 

_ sin 0 

cos 0 


~ cos 0 

CSC 0 = 

cot 0 

cos 0 

sin 0 

sm 0 

cot 0 = 

tan 0 

sin’ 0 + cos’ 0 = 1 

cos 0 = 

± Vl — sin’ 0, etc. 

1 + tan’ 0 = sec’ 0 

set! 0 = 

± s/l + tan’ 0, etc. 

1 + cot’ 0 = esc’ 0 

CSC 0 = 

± VI + cot’ 0, etc. 


N.B. Any one angle may be substituted for every occurrenoc of 0 in any identity; 
e.g,, sin’ (2ir«'<) + cos’ (2iri't) = 1. 

6.42. Identities among Functions of Two Angles. Use either upper or lower of 
ambiguous signs on both sides. 



Fio. 5.3. 


sin (0 ± 4>) 
cos (0 ± <l>) 

tan (0 ± 4>) 


sin 0 cos <t> ± cos 0 sin 0 
cos 0 COB V sin 0 sin 0 
tan 0 _±_ta^<;>_ 

1 + tan 0 tan 


sin 0 + sin ^ = 2 sin 3^(0 + 0) cos }i{9 — ij) 

sin 0 — sin ^ = 2 oos 3^(0 + 0) sin 3i(0 — <t>) 

cos 0 + cos ^ =• 2 COB 3^(0 + if) cos 3*(0 — 0) 

cos 0 — cos f = —2 sin 3^(0 + sin 3^(0 — if) 


Use these formulas to learn that 


oos (0 + 90°) = cos 0 oos 90° — sin 0 sin 90° = — sin 0 
sin (t — 0) = sin ir cos 0 — cos ir sin 0 = sin 0 
sin A COB B = 3^[ain (A + B) + sin (A — B)], etc. 

6.48. Multiple Angles. 

sin 20 2 sin 0 cos 9 

cos 20 •= cos* 0 — sin’ 0 = 1—2 sin’ 0 = 2 cos’ 0 — 1 
sin 30 = 3 sin 0 — 4 sin’ 0 
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COS 30 r; 4 cos^ 0—3 cos 0 

sin 40 = 8 cos ' 0 sin 0 — 4 cos 0 sin 0 

cos 40 •= 8 C08< 0 — 8 cos* 0 + 1 

ain| = ± V---2— cos;= ± V'’-+2--- 

tan ? = , = + JLz «•“« » 

2 1 + cos 0 sin 0 1 + cos 0 

6.6. Inverse Functions. Trigonometric Equations. Tf y = sin x, then x = arc 
sin y = siii“*i/ ( — 1 not an oxponejit) is the inveme sine of y or arc (or angle) whoso 
sine is y, usually encountered with a; (y) as independent (dependent) variable: y = arc 
sin x. Similarly for arc cos x, arc tan x, et<-. As indicated by their graphs (see 8.9), 
these functions are niuUiple-mlued. Unliss directed otherwise, e.specially in integral 
calculus, use the following principal values: 



Hange of definition 

Principal values 

y =5 arc sin x 

l^'l < 1 

-90° = -^^!/<| = 90° 

y — arc cos x 

!xl ^ 1 

0°=n^!/<v = 180° 

y = arc tan x 

— oo < X < “ 

-90° = - 1 ^ 1 = 90° 

y = arc cot x 

— 00 < a* < 00 

1 0° = 0 < V < «• = 180° 

y — arc soc x 

1 ^ !^1 

0° = 0 $ 7/ ^ V = 180° 

y == arc <*a<* x 

1 $ U\ 

-90° = -2<y<|=90° 


The last three functions occur rarely, being reducible to the first three as follows: 
arc rot x = 5r/2 — arc tan x, arc sec x = arc cos 1/x, arc esc x = arc sin l/x; also, 
arc cos x = ir/2 — arc sin x, arc esc x = ir/2 — arc sec x. These equations arc valid 
for all X. If the principal value of one function is substituted in an equation, tho 
computed value of the other function will be its principal value. 

Caution: The relation arc cot x = arc tan (1/x) docs not have this property when 

X < 0. 

In solving equations, try first with identities to simplify as much as possible, e.g., 
expressing all terms as functions of the same angle, preferably as the same function. 
Solve algebraically and seek inverse functions. Be sure to get all angles 0, 0 ^ 0 < 
360° = 2ir rad which satisfy the equation; then (0 + 360k )° = (0 + 2fcir) rad are 
also solutions for any integer k. 

Example, sin* 20+3 cos* 0 = 3 may be written 1 — cos* 20 + 3(cos 20 + l)/2 
= 3, or (2 cos 20 — l)(cos 20 — 1) = 0, whence eitlur cos 20 = '2 and 20 = are cos H 
= 60°, 300°, 420°, 660°, or cos 20 = 1 and 2rt = arc cos 1 = 0°, 300°; finally, then, 
0 = 0°, 30°, 150°, 180°, 210°, 330°. 

6.61. Right Triangles (Xotation in 3.14). If 0 = 90°, then 

b _ side opposite B 
r hypotenuse 

a _ si de ad jacent B 
c hypotenuse 

h _ si de op po site B 
a side adjacent B 

Fiu. S.61. 



sin B 
cos B ■ 
tan B 
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and similarly for the other functions of B. Use these relations to find unknown 
from known parts, e.g., a = b cot B. 

The (orthogonal, perpendicular) projection of c along the horizontal is a c cos B 
= c sin A; along the vertical b = c sin B = c cos A. Similarly, if a is an area in a 
plane r the projection of a on a plane v' making an angle 6 with »• is a' = a cos B. 

6.62. Oblique Tiionglos. For area and other information, see 3.25. As a guide, 
and to detect gross inconsistencies, draw a rough sketch to scale beforehand. When 
two angles arc known, A + B + C = 180° gives the third. Use logs except with the 
cosine law. As soon as four parts are known, the sine law may be used. When a 
check is desired, use any relation not used in the solution, or c cos B + b cos C = a, 
etc. 

Fortmilas. 

(similarly for b and B, c and C; cosine law) 
(similarly for h and c, c and a; tangent law) 

When using the tangent law, it is convenient to adjust the notation so that A — B > 0. 
N.B. tan }^(A + B) = cot t^C. 

1. Given A, B, (hence C) and a: sine law. 

2. Given a, b, C: tangent law with logs, or cosine law. 

3. Given a, b, c; (a) If few significant figures are present, or a table of squares is 
available, use the cosine law without logs, (b) cos A = —1 + (&+<; + a) (b-f- 
c — o)/(2bc). The second term on the right may be computed with logs; then sub- 
tract the 1 and find A in a table of natural fxmetions. (c) For a method based on 
the “half-angle” formulas, see any text. 

4. Given o. A, b (ambiguous case): sine law. If 6 sin A/o = sin B > 1, there is 
no solution. If sin B <1, then B = Bt < 90° or B = Bj > 90°; there is a solution 
with Bi if A + Bi < 180°, and a solution with Bj if A Bj < 180°. 

6.7. Complex Numbers. There is a number, denoted by i (or y/ — 1), with the 
property that = — 1. On account of such unreal behavior, this number is said to 



be imaginary. Long and regrettably sanctioned by usage, the adjective “imaginary” 
docs not imply any intangible or illusory quality. If x and y are real numbers, then 
* X + ij/ is a complex number (in standard form) with real part R{z) = i and 
imaginary part I{z) = y. [Some authors put l{z) = iy.] If l{z) = 0, the behavior 


a 

sin A 

o® = b® -f- f* — 2bc cos A 
a — b ^ tan )^ ( A — B ) 
a -t- b tan }i(A -|- B) 
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of z is indistinguishable from that of the real number x, and z is said to be purely 
real; if U(z) = 0, z is purely imaginary. 

The complex number z = x + iy can be represented in a plane (Argand diagram) 
by the point whose rectangular cartesian coordinates (see 5.1) are The con- 

jugate of z = x + fy is z = x — I'y; thus z and z have (x,0) as their midpoint. The 
real number |z| = r = y/ y^ is called the modulus (or absolute value) of z The 
angle Ph z <= 0 such that cos 8 = xjr and sin 8 — y/r is called the phase (or argument, 
or amplitude) of z. Thus Ph z is multiple-valued ; its principal value ph z is so chosen 
that — jr < ph z ^ IT. Hence z = x + iy = r cos 8 -f- ir sin 8 (trigonometric form 
for z), and z = r cos ( — 0) + ir sin (—0) = r cos 8 — ir sin 0. 

Equality. Zi = Z2 if and only if Xi = Xi and yi = j/j. 

Addition. Zi -t- Z2 = xi + Xj -1- t(vi yi); add real and imaginary parts sepa- 
rately. Geometrically, Zi -f- Zj is joined to the origin by a line that is the diagonal 
of a parallelogram whose sides arc Zi and Z2. JS'.B. The segment from the origin 
to the point representing Z2 — zi is equal and parallel to the scgincnt from z, to z^. 

Multiplication. ZiZt = (xi + tyi) = X1X2 — yxyi -f t(r,yi + y\i~) = rir2 

[cos (01 -|- 02) -I- i sin (0i 02)]; multiply moduli and add phases (sometimes getting 

nonprincipal phases for the product). Thus iz is z rotated positively through a right 
angle. To divide: Zi/z2 = (ri/r2)[cos (0i — 02) -f- » sin (0, — 02)j 

Exponentiation. If m is an integer, r“ = r"(cos m8 -|- 1 sin m8). If n is an 
1 1 

integer, z" = r’‘(cos <t>L + t sin <^i), where = (0 -|- 2Air) 'e for fc = 0. 1, • ■ • , n — 1; 
the principal value of this multiple-valued function arises from the choice A: = 0. 

m 1 m 2 

Finally, z" = (z")“, where z" is principal if and only if z" is. (If the exponent is irra- 
tional or complex, the situation is more elaborate.*) 

With these definitions and restrictions, the rules of operalion stated in 1.3 hold 
for complex numbers. We note that complex numbers are not ordered as the reals 
were (see 1.21). However, |z| has the properties enuinernted in 1.22 for 1*1; points z 
for which Iz — ol < k lie inside a circle with center a and radius k. 

Rule for Computation: Express each complex number in the form z = * -t- iy or 
z = r(cos 8 + i sin 0). Proceed as with real numbers, replacing i* by —1 whenever 
•it occurs. 

Caution: Preliminary expression in standa rd fo rm is important. Thus —3 • 
= * a/ 3 i Vs = - Via, not V(-3)(-5) = VTb. 

Special Rules: z is real (imaginary) if and only if z = z (z = — z). 

~p V 

Z: -f- Z 2 = 2i -b *2 ZjZ 2 = ii ■ 52 Z* = zz |z| = |z| |zp = zz 
Ifcnce, to find 1/z, multiply above and below by z to get 1/z = zl\z\\ 


|ZlZ 2 | = IsillssI 

V V 

|za| = jzli 

Izi -b Zj] ^ |zil -b [Z”! 

• 1 -2 -2 • 

% 

i* = . ,« - 

II 

II 

z'tt+l i 2«+* = -1 

j«+3 = —z" 

1 “ = 1, etc. 


Ezamples. Algebraic to Trigonometric Form. 5 — 81 = v‘^89 (5/V89 — 8/V^ ’) 
= V89 (cos 0 -t- 1 sin 0), where V89 cos 0 = 5 and V^ sm 0 =■ -8, — ir < 0 s: x 
for principal value, so that 0 = —58° = —1.0123 rad. Thus 5 — 8i = VSO 
[cos (-58°) + i sin (-58°)] = V^ [cos (-1.0123) + i sin (-1.0123)]. 
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Addition. (2 + 3i) - (5 - 4t) = (2 - 5) + i(3 + 4) = -3 + 7t. 
MuUiplication. Algebraic form; (2 + 3i)(— 5 + f) = —10 + 3i* + 2i — 15i = 
-10 - 3 - 13i = -13 - 13t. 

Trigonometric form: 3 (cos 122° + i sin 122°) • (cob 75° + i sin 75°) = 3 y/ 2 
(cos 197° + i sin 197°) = 3 [cos ( — 163°) + i sin ( — 163°)] (if principal phase of 
product is desired) = 3 (cos 163° — t sin 163°). 


Division. 


Algebraic form: 


2+1 
3 - 1 


2 + i 3 + i 

3 — i 3+1 


5 + 5i 

10 


1 +1 
2 


Trigonometric form: a/S [cos (—18°) +isin ( — 18°)] -f- J^[cos37° + isin37°] =» 
3 a/S [cos ( —55°) + 1 sin ( —55°)] = 3 a/S (cos 55° — i sin 55°). 

Exponentiation. Algebraic form; Using binomial theorem (4.6), (a^ — 3i)‘ 
= (\/2)‘ + 5(V2)*(-3i) + 10(a/^)H-3/)> + 10(a/2)»(-3i)» + 5(V2)(-3ir + 
(_3,)6 = 4 A/^ - 60i - 180 a/ 2 1* - 540i> + 405 a/2 i* - 243i‘ = 4 a/^ - 60t - 
180 A^ + 540» + 405 a/ 2 - 243i = 229 a/ 2 + 273i. 

( K . 11 2® 

cos — 2 + ® 

- — = 3^ (‘‘OS 280° + i sin 280°) = 3M [cos (—80°) + i sin (-80°)] (if principal 
phase is desired). 


It results from definitions adopted in the theory of functions of a complex variable, 
if 4 is a real number and c is the natural base of logarithms (see 2.4), that 


e*‘ = cos 1 + i sin t (Uuler). 

Hence s = r(oos d + i sin fl) = rc** (exponential form for «), e"* = e~'^/r, = 

In particular, = /, c” = —1, e ® = — i, = 1. Note that |p’*|“ 
= cos’ 8 + sin’ 9 = 1, so that Ir’*] = 1. Thus e'* always lies on the vnit circle, 
which has its center at the origin and radius 1. Also, c'*z is z rotated counterclockwise 
about the origin through an angle 4>; for this and other reasons, the exponential form 
of a complex number is ofti'n the most elegant means of dealing with rotational and 
periodic phenomena, e.g., the problems arising in conni'ction with alternating eli'ctric 
currents. 

6.8. Hyperbolic Functions. These functions (see the graphs in 8.9) are related 
to the hyperbola much as the circular (trigonometric) functions are related to the 
circle. 


sinh X = 


tanh X = 


e* - e-* 

2 

sinh X 


cosh X 


e* + e~ 


cosh X 


cosh X 

coth * = — , 

sinh X 


sech X — 

cosh X 


cosech x = — 


sinh X 


They are connected with each other by the further relations 


sinh (— x) = — sinh x cosh (—x) = cosh x 
cosh’ X — sinh’ x = 1 tanh’ x + sech’ x = 1 coth’ x — cosech* x = 1 
sinh (x + j/) = sinh x cosh y + cosh x sinh y 
cosh (x ± p) = cosh X cosh y -t sinh x sinh y 
cosh 2x = cosh® x + sinh’ x sinh 2x — 2 sinh x cosh X 
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With properly generalized definitions 

cos ix = cosh X sin ix = i sinh x 
cosh IX = 008 X sinh ix = i sin x 

Since these functions are exponential, their inverse functions are logarithmic, 
arc sinh x = In (x + Vx’ + 1) are cosh x = In (x ± I) (|x| ^ 1) 

arc tanh i = | In (f^|) (l^^! < D 

arc coth * = ^ In ( 1 x 1 > 1 ) 


e. SOLUTION OF EQUATIONS 


6.1. Identities and Equations. /(x„ ■ ■ ■ , x„) = g(xi, • • ■ x„) (t.e., / identical 
with g) means that /(oi, • ■ ■ , a,i) = g(ai, • • ■ , o„) for every set of numbers Oi, 
• • • , On. Polynomials / and are identic d if and only if, whenever a term of /and 
a term of g are of I’qual degree in each of the variables, their eoeflicieiits are equal. 
If functions/ and g are not identical, they may be equal for some vnlues of 1 he variables 
and unequal for others, or unequal for all: then / = ^ is a (conditional) igtiatiort. A 
solution of an equation is a set of values of the variables which makes the equation 
true; if /(a) = 0, the solution x = a is also said to be a loot of the equation /(x) = 0 
[or of the function /(x)] or a zero of /(x). 

Identity, x* — 1 = (x — l)(x + li, true for all x. 

Equation, x® — 1 = 3, true for x = ±2, otlu'rwise false. 

The practical problem for an identity (frequent in trigonometry) is to prove it; 
for an equation, to solve it. Procews given in texts for solving equations usually 
show merely that, i/ there ia a solution, it must be one of the luimIxTS yielded by the 
process; occasionally some or all of theM“ numbers fad actually to satisfy the equation. 
When in doubt, check by substituting back into the e()uution. 


= 7 — wo find that either 


„ „ , . „ „ ,. 13 12 IK 18 

Oil ‘solving’ the equation y " ^ + 5 = v - - 

X = 1 or X = 0. X = 1 satisfies the equation and is a solution, while x = 0 makes 
the equation meaningless. When writing down an equation, it is wise to note values 
of X that give rise to a vanishing denominator. In this example, meroly writing the 

equation down requires (implicitly) that x 0 and x —5. 

On “solving” the equation x = Vx^ 6 , we find x = 3 or x = —2. The former 
i-hecks, whereas the latter gives the absurdity —2 = 2 and so is not a solution. A 
glance at the equation shows that x — (> for the right member to be real; since the 
right member is then ^ 0 , the left member x must be ^0 for the equation to be 

satisfied. The “solution” —2, introduced by squaring the equation, is said to be 

extraneous. 

Before attempting to solve an equation that is at all complicated, one should 
attempt to write it in siweral different forms, choosing then the one that seems most 
manageable. Trigonometric identities, logarithms, algebraic substitutions, etc., 
may lead to substantial simplification (sec the trigonometric example in 5.5). 

6.2. Linear Equations. If b and the o’s are const ant.s, the equation a,xi + • • • 
+ OnXn = b is a linear equation. If the x’s arc cartesian coordinates, the equation 
represents a “hyporplane,” which, if n = 3, is an ordinary plane in xi-xsrxj-space 
and, if n = 2, is a straight line in the Xi-Xi-plane; hence th. name linear (for geom- 
etry, see 3 . 4 , 7.62). I’he equation can be solved to express any one of the variables 
that has a noiivanishing coefficient in terms of the others: if they are given, it may be 
computed. 
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We deal with a system S of e equations in v variables. 

fcilXl “h • * * “b OlvXr ~ hi 


\a,lXl + • • • + a,r*r = be 

S is homogeneous or nonhomogeneovs according as i>i = • ■ • = 6, = 0 or not. A 
homogeneous system always has the trivia! solution asi = • ■ ■ = *» = 0. Also, 
if ii, ■ • • , rr, is a solution of a homogeneous system, then so is tXi, • • • , <a:» for any t. 

General Process. Write down first an equation in which Xi has a nonvanishing 
coefficient. Divide this equation by that coefficient, getting an equation in which X: 
has coefficient 1. Use this equation to eliminate Xj from the remaining e — 1 equa- 
tions. Next, choose one of the latter equations in which Xj or some other chosen 
variable has a nonvanishing coefficient, and, proceeding similarly, eliminate that 
variable from the remaining e — 2 equations. After eliminating Xr from the remaining 
e — r equations, continue until either (1) the system T has been reached, or (2) all 
the equations have been used up (r = e). (The integer r is called the rank of S.) 

I Xi oiaXj + oiila + aiiiXt = fii 

I Xi + aijXa + • • • + ajiXr = lii 


X, -f- Ot,r+lXr^l -!-••• -f OriX, = /S, 

) 0 • Xr^i 4- • • • -|- 0 • X. = ^r+i 


\ 0 • Xi -b ■ • • + 0 • X, = /J. 

In case 1, if (o) some one of ^r+i, • • • i fails to vanish, the inconsistency 0 0 

has been reached, and T (and S) is inemsistenl (has no solutions). However, if (h) 
i8r+i = • • ■ = /?« = 0, thou any solution of the first r equations will satisfy the 
remaining e — r equations; the latter are said to depend on the former, and the 
situation coincides with cas«! 2 in that all independent equations have been used up. 
In case 2, the equations may be solved, in turn, starting with the rth, for x,, Xr_i, 
• ■ • , X 2 , Xi in terms of i,+i, • ■ • , x,. Values arbitrarily assigned to the latter 
determine unique values for the former. Any set of values thus obtained from T 
satisfies S. In case Ih or 2, then, S is consisterU (has solutions!. 

Examples for e = o = 3. 


{ X — y + 2z = S (X — y + 2z = 3 
2x - 1-2 = 1 T\ y -%z = 

3x-t-2y -1-2=4 I 2=3 

Hence y = 2 and x = — 1. r = 3; case 2. Unique solution. 

The planes represented by S have just the point ( — 1 ,2,3) in common. 

{ X — y •^2e == 3 lx — y + 2z = 3 
2x +2 = 1 T\ y-% 2 =_% 

3x — y + 32 = 4 ( 0=0 

r = 2; Clase lb. Infinitely many solutions. 

Hence y = x = — J ^2 + with z arbitrary. These two planes intersect 

in a lino, which lies in each of the three pianos represented by 8. 

fx-j/+22 = 3 (x-y+22=3 

S|2x +2 = 1 t\ y-^z~-H 

(3x - j/ + 32 = 5 ( 0 

r = 2; case la. No solutions. 

The three planes represented by 8 intersect in pairs in three distinct parallel lines. 



Sec. ni 


SOLUTION OF equations 


157 


General Results. N.B. r ^ e and r '• 
Homogeneous Syslem. Since Pt * 
r < I), as happens naturally if e < », 
Xr+i, • • ■ , Xv All choices of a:,+i, • . 


y naturally, 

“ 0, case lo is impossible. If 
' • • , Xr may he found from T in terms of 
1 Xt except 0, • • , 0 give nontrivial solu- 


If r - there are no variables air+i, 


X,, and >S' has 


tions *1, • ■ • , X, of S. 
only the trivial solution. 

Nonhomogeneoua System. Case lo, which requires r < c, means S inconsistent. 
It 5 IS consistent, all solutions arc found as in the homogeneous case; every choice of 
x,+i, • • • , X, gives a solution. If r = », there is no choice and the solution is unique. 

N.B. Before commencing the solution, the variables may be permuted so as to 
make a given one fall among x,, ■ ■ ■ , Xr or among • . • , x„ as desired. The 
integer r is always the same, no matter ho.v the computation is performed. 

Special Case, c » a, Determinants, Ijct A denote the (eth order) determinant of 
the a s in jSf. hort = 1, • . , e, let R, denote the determinant obtained by replacing 

the ith column of A by the column of the Vs. If A 0, then (r = » and) x, = R,/A 
are the unique solutions of S {Cramer’s ruV'. 

For the first example 


1 
2 

B, = 


-1 2 
0 1 
2 1 
1 3 2 
|2 1 1 
[3 4 1 


= 5 


= 10 


B. 


B. 


3 
11 

4 
1 
2 
3 


-5 


15 


so that X - -5/+5 = -1, y = +10/ +5 = 2, z = +15/+5 = 3, as before. In 
the other two examples, A = 0. 

If A = 0 and some B, 0, the equations are ineonsistent. If A = 0 and ouch 
B, = 0, use the general procedure. 

In the important homogeneous case, where each B, = 0 naturally, S will have a 
nontrivial solution if and only if A =0. Using the A,, defined in 4.7, x, = ( — l)*+<A,i 
(t = I, • ■ • , «; any fixed j) will satisfy S. 11 these all vanish for any one j, they 
will vanish for every j, thus giving only the trivial solution. Then use the general 
process. 

In simple cases, especially if there is some reason to conjecture consistency, the 
routine of the general proce.-s can be relaxed. In the first example, eliminate y at 
once by adding twice the first equation to the last (and divide out a 5), getting x + z 
= 2. Subtract this fourth equation from the second: x = — 1. Substitute in the 
fourth to get 2 = 3, and then in the third to get y = 2. Alternative: Find z = 1 — 2x 
from the second equation, substitute in the first and third, and eliminate cither x 
or y from the resulting two equations in x and y. 

Solutions should be checked; substitution of i,. • • ■ , x, expressed in terms of 
XrH-i, • • ■ , x„ should give identiti(>s. The work of solution can be arranged to 
provide a numerical check at each step (Uloohltle method). Elaborate machines are 
available for really complicated cases (Mallock’s machine). Graphical methods 
are useless beyond e = 2, and superfluous then, but geometrical idca^ and terminology 
clarify the situation. 

6.3. Algebraic Equations. If /(xi, • • • , x*) is a polynomial of degree n, /(xi, 

• • ■ , X*) = 0 is an algebraic equation of degree n. Of main practical interei-t arc the 
cases fc = 1 and fc = 2, to which the general case reduces when valves are assigned lo 
i — 1 or A — 2 of the variables. 

6.31. n = 2; quadratic equations. N.B. V'p, P ^ 0, always means the positive 
number whose square is p. 
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1. fc = 1. ITie equation may be written f(x) — ax^ + bx + c 0 with o ^ 0. 
If f(x) can be factored, set each factor = 0. Otherwise, write f(x) in the form 
{complying the square) 



—h ± x/b* — 4oc 

whence x = 2^ - 

These two solutions are real and distinct, real and equal, or conjugate complex, 
according as the discriminant b’ — 4ac is > 0, = 0, or < 0. The sum of the roots is 
— b/a; their product is r/a. The graph of y =/(*) is a parabola with axis parallel 
to the [/-axis. The parabola crosses the x-axis when f(x) = 0. 

2. k = 2. The equation represents a conic (see 7.31). Treating the equation 
as a quadratic in one variable, with coefficients containing the other, it may be solved 
as in (1) to give one variable in tt'rms of the other. I'hus 2*® -J- Zxy — 5j/® — x + 
2y + 3 = 0 may be written —By* -)- (3* -h 2)^ + 2x* -*-1-3=0, whieh is a 
quadratic in y with a = —5, b = 3x +2, c = 2x* — * 4- 3. Applying the formul.a 
in (1), we find 

-(3* + 2) ± y/(3x -t- 2)» - 4(-f))(2i» ~*^'3) 

^ 2(-5) 

3* 4- 2 ± V'49*» - 8* 4- 64 

„ y= 

3. Simultaneous systems (fc =2). To solve a linear and a quadratic, solve the 
linear for one variable and substitute in the quadratic; solve this and substitute in 
the linear to find the other variable. (ITiere are generally two solutions, which may 
coincide, or be complex.) To solve two quadratics, proceed similarly. (There are 
generally four solutions, some or all of which may coincide or be complex.) Occa- 
sionally the form of the equations permits one variable to be eliminated easily. If 
one of the equations is linear, it may help to square it; check to avoid extraneous 
solutions (sec 6.1). For specific cases and examples, sc-c an algebra text. 

To solve graphically, plot the two curves and measure the ab.scis.sae and ordinates 
of their points of intersection. 

6.32. n > 2, k = 1. IModei-ately complicati^d algebraic solutions are known for 
cubics and quartics; see a text on algebra or theory of equations. If n ^ 5, no 
algebraic solution exists. The content of 4.8 is useful here. 

In the following, it is assumed, to simplify some of the statements, that On > 0; 
this may always be secured without changing the mots by multiplying the equation 
by —1, if necessary. Roots are counted with their multiplicities (see 4.8). As soon 
as, one real root c has been found, one may divide out x — c and proceed with the 
reduced equation /(*)/(* — c) = q{x) = 0; if a complex root a 4- bt of an equation 
with real coefficients is found, divide out ** — 2a* 4- o* 4- b*. 

1. /(*) = 0 has between * = a and * = b an even (perhaps 0) or an odd number 
of roots according as/(o) and /(b) have the same or opposite signs. Thus *“—2=0 
has either 1 or 3 positive real roots, for/(0) = —2 < 0, while /(*) > 0 assuredly for 
large * > 0. 

2. Descartes’s Ride. Examine the sequence of coefficients a«, a„_i, ■ • • , Oo. 
If two successive coefficients (ignoring missing ones) have different signs, a change or 
variation in sign is said to occur. Rule: If /(*) has real coefficients, the number of 
positive real roots is equal to the number of variations in sign or less by a positive even 
integer; the number of negative roots of /(*) is equal to the number of variations of 
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sign of f(—x) or less by a powtive even integer. Precisely one variation indicates 
the presence of exactly one root of the appropriate kind. In/(a;) = *» — 3a:* + 1 - 0, 
there are two variations of sign, hence two or zero positive roots; since /(O) = 1, 
/(I) “ ~1) and /(a:) > 0 for large x > 0, there arc two roots > 0. In /(—a:) = — 

— 3a:* + 1 there is one variation of sign, and hence /(x) = 0 has one negative root. 
Thus /(a:) = 0 has one negative, two positive, and a pair of conjugate complex roots. 

3. A table of values may he constructed by synthetic substitution (see 4.8). By 
using (1), we can locate roots at or between values of x used in constructing the table. 

4. Limits for the Roots. If, when p > 0 is substituted synthetically in fix), each 
number on the third line of the synthetic computation is ^ 0, then fix) has no positive 
roots > p, and p is an upper hmit for the roots of fix). Alternative Rule: If the term 
of highest degree with negative coefficient is of degree r and the numerically greatest 
negative coefficient is a„, then 1 + ■{/' « is an upper limit for the roots of fix). If 
p is an upper limit for roots of fl—x), — p is a lower limit for the negative roots of 
fix). [Note that it is necessary, if fix) is of odd degree, to multiply fl—x) by —1 in 
order to make On > 0.] 

5. Rational Roots. If the coefficients of fix) are integers, x = p/q, p and q integers, 

cannot satisfy fix) = 0 unless p divides a„ and q divides o„. Hence the possible 
rational roots are those fractions whose numerators divide oo and denominators divide 
On ; these may be listed and tested by synthetic division. Candidates can be eliminated 
by Descartes’s rule, a knowledge of the limits, etc. If fix) = 6a;* — 5a:* + 27a* + 
7x — 10, the only po6.sible rational roots are ±1, -1-2, * 5, +10, +’^, +® 2 , ±^i, 
■t ?. 3 , ±?, 3 , +'(i, ±®(,. However, I is an upper and —1 a lower limit for the 

roots, and all candidates can therefore be discarded except those lying between —1 
and +1, i.e., ±]i, ±'n, ±'■*. 1 , Descartes’s rule reveals one negative 

root. Testing, we find —2/3 to he a root, and/(x)/{3a: + 2) = 2x^ — 3x‘ + ))x — 
5 = glx). The only possible rational root of glx) is now 'a This does turn out to 
be a root, and fix) = (3* + 2)(2a: — l)(x* — x + 5). Solving a:* — a: + 5 = 0, we 
find the other roots of fix) to be (1 + / -v/Js) 

6. x“ = a. If o = ylc'*, A > 0, the n solutions of this equation arc ^A c'*', 
where, for p = 0, 1, 2, ■ • • , n — 6p = la + 2/nr)/n See 5.7. 

6.4. General Methods (for remarks on polar coordinates, see 7 .5). 6.41. Graphi- 

cal. Compute or observe a table of values and draw a graph, using a va liable informa- 
tion from calculus. I'nliics of the abscis.sa for which the curve (to.ss<-s the axis arc 
roots of fix) = 0. Often fix) can be cxpriveied as glx) — hlx), g and h plotted on the 
same axes, and the abscihsae of their points of uitersection are then roots of f[x) - 0. 
Thus, to solve a-* - 5i* -|- 3x - 1 = 0, plot glx) = a:* and hlx) = 5i* - 3? -I- 1. 
To solve sin 5s = tan 2s, plot glx^ = sin .'is and /i(s) = tun 2s. To solve simul- 
taneously two equations flx,y) = 0 and glx,y) = 0, plot the two curves on the same 
axes; the abscissae and ordinates (s,yl of their points of intersection are the required 
solutions. The accuracy of a graph ran be improved by enlarging the table of values 
and drawing a large-.sca]e graph of a small portion of the curve, but this generally 
requires enough numerical information to make the graph superfluous. If pictorial 
display or a good estimate of the roots is desired, a graph is very useful. 

6.42. Numerical Approximation. The process of trial and error may often bo 
systematized, depending, of course, on the equation. For Homer’s method of approxi- 
ihating irrational real roots of an algebraic equation, see an algebra text. (Jenerally 
speaking, any aid in computation may be adopted to facilitate the solution of equa- 
tions. There is a nomogram for solving quadratic equations; they can also be solved 
with a slide rule. 

Tabular Interpolation. If the functions involved have been tabulated, an esti- 
mated root can be refined to the accuracy permitted by the table, e.g., 10* = 7 -f x. 
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or X = log (x + 7). In a log table, taking x = .8960, we see that log (» + 7) ■>» log 
7.896 = .8974 > x, while, when x = .8980, log (® + 7) = log 7.898 »• .8975 < x. 
Thus the root of the equation lies between .8960 and .8980, apparently closer to the 
latter. Trying x = .8974, we find log (x -h 7) = log 7.897 = .8974 within the limits 
of tabular error, completing the solution. 

6.48. Newton’s Method (using derivatives; see 8.2). Let y = f(,x) have only one 
root between a and 6, and let f(a) and /(b) have opposite signs. Let /'(*) and f"(x) 
not vanish for o ^ a: ^ 6. C’hoose that one of a, b whose sign is the same as that of 
f"(x) ; for the upper (lower) curve, in the figure, choose a (b). (Success of the method is 
assured with this choice but conditional with the other.) Using a (similar process 
for 6), draw the tangent tt to the curve at [a,/(a)] and let Oi be the point where this 
tangent meets the axis. Draw the tangent ti to the curve at the point [oi,/(oi)], 
and let aa be the point where ia cuts the axis. Proceed until /(a.) = 0 to the desired 
accuracy. In formulas; Oj = a — f(a)/f'{a), aa = Oi — /(oi)//'(Oi), • • • , a»+i = 
On — f{a„)/f'{an), • • ■ . In solving /(x) = x^ + 0.053x' — 2x* — 3.12 = 0, we 
find that /(I) = -4.067,/(2) = 5.304, while /'(x) = 4x’ + 0.159x» - 4iand/"(x) = 
12x* + 0.3 18x — 4 are both > 0 for 1 ^ x ^ 2. Take x = 2 to start. The first 
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improvement gives x = 2 — /(2)//'(2) = 2 — 5.304/24.64 = 1.78. The second 
improvement gives x = 1.78 - /(1.78)//'(1.78) = 1.78 - 0.93/15.94 = 1.723. The 
third improvement gives x = 1.723 — /(1.723)//'(1.723) = 1.723 — 0.0269/12.32 = 
1.7208. Now /(1.7208) = —0.0036, so that, owing perhaps to rounding off in the 
computation, we have overshot the mark. However, /(1. 7209) = 0.0122, so that, to 
four places, x = 1.7208 is the desired root. The comparatively slow convergence 
in this example is due to the large value of /"(x) near the root. The method applies 
to any/(x) that satisfies the requirements stated at the outset. For a simplification 
in the case of polynomials, based on the principle of Horner’s method, see ref. 6, 
whose other applications also are given. 

A useful method for finding the least root of a power series has recently been 
improved (see ref. 7). 

For solution by inverse interpolation, false position, a combination of Newton’s 
method and false position which gives control of the error at each stage, approximation 
to complex roots, etc., sec ref. 1, especially Chap. VI. • 

7. ANALYTIC GEOMETRY 

When a coordinate system has been set up in the plane, or in space, it becomes 
possible to associate with each curve C an equation y = /(x) [or g{.x,y) = 0], and with 
each surface S an equation 2 = /(x,y) [or tr(x,y,z) = 0], in such a way that those and 
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only those points P lie on C or S which have coordinates satisfying the appropriate 
equation. It is then possible to use algebraic methods to settle geometric questions, 
and the intuitive evidence of geometric configurations to illuminate algebraic problems. 
Thus, to find the coordinates of points of intersection, solve equations simultaneously ; 
to find simultaneous solutions, graph and measure coordinates of points of intersection 
(see 6.31). For elementary definitions, see 3.1, 3.4. 

In the following, (x,y) denote rectangular cartesian coordinates (see 5.1). The 
graph of an equation in these coordinates will he symmetric (sec 3.16); about the 
avaxis (j/-axis) if replacing y by —y (x by ~x) leaves the c(]uation unaltered; about 
the origin if replacing x by —x and y by —y leaves the equation unaltered. Thus 
X* = 2y (or j/* = 2x) is symmetric about the y- (or x-) axis, but not about the x- (or 
y~) axis; y = sin x is symmetric about the origin but not about either axis. 

7.1. Points and Lines. The displaeemml from Pi(x,,yi) to Pi{xt,yt) results from 
a horizontal displacement Xj — Xi and a vertical displacement yi — yi. Hence the 
distance P\Pt is y / (xa — xi)-* + (yi — 'fhe direction of the displacement is 

indicated by the inclination, which is tSc angle a, —90° < o $ 90° between the 
segment PiP« and the direction of positive x-axis. If —90° < « < 90°, the elope of 
the segment is m = tun a = {yi — j/i)/(xi — ii); if a = 90°, then xi = ii, the seg- 
ment is vertical, m is nonexistent strictly, m = <*> carelessly. I'he slope m of a line I 
is the slope of any segment on it. m = 0 if 
I is horizontal, m > 0 or m < 0 according 
as I rises or falls as x increases. If 9 is the 
angle from h to h, positively countercloclv- 
wise, then tan 9 = (fwj — »ii)/(l + »»i»»i). 

Hence two nonvertical lines arc parallel 
if and only if mt = mi, perpendicular if and 
only if miOTj -f- 1 = 0. 

The point P, which divides PiPi in the 
ratio ri/rj, i.e., so that (directed distances) 

P,P/PPi — Tx/ri, has coordinates x = 

(r 2 Xi + riX 2 )/(ri + ri) and y = (rjyi + 
riy 2 )/(ri -f rj). For the midpoint n = Fio. 7.1« 

ri and x = (xi 4- xi)/2, y = (yi + yi)/2. 

P and ri/ri = X vary together as follows (see 8.13): X = 0 for P = Pi, X = 1 for the 
midpoint, X — » + « as P — * Ps inside the segment. X -♦ — 1 as P recedes indefinitely 
from Pi and as P recedes indefinitely from Pj. X — > — « as P -► Ps outside the 
segment. 

The area of a triangle with vertices P,(x,,y,) (t = 1,2,3) is the numerical value of 
xx yx 1 

xj yj 1 = '^Ixiiyi — yj) + Xi(yi — yi) xj(yi — y»)] 
xs y, 1 

the sign of this expression being -(-or — according as Pi, P Pj occur in counter- 
clockwise or clockwise order. The area A of a triangle with sides h: A,x -f- B,y -(- C, 
= 0 (z = 1,2,3) is the numerical value of 

i4i Bx Cx 
Ai Bi Cl 

,, 1 At Bt Ct 

Bt A: B, 

Bt ■ Ax Bx 
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the sign of this expression being + or — according as U, U, h occur in the triangle in 
counterclockwise or clockwise order (for determinants, sec 4.7). 

In the plane, with rectangular cartesian coordinates, straight lines and only straight 
lines have linear equations Ax + By + C =0, not both .4=0 and B = 0. The 
intercepts are a = —CIA on the x-axis and 5 = —CfB on the y-axis. The slope is 
tn = —b/a = —AjB. The normal (perpendicular) from the origin on I makes with 
the positive x-axis an angle B such that cos B = AI-\/ A^ -|- sin 9 = B* 

and has length p — —Cjy/A^ -|- B’ measured positively /rom the line in the direction 
of the terminal ray of 8. Measured positively in that same direction, the perpendicu- 
lar distance /rom I to the point (X(,,j/o) is d = 
y (Axa + Byo + C) ly/ B^. The equations 

v of the bisectors of the angle between I and I' are 

^ V VA'^+ B^* {Ax + By 4- C) = + VA^+ B* 

y'Xo.yo) (A'x -1- B'y -f C'); one sign will give the interior 

6 / bisector, the other the exterior, easily paired off 

^ with a rough diagram. The angle 4> between the 

/Q positive directions of the normals to I and I’ is 

a * given by cos <t> = (A A' + BB')/ (^/A^ -|- B* 

~ / -v/j 4'’ -1-B'*). The lines are perpendicular if and 

Cxo.yo) only if AA' + BB' = 0; parallel if and only if 

j,. » ,, A! A' = B/B', and coincident if and only if also 

■ ■ ■ B/B' = c/r'. 


fxo.yo) 

I io. 7.1b. 


Equations of Lines with Prescribed Properties. 

x y \ 

Through (xi,j/i) and {s^,y^l (y - yi) (x, - x,) = {yi - y{)(x - Xi)orx, yi 1 = 0 

*s yt 1 

Through (xi,3/i) with slope m y — yi = w(x — Xi) 


With slope m and y-intereept h y = wx -(- b 

With intercepts o aTul 6 - r = 1 

o h 

Parallel to jy-axis (no h) x = a 

Parallel to x-axis (no a) y = b 

With normal from origin in direction 9 and of length p x cos 9 -(- y sin 9 = p 

Families of lines may be represented by allowing at least one of the constants in 
the equation to vary, so that each specific value t 

it may have will give rise to a line. Thus 
y =,3x -f 6 represents the family of lines with 
slope 3, each parallel to the line y = 3x and 
each with its y-intereept given by 6. 

7.2. Change of Rectangular Cartesian O x ^ ^ 

Coordinates. Translation to Parallel Axes with CC , , 

New Origin. The point P, whose coordinates x,' ^ 

are (x,y) when the origin is at 0, has coordinates ^ ^ 

= (x — o, y — 6) when the origin is 
shifted to a point 0' whose (x,y) coordinates are 
(a,b). Sec the example in 7.31. 

Rotation of Axes with Fixed Origin. If the axes are rotated through an angle 9, 
new coordinates (x',y') of P arc x' = x cos 9 -|- y sin 9, y' = — i sin 9 4- y cos 9. 


y 

f • 

y’ 

1 




Cx-yJ , , 
{(x'.y'J 

o 

X 

y 



« b 

x' 

sA 

y' 


O’ 





. 7.2o. 
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To get the equation in {x',y') corresponding to a given equation in {x,y), solve these 
equations to get x = x' cos $ — y' sin 9, 
y = x' Bin 9 + y' cos 9. Substitute for x y 

and y in the given equation, and simplify. 

See the example in 7.31. 

7.81. The Conic Sections. The se<*ond- 
degree equation + 2fia:y + 

Ci/« + 20* + 2Ey + F = 0, not all of A, 
li, C vanishing, represents a conic section S 
(curve in which a right circular cone is cut 
by the *j/-plane). If f(a,b) = 0, the line 
tangent to S at (a,b) has the equ-ition 
Aax + B (ay + hx) + Cby + D(a + x) ^ K(h 
+ y) + F = 0. 


\ 

fx.y) 

y 

X 





Fiu. 7.2li. 


Let 


A = 

ABB 
B C E 

« “ ''o ^1 «' = 1 

C E 


D E F 

C\ 1 

E F 


If and only if the determinant (sec 4.7) A = 0, f(x,y) can be w rittcn as the product 
of two linear functions (perhaps with complex coefhciciits), so that B ''degenerates." 
If ! < 0, S will consist of distinct intersecting straight lines. If 6 > 0, S will consist 
of a single point. If 9 = 0, <S will consist of two lines that are parallel, coincident, 
or imaginary according as 4' < 0, 4' = 0, or S' > 0. 

If A 0, the equation represonts a parabola if 4 = 0, a hyperbola if S <0, and an 
ellipse if 4 > 0; the ellipse is complex (no graph) or real according as (he signs of A 
and A agree or disagree and, if real, is a circle if A — C and B = 0. Thus, for the 
equation 32** + 52xy — 7v* — 100* — 250y — 355 = 0, 



32 

26 

-50l 




A = 

26 

-50 

-7 

-125 

-125, 

-355| 

= 162,000 > 0 

and 

4 = 


-900 < 0, 


so that the curve is a hyperbola. 

The foregoing testa apply to any second-degree equation and may be applied 
before or after translation and/or rotation of axes. As in the example, the compula- 
tion of A is often tedious. If this threatens to be the case, esiiecially if the following 
“reduction ” must be at least partly carried through, wait until later to test with 
A; the progress of the reduction may yield the nece.ssary information without recourse 
to A. On the other hand, reference to A and the 4 ’b may make an awkward reduction 
unnecessary. 

If B 0, the troublesome xy term may be removed by rotating the axes (sec 7.2) 
through an angle 9 such that tan 29 = 2B/(A — C), 9 = 45° if A = (7. Assuming 
this done, the equation is of the form A** Oy* -t- 2Dx -|- 2FJy -|- F = 0, not both 
A — 0 and C — 0. If cither A or O = 0, the ecpiation represents a parabola; if A 
and C have opposite signs, it is a hyperbola that is rectangular if A = —6'; if A and C 
have the same signs, it is an ellipse that is a circle if A = C. 

In the example, we have tan 29 = 52/(32 7) = Is. whence cos 29 =- cos 9 

= 2/\^, sin 9 = l/VS, so that * = (2*' - y'l/y/b, y (*' J- 2y')/\/5. Sub- 
stituting and simplifying, we get 9*'* — 4y'* — 18 V5 — 16 \/ 5 y' — 71 = 0. 

To simplify further, factor out the coefficients of the squared terms and complete 
the squares (see 6.31), getting equations us follows: 
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Parabola 

Hyperbola 

Ellipse 


(y — *)* = 4p(x — h) or 
(a - h y _ (j^- JP 
a» 6» 

(a - (p - fel» 
o» 6« 


(x - fe)* = 4p(y - k) 
= +1 or —1 

= +1 or -1 


Thus, the example becomes 9{x'* — 2 y/Sx' + 5) — 4(y'* 4- 4 y/Sy' + 20) =» 
71 + 45 - 80 - 36, or (x' - -v/5)‘/4 - (»' + 2 V6)V9 = 1, with h = VE, k = 
— 2 -x/s. Translate the origin (see 7.2) to (5,ir), finally getting the equations 

Parabola p* = 4px or a* = 4pj/ 

Hyperbola a* ~ S* * +1 or —1 

Ellipse ^ 4- 1! _ +1 or -1 

Finally, putting 2 a' ~ -s/fi, iJ = y' + 2 -x/S, the example becomes a V4 — j/V9 = 1. 

If the — 1 occurs on the right in the case of the ellipse, the curve is complex and 
has no graph in the ordinary sense. If a* = the ellipse reduces to a ctVe/e of radius 
a; X* + — a* or (a — )i)> + (y — fc)* = a* according as the center is at the origin 

or at (h,k). 

Theorem. If a point P moves in such a way that its distance to a fixed point F 
(focue) is in a constant ratio e (ercentridty) to its distance to a fixed line d (directrix), 
then P moves on a parabola if e = 1, an ellipse if c < 1, or a hyperbola if e > 1. 

('Phis e is entirely unrelated to the natural 
base for logarithms.) 

A line through the focus perpendicular 
to the directrix is evidently a line of sym- 
metry (see 3.16) for the figure and is called 
an axis (geometric). A point F on the 
curve where the tangent to the curve is 
perpendicular to the focal radius FV is 
called a verlex. A point of symmetry is 
called a center; an dlipse has a center, and 
so does a hyperbola, but a parabola has 
none. . The chord through a focus perpen- 
dicular to the axis is called a lotus rectum. 
Parabola. Place the axis of the para- 
bola along the z-axis, with the origin 
midway between the focus and directrix, 
and let the focus be (p,0), so that the 
, Fio. 7.31a. equation of the directrix is a = — p. 

(j> > 0 in Fig. 7.31o; if p < 0, the curve 
opens to the left.) Then the equation of the parabola is j/» = 4pa, and its vertex is 
at the ongm. The latus rectum has lengtit 4p. The fact that (p,2p) is on the 
parabola is useful in drawing a rough sketch quickly. 

For the equation a’ = 4py, the directrix is horizontal, the axis is along the y-axis, 
and the curve opens up or down according as p > 0 or p < 0. The equation y = 

aa» 4- fta + c represents a parabola. To get geometric information, write (a 4- — V 

1/ ,6*-4acX ^ ^ 

“ o V 4o ) thfiOT: vertex at (-h/2a, -(ft* - 4oc)/4o), 

p -= l/4o, eU'. The tangent at P makes equal angles with ihc franl radius PF and 
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the ray through P parallel to the axis. If the tangent at P cuts the tangent at the 
vertex in a point Q, then PQF = 90°. 

A chord perpendicular to the axis cuts off a segment of hose b equal to the length 
of the chord and height h equal to the distance from the chord to the vertex. The 
area of a segment is bh/3. For two segments of the same parabola, = hi/ht. 

Ellipse and Hyperbola. Each of these curves has two vertices Y, F' on the axis, 
and their midpoint is the center. Placing the origin there and the axis along the 
z-axis, the equations assume thoir standard forms. 




Let c = -v/o* - 6* for the ellipse, r = y/'a* + b» for the hyperbola. Each curve 
has the following: eccentricity e = c/o; two foci, at ( ±c,0); two directnces, equations 
X = ±a*/f = ±a/c; and two latera recta of length 2b*/a. The tangent makes equal 
angles with the focal radii. 

For the ellipse, PF + PF' = 2a; the sum of the focal radii is constant. VV , 
of length 2o, is called the major axis; f'Tf', of length 26, is the minor axis. The area 

For the hyperbola, PF - PF' = 2o on one branch and PF' - PF = 2o on the 
other; the difference of the focal radii is constant. The segment FT', of length 2a, 
is the transverse axis; a segment of length 26 on the y-axis, centered at O (and usually 
not drawn), is called the conjugate axis. The asymptotes, to one of which P gets 
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arbitrarily close as P recedes indefinitely on the hyperbola, have equations x‘/a‘ — 
y*/b* =» 0, i.e., y = ±bx/a. In our example, o = 2, so the trans verse a xis is_4; 
b “ 3, Botheconjugateaxisis6;thelatoraM»ctaarc2 ■%=%■,( = \/4 + 9 = "v/lS; 
e = •\/l3/2. In (i,y) coordinates, the vertices are ( + 2,0), the foci arc (±\/l3,0), 
the directrices are S — ±4/-\/l3) and the asymptotes arc y = ±3J/2. To get this 
information back into (®',J/') coordinates, put i = x' — \/5> y — y' + 2 \/5; for 
{x,y), put x' = (2x + y)l\/5, y' = (—X + 2j/)/\/5r * = (2a + !/ — 5)/-\/5> 

y = (— * + 2 y + 10 )/\/ 6 - T'or example, 
the (x,y) equations of the asymptotes are 
thus 2(-a + 2y + 10) = ±3(2a + y - 5). 

If the transverse axis is vertical, the 
equation is x‘/a‘ — y^jV = — 1 , and the 
eccentricity is f/ 6 . This particular hyper- 
bola has the same asymptotes as x*/a* — 
y*/ 6 * = 1 , its foci arc the same distance c 
from the center, and the transverse axis 
of either is the conjugate axis of the other. 
Two hyperbolas related in this way are 
conjugate hyperbolas. 

In case a = b, the asymptotes are per- 
pendjculnr, and the hyperbola is said to be 
rectangular. If the axes are rotated through 
Reclangular Hyperbolas :jcy-/c so as to coincide with the asymptotes, 

Fio. 7.31d. 0 ,J^ation becomes xy = k. 

Oonversely, an equation of the form xy — kx — hy — ni =0 may be written in 
the form (x — h)(y — k) = kh + m. When the origin is translated to (h,k), the now 
equation is xy = hk + m, which represents a rectangular hyperbola. 

7.32. Constructions Involving the Conics. 1. Parabola, given focus F, directrix d, 
and axis I (through F perpendicular to d) cutting d in 1). 'Fhe midpoint V of FI) 
is the vertex of the parabola. If A is any point on the ray VF, erect a perpendicular 



p to 1 at A. The circle with center F and 
radius AD cuts p in two points of the 
parabola. 

To construct a tangent at a point P, let 
the perpendicular through P to the axis cut 
the axis in A. ('hoosc A ' on the axis so that 
r bisects AA'. Then PA' is the tangent at 
P. Or bisect by b the angle AFP and con- 
struct throiigh P a parallel to b. 

'I'o construct the axis I, and hence find 
the wrlex V, when merely the curve is given, 
draw two parallel chords and bisect them in 
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M and M'. Then MM' is parallel to 1. A chord perpendicular to MM' will have 
its midpoint A on I, which may thus be drawn through A parallel to MM'. 

C'ontinuing, to find the focus F, construct at V the line making arc tan 2 with 1. 
This line cuts the curve in a point Q from which a perpendicular to I will cut I in F. 
The directrix is then perpendicular to 1 at a point D such that DV = VF. 

2. Ellipse, given foci and “con.stant sum” 2a Take a string of length 2a, fix 
its ends at foci, and move a pencil so as to keep the string taut. If major and minor 
semiaxes are given, draw circles with centers O and radii a and b. If these are cut 
in R and 0 by a radius, perpendiculars to the axes through R and Q will inh'rsect in a 
point P of the ellipse. Or mark the point P a units from one end on a straightedge of 
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length a + h. If its ends slide on the axes, P will move on the ellipse. To construct 
a tangent at a point P, bisect the (external) angle between the focal radii. 

To find the center, when given merely the curve, draw the line MM' joining the 
midpoints of two parallel chords, and the line NN' joining the midpoints of two 
parallel chords not parallel to the first 
pair. Then MM' and NN' intersect in 
the center. 

Given the center O, the largest in- 
scribed (smallest circumscribed) circle 
(center at O, of course) will touch the 
ellipse at the ends of the minor (major) 
axis. 

To find the foci, draw an arc with 
center at one end of the minor axis and 
radius equal to the major semiaxis. This 
arc will cut the major axis in the foci 
(because c’ = a* — 6*1. 

3. Hyperbola, given foci F and F', 
hence their mid-point 0, and the con- 
stant difference 2a, hence the vertices V 
and V. If A is on VF, circular arcs 
with center F and radius V A and center 
F' with radius V'A will intersect in two points of the hyperbola. 

7.4. Parametric Equations. Instead of investigating y — /(*), or F(z,y) »• 0 it 
is often advantageous to expreas both x and y in terms of a parameter (auxiliary vari- 
able) u. Points on the graph will be distinguished from each other by values of u, 
which thus amounts to a coordinate on the curve. The parameter may or may not 
have a useful geometric or physical interpretation. 

Lino joining Pi(xi,yi) and Ps(* 2 ,J/ 2 ): x = xi + u(xt — a!,), y - y\ + u(yt - j/,). 
Here u = 0 gives P,, « = 1 gives Pj, u = their mid-point, etc. 

Line through (h,k), making an angle 9 with positive x-axis: x = h -H cos 9, 
y = k + V sin 9. Here u denotes distance along the line from (h,k) 

Gircle, center (h,k), radius t\ x = h r cos v, y = k + r sin m; starting at (h -f- r, 
k) when u = 0, P moves once around the circle us u runs from 0 to 2ir. 

Ellipse, center (h,k), semiaxes o and b: x = h + a cos u, y = k + b sin n. Tlic 
angle u is indicated in the construction in Fig. 7.326. 

Hyperbola, center (h,k), transverse and conjugate axes o and b: x = h + u cosh v, 
y = k + b sinh v;orx=h+a sec c, y = k + b tan v. 

Parabola: x = vou cos a, y = vou sin a — guV2. [Equations of motion of a 
projectile fired when (time) « = 0 from the origin with initial velocity »o, at an 
inclination of a to the horizontal, neglecting all forces except weight of projectile.] 

The nonparuinctric equations are obtained by eliminating the parameter. Thus, 
for the ellipse, write cos u = (x — h)/a, sin u = (y — k)/b, square, and add. 

7.6. Polar Coordinates. The distauc.e r of a point P from the pole (origin) O 
and the angle 9 made by the ray OF with the initial ray (positive x-axis), 9 being 
positive in the counterclockwise sense, are polar coordinates (r,9) of P. P also has 
polar coordinates (r,9 ^kw), k any integer. It is also convenient to allow r to be 

negative, in which case a distance |r| is measured off along the ray issuing from O 
in the direction opposite to that of the terminal ray of 9. Hence Pir,9) also has 
coordinates [—r, 9 4- (2fc -1- l)»r], fc any integer. 

If (x,y) are rectangular cartesian coordinates with the positive x-axis coinciding 
with the initial ray, and 9 positive in the direction from the positive x- to the positive 
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^-axis, and if (r,9) are any polar coordinates of a point P, then a » r cos y = r sin 9. 
Conversely, r = \/®» + y» and B such that cos 9 = x/r, sin 6 = y/r are polar coordi- 
nates of P. 

Equations. 1. Line whose normal from the pole makes an angle a with the 
initial direction and is p units long: r cos (8 — a) = p. 

2. CircU with center at the origin and radius o: r = o. With center at (ri,9i) 
and radius o: r’ + ri® — 2rri cos (9 — 9i) <= o*. 

3. Ray issuing from origin making angle a with initial ray; 6 = a. 

4. Conic with focus at pole and directrix distant p units from pole and perpendicu- 
lar to initial direction: r = cp/(l -f e cos 9), where e is eccentricity (see 7.31). 2ep, 
often denoted by 21, is the length of the lalus rectum. 

In plotting ciirves r = /(9), some care is needed with negative values of r. In 
particular, an equation r® =/(9) leads to r = ± •\//(9). 'I'hus, when/(9) < 0, r is 





imaginary (and is not graphed); when/(9) > 0, the positive value of r gives rise to a 
point on the terminal line of 9, and the negative value will give a second point, on the 
terminal line reversed. The curve traced out by the negative square root may or 
may not coincide (perhaps in a different order) with the curve traced out by th<i 
positive square root. 

The six-looped curve is the graph of r® = a® sin 39. The loops labeled -!-(—) arise 
from the positive (negative) square root. The two-looped (dotted) curve is the 
graph of r® = a® sin 29. Each loop is traced out once by the positive and once by the 
negative square root. 

Similarl}', care is needed in finding points of intersection. This may be done 
graphically if an estimate to a small number of significant figures will be satisfactory 
and care is exercised to choose among the coordinates of a point a pair that actually 
satisfies both equations. In solving r = /(9) and r = g{9) analytically, there will be 
four possibilities to consider; /(9 -t- 2fcx) = g{B 2lir), f(B -b (2fc + l)ir) = —g(6 -b 
2[v), /(9 -b 2kir) = -y(9 + (2A: -b I)*-), and -/(9 -b (2k -b l)v) = -g{e -b (2fc + 
1)t). If a satisfies any one of these equations (with ko in / and la in g), e.g., the last 
but one, then [f(a + 2koir),a] and [ — -b (2ka + l)ir],ol are coordinates of the 
same point, which lies on both curves. 
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7.6. Points, l^es, and Planes in Space. 7.61. Coordinates. Equations and 
Surfaces. Let three mutually orthogonal (perpendieular) planes intersect at a 
point 0. Use two of the lines so formed as and p-axos for a system of rectangular 
cartesian coordinates (see 5.1) in their plane. On the third line, the use the 

same unit of measure as on the other axes, and measure positively away from 0 in 
such a way that, viewed from the positive a-axis, the rotation 
in the xjf-plane from the positive x-axis toward the positive 
2 /-axis is counterclockwise. Kach point of space then has 
associated with it a unique ordered triple of numbers {x,y,z) 
which are its reOangulaT cartesian coordinates. Plach 
coordinate measures the perpendicular diftanee to the plane 
{coordinate plane) of the other two. TI,Ls is a -ight-handed 
system of axes. Reversing the direction of an odd (even) 
number of axes gives a left-handed (right-handed) system. 

The coordinate planes divide space into eight octants, each 
of which is characterized by a definite f et of signs for the 
coordinates; only the (+,+,+) octant has a name; it is 
called the first octant. 

Ihe equation x = a defines a plane paral’el to the j/z-plane; similarly for y = b 
and 2 = c. Two such equations define a line parallel to the axis of the variable not 
mentioned. Three such eipiations fix a point. 

Given a system of rectangular cartesiaji coordinates, let the coordinates {x,y,0) 
in the xp-plane be replaced by polar coordinates {p,<l>,t)) (see 7.5). Then each point 
in space has coordinates {p,<t>,:) which are its cylindrical coordinates. Surfaces p — a 
are right circular cylinders with axis the z-axis and radius o. Surfaces = a arc half 
planes with the z-axis as the free edge. Surfaces z = c are planes parallel to the 
^ X2/-plaiie. Ciirvi's p = o, .(. = a, z variable are lines 

parallel to the z-axis. Gurves p = a, z = c, it> variable 
are circles. Chirves 0 = a, z = o, r variable are rays 
issuing from points on the z-axis and ruimuig out 
indefinitely parallel to the p0-planc. {p,<t>,z) and 
{x,y,z) are related by the equations p = 1 / 2 *“+ 
cos <)> = x/p, sin it> = y/p, and x = p eo.s y = p sin ij>. 

Cylindrical coordinates are useful in studyhig 
configurations sjunmetric about a line {axial symmetry). 
Ill dealing with a .surface of revolution, set <A = 0, say, 
.and plot the curve p = /(z) which it is de.sired to 
revolve. Letting <f> vary has the effect of rotating 
this curve about the z-axis, so that the equation 
P = /(*)> interpreted in cylindrical coordinates, is the 
equation of the required surface. Gonversclj'-, any 
equation p = /fz) represents a surface of revolution with 
the z-axis as axis of revolution, 
i.et an axis (ray) I issue from a pole (point) O. In the plane ir perpendicular to /. 
choose an arbitrary initial ray m issuing from O. Then the sphtrical coordinates of 
f* are (r, $, <p), where r(0 ^ r < -(- «) is the distance OI‘, fl(0 $ 9 ^ 2ir) is the angle, 
measured positively when counterclockwise asviewed from /, from m to the ray nwhich 

is the projection of the ray OP on the plane x, and tp is the angle from 
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n to the ray OP, measured positively when I and OP are on the same side of the plane 
T. The equation r = a defines a sphere with center at the pole a. id radius a; a — 1 
gives the unit sphere. 'I'he equation *> = a defines a half rone with vertex O, axis / 
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and semivertical angle ^ — a; »> = 0 gives the plane v. The equation 9 = p gives a 

half plane with the line containing 1 as the free edge, r = « and tp = a taken together 
define a eirclo with center on I and radius a cos or lying on the sphere r = o, around 
which 9 varies, r •= a and fl = 3 taken together give a semicircle of radius a in the 

half plane 9 = (), around which v varies. 
p = a and fl = 3 taken together give a ray 
issuing from O along which r varies. 

If the origin of (x, y, i) is the pole and 
the zp-plane is the plane v and the positive 
x-axis is the line m, then x ^ r cos t> bob 
9, y = r BOB Ip sin 3, and s = r sin while 
r = \/** + P* + «*) V = arc sin s/r (princi- 
pal value), and as in plane polar coordi- 
nates, 9 is so chosen between 0 and 2ir that 
Fiq. 7.6 c. eos 9 = x/Va:* + y*< and 

sin fl = 2//-\/x* -t- y*. 

If O is at the center of the earth, with the axis I passing through the North Pole, 
and m is coplanar with Greenwich and the North Pole, then the plane n is the equa- 
torial plane, 9 gives east longitude, and ip gives latitude. 

Note: Most nonmeteorological books use ip to denote the angle here denoted by 9 
and, instead of the angle here denoted by ip, use the angle (from 0 to v) from the ray 1 
to the ray OP, calling this angle 9. 

7.62. Lines and Planes. Let Pi(«i,yi,ai) and Pj(xi,y»,s») be two points. The 
displacement from Pi to Pi results from displacements Xi — Xi in the direction of the 
positive x-axis, i/i — yi along the positive y-axis, and zt — zi along the positive z-axis. 
These directed segments are called the projections or components of the directed seg- 
ment PjPi. The distance PjPj is evidently d = V (xi — xi)‘ -f- (yi — Pi)* + (zi — Zi) *. 
The angles a, 3, y between 0 and 180 deg measured from the positive x-, y-, 
z-axes are the direction angles of the seg- 
ment PiPi, or of any line containing this 
segment, and their cosines are the direction 
cosines of the segment or line. Further, 

Xj — Xi = d cos a, yt — yi = d cos ft, and 
zi — zi = d cos 7 are dirrdion numbers of 
the segment or line; if d = 1 these numbers 
reduce to the cosines. Using the expression 
for d, we .see that cos* a + cos* 3 + cos* 

7 * 1. Any three numbers X, u, v, not 
all aero, are direction numbers for any 
one (1) of a family of parallel lines. If 
P = -v/x* + Ai* + »"*, then cos a = X/p, cos 
3 = a/P) and cos 7 = c/p are direction 
cosines and a, 3, 7 direction angles of 1. If t is any real number 0, tX, tp, and to 
will also be direction numbers of !; if t < 0 the angles a, 3, 7 are carried into their 
supplements, and the direction of I is reversed. The vanishing of a direction number 
means that the line is parallel to the plane of the other two variables. 

P{x,y,z) will lie on the line I through Pi and Pi if and only if x — xi, y — j/i, a — zi 
are direction numbers for I, i.e., if and only if there is a number t such that x — Xi = 
t(Xi — Xi), 3/ — I/I l(j)2 — y,), and z — Zi - f(z, — zj), 
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X = Xi+ t(Xt — Xi) 1 
p - Pi + - Pi) 1 

Z = Zl + t(2j — Zi) j 

(1) 


X — Xi y — Pi Z — Zi . 1 

Xi — Xi yi — Pi 2j — 2i ' “ ' 

(2) 


X - Xx y - Pi z - Zl , ,, 

X y, ' V ^ 

(3) 


(,1) are parametric equations for 1. Equations (2) and (3), sometimes said to be “sym- 
metric,” do not contain the parameter and arc satisfied by points on the line from Pi 
(2) through Pt and (3) in a direction with numbers X, #i, v. (The latter could be 
replaced by cos a, cos /3, cos y.) The angle $ between the directions of h and 2i 
determined by their cosines has cos 6 — cos on cos -|- cos jSi cos 1S2 + cos 71 cos yj. 
(li and h need not intersect.) For perpendicularity, cos 9=0. 

Planes and only planes have linear equations Ax + By Cz A- D “0 with not 
all of A, B, C vanishing. If one o{ A, B, C vanishes, the plane is parallel to the axis 
ol the corresiwnding variable. The itfereepts are a = —}>IA, b = —D/B, and 
c = —Die on the x-, y-, r-axes, respccuvely. The numbers A, B, C are direction 
numbers of any line normal (perpendicular) to the plane. Measured positively in 
the direction whose numbers are A, B, C, the distance from the plane to Po(*o,J/o,2o) 
is (Axo + By a H- Czd + Z))/\/i4> -1- C*. The angle 6 between two planes is 

the angle between their normals. The planes are perpendicular if and only if AA' -t- 
BB' -I- CC” = 0; parallel if and only if A/ A' = B/B' = C/C, and coincident if and 
only if also C/C = D/D'. 

Equations of Planes. 'I'hrough (*i,yi,2i) with normal in direction with numbers 

\ u, V 

blx - «i) + M(y - j/i) + >’(2 - si) = 0 


Distant p units from origin with normal in direction with angles a, p,y _ 


With intercepts o, 6, c 
Through Pi, Ft, Pt 


X cos a + y cos + z cos 7 

a 0 c 
X y z 1 

Xi yi Zi 1 

Xt yi Zt 1 
xt yz Xt 1 


= 0 


= P 


To find where a line cuts a plane, substitute from its equations into the equation 
of the plane. 

Two pianos determine a line. Its direction numbers are BC — B'C, CA' — A'C, 
AB' — A'B. To write down equations for the line, the coordinates of a point on it 
are needed. To find these, assign a numerical value to one of the variables in the 
equations for the planes and solve for the other two. Alternative Procedure: Manip- 
ulate the equations for the planes so that they may be put into form (3) above. 

Example. f2x — 3y + 4z + 5 = 0 

(3* -h 4y — 5z 6 = 0 
-17y + 222 -I- 3 = 0 
22a: + y -f 49 = 0 
X -f _ ?_+ ?i2 

-22 ^ 


Subtract double the second equation from treble the first. Similarly, eliminate z. 
Solving each resulting equation for y, we get equations of the form (3), which say that 
the line passes through (-49/22,0,-3/22) and has direction numbers -22, 1, 
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Two sheeted (parted) Hyperboloid 


z 



z 



z 



— — i- 
an 


Hyperbolic paraboloid, saddle surface 
(Ruled surface) 



Elliptic paraboloid 
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All the foregoing and related problems are clarified and simplified by the methods 
of elementary vector analysis (see 12.3). 

7.7. Quadric Surfaces. The second-degree equation f{x,y,z) = Ax* + By* -)- 
Cz* -|- 2Dxy 2Exz -|- 2Fyz -j- 2Lx -1- 2My 2Nz + K = 0 represents a guadne 
surface (or conicoid) Q. If /(a,b,c) = 0, the tangent plane to Q at {a,b,c) is 

Aax -t- Bby -1- Ccz 71(aj/ + bx) -1- E(az -|- cr) -|- F(bz + ey) -f L(a -f *) 

-I- M(J} -h y) 4 A'(f -H 2) 4- A' = 0 

and the normal line at {a,b,e) has direction numbers 

Aa + Db + Ec + L Da + Bh + Fc 4- M Ea + Fb + Cc + N 

For classification of quadrics, t^all^lfo^ll>:ltion^ of coordinates, and the reduction of 
the general second-degree equation, simdar to the treatment of conics in 7.,31, see a 
text. 

A determinant d may be formed for Q precisely as A was formed for the conic B 
in 7.31. If d = 0, Q degenerates into a pair of planes or a cone or a cylinder. In 
the latter case, coordmatea can be so chust'ii that one of the variables is missing; 
the generators are parallel to the axis of that variable; and, in the plane of the two 
variables appearing in the equation, the equation represents I he generatrix. The 
cone and the possible results of the reduction in case rf 0 are the following: 

A ruhd surface contains a family' of straight lines. li.ieh ruled quadric Q contains 
two families of rulings, and through each |Miint of Q iheri' passes ont‘ ruling of each 
family. Kach ruling cuts every ruling of the other family but none of its own family. 

Bpeeial Cases. If any two of a, b, c are equal, the ellipsoid or hyperboloid is an 
ellipsoid or hyperboloid of revolution. .\n ellipsohl of revolution is a spheroid, prolate 
if the odd axis is longest, oblalc if the odd axis is shortest. If u = b = r, the ellipsoid 
is a sphere. If a = b, the elliptic paralxiloid becomes a paraboloid of revolution, 
while the hyperbolic par.iboloid becomes rectangular. If a = 6, the (elliptic) cone 
becomes circular. 


8. DIFFERENTIAL CALCULUS 

8.1. Limits and Continuity. 8.11. Limits of Variables. A numerical variable » 
is said to be bounded or vnhniimUd above (or below) according as there is or is not a 
number M such that v ^ M (or M ^ v) throughout the entire course of the variation 
of ». If V is bounded both above and below (i.e.. la] $ M for some M ^ 0), one says 
simply that v is bounded. 

A variable v taking on the values 2, * 2 t ■’‘i- ' ' ' <■■‘''1* made to differ 

from 1 by as little as may be required by' following its variation far enough. I'his 
statement is abbreviated by writing a — » I or lim a = 1 and saying that “a tends to 
1,” “a approaches 1,” or “the limit of a is 1.” If a is any variable and c any constant, 
V -* c thus means that, given any positive nund)er * (however small), there is a definite 
stage in the variation of a beyond which each value of a, without exception, has the 
property that |» — c| < t. If v represents a physical quantity, in whose measurement 
an error of t can be tolerated, then a is physically' indistinguishable from c as soon 
as la — cl < t. Note that if, from some stage on, a = c, then a — > c. but that a — ♦ c 
does not imply that a ever actually has the value c. The basic concept here roughly 
formulated kept its mystery until the nineteenth century', and can be handled con- 
fidently only after practice. 

The terminology is exteniled to deal with a variable taking on such values as 
1,2,4,8,16, • • • or —1, —2, —4, —8, • ■ ■ . Such a variable a is said to “increase 
(decrease) w'ithout limit,” or to “become positively (negatively)infinite.” Abbreviat- 
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ing, we write i» « (or — «) and say that v “tends to” or “approaches” or “has 
the limit” + oo (or — «). These abbreviated notations and locutions do not imply 
that the symbol « or the word “infinity” denotes a number; attempts to use « as a 
number can only produce nonsense. 

If each of the assertions ii— » — », and v —* c (including v = c) is false 
(for every c), v is said to oadllaie — ^finitely or infinitely according as v is or is not 
bounded. 

Theorema onLimits. lim (m + o+ ***+U))= lim it + lim »+■•■+ lim w, 

lim (m • » to) = (lim it) • (lim o) (lim to), lim (tt/o) = (lim tt)/(lim 2 ), 

provided that the necessary limits exist and lim z ^0. For “indeterminate forms,” 
e.g., lim (it/ 2 ) when u — * 0 and 2 — > 0, see 8.6. 

8.12. Regions. Limits of Variable Points. A connected portion R of space, or 
of a surface S (perhaps plane), or of a curve C (perhaps straight) that has been singled 
out by means of a system of boundary surfaces, or curves on N, or poinis (at most 
two) on C is called a region. (On a straight line, an interval is a region.) Points of 



On a surface In space 


Fio. 8.12. — Typical regions. 

space, or of S, or of C are thus either interior to R, or exterior to R, or on the boundary 
of R. (Note that the exterior may be disconnected end so not a region.) 

A region R is bounded if it is contained in a sphere. The diameter l|fl£ll of 12 is 
the least distance not exceeded by the distance between any two points of R. 'Ihe 
volume, area, or length of R is |f£|. 

A point having a certain property is iaolated if it is interior to a region of which 
no other point has the property. 

Now let A be a variable point, B a fixed point. A —> B or lim A = B means that, 
given any region R (however small HffH may be) to which B is interior, there is a 
definite stage in the variation of A beyond which A is interior to R. If a coordinate 
system is given covering some fixed region Ro to which B is interior, then A — > B if 
and only if the (variable) coordinates of A approach the (fixed) coordinates of B. 

8.13. Limits of Functions. Let f{P) be a function which, for each point P in a 
region R, defines a single real number /(P). Let Q be a fixed point in R. We are 
interested in the behavior of /(P) as P — ► Q. This behavior will depend, in general, 
on the positions taken by P in its approach to Q. If /(P) — ► 1 (1 constant) for every 
way in which Q can approach P, then we write /(P) — » 1 as P — * Q (no qualification). 
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It often happens that we wish to allow P to approach Q from one side of a surface 
through Q, or through points not on a curve C through Q (in space), or from one side 
of a curve through Q on a surface, or from one side of Q on a curve. In. order for lim 
f(P) to exist, aU these qualified limits must exist and have the same value. Only 
in the case of a function of a single real variable is there a standard notation : /(o +) 
lim /(m) as w — *a, m > a; /(a—) = lim /(u) as u—*a, u < a. Thus /(«) — as 
It — » o means that /(o— ) = 2 = /(a+). 

8.14. Continuity of Functions. f(P) is said to be cotUintious at Q if and only if : 
(1) /(O) ” ® exists; (2) f(P) — * 2 as P — ♦ Q; (3) o =2. /(P) is continuous in a region 
if it is continuous at every point of the region. Roughly, if y “ f(x) is continuous, 
its graph will have no breaks and can be drawn without lifting the pencil from the 
paper. 

Suppose that, at a point Q, f(P) — » 2 as P -+ Q, but f(Q) 2. Or suppose that, 
at each point Q of a curve C on a surface S or in space, f(P) — > 2 (depending on Q) 
as P -*Q through points not on C, but f(Q) I for some Q on C. Or suppose that, 



Fio. 8.14. — Functions y = /(*) diseontmuous at z = 0, continuous elsewhere. 


at each point Q of a surface <S in spare, J{P) -> 2 (depending on Q) b»P -*Q through 
points not on S, but that /(Q) 9 ^ I for some Q on S. If /(P) is otherwise continuous, 
those are said to be removable discontinuities. By defining F(Q) = I at these points, 
P(P) = /(P) elsewhere, we get a continuous function F that coincides with / except 
at these points. 

I^et Q denote an arbitrary point of a curve C, or of a curve C* on a surface S, or 
of a surface 5* in space, and let P denote a point that varies on C or on S or in space. 
Let /(P) be continuous in some region containing Q on C, or C* on S, or S* in space 
except that /(P) -♦ 2 or /(P) — » 2' according as P -► Q on C from one side or the other 
of Q, or on iS from one side or the other of C*, or in space from one side or the other 
of S*, and that, in the latter two cases 2 and 2' are continuous functions of Q on C* 
and S*, respectively. Then /(P) is said to have a jump discontinuity at Q on C, or 
along C* on S, or on /S* in space. 

/(P) is said to be aectionatly contintums in a region R if every discontinuity is either 
removable or a jump, and these discontinuities are confined to a finite number of : 
points if R is on a curve C; of points and curves if fJ is on a surface S', and of points, 
curves, and surfaces if is in space. 

The temperature of the atmosphere is usually sectionally continuous, while the 
pressure is continuous but its derivatives may be only sectionally continuous. On 
the surface of a cold or warm front, the temperature and the derivatives of the pressure 
may have jump discontinuities. 

8.2. Difierentiation. Let y -/(x) be given and y = /(o) when x = o. If x 
changes by a (positive or negative) amount h = bx (“delta ®,” increment in x), then y 
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will take on the value /(o + h) = f(a) + A; = /(o) + Ay, where k = Ay (increment 
in y) is the change in y corresponding to the change h in x. The ratio k/h = Ay/ Ax = 
[/(o + h) — f(fl)]/h, called the difference quotient or increment ratio, may be inter- 
preted (1) as the slope of the secant line 
PQ, (2) as the average rate of increase of y 
per unit increase in x over the interval a, 
a -{■ h. 

If h is now restricted to (numerically) 
smaller and smaller values (with h = Q 
excluded, of course), the point Q is then 
restricted [if the curve is continuous at P 
(see 8.14)] to a smaller and smaller neigh- 
borhood of P on the curve. The direction 
of the secant line then represents more 
and more closely the direction of the curve 
at P. Also, k/h gives the average rate of 
increase (of y per unit increase in x) over 
smaller and smaller intervals a, a + h and 
thus represents more and more closely what 
happens at x = a. This suggests that k/h may have a limit as h — ► 0 (see 8.13). 
If this limit i-xists, f(x) is said lo be differentiable when * = o. The limit is denoted 
by /'(o) and is called the derivative of f{x) when x = a. The process of finding the 
derivative is called differentiation. 

In case f'(a) exists, the secant PQ approaches the tangent at F as h — ► 0, so that 
/'(o) measures the slope of the line tangent to the curve at P. Also, /'(“) ia the instan- 
taneous rate of increase of y per unit increase in x when x = a. 

In order hn fit) to exist, fix) must be continuous when x = a. Continuity does 
not, however, imply differentiability. Thus, if /(*) = |il then, at * = o = 0, 
k/h = -+-1 or — 1 according as li > 0 or h <0, and cannot have a limit as h — ► 0. If 
lim k/h as h -t-0 (or —0) exists (see 8.13), fix) is 
said to have a derivative from the right (or left); at 
a; = 0, |i| has a derivative from the right (left) equal 
to -(-1 ( — 1). In order lor /'(a) to exist, the deriva- 
tives from the right and from the left must both exist 
and be equal. 

In case /'(a) exists for every value a of x in an 
interval, the function f'ix) is said to be the derivative 
oi fix). 

Alternative Notation, f'ix) = y' = Pjfix) = D^y = 
dy/dx = dfix) /dx. The derivative of fix) is the second 
derivative of fix) and is denoted by fix) = y” = dAy/dsp, 
f~^^ix) is the nth derivative of fix) and is denoted by f^ix) » 

8.21. G«neral theorems on derivatives oifix), gix), hix). 



Fio. 8.2b. 

etc.; the derivative of 
. yW = d’g/dx', etc. 


(/ + {f+ - + h)' -f-h' 

is -9 h)' ^f-g hA-f g' h + ■ ■ ■ +f-g h’ 

y T jT . . . ^) “ / g ^ (logarithmic differentiation) 

if.g)M =/(») + Clf^n-i)gi + + • • • + + ?<“> 

[LeAnit^ rule; for CJ, see 4.5) 
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M is a function of ®, then j, is a function of x and dy/dx - 
{dy/du) {du/dx). {Function of a function; extremely important.) 

If y is a function of x and dy/dx ^ 0, then a is a function of y and dx/dy - 1 / 
(dy /da:) . ( J noerse function. ) 

If y is a function of u and a is a function of u and dx/du ^ 0, then y is a function 
of a and dy/dx = {dy/du) /(dx/du). (Parametric equations.) N.B. Derivatives 
with respect to a parameter, especially one denoting time, arc frequently indicated 
by superscript dots: dx/du = i, d>a/d«« = 3; thus y' = y/x in the theorem. 

8.22. Derivatives of Special Functions. “Angles” arc in radian measure. If 
degrees are used, either convert to radians or multiply the stated derivatives of the 
trigonometric functions by t/ 180 = 0.017453, fsin a°)' = 0.017453 cos a“, and the 
stated derivatives of their inversos by 57.2957, [(arc sin a)°l' = 67.2957/ 

Use the stated (arc sin a)'or its negative according as arc sin x, (|x| < 1), is in quadrant 
IV or I or in II or III. Reduce arc eos x, arc cot *, arc “cc x, arc esc z as in 6.5. 
Note restrictions on inverse hyperbolic functions in 5.8. 

Notation, c is any constant, a is any positive constant, z < 0 and o pS 1 (unless 
® “ 1) for logs X to exist, c = 2.71828 • * the natural base for logarithms (see 2.4), 

In z = log, z. 


i-" 
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d(arc tanh u) _ 1 du 


— 1 dx 


dx 


(1 — «*) dx 


Technical S uggestions. To handle complicated products, quotients, and exponents, 
take In before differentiation. Thus, if y = (1 — z*)*. In y =« z In (1 — z’), y'/y = In 
(1 - z») - 2zV(l - **), y' = (1 - **)* In (1 - z*) - 2z*(l - 

If y is defined implicitly by an equation of the form f(x,y) = 0 , differentiate each 
side of the equation, treating y as a function of x; solve the result for y'. Thus, if 
z’ + ya + 3zy — 3 = 0, 3z* + 3y’y' + 3y + 3zy' = 0, whence y' = —(x‘ + y)/(y* 
+ x). 

To find an approximate value of a derivative from a graph, draw the tangent and 
find its slope; or, more accurately (if the graph itself is accurate enough to warrant 
the trouble), set a mirror normal to the curve (in such a way that the curve continues 
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smoothly into the mirror) and if the normal has slope m the curve has dope — 1/m. 
Only rough ideas can be formed easily from tables (especially empirical tables); 
Ay/Ax in such a case will be a crude approximation to f'{x), better if Ax is small. If 
more accurate information must be obtained and cannot be found otherwise, see ref. 1, 
especially pars. 35ff. 

8.8. Tangent; Differentiala; Approximation; Polar Coordinates. The tangent 
line to j/ ■“ /(x) at [a,/(o)] is y — f(a) =/'(o)(x — a), if f'(a) exists. The normal 
line (perpendicular to tangent) is f{a)[y — /(o)] =• — (x — o). The angle between 
two curves is defined to be the angle between their tangent (or normal) lines (see 7.1). 

The equation of the tangent is often written dy J'{a)dx, in terms of the coordi- 
nates dy = y — f(a) and dx “ x — a relative to [a, /(a)] of a point (x,y) on the tangent 
line. The variable dx (or dy) is called the differential of x (or y). Differentials 
may be introduced at any point [a, /(a)] where /'(a) exists. Since it reduces, when 
X a, to dy = f{a)dx, an equation dy = fix)dx expresses compactly the relation 
between dy and dx at any point [xj{x)] on the curve y = /(x). Also, if dx and dy 
refer to the point [a, /(a)], and dx 0, then dy -5- dx = /'(o); on allowing a to vary, 
we have, at each point, dy -t- dx = f'(x), which sanctions the previous notation 



dy/dx = /'(x). Any formula for differentiation may be written immediately as an 
equation between differentials. Thus d(x') = ex'"* dx, d(sin x) = cos x dx, etc. 

Suppose that we know /(a), and that x is given an increment Ax so as to have the 
value a + Ax. It sometimes is but more often is not feasible to compute /(a + Ax) 
directly from the definition of /(x). The increment Ay = /(o + Ax) — f{a) can be 
approximaled with the value dy obtained by taldng dx Ax in the relation dy ’o 
f'(a)dx. This is sometimes written Ay » dy. If dewed, f{a + Ai) = f{a) 4- Ay » 
f(a) + dy. 

'The error Ay — dy committed in writhe Ay dymay oftenbeestimatedasfollowB'. 
Let l/"(x)l ^ M for X in the interval o, o + Ax. Then \Ay — dyl $ M(Ax)*/2. 

Examples, To find the value of cos 32°. Using the convenient neighboring value 
of 30° for a in the theory, we have cos 30° ■« '\/3/2 « .8660, sin 30° — d(coa x) “ 
— sin X dx, and dx » Ax 2° » .03490 (radians), so that d(coB x) = (—)^) (.03400) 
= —.0175. Hence Ay » —.0175 and cos 32° » .8485. To estimate the error, 
(cosx)" ■» — cosx; for 30° $ x ^ 32°, l(cos x)"| $ cos 30° =« .8660, so that] Ay — dy| 
^ .8660(.0349)V2 = .00053 (to five places). (Tables give cos 32° = .8480 to foxir 
places^ 

8.S1. Polar Coordinates. As in the cartesian case, f'(a) computed from r •• /(d) 
when 0 m a may be interpreted as the rate of increase of r per umt increase in S when 
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6 ^ et. However, it is not A# but the circular arc PQ ^ r that helps "displace” 
P[/(a),a] to R[f(a + AS), a + AS], To interpret f'(a) geometrically, we let the point 
+ dr, a + d6] move toward P along the tangent at P and can show that, as 
de -* 0, the ratio dr/{rd0) —* cot <li. Thus cot ^ =■ f(.a)/f(a), and /'(a) is connected 
geometrically with the inclination of the tangent at [/(Qt),a] to the radius vector (and 
not directly with its inclination to the initial direction, ns in the cartesian case). 



8.4. Maxima and Minima. Inflections. From the interpretation of f'(a) as 
the instantaneous rate of increase of y per unit increase in x, it follows that /'(a) > 0, 
< 0, ” 0 according as f(x) is increasing, decreasing, or staXionary (neither increasing 
nor decreasing) as x increases through the value x = a. The inclination and the 
slope of the tangent will be >0, < 0, or = 0 in the respective cases. 



/(a) is a (relative) maximum M if, whenever x is close enough to a, /(o) '> fix). 
f{a) is a (relative) minimum m if, whenever x is close enough to a, fia) </(x). As in 
the figure, an m may exceed an M. Maxima and minima are called extreme values. 
At an extreme value (except possibly at an end of an interval;, fix) must be stationary ; 
if /'(a) exists, fia) = 0. Hence, to find stationary points, set/'(x) = 0 and solve for 
X. Moreover, if fia) « 0 and fix) changes sign as x increases through a, then fia) 
wiU be extreme: m if first /'(i) < 0 (/decreasing), then fia) = 0 (/ stationary) and 
then fia) > 0 if increasing); and M if first fix) > 0 (/ increasing), then fia) = 0 
(f stationary), and then fix) < 0 (/ decreasing) isign lest). If f<a) = 0, fia) is thus 
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Moim according asf'{x) is decreasing or increasing, t.e., M iff" (a) < 0,miff '(a) > 0 

(second derivative teat; mdeciaive iff’ {a) =0). ^ * .■ * 

Use whichever test seems easier. The sign test may work when / (a) fails to exist 
or vanishes. Kote that the tests give only sufirienl conditions. An extreme value 
may exist where f'(x) does not. Also, M or m may occur at the ends of an interval 
to which X is restricted, even though f'(x) je- 0 there (as at M', where f'(h)o^\e,\a from 
the left and is positive). For a more general derivative 
^ test, valid when any finite number of derivatives vanish, 


jf' 



Fid. 8.4/j.— "Testa" reveal 
only m'. 


sec 8.73. 

f*(x) is increasing, decreasing, or stationary, as x 
ineriaises through a: = o, according as f"(a) >0, < 0, 
or = 0. In the respective eases, the tangent line will 
he below the curve and rotating counterclockwise; or 
above the curve and rotating clockwise; or above and 
rotating clockwise (or below and rotating counterclock- 
wise) to the left of X = a and below and rotating 
counterclockwise (or above and rotating clockwise) to the 


right. When viewed from below, the curve is said to be convex, to be concave, 
or to have an infection point (7 on the figures) in the respective cases. To find 
inflection points, put/"(i) = 0 and solve for x; inflection occurs if f"{x) changes sign 
as X increases through a: = a. Tlius f^ix) has an extreme value at an inflection. 
Also, the curve crosses its tangent there. For curvature see 10.21. 

8.8. The Mean-value Theorem. Indeterminate Forms. J'hcorem. If f(x) is 
continuous for o < x ^ 6 and /(x) exists for o < x < 6, then there is a number c, 
a < c <b such that /(b) — f(a) = (b — a)f(c). 


y 



It follows that, if /'(x) vanishes identically, /(i) is a constant. (No other proof 
is known for this important fact.) 

Generalized Theorem. If f(x) and g(x) are continuous for o ^ x ^ b, and, for 
a < X < b, f'(x) and g'(x) exist and g'{x) does not vanish, then there is a number c, 
o < c < b, such that [/(b) — /(a)l/[g(6) — g(o)] = f(c)/g'(c). 

Suppose now that /(a) = g(a) = 0. For x = a, the quotient f(x)/g(x) then 
assumes the meaningless or indeterminate form %. Nevertheless, f(x)/g(x) may have 
a limit (see 8.13) as x -♦ a. In the computation of du/dv, for example, AufAv becomes 
meaningless if 0 is substituted for Au and for Av, although lim (Au/Av) may exist as 
A» -+ 0 and Au — ♦ 0 with Ax. Putting /(o) = g(a) <= 0 and b = o -t- h in the gen- 
eralized theorem, we have /(a -b h)/g(a + h) = f'(e)/g'{c), where a < c < a + h. 
Uh -*0, then o -f ?i — » o and c -* a, and the left member will have a limit (or become 
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’ ^ - “./lo + n)/g{a + h) = [(o + fc)" - 

fc) - o] - nc"-Vl, where a < c < o + A. Hence /(x)/g(x) -na-i as x 
it happens that/' (o) — g'{a) = 0, we apply the same process to /'(x) /o' (x) 1 


positively or n^atively infinite) if and only if the right member does the same. For 
example, if /(x) _ x- - a*, g(x) = x “ /(o^j- A)/ff(a + A) = [(o + A)- - o"]/[(a + 

X — > o. If 

- * ^ learn that 

/(o + K)/g{a, ■}- h) = f (ci)/o"(ci), where a < cj < c, and seek a limit (perhaps -h co 
or «o) of /' (x)/o"(x) as x » a. Continue with higher derivatives, if necessary, 
until a decision is reached. Note that the process gives essentially one-sided limits, 
from the right or left according as A > 0 or A <0; these may differ. If this proeess 
seems objectionable, series expansions (see 8.7) may be helpful. 

To find lim [(x — sin x)/i»] as x — » 0. Since x — sin x -» 0 and x“ — ► 0 as x -♦ 0, 
this form is indeterminate, so we find (x — sin i)' = 1 — cos x and (x®)' = 3x* and 
seek their limits. Since 1 — cos x — > 0 and 3x* — » 0 as x -♦ 0, we find (1 — cos x)' = 
sin X and (3x’)' = fix and seek their limits. Since sin x -♦ 0 and fix — ► 0 as x — ♦ 0, we 
find (sin x)' = cos x and (fix)' = fi and seek their limits. Now cos x — ► 1 and fi — ♦ fi 
as X —» 0, so that [(x — sin x)/x’] — » as x — * 0. Using series, x — sin x = (x’/fi) — 
(xV120) + • • • , so that (x - sin x)/x’ = H - (xV120) + • • ■ — as x -♦ 0. 

Applications. 1. If /(i) — » 0 and g(x) — * + « as i — ► o, then lim [/(i) ■ g{x)] = 
lim |/(x)/[l/j(x)]l. Since l/g(x) — » 0 as x — ► o, the latter limit can be sought by the 
foregoing method. 

2. If /(x) — ► ± 00 and g(x) — * + oo, then /(x) + g(x) threatens to become + oo 
T 00 . Try some transformation to reduce to % or to case 1 (and then to %). Thus 

f(x) = 1/ln X — * + 00 and 1/(1 — x) — ♦ T oo according as x — * 1+ or x — ► 1~. We 
seek lim [/(x) + ff(x)] as x 14-. 1/ln x + 1/(1 — x) = (In x + 1 — x)/j(l — x)ln 
x). If F(x) = In X + 1 — X and G(x) = (1 — x) In x, then Fix) — » 0 and G(x) — > 0 
as X -+ 1+, and the general method may be applied. F'(x) = (1/x) — landG'(x) = 
—In X + (1/x) — 1, both of which approach 0, but F"(x) = —1/x* and 6"(x) = 
— 1/x — 1 /x*, so that F"(x)/0"(x) -* and hence /(x) + gix) — > as x -♦ 1+. 

Technical Note. F’ix)/G'ix) = (-1 + l/x)/(-l + l/x - Inx) = (1 - x)/(l - 
X — X In x) ; the latter form is easier to manage; simplify the quotient and differentiate 
{separately) the numerator and the denominator of the simplified quotient. 

3. [/(x)]'**' is indeterminate in case (o) /(x) — <• 0 and g(x) — » 0 or (b) /(x) — > + oo 
and gix) -*0, or (c) /(x) — > 1 and g{x) -* ± n. Take logarithm.s, getting g(i) In 
fix), which is of form 1, etc. To find lim x* as x -+ 0: j/ = x*. In ^ = x In i = In i/ 
(1/x), which has the same limit as (l/x)/( — 1/x*) = — x — ► Oas x — » 0; since In y — ► 0, 


1/ — ► 1 as X — » 0. 

8.6. Series of Constant Terms. I..et oo, Oi, oj, • ■ ■ be constants and define the 
partial sum A* = Oo + • • • + a». The tentative symbol So, = Oo + Oi + • • • 

(i.e., n = 0,1,2, • ■ • in the summation; see 4.2) has meaning if and only if A, — * A 

as n — » 00 (see 8.11, 8.13) with — w < A < oo ; the series 2on is then said to converge, 
and A = So.isitsswm, = 3.1415 • • • = 3 + 1 • 10~* + 4 • 10“* + 1 ■ 10"* + 
5 • 10“* + • • • . Otherwise the series diverges and the symbol So„ is rejected (here) 
as meaningless. 

Convergerux Tests. 1. If 2a, converges, then a, — > 0 (but not conversely). 

2. If p„ ^ 0 and P, = po + pi + • • • + P«, then either P„ -> + « as n -► oo 

or P, ^ M for all n, 2p, converges and 2p, $ M. 

3. Let p„ ^ 0. If 2p, converges, and jo,! ^ p„ then 2a„ converges. If 2p, 
diverges and a, ^ p,, then 2o, diverges. {Comparison test.) 

4. If la,+j/o,| -* k BA n-r oo then: if A < 1, 2o, converges; if fc > 1, 2a, diverges; 
if A = 1 the test fails. {Ratio test.) 

5. If 2a„ alternates (in sign, i.e., ±o, = (-l)"|a»l), and if a, -»0 steadily (or 
mcmaUmically) {i.e., |o»l ^ |a,^.i|), then 2o„ converges, lA, — A1 ^ |u,+i|, and A 
lies between Oo and Oo — ai. {Alternating series.) 
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These crude tests are useful. When they fad, exceedingly delicate tests may be 
found in the literature. Note that convergence or divergence is determined by a, 
for large n, i.e., by the “tail” of the series. A test is thus decisive whenever its con- 
ditions are met for almost all n, meaning for all » exceeding some particular value. 
The early terms are essential if the value of the sum is needed. 

If the terms a. are themselves sums, the o. must be computed before So, is investi- 
gated, unless the series So.' obtained by dropping the parentheses converges. Thus 
(1 _ 1) + (1 _ 1) -I- ... - 0, but 1 - 1 + 1 - 1 + 1 1- • • ■ diverges; how- 
ever, (1 — J-'^) + ^ + He) ~ Hs + ••• =1 — H + 

cause the latter series converges. In a convergent series, then, parentheses may be 
introduced at pleasure. 

If Za, = A and 26, = B, then 2(a, ± 6,) ■= A ± B and, if I: is any real number, 
Z(i»n) “ fc2o„ = kA. 

If 2a, converges, it is said to converge absolutely or conditionally according as 
2|a,| converges or diverges. (Note that 2a, converges if 2|a,| does, but not con- 
versely.) If 2a, converges absolutely, then its terms may be rearranged in any 
order without affecting the sum A (false if convergence is merely conditional), e.g., 
add first all the positive terms, then all the negative terms, and take the difference. 

Let 2a, and 2b, be given, and form 2r. by formal multiplication: c, ajbn + 
Oih,_i -f- • ■ • -f- a,bo. If all these series converge, to A, B, and C, respectively, 
then AB — C. If one of 2a, and 2b, converges absolutely and the other converges, 
then 2c, converges to C =■ AB, where A = 2a, and B = 2b,. 

6.7. Power Series. Taylor and Maclaiuin Series. Applications. A scries 
2a,(« ~ c)" is a power series (powers of * — c). There is a number R, 0 ^ R ^ + «> 
(series useless unless R > 0), called the radius of convergence, such that the series 
converges if |» — cl < R (convergerux interval J), diverges if I* — c| > J2, and special 
study is needed when — cj = B. If |o,+i/o,l -*k as n~* », then R = 1/k. 
For each x in J, the series converges absolutely. Also, convergence is uniform (see 
the literature) over any closed interval (see 1.22) entirely inside J. 

Inside J, f{x) = 2o,(a: — c)" is continuous. The series obtained by differentiat- 
ing or integrating (see 8.2, 9.2) this series term by term also has convergence interval 
J, and their sums are /'(i) and ff{x)dx respectively. If g(x) = 2b,(z — c)" is a 
series with convergence interval J', and if hC is a shorter of J and J', then, inside K, 
f{x) and p(z) may be added, subtracted, multiplied, and (if bo ^ 0) divided formally 
as if they were polynomials, and the resulting series converges inside K (except in 
case of division, when, if there are in K values of x for which p(z) = 0, the new radius 
of convergence may be smaller than that of K, though still positive). Also, /(i) =« 
g{x) for all x inside K, if and only if a, ■> b, for all n. Finally, let h(y) = 2 d*( 2 / — /)*, 
convergence radius R', and suppose we wish F(x) — A[/(z)]; F(x) <= 2dit[2a,(z — c)* 
— /]* if l2lo,(z — c)"l — 11 < R', and, for all x with this property, the series for F(x) 
may be obtained by expanding and collecting according to powers of x — c. Briefly; 
Inside its convergence interval, a power series may be treated substantially as a 
polynomial. 

8.71. Taylor’s Theorem. If /(x) and its derivatives up to order n -(- 1 are con- 
tinuous for |x — c| < r, then 

fix) - /(c) +/'(c)(x - c) + . . . 

where R„(x) = -^ f* /‘-+»(t)(* - *)* dt = A/‘'‘+«(t)(® - c)« 

n'. je ni 

with t between c and x. (For integration, see 9.1.) If /(x) has derivatives of all 
orders, and if, for [x — cl < R, B,(x) -♦ 0 as n — ► «, then the power series 2/<">(c) 
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(x — c)*/nt has convergence interval |x — c] < B' for some £' ^ R, in which its sum 
is/(x). 

On putting x c + h, one gets 

/(c +h)~ fie) + hf'ie) + • • • + + K,(fc) 

where Bnih) = i /"*/<"+*>(<! + «)(h — u)*du = + v) 

til JO til 

with v between 0 and h. 

8.78. Maclaurin's theorem is Taylor’s theorem in the particular case c •• 0. A 
polynomial is a Maclaurin series with only a finite number of terms. 

8.73. Maxima and Minima. To determine whether or not /(c) is an extreme 
value of fix), expand fix) in powers of (x — c); f(x) = 2;/(»>(c)(x — c)'‘/nl Let 
/(*5(c), fc ^ 2, be the first nonvanishing derivative of fix) when x = c. Then x can 
be taken so close to c that fix) — fic) has the same sign as f’^^^ie)ix — c)*/kl If k is 
odd, this expression changes sign as x increases through c, and [e,/(r)] is a point of 
inflection (with a horizontal tangent). If A; is even, f(c) is a maximum or a minimum 
according as /<*^(c) < 0 or/(*>(c) > 0. 

8.74. Series and Convergence Intervals for Special Functions. To get series 
for /(— x), fix*), etc., substitute in series for fix) and change convergence interval 
appropriately. 


(1 + x)" = 1 + px + p 2 


:r* 4. . . . 4- 1; » - - yy — re T 

+ ■ • • (binomial series) any real p 
• + ( T )x" + • • • (geometric series) 


1 T X + x> T x> + 


n —. — , , 1 11 , , 11-3 , 11-3-5 , , 

VTT^-1 ±2*-2.-4*’±2-r4T6**-^.-^* ± ■ • • 
1 ,_1 ,l-3,^l-3-5,.l-3-6-7._ 

= l + 2X+-2.^x T2-4-6* +2-4. 6“ 8* 

In (1 + x) = X - J + I’ + • • • + (-!)-+* f + • • ■ 

= 2(* + |- + |+-- + ^r+i + •••) 

+ • ■ ■ +2^rTi(^y 


e» = l+ x+ |j+|j+- 

e~** “1— x*+— — — + 
® ® ^ 2! 3! ^ 

cosh * = 1 + |] + ^ + 
8inhx = x+|+g+ • 


X** 

+S + '- 

■ ■ + (-l)-f + 

will 

J- _5 4_ . . . 

^ (2n)l ^ 

j ]- . . 

^ (2n + 1)1 ^ 


W <1 
1*1 < 1 


1*1 < 1 


I*I<1 

I*I<1 


1*1 < « 


1x1 < "0 
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1 ** , I 

C08®-l-^+4j- + 

X* 1 x‘ . 
8inx = x- jj+^- + 


+ (-!)* 


( 2 » + 1 )! 


+ ■ 


1 x> , 1 • 3 x‘ 


arc sin X = X + s -q + 5 — j + 


■ + 


( 2 n)! 


( 2 «n!)* 2 ti + 1 


. x’, x“ , 

arc tan x=x— - 5 -+-^ + 

3 a 

. 1 , 1 1 

arc tan X = 5 - - + 5 -, - 


+ (-!)’ 


+ • 


2 n + 1 


+ 


arc sinh x = x — 


1 X 


3 ^ 2-4 5 ^ 


• +(-!)■ 


( 2 n + l)x*"+' 
(2«)' x‘'+’- 


( 2 «n!)» ( 2 n + 1 ) 


+ ■ 
+ 


3J * iC* 

arc tanh x = xH--q+ — + 

u O 


+ 


2 m + 1 


|x| < » 
lx| < « 
lx| < 1 
1*1 < 1 
kl > 1 
I*I<1 

|x| < 1 


8.76. Note on Applications. Useful theoretical results are often obtained, espe- 
cially from the binomial, exponential, and logarithmic series, by taking advantage of 
known relations of magnitude to ignore terms of order higher than x* or even all 
but first-order terms. The fallowing specific examples are adapted from ref. 8. 

In cooling air from temperature T to wet-bulb temperature Tn, the expression 
for the gain in entropy has a factor/ — (T — TJ)/Tv, — ln(T'/7’„). Butin (I'/Tu) = 
In ll+(T- 7’„)/m = l(T - T„)/T„] - }i[{T - ^ .... Now T - 

7’» is positive and small compared with T„. Since the series alternates (see 8.6, 
test .')) the error committed in dropping terms of order 3 and more is at most as large 
as the first term dropped. If this error is negligible compared with the terms kept, 
then /becomes }^[(T — to a satisfactory degree of approximation. 

The fact that x is so small that its higher powers are negligible is often expressed 
by writing 1 > > x or x < < 1. In this example, (T — T„)/T„ < < 1| or 2’ — 
T„ << r„. 

Since measurements of T carry a possible error of as much as 1°C, it is not only 
hiipcrfluous but misleading to carry the scries far enough to ensure a much smaller 
computed error. Physical limitations often indicate in this way appropriate stand- 
ards of accuracy in the use of series. 

The work done in a certain vaporization cycle is dw = {L + dL)dT/\[A (7’ -|- d7’)l, 
where L is the latent heat of vaporization, T is temperature, and 1 j A is the mechanical 
equivalent of heat. Keeping dT < < 7’, the binomial theorem gives (2’ -b dT)~^ = 
7^‘(1 + dT/T)~^ = — d'T/T) to the first order. Since dL << 1, the product 

dL dT may be neglected, and dW = L dT/{.A T) to the first order. 

The relation between the pressures pi at the top and pt at the bottom of a laj'er of 
air of thickness hi, lapse rate ai, and temperature 7’j at the bottom is given by hi = 
7’s[l — (pi/p 2 )*“*'''l/ai, where g is the acceleration of gravity and /< is the gas constant. 
Using the exponential series 

/p,y»l/» ^ Ra.ln V. = 1 4 - »P (P >/P2) , (In (p,/p, ))^ , _ _ 

\pj ^ p ^ 2ff» ^ • 

In the lower troposphere, and for layers thin enough to ensure that pt < epi, jin 
(Pi/pa)! < 1 and Rai < < g. Hence to the first order, (pi/p 2 )"“‘^' = 1-1- Rai In 
(Pi/pil/ff and h, = TtR In (pi/pO/g. 

8.8. Computation with (Maclauiin) Series (Taylor series essentially the same, 
with appropriate trivial changes). Let (S„(x) = a^x*, withot = /<*>(0)/fc!. Then 

'S(x\ - S„(i)l = \R„ix)\ (see 8.71-2). Hence l/(x) - S,(x)l < M\x\'‘/n\, if l/<»+«(«)l 
$ Jlf for 0 < i < I (or —X < t < 0, according to whether we wish to compute with 
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* > 0 or X < 0) . This estimatog the error when /(*) is replaced by an exact value of 
.V.(x). Thus {sin * - ( - 1 1*/**-* '/(aA + 1)!1 = sin ,/(2n + ])!|with0 < 

II < X. Since lain i;| ^ 1, the error is at most lxl*'‘+V(2n + 1)', whuih decreases with 
n, rapidly if |xl ^ 1. 

General Recommendation. Choose a series for which J2„(z) decreases [»‘?»(x) con- 
verges] rapidly with n when x is in the range where the computation must be per- 
formed. Thus, to compute In either In (1 + i) = j: — x^/2 + x®/3 + • ■ • 
with X = or In [(1 -f x)/(l — x)] = 2(x + xV3 -t- 1‘/5 + • • • ) with x = }i 
could be used, but the latter converges much more rapidly. 

Special Cases. If after the proposed substitution of a value o for x, the resulting 
scries of constant terms will aUernate, use the information in 8.6, test 5. If the terms 
of the resulting series are positive, it may be advisable to compute the (sum of the) 
remainder directly or perhaps find a number which it cannot exceed by comparing 
the terms with those of a conveniently chosen geometric series (sec 8.74, 4.42). 

Having decided how many terms can safely be neglected, we wish next to substitute 
a for X and compute Suia) "exactly” (so as to have an error no larger than |/d«(o)l). 
But a will usually be given as an approximate decimal. It is quite possible for the 
error thus introduced in computing iSn(a) to exceed |ffn(o)l, which then becomes 
illusory as an estimate of the error in f(a), and the following (jucstion arises: What 
accuracy in a corresponds to what accuracy in Sn(.a)7 The answer cannot be given 
unconditionally but depends on the special circumstances. It is usually enough to 
have X given to two or three more decimal places than are required in S,(o). When 
in doubt, keep track of the errors in each term; if their most unfavorable total is below 
the allowable error, success is assured; if not, more places of x must be used, and it 
may help to use more terms of the series, thus decreasing the error from that source. 
Methods are available for improving the convergence of series. For this, and on all 
questions connected with series, see ref. 9. 

Example. To compute In 2, use the series for y = In [(1 -f x)/(l — x)] with 
X = Thus In 2 = 22a„, where a„ = [(2» + 1) • 3’”^*]“^ Estimation of error 
via derivatives: = {2k + 1)![(1 - x)-(“+>) + (-1)<»+'>(1 + *)-'“+*'], whose 

maximum for 0 ^ x ^ occurs when x = and so is {2k -(- 1) ![(^^)**'‘'* — (’’i)’*"''*], 
whence - we may take ilf = (2fc -|- l)!(?i)*‘''* and (fifj*+i(lij)| < Af'd-^’*''’*) 
(1/(2A + 1)!) or |B 2 *+i| < Ji^+’ffor A = 4, \Ka+t\ < Host < 0.003). It is easier 
and more revealing in this case to examine 2a. directly. 

“ ^ “ (2n -i- 3)3«»+’ (2n -t- 5)3»»+‘ + ’ ’ ' < (2n + 3)3*"+“ 

( 1 +I+I+... 'i = 1 ? 

V ^ 9 ^ 9» ^ J (2n + 3)3»"+> 8 8(2n + 3)3»»+i 

(If we wish, the last expression is less than o„/8.) Hence, for n = 4, r» < 
1/(8 ■ 11 ■ 3*) < 3““ < 0.6 X 10”* so that we can hope to get five decimal places 
and quite a good idea of the sixth. 

oo = .3333333+ 
a, = .0123457- 
os = .0008230+ 
a, - .0000653+ 
o« = .0000056+ 
o. = .0000005+ 

.3465734 

Writing 7 places for each term, and noting that the result may be excessive by 5^ units 
in the last place, or in defect by we get 0.3465733 < In 2 < 0.3465737, or, on 
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account of Rn, .3465733 < In 2 < .3465743, whence .6931466 < In 2 < .6931486. 
To five places, then, In 2 *=■ .69315; to six places, In 2 = .693147 (very likely). 

8.9. Graph*. These graphs are for qualitative use only, being too small and rough 
for interpolation. On the graphs of the inverse eireular and hyperbolic functions, 
the principal values, if any, correspond to points lying on the heavy branches of 
the curves. 
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9. INTEGRAL CALCULUS 


9.1. Definite Integrals. Let y = f(x) be given for o $ x ^ b (interval I). Sub- 
divide J by n points a = Xc < Xi <••■ < Xn-i < Xn = h into subintervals /,•: 
*,_i ^ I ^ Xi, of length A,x = Xi — Xi_i. Let fi be any value of x in U. Then 
/({,)A.» is the area of a rectangle with base AiX and height /(fi), and this rectangle 
is an approximation [if /(x) ^ 0 for x in /»] to the area between the curve, It, and the 


ordinates /(xi) and /(Xi+i). The sum ^ 
/(x) ^ 0 for X in /] to the area bounded by 
the curve, /, and the ordinates /(a) and /(6). 
Let the number n of intervals li be increased 
in such a way that the length l|Ax|| of the 
longest li tends to zero. If S approaches a 
limit I which is independent of the particular 
sequence of subdivisions used and of the 
choice, at <‘ach stage, of the numbers {, in 
each It, then /(x) is said to be integrable 
over the range 7, the limit 7 is culled the 
definite integral of the integrand /(x) from the 
lower limit (of integration) o to the upper 
limit (of integration) b, and is denoted by 

f(x)dx = lim /(f.)AiX as n — » <« and 


= ^j/(f,)A,x is an approximation [if 



Fig. 9.1. 

llAxll — > 0. /(x) is integrable over 7 if /(x) is bounded in 7 and has only a finite 
number of discontinuities there; in particular, /(x) is integrable over 7 if it is 
scctionally continuous over 7. 

Note that the integral may be written down in terms of any variable whatever: 


^ /(x)dx = j^f(t)dt = J^f(e)d0 = j^f{p)dp, etc. 

If /(x) ^ 0 [/(x) ^ 0] over 7, then P/(x)dx ^ 0 (^ 0). In the former (latter) 
case, the area bounded by the curve 7 and the ordinates f(a) and f{b) is f{x)dx 


[-/(®)]dx|. 
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Caution: In computing areas by integration, it is highly important to watch for 
changes in the sign of the integrand; thus the area between the sine curve and the 

/-x /-ar . . 

interval 0 ^ a: ^ 2ir is / sin i dx + / ( — sin x)dx = 4, while sui x a* •= 0. 

In polar coordinates, the area bounded by a curve and radii ri = /(tfi) and rj = 
rst 

f{6i) is / r* de. The limits arc to be chosen so that, as 0 increases from fli to fla, 

r = f(0) passes just once over the required area. 

Volume of a Solid wilh Known Cross Section. Suppose that a solid has the property 
that the area of every cro.-is section by a plane perpendicular to a line I can be com- 
puted (or is known). Taking I as x-axis, express this area d as a function A(x). 
Suppose that, as x runs from a to 6, the solid is covered just once. Then the volume is 

j A{x)dx. 

Volvme of a Solid of Revolution. Suppose that the solid is generated by rotating 
y = fix) about the x-axis. Then the cross sections by planes perpendicular to the 

Z b 

|/(x)]* dx. 

fb 

Area of a Solid of Revolution. The (curved) lateral area of the solid is 2ir / 



y Vl + y'* dx, where y’ denotes the derivative of y with respect to x (see 8.2). 

9.11. Theorems on Definite Integrals. 

j“flx)dx “0 f{x)dx = — f(x)dx 

f(.x)dx + f(x)dx «= J"f(x)dx cf(x)dx = e f(x)dx 

[/(*) + g(.x)]dz = ^^f(x)dx -f j^g(x)dx 
t X ^ ja X (Schwarz) 

Mean-value Theorem. The mean value y =/(x) of y between a and b is [/.‘ /(x)dxj/ 

(b — a). If m ^ fix) $ M for o $ x $ h, then m $ y $ M. In fact, if / is con- 
tinuous, y = fli) for some {, a < £ < 6. 

Integration by Substituhon. If x = git), a = y(c), 6 = y(d), and, for c ^ $ d, 

g'll) is continuous and does not vanish, then j flx)dx = j f[glt)]g'lt)dt. 

Integration by Parts, flx)g'lx)dx = flb)glb) — /’(o)y(o) — j f'lx)glx)dx. 

Differentiation of an Integral. 1. If Fix) = j fix, t)df, then F'lx) =■ filx,i)dt, 
provided that/,(x,f) (see 10.1) is continuous. 

2. If Fix) — flt)dt, then F'lx) = —fix) at each point of continuity of fix). 


3. If Fix) 

4. IfF(x) = 

F'lx) 


j^flDdt, 


then F'lx) fix) at each point of continuity of fix). 


»(i) 

'»(*) 


fix, t)dl, then 


/, 


*(x) 


fxlx, t)dl +flx, ft(x)]ft'(*) - /[*, glx)]g’lx) 


Fundamental Theorem of Integral Calculus. If fix) is continuous for a ^ x ^ b, 
and if ^'(x) - fix), then, for o ^ x < b. Fix) =■ Fla) -f- flt)dt. If fix) has a 
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finite number of points of discontinuity but is bounded, apply this theorem to intervals 
of continuity between successive points of discontinuity. 

9 . 12 . Extensions (sometimes called improper integrah). 1. Infinite Range. If 

j f{x)dx has a limit Z as 5 — ♦ + « (or as o — ► — oo ) wc write Z = / f{x)dx (or 
/(*)dx) ; otherwise the latter symbols are meaningless. Further, y fi{x)dx = 
j f(x)dx + y f[x)dx for any o, — « < o < » provided thM each of the integrals 

on the right exists. Criteria for the existence of lim J f(x)dx as b — <• «> have been 
developed similar to those for series. 

Caution: For convergence, it is not sufficient tliat/(j) —> 0 as i — ► « . 

The easiest general process for determining convergence is comparison with a 
function of known behavior. Thus, if c > 0, J di converges or diverges accord- 
ing asa<— lora^ —1. Hence f(x)dx will converge if |/(X)| ^ Mx-, a < 

— 1, and diverge if |/(x)| ^ Zlfx“, a ^ —1, in each rase for some constant M > 0 
and all sufficiently large values of x. This test can be applied if a /3 can be found 
such that x^f(x) — » Z as x — * «. 

2. f(x) — » -|- « (or — x) as X -* a. Such discontinuities are usuallv isolated 

fb 

and may be assumed to be at an end point x = o or x = 6 of the range. If / , 

Ja+t 

fb-, fb 

f(r)dx — * Z (or / f(x)dx — » Z) as « — ♦ 0, € > 0, we write I — \ }{x)dx\ otherwise 

this symbol is meaningless. Coiivergenee or divergence can often be determined by 

comparison with j (x — a)“ dx |^or J (h — x)“ rfxj, which converge if « > —land 

diverge if a ^ —1. 

9 . 2 . Indefinite Integrals, llie fundamental theorem in 9.11 reduces the com- 
putation of j f(x)dx to the problem of finding a function F(x) such that F'(x) = 

f(x) over an interval in which /(x) is continuous. Any such function is called an 
antiderivative, a primitive function, or an indefinite irUcrgal of /(x) and is denoted by 
//(x)tZx with no limits of integration. 

Note: If F(i) is an antiderivative of /(i), so is F(x) -t- C for any constant C. 


Table op Integrals 


+ W + C 


cu r 


1. j (du + • ■ • -b dw) = u + w 

2. J e du ~ y — ru r 

/G) ^ 

4. y f\g(t)]g'{0dt = J f(u)d 11 if M = g(Z) 

a. J udv = uv — j V du 


6. I u" du 


+ C n ^ -1 

n -j- 1 


7. y ^ = In lu] + C = In jnl -b In c = In leu] 

8. y (a + bu)-du = + ^ 


n — 1 
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»■ +H+C' 


” la 


arc tun \/— u + C a6 > 0 
+ bu» Vq 

du 1 , 

I 1 k QiFC XILriil 

+ b«» ^^“6 


« + r o6 < 0 

’ a 


1 

2v-a6 a— uv — a6 


aft < 0 


12 . 

13. 


'• J y/a + ftu* du = ^ -x/a + ^ In (u x/ft + x/o + ftu*) +C b > i 


. { x/o + ftu’ du = 5 x/« + ftu* + — ° ^ arc (.in x — — u + C 6 < 0 

J A 2v— ft ' ® 


14. / ^ -^^7, “ (uVb + s/a + 6u») + f ft > 0 

J Va + hu? x/6 

• / Va +■««:» “ ^ "" V- + <’ ‘ < 0 

. ( = v<rrftu* + vsin + 

J u V 

r du 1 

J u Va + ftu* Vtt 


15 

16. 

17. 

18. 

19. 

20 . 


i arc tan 


lu 


Va 4~ ftu* — Vu 





o > 0 


+ r a <0 


f du 1 ^ I b 


o < 0 


d„=£. + r 


21. / f- du = f» + r 


/ 

y In u du - u In u - u + C 
y sin « du = — cos u + <7 
24. y cos udu = sin u + C 

y tan u du — — In |ros u| + C = In |sec u| + C 
y cot u du = In |sin v\ + C 
27. y sec u du = In Iscc u + tan uj + C 

y CSC u du = In |csc u — cot uj + C 

y arc sin u du = u arc sin u + V I — u* + C 

30. y arc tan u du = u arc tan u — In (1 4- u*) + C 

31. y arc see u du = u arc see u — In |m + Vu* — 1) + C 


22 . 

23. 


25. 

261 


28 

29 
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32. 

33. 

34. 

35. 

36. 

37. 

38. 

39. 

40. 

41. 

42. 

43. 

44. 

45. 

46. 

47. 

48. 

49. 

50. 

51. 

52. 

53. 

54. 

55. 
66 . 


ni 


/ u 1 

sin* « du = ^ ^ sin 2u + C 

/ u 1 

COB* udu = ^ + j sin 2u + C 

j sec* udu = tan u + C 

J sec* udu = MCbcc u tan u + In (sec u + tan u\) + C 
J CSC* udu — — cot u + C 
J see u tan m da = sec « + C 
j CSC u cot udu = — CSC u + C 

It 


du X n I 

= tan + C 

+ COB u 2 


du 


•\/a* — 6* tan ^ 

arc tan —t h C 

a + b 


+ 6 COS 1/ _ js 

du _ _ 1 -y/b* — g* tan (u/2 ) + o + b ^ ^ 

+ b COS u “ y/bi _ y'fcs - n» tan fw/2) - o - b 


h 

f. 

/ du 1 .L I /y 

-y — I , = -T arc tan I ] + C 

g* cos* M + b’ sm* u ab \ a / 

j sinh udu = cosh u + C 
j cosh udu = sinh u + C 
j tanh u dg = In cosh u + C 
j" coth udu = In sinh u C 
J sech udu = 2 arc tan c“ + C 
J csch V du — In tanh ^ + C 
j arc sinh u du = u arc sinh u — ■\/l+u* + C 
J arc tanh udu = u arc tanh n + ’2 ln(l — «*) + C 
y sinh* udu = sinh 2u — )^u + C 
j cosh* u du = '4 sinh 2u + ^ju + C 
j sech* udu = tanh u + C 
j csch* udu — coth u + C 

e*“ sm bu du = rs— . "Li h 

/ 


b* < , 


e«« cos bu du = 


o* + b* 
e““(b sin bu + “ ros bu) 
0^ b* 


+ C 


g* < b» 
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57. 

/ sin ou cos 6u du = 

/O J 

1 cos ou cos 6u du 
to 


“ J 

1 sin au sin 6u du = 0 
'o 

58. 

sin* ou du = / cos 
/o yo 

• au du = ^ 

59. 

/■” sin ou J T _ 

/o “-<^“ = 2 ’®’- 

- according as 0 > 0, 0 

60. 

/" " £-“•»* 

h 2a 



unless a >= b 


= 0, or o < 0 


Reduction Formulas 

Many integrals ean be reduced to the foregoing by one or more integrations by 
parts (No. 5). 

Example, t'ompare the first of the following formulas, with p = 2, 3 = 1, r = 7: 


J uHa + buydu = ^ 

u*(a + bv)* 


uHa+buy_ l_ 

^ (o + bu)'>du 


8b 

(a + 6t<i‘ 


u{a + 6u)’ 
- — . . . 


36fr» 


4b 


/ u’ «(o bv) (a + bu)*\ , „ 

V2 'Oh ■ 90b» ^ ^ 


Applied to a general expression, one integration by parts gives a reduction formula, 
which can be used to step the exponents up or down until one of the precedmg formulas 
applies. 

Typical Reduction Formulas. Note that a formula loses meaning if one of the 
denominators vanishes; but then some other formula applies. In No. 68, if p 4- 3 = 0, 
the integrand is / tan« udu or / eot® u du and responds to 69 or its analogue for the 
cotangent. 


61 


(a + bui)'^’ du 


bg(r + l) 

62. j ue(a + 6««J-'du = J 


, 1 . .N, J ne-r+i(a p — Q + 1 f 

W'ia + bu-)' da sr.7r-r^^ Mr + if } 


63. 


du 


+ _2PJZJ- { 
^ 2a{p -1) J 


/{o + 6u*)r 2a(p — 1) (a + 6u*)e-> 

u’'a'"‘ du = .-j — — — / u'‘~‘a*“ du 

o In a blna J 

6r>. J u"(ln u)e du = — ^ ^ J Wfln u)r~^ du, 

66. f sin« u du = - + 5 -i f Bin-* u du 

J n n J 

gy f du ^ _ cos u n — 2 f du 

J sin” a (re — 1) sin"~’ u n — I J sin— 'u 


du 


(a + 6u’)e~i 


cos—* u sin*'''* u p — 1 


/ 


68. I cose u sin’ udu , , , 

J P + ? P + ? 

69. J tan” udu = ^'^ZTY ~ J “ •^** 

>rn f „ I sin ou n f . , 

70. I u" cos ou du = / u“ * sm ou du 

J a a J 


cos—* u sin’ u du 


Tactical Notes. 1. Integration can oluxzys be checked: d[J/(i)da5l/dj: = fix). 
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. formulas is immediately applicable, try a change of form or a 

substitution; in tr^onometric cases, an identity may help. Do not forget, when 
putting * = g(t), also to put dx = g'(t)di. 

3. If /(x) involves Ax* + Ba + C, complete the square (see 6.31) to get o + buK 

Then use 10 to 19, perhaps after first using 61 to 63. Or, possibly with an adjustment 
of sign of the whole integrand, a + bu* may be regarded, according to the signs of 
a and b, as one of a* + d*u*, a* — ^*u* — o*; in the respective cases, try the 

substitutions fiu = a tan 8, a sin 8, a sec 8, with a > 0 and (i > 0. 

4. If /(x) = P(x)/Q(x), with P and Q polynomials (see 4.8), first diAride until the 
degree of the numerator P*(x) is less than the degree of Q(x). Then find partial 
fractions for P*(x)/Q(x) (see 4.9). 

5. The integral table of B. O. Pierce (Oinn) will be found adequate for almost all 
work. Libraries often have the massive tables of Bierens de Haan. 

9.3. Approximations for f(x)dx. In graphical methods, plot y = /(x) and 
locate the area A associated with the integral. 


1. C!ount the squares of A. Very rough. 

2. Use material of known weight per unit area; cut out A and weigh it. Rough 
without thoroughly homogeneous material and good balances. 

3. Use a planimetcr or integraph; directions are given with each instrument. 

4. Compute an approximating sum, as in the definition, first drawing in the upper 
horixontal sides of the approximating rectangles so as to exclude from each as nearly 
as possible as much of what belongs as is included of what does not belong. 

5. Compute the areas (/(x,+i) + /(x,))A,x/2 of the trapezoids [a.t,/(x,)], (x<,0), 
(x,+i,0), [x<+i,/(x,>i)] and add; simplify the computation by using equal subdivisions 
if possible. 

6. Simpson’s Rule. Use an even number of equal subdivisions: Xo, Xo + Ax, 
Xo 4- 2 Ax, • • • , Xo + 2m Ax. Then the approximation is Ax/3 times the sum /(xo) 
+ /(Xi«,) 4 - 2(/(xs) +/(x4) + ■ ■ • +/(xjm_j)] + 4L/’(xi) +/(xo) + • • • +/(x 2 „_i)]. 
The error is numerically not greater than M(b — o)(Ai) V180, where Jlf is the numeri- 
cally largest value of for o ^ i ^ b. If 2m -f 1 subdivisions are given, use the 
rule for 2m of them, and approximate the extra area by 4 or 5. 

7. Subdivide the range by introducing points a = Xo < Xi < • • • < x» = b. 
Starting at Po(a,0), draw a line with slope/{o) cutting x = xt in i'i(ii, th), through Pi 
draw a line with slope /(xi) cutting i = x^ in Pt(xt,v^); ■ • • ; draw through/'’„. , a line 

(h 

withslope/(x„_i), cuttingx = b inP„(b,i7»)* Then ijn is an approximation to | f{x)dx 

which may be improved by increasing n, and often also by using the number 
/[(Xi -t- x,.fi)/21 instead of /(li) for the slope of the line leaving P,. Note that the 

curve drawn is an approximate graph of P(x) = /(x)dx. 

8. Expand /(x) in series, if possible, and integrate term by term. 

9. Replace/(x) by an approximation ^(x) good for x between a and b and such that 
q>(x) can be integrated. 


9.4. Fourier Series. A series Tlx) = J^Oo + 2) i nx -|- bn sin nx) is 

called a trigonometric series. Tlx) is the Fourier series Fix) of fix) in the interval 
—V < X < w, and we write /(x) ~P(x), if iro» = nxdx (w = 0,1,2, • • • ) 

and irhn =* fix) sin nxdx (n = 1,2,3, • • • )• II any represents fix), its 

coeflicients must be those of P(x) ; proof is based on 67 and 68 of the Integral Tables 
(page 106). 



198 


METBOBOLOaiCAL MATHEMATICS AND CALCULATIONS 


[SMS.n 


Theorems. If /(*) and f'(x) are both sectionally continuous in < a; < ir, 
then F(x) = [/(«+) +f(x-)]/2; in particular, F(x) =/(») at every point where 
fix) is continuous. 

If fix) is continuous and f'(x) is sectionally continuous in — ir ^ x ^ x, then the 
convergence of Fix) is uniform and absolute, and wherever /"(x) exists, fix) = F'ix) 
(differentiated term by term). 

If /(x) is sectionally continuous in — x $ x $ x, and/(x) ~F(x), then J^^fit)dt = 
Fii)di (integrated term by term). 

Remarks; 1. If /(— x) = f(x), b„ = 0 for all n, and F(x) is a “cosine series”; 
if fi — x) «= —fix), o» «= 0 for all n, and F(x) is a “sine series.” 

2. lf/(x) is to be treated over a ^ x ^ b, put/(x) = i^(<), where x = (b — o)</(2x) 
+ (b — a,)/2, and treat 0(0 for — x < f < x. 

3. If/' (— x+) and/'(x— ) both exist (see 8.13), then F(t) = f(— x) = (/(— x+) 
+ /(x- )]/2. 

4. Fix + 2x) = Fix), so that the sum of a Fourier series is periodic, with period 2x. 
Hence fix) = Fix) outside the interval — x < x < x implies that/(i) is periodic. 

5. The coefficients may be approximated (sec 9.3). An elaborate machine 
(harmonic analyzer) is available for finding them. 

6. F»(x) is often treated as an approximation to/(x) “in the mean,” i.e., the “error” 

is taken to be the mean error {fix) — Fn(x)\‘ dx = J |/(x)|*di. — x[Moo* + 

+ b*®))! where F,(x) = + ^"(a* cos kx + bi sin kx). When this typo of 

approximation is used, convergence as n -♦ « for particular values of x is of only 
secondary interest. As soon as an n has been found that makes the mean error satis- 
factorily small, Fn(x) is used as an approximation to fix) ; the relative behavior of 
F«(x) and fix) may then be quite irregular at particular points. 

Example. To find Fix) for fix) = x -f- x* in — 1 < x < 1. Put x = {/x, ij>it) 
= fit/rr) = t/x -f l*/x’ and seek 4>(f) for 0(1) in — x < 1 < x. 


If n >0 


IT* J — T \ TT/ vn 


*«) “ 5 + Xr cos nld- : 


sin rU 


1Prem\ 1 \ 

“ o “T ~ ( — COS Ttirx — Sin n?rx I 

o ir fi \irn / 

* Special series for — x < x < x: 


] 


1 

X 


i 2 ^sin X — 


sin 2x , sin 3x sin 4x , 

2 3 4 

cos 2x , cos 3x 
cos X sr; ! 1- 


2> ^ 3* 

The following series are valid in 0 < x < x: 

■) 

■) 


X \ 6 5 

, "■ ^ _ J 3® 1 cos 5x , 

■^--^cosx-H— g-r- + + 


5» 
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X* 



— 4) sin X 


sin 2x , / 


4 ^ sin 3i , sin 4x 

3v 3 ~r" 


+ 


Li _ ±\ sin 5a _ 
r 5V 5 


+ • 



Note that the right member gives the left member with sign changed in — »• < x < 0. 

9.41. Fourier Integral. If /(i) is not periodic, then it can be represented by a 
Fourier series only inside some chosen interval. It can bp represented for all x by a 
Fowier integral, by virtue of the theorem: If /(x) and /'(z) arc sectionally continuous 

in every finite interval, and j |/(x)l<fi exists (converges), then, for — ® < x < + ■» 


^ [/(* + ) + ~ ^ {/_ . “ x)]du^ dt 


10. FUNCTIONS OF SEVERAL VARIABLES 

10.1. Differentiation. If * = F(x,y) h the equation of a suriuce S, and a value 6 
is assigned to y, then z = F(x,h) = g(x). g'ix) is called the partial drnvative of z 



Fic. 10.1. 


with respect to x and is denoted by dz/dx, SFlOx, Zx, F^ (or /'V'). -^t (<^15) Zx = F,(a,b) 

= hm [F(a + h,b) - F((i,ft)]/fi as A -> 0 measures the rate of increase of z per unit 
increase in x, when y has the value b, as x increases through the value x = o; also z„ 
is the slope at z = a of the curve z = p(z) in the plane y = b. dz/Sy is defined, 
denoted, and interpreted similarly. If in = f(x,y,z), and fixed values b and r are 
assigned to y and z, in = /(z,6,c) = g{x), and g\x) is the partial derivative w, = 
dwISx (etc.) of w with respect to z. w, measures the rate of increase of w per unit 
increase in x, when y = b and z = P, as z increases through the value x = a, but the 
geometric interpretation would require four dimensions. 

Example. If z measures kilometers above the surface of the earth, the adiabatic 
lapse rate of temperature T°f' for moist unsaturated air is dT/dz = -9.8, which says 
that T decreases 9.8°r per km of climb. 

To compute partial derivatives, treat as constants all except the variable of differ- 
entiation. If w = xV'* — y sin xz*, u>x = 2xy' — z^y cos xz\ w„ = 3zV* — sin zz*, 
w. = -2xyz cos xz\ Higher partial derivatives are simply partial derivatives of 
partial derivatives. In the example, d^w/dx dy = (u’l)* = ‘>»xy = 
and ahv/dy dx = (ui,)* ■= w,. = 6zj/’ - z’ cos xz“. Note that to*, = When- 
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ever (as usually happens in practice) a repeated partial derivative is continuous, 
regardless of the order in which the differentiations are performed, the result is the 
same regardless of the order of differentiation; the differentiations may then be carried 
out in any order. 

The plane tangent to S at (a,6,c) is 

tor f(x,y,z) •= k Mx — a) — b) +/.{« — c) -» 0 

for z = F(x,y) t\(x — o) + F,(i/ — b) — (z — c) = 0 

Accordingly, the normal line has direction numbers /», or Fy, — 1 ; the deriva- 
tives are evaluated at (o,b,c). Notation occasionally met for z = F(x,y): p “ z,, 
g = Zy, r = z„, g = z,,( = z„,), t = N.B. The surfaces f(x,y,z) = k [or the 
curves F(x,y) = fc in the xy-piesie] are called level evrfacee of / (or level curves or contour 
lines of F) ; in either case, the curves that are perpendicular {orthogonal trajectories) 
to the level surfaces (or curves) are called streamlines or lines of flow. Thus a stream- 
line is tangent, at each of its points, to the line normal to the level surface (or curve 
in the plane) passing through the point. 

When z = F{x,y), differentials dx = x — a, dy ^ y — h, dz = z — c are defined 
at each point (a,b,c) in such a way that P{a + d®, b -|- dy, c + dz) lies in the plane 
tangent to z = S{x,y) at [n,b,/(a,b)]; thus dz — F, dx -)- F» dy, and this expression is 
call'id the total differential of z. Similarly, w = f(x,y,z) has total differential dw = 
fi dx +fydy + f, dz; although the full geometric interpretation needs four dimen- 
sions, we note that dto == 0 for P on the plane tangent at (<J,b,c) to f{x,y,z) = f(a,b,c). 
If increments Ax, • ■ ■ are given to the independent variables, then f(x, • • • ) 
suffers an increment A/. By setting dx »= Ax, • • • , a value for df is obtained that 
is a useful approximation to A/(aee 8.3). 

As (x,y,z) moves through (o,b,c) in a direction whose cosines (see 7.62) arc I, m, n, 
the rate of increase of f{x,y,z) per unit increase in distance s measured in this direction 
isdf/ds =»= Ify + mfy n/,; this is the directibtMil derwolwe of /in the direction i, m, n. 
In the plane case, dF/ds — IF* + mF, =■ F, cos + Fy sin <^, where the direction 
I, m makes an angle 0 with the positive x-axis. More generally, if x, y, and z are 
functions of a parameter u, so that {x,y,z) moves along a curve (sec 7.4, 8.2), then 
df/du = f = fii +fyy +M; similarly in the plane. 

Ifx, i/,z depend on u and II, then /(i,y,z) is a function of wand »;/,, =/*i« +/yj/» + 
/,Zu; similarly for/,.. 

In rase there are many possible independent variables, it may be desirable to indi- 
cate explicitly in the notation by a subscript those which are hold constant. In 
thermodynamics, p = —{dU/dV)s thus means that the pressure p is the negative of 
the partial derivative of the internal energy U with respect to the volume V, entropy S 
being held constant. 

Again, in two total differentials of the same function with respect to the same 
variables, coefficients of the differentials of the same variables are equal; dF = A dx -\- 
B dy = C dx + D dy implies A = C = F, and B = U = Fy. Using the thermo- 
d 3 maniic variables above, along with (absolute) temperature T,dB = {dS/3U)y dU + 
{dS/dV)odV = {dU -(- pdFl/rthusimpliesthat (diS/6r/)v = l/Fand (aS/3F)o = 
p/T. For a full treatment of thermodynamic variables, see ref. 10. 

10.11. Implidt Functiona. f{x,y,z) = k defines z implicitly as a function of x 
and y, and the equation may often be solved to get z = F(x,j/), In fact, if /(o,6,c) =• k 
and /, = (a,b,c) 0, and / and its derivatives are continuous, then there is a certain 

region R of the xy-plane containing (a,6) such that z = F{x,y) is a single-valued 
function of x and y for {x,y) in R and c = F(a,b). The curves on the surface /(x,j/,«) 
= k along which/, = 0 often decompose the surface into pieces, each of which can be 
represented in the form z = F{x,y). Thus x* + j/* + z* =• ft, fc > 0 represents a 
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sphere, and/. 2e 0 on the zp-plane. The hemisphere above (or below) that plane 
is given by * • y/k - (x» + y») for * — y/k - {x^ + y*)l- 

To compute s. (or z,) from f{x,y,z) k without first solving for z, differentiate 
each side of the equation with respect to x (or y), treating z as a function of x wherever 
it appears:/. +/,z. = 0, whence s. = —/,//. (or = -/,//,). 

Precisely similar remarks apply to curves given by F{x,y) = fr in the plane. Also, 
Fx + F^y' = 0, whence y' = —Fx/Fy (see 8.22). Clontinue to get higher derivatives. 
Thus /.. + 2fxax +/«(«.) * +/.2.. = 0 permits the computation of 2 .. (wherever 
/. ^ 0), etc. 

10.12. Change of Coordinates. Suppose that u = {(x,y) and v = ri{x,y) are two 
functions with continuous derivatives such that for each (x,y) in a region R of the 
zy-plane there is one and only one point (w,o) in a region R' of the w-plane and that 
the Jacobian or functional determinanl (see 4.7) 

J _ d(u,v) |m, Uy\ 

~ S{x,y) ” «y\ 

does not vanish in R. Then (u,») may be used as coordinates for the region R. The 
equations connecting (.x,y) and (u,v) are said to define a transformation of coordinates. 



Under similar conditions, u = i{x,y,z), e = ii(x,y,z), w = f(r,j/, 2 ) introduce coordi- 
nates (u,v,w) ranging over a region V' in Mwe-spacc for a region V of xyz-space 


j ^ d(u,v,w ) 
S{x,y,z) 


U, 

It, 

Ui 

Vx 

V, 

Ve 

Wx 

Wy 

We 


The inverse transformation replaces coordinates (M,e) by coordinates {x,y) for (u,v,w) 
by (x,y,z)]. The Jacobian of the inverse transformation is the reciprocal of the 

Jacobian of the transformation. Also, 3 (x’m) ~ 

variables. For coordinates previously mentioned (see 7.61) 


a(g,y) ^ d(x,y,z) ^ 
d(r,0) a(p,9,z) " 


S{x,y,^ 


•p 


To find the expression for a function after a cliange of coordinates, siibstitute from 
the equations of transformation: /(«,») = f\i(x,y), ■n{x,y)] = F(x,y), etc. To find 
derivatives, use the rules outlined above: af/Su = FxX,, -+• etc. 
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Remark: In order that there may be a fimctional relation — 9 between 

{(x.y) and •ti(x,y), R necessary and sufficient that vanish identically. 

Thus f = X — y and ij = e^~“ have Jacobian zero and are connected by the relation 
17 = ef. 

The foregoing applies with purely formal changes to k functions of k variables. 

10.13. Mean-value Theorem. If f{x,y,z) has derivatives throughout the box 
a<x<a+h,b<y<b + k,c<z<c + l, then there is a number ff, 0 < 9 < 1, 
such that = /(a + h,b + k,c + 1) - f(a,h,r) = hf^ + kf„ + If., with the deriva- 
tives evaluated at (o 4- »h,b + 6k,e + 61). Similarly for F{x,y) in the plane. 

10.14. Taylor’s Theorem. Under conditions similar to those of 8.71, /(o + h, 
b +k,c + l) = Ka,b,r) + (hf, + kf„ + If.) + Q(h,k,t) -[-••• -t- R,„ where 2Q(h,k,l) 
= h%x + k%y -t- /’/« + 2hkf.y + 2h>ft. + 2klf„. and the derivatives are evaluated 
at (a,b,c). Similarly for F(x,y) in the plane. 

10.15. Extreme Values. Ilofinitions similar to those in 8.4. /must be stationary: 
f^=.fyysf, = 0. The solutions of these equations are points (o,6,f) where / may 
have an extreme value. h,k,l can be taken sfi small that the sign of A/ is the sign of 
Q[h,k,l). For /(a, b,r) to be a minimum, Q must be positive for all h, k, I not all zero. 
Then the quadratic form Q is said to be positive definite. Necessary and sufficient 
conditions that Q be positive definite are that 

If.t ffu f.l\ If f 1 

'Jyr f.y fyi >0, I, , *'1 > 0, and/xz > 0. 

‘r f r \ 'isr 

Ji. J.u Jtt I 

(For determinants, see 4.7.) To find maxima, sec'k minima of — /, so that —Q must 
be positive definite. 

For F{x,y) to be a minimum, F. = f , = 0 and Q — h^F.. + 2hkFx„ + k^Fy, 
must be positive definite, for which the necessary and sufficient conditions are that 
F.J\y ~ (F.y)^ > 0 and Fj. > 0. Maximum of F is minimum of —F. 

10.31. Curves and Surfaces. A curve Cmay be given by equations /i(x,y,s) = kt, 
f 3 (x,y,z) = kt (intersection of two surfaces). The tangent line then has direction 
numbers /iv/js — /ij/ 2 u,/h/sj — fv.fu,fi.f.y ~ fiyfu. It is usually preferable to obtain 
a parametric representation x = (( 11 ), y = vCa). z = iin), in which u ranges over a 
region of a «-(parameter) .axis (see 7.4). For curves in the ly-plane, f(i() = 0 iden- 
tically; other representations: F(x,y) = k, y ^ fix). 

If s denotes length measured along C fronri some fixed point, then, in x, y, z- or 
r, 6, <!>,- or p, (>, z-coordinates, respectively 

ds‘ = dx* -f- dy* -f- dz‘ 

ds^ = dr’ -b r’ cos’ v>d9’ + r’dv>’ 

ds* = dp* -(- p*dp* + dz' 

If the independent variable is u, divide by du* to get ids/du)^. Special cases in the 
plane: 

(£)’-’+(g)' (S)' 

Use the positive or negative square root according as s inen-ases or decreases as u 
increases. Then the arc length from the point uoto the point u is s = [ (ds/du)du. 

Juo 

When s is used as parameter, in cartesian coordinates, 1 = i* y* -t- 4’, and 
j, y, and z may be interpreted as the direction cosines of the line T tangent at P to 
the curve. It can be shown that .r, y, and z are direction numbers of a line N per- 
pendicular to T at P. X is called the principal normal. The number x = (x* y’ 
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-|- *2)^ is csJlcd tli6 cunxUwc of C at P and p = I/k is oallod the rtidixts of curvature, 
A circle of radius p in the plane of T and N (osculating plane) with its center on N 
distant p units from P on the side From which the curve appears concave is called the 
circle of curvature or the osrulaling circle, k measures the rate at which the tangent 
line is rotating per unit change in s. J''or a plane curv'c 


y = f(^) 

X = i(u), y = ti(u) 

r = g(0) 


« = 

(1 + 

if/ - 

d’ + 

_ 2r'» - rr" + r» 
* fr'2 + r^)h 


In the first case, if y'^ is numerically small, it = y" (approximately). At a point of 
inflection, * = 0 and the circle of curvature degenerate.s to .i straight lino. 

For a plane curve given by F(x,y) = k (constant), at a point where Fy ^ 0, 
V' == -FJFy, (ds/dx)^ = 1 + (FJFy)\ It = +(F„F/ + F„F,*)/(n* 

+ Fy)^, with the sign opposite to that of Fy. 

10.22. Surfaces S arise with roughly equal frequencies in th>‘ forms 


I. f(x,y,z) = h (const) 

II. 2 = F(x,y) 

III. X = ^(a,») y = i»(u,b) z = r(a,ti) 


In II (or III) the point (x,y) [or («,»)] ranges over a region P of the zy-plane (or 
u(i-plane). For th<“ normal line (hence tangent plane) for 1 and 1 1, see 1 0. 1 . In case 
III, it can be shown that the direction cosines (see 7.02) of one normal are given by 


A cos a 


<)(y,z) 

r)(u,v) 


A cos ft 


O(z.x) 
d{ u,v) 


A cos 7 = 


c>(y,?/) 

iHUjV) 


where A = y/'EG — /'*, in which E — + j/„“ + z„*, F = XyZv + + ZuZ,, 

and G = Ib’ + v®* + 2<*. I'he normal in the opposite direction has the sign of each 
cosine changed. For a curve on S given by a reintitni between u and v, ds‘ = E du^ + 
2Fdudv + Gdv^; to get ds for I and II compute dz and substitute in ds* = dx^ + 
dy^ + dz*. 

It can also be shown that the area da of a small portion of the surface, bounded 
by u == Uo, u = uq + du, v = t'o, « = »o + dv, is given to a satisfactory degree of 
approximation by A da dv, where A is evaluated for uo, va. Thus A cos a dudv, etc., 
are the projections of do on the j/z-plane, etc. 

In case II, u and v arc replaced by x and y, E = 1 -t- F = z^Zy, G = 1 + Zy , 
A = V'i~+'z? +z/, etc._ In case I, if /, 0, = 1 +/,*//«’, F = f4v/f^, G = 

1 +/»VM A = +/,» +U/\fl etc. 

In the important special case of a sphere (radius 6), at whose center spherical 
coordinates r, (t>, 8 have been set up, da = IP cos ip d8 d<t>. 

10.31. Multiple (Double, Triple, and Repeated) Integrals. Let the equation 
z = f(x,y) define a surface S. [If f is multiple-valued, decompose S into pieces on 
each of which f is single-valued (see 10.11).] Let R be the projection of S on the 
zp-plane. Subdivide R into n small regions i{< (i = 1, • • • , n), let A,o be the area 
of Ri, and let (i„rii) be a point in Ri. Then /(Ji,i;,)Aia is the volume of a prism P, 
of base AiO and height f((„vi) . If f(x,y) ^ 0 for (x,;/) in R„ this volume is an approxi- 
mation to the volume of the solid whose base and sides are those of P , but whose 
“roof” is that piece S. of E which projects into R,, whereas the roof of Pi is a piece of 
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the plane z = The sum ^ is an approximation liff(x,y) ^ 0 

for (x,y) in //] to the “volume" between 8 and R. Let the number n of small regions 
Ri into which R is divided increase indefinitely, in such a way that the diameter 



of continuous curves <l>t(x,y) = ki (i = 1, ■ 
tionally continuous. 


||Aa|| of that region Ri with longest diam- 
eter tends to 0 (see 8.12). If £ ap- 
proaches a limit 2 which is independent 
of the way in which the process of sub- 
division of R into Ri took place and of 
the choice, at each stage, of the points 
(£,■,17,) in Ri, then f(x,y) is said to be in- 
tegrable over the range R, the limit 2 is 
called the (definite) double integral of the 
integrand J{x,y) over R and is denoted by 


j j f(x,y)da = lim /(£i,i7i)AiO as 


n — + « and ||Ao|| — »0. f(x,y ) is integrable 
over R if it is bounded in R and con- 
tinuoiis except at points that are isolated 
(see 8.12) or lie on a finite number N 
• • . jV) such that (t>ix and <t>i„ are sec- 


^ 0 {f(.x,y) < 01 over R, then 


J J f{t!,y)da > 0 (SO). 


In the former 


(latter) case the volume between the surface and R is equal to the double integral of 
/ (or ~f)- As in the computation of areas, changes in the sign of / must be noted 
carefully. If f(x,y) = 1, then AiO = [/Jj and the double integral gives the area 
|«| of R. 

In precisely the same manner, one defines the triple integral /// J(x,y,z)dv 


= Urn as n "o and IIAFU — ♦ 0 where V is the region inside a closed 

surface that is .subdivided into n small regions Vi of volume A,», ({.•,77i,f,) is a point of 
Vi and ||A»|| is the diameter of that 1% with the greatest diameter. The integral 
exists, i.e., f is integrable over V, if f is bounded in V and continuous except at points 
that arc isolated or lie on a finite number of continuous curves or surfaces given by 
functions with derivatives that are seetionally continuous. If f(x,y,z) ■= 1, the 


integral reduces to J]" Aj» = IK], the volume of V. 

10.311. Extensions. 1. In case it is desired to extend a double or triple integral 
over a region R or V that is not confined by its boundary to a finite portion of the 
plane or of space, insert auxiliary boundary curves or surfaces so as to have a region 
R' or V to which the above definitions apply, (lomputc the integrals over R' or 

V' and let the auxiliary boundaries recede indefinitely. Then j j f(x,y)da = lira 

j j f(x,y)da and j j f * 1*™ iff Provided that the 

fi' ■y V' 


limits on the right do not depend on the manner in which the auxiliary boundaricis 
disappear. Even for a continuous integrand, the proviso often requires rather 
delicate study, usually involving an interchange of the order of integration (see 10.32) 
with at least one limit « , The question can sometimes be settled by comparison with 
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the following integrals: If or V does not contain the origin, then 


/ / (.-!> + da 


is convergent if o < —2 and divergent if « ^ 


—2, while 


/// (I* + y^ + Z®)* dv 
V ■' 


is convergent if a < —3 and divergent if a ^ —3. 

2. In case the integrand becomes infinite at isolated points Q, or along curves C, 
or over surfaces S in R or V, insert auxiliary boundary curves or surfaces so as to 
exclude these discontinuities, getting a region R' or V' to which the ordinary definitions 
apply. Proceed as in extension 1, deflating each auxiliary boundary so that it coin- 
cides, in the limit, with the point, curve, or surface whose discontinuities it excludes. 
The integrals are defined as in extension 1 with the same provisional condition. Use- 


ful for comparison: If (a,b) is in R or (a,b,c) in V, then J j [(i — o)* -b (^ — 5)®]^ da 
converges if a > —2 and diverges if oi ^ —2, while J J J [i® “ “)® + — 6)® 


-b (z — c)®]^ dv converges if a > —3 and diverges if a ^ —3. 

10.312. Theorems. The foregoing integrals, as well as the line and surface inti*- 

fl 

grals to follow, share moat of the properties stated in 9.11 for j f(x)dx. Once and 


for all; 

The integral of / -b ff is the integral of /plus the integral of g. 

The integral of cf, c constant, is c times the integral of /. 

If the range of integration is made up of two (or a finite number of) partial ranges 
with no (pair having a) common region, the integral over the whole range is the sum 
of the integrals over the partial ranges. 

The mean vahie / of / over a range R [curve (or line), surface (or plane), volume] 
of measure (length, area, volume) jRj is the integral of / throughout R divided by |^|. 
If, throughout R, m ^ f ^ M, then m ^ J ^ M, and if / is continuous, J = f(P) for 
some point P in R. 

10.32. Repeated (or Iterated) Integrals. The diagram depicts a surface S with 
equation z = f(x,y), where / is continuous over the region R. Assign to y the value 
17, getting z = f(x,ri) = g{x) for a(ij) ^ x ^ ^(17), where (0,77) is the point T and 


(d, 77) is the point 17. The cross-sectional plane area rt/VM' is then 11(77) = / p(x)dx 

JaM 

fPM f 

= / f(.x,ii)dx. Similarly, the cross-sectional plane area ABCD is i;(f) = / 
JaM Jy 


«({) 

y(i) 


f(.i,y)dy- Applying the process for finding the volume of a solid with known cross- 
sectional area (see 9.1), we find that the volume of the solid above R and below S 
[assuming f(x,y) ^ 0 over R for convenience] is 


^ k(x)dx = ^ dx = f{x,y)dy dx = ^ h(y)dy 


These are called repeated or Ueraled integrals. Note the order; work first with the 
inside differential and limits. Treat discontinuities in accordance w ith earlier methods 
[see 10.311(2)]. If parallels to the axes meet the boundary of R in more than two 
points, break R up into smaller regions whose boundaries are met in at most two points. 
The three expressions for the volume must be equal. 
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fj f(x,y)da = 


Thus a double integral may be computed by ri'peatcd bingle integrations. 

In a HiinUar manner, one finds an expression for a triple integral as a repeated 
integral. 

I f^f f(x,y,z).lv = Kx,y,z)dzdydx, 

the limits of integration being so chosen as precisely to cover the field F of integration. 
Similarly, one can evaluate the triple integral by integrating f{x,y,z)dy dz dx, or 
f(x,y,z)dx dz dy, etc. (six possible orders), in each ease choosing the hmits so as pre- 
cisely to cover F. 

When R or V extends ‘‘to infinity” [first extension (10.311)], the repealed integrals 
can often be shouii to be equal by virtue of appropriate uniformity of convergence. 
For details, see a text. 



When, ill any particular problem, it is known that the double or triple integral 
exists, then the reiieated integrals are uqiinl regardless of order of integration, and the 
order may often be chosen so as materially to simplify the calculation. Many 
computations may be conductixl at pleasure with single, double, or triple integrals; 
tentative steps often disclose the simplest attack. In any repeated integral, an 
integration with constant hmits may be delayed as long as may be desired; it g(*,v) 
and \{x,y) are constants in the above triple integral, the integration \^ith respect to 
z may be earned out at any convenient time. If all limits arc constants, any order 
may be used. 


Note; When it is desired to acknowledge the variables in which f(x,y) or f{x,y,z) is 
expressed, the double or triple integral is often written / I J{x,y)dx dy or 

R 

/// f(x,y,z)dz dy dz without thereby committing the writer to a specific order of 


integration and the attendant limits. 
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10.33. Areas of Surfaces as Double Integrals. If the projection of 5: « = F{x,y) 
on the asy-plane covers a region R, then (see 10.22) Adudv = Vl + ^y> 

since u = x, v “ y. The area of iS is j j \/l + dx dy. If S has equation 

H 

f(.x,y,t) » fc, and/, 0 over R, the area is / / (\//,‘ +/»* +/.Vl/.|)di dy. 

’’ R 

10.4. Multiple Integrals in Other Coordinates. In the iterated integrals of 10.32, 
the da or dv of the double or triple integrals were replaced by dxdy or dx dy dz, which 
may be regarded as the area and volume of boxes (see Fig. 10.12) with sides parallel 
to the coordinate axes and dimensions dx X dy and dx X dy X dz. Suppose now that 
coordinates (£, 17 ) or (£,i|,f) are introduced. 

* “ <!>(.(, v), y = or I = <A(£,i»,f), y = * = x(f.v,r) 

In order to express the multiple integrals us iterated integrals, it now becomes neces- 
sary to use “boxes” with curved sides 

V, i + df, V + dij or £, ij, f, f + d€, 1; + dll, f + df 

It can be shown that 


1 1 f(x.y)dx dy=ff fl<l>(£,v), lACf.v)] d£ dr, 

and y y f{x,y,z)dx dy dz ^ f ^ f <1^ dr, dt:, 


where d(<t>,<f') /d((,r,) or d(<l>,d',x) /d((,n,D is the Jacobian (J) (determinant of partial 
derivatives see 10.12), and is assumed not to vanish for (£, 77 ) in R' or (£, 77 ,f) in V. 
Note that, at (£, 17 ) or (£, 17 ,^), / > 0 or / <0 according as the two £, 17 or three £, 17 , f 
positive “axes” agree or disagree with the x, y- or x, y, z-slxph in respect of being right- 
handed or left-handed (see 7.61). A point where J vanishes is a singular point of the 
transformation; detailed study of caeh singular point is usually required. The 
following are special cases: Polar coordinati's 


y y f(x,y)dx dy = j f f(r cos 6, r sin 9)r dr dB 


Cylindrical coordinates 


/ / y f(x,y,z)dx dydz = j j j f(p 
^ V'' ^ V’ 


COB Ip, p sin Ip, z)p dp dip dz 


Spherical coordinates 


III 


f(.x,y,z)dx dy dz 



f(r COS ip cos B, r cos ip sin B, r sin ^;r® cos ip dr ilB dip 


Calculations can often be simplified by using the coordinate system best adapted to 
the problem; in particular, a oonveHieiit location of the origin should be sought. 

The equations of a transformation of coordinates may be interpreted instead as 
equations of point transformations mapping two planes or spatial regions on each other, 
in such a way that the point with coordinates (£, 17 ) in R' is mapped on the point 
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(x,y) in R, etc. Point transformations are said to be (locally) areay or volume- 
preserving or authalic in case boxes with sufficiently small equal corresponding dimen- 
sions have areas or volumes whose ratios tend to 1 as the longest dimension tends to 
zero. By inspecting the above formulas for the special case in which / ^ 1, one sees 
that the tranrformation will have this property if its Jacobian is identically 1 (see 3.7). 

10.5. Line and Surface Integrals. Let f(x,y,e) be defined in a region V in which C 
is a curve given by y = <f>(a), z = H^’i and [®s,^(a:»),i^’(*s)] 

f /" ** 

are two points on C, the integral f(x,y,z)dx = / f[x,(l>(x),^(x)]dx is called the 

Pi 

fPt 

line integral 01 curvilinear integral off along C fromfi to Ft) similarly for / F(jc,y)dz 

Pi 

•- / Flx,il>(x)]dx along y = <l>{x) in the plane, and similarly for line integrals with 
Jxi 

respect to y and z. If tlic curve has parametric representation * = £(«), y = 7)(u), 
fPi /"“j 

z =» f(u), / f(x,y,z)dx = I /[£(u),i|(u),f(«)]r du; simUarly for the other integrals. 
JC Jui 

Pi 

fP‘ ft 

Reversing the direction of C changes the sign of the integral; ~ ~ jc 

Pi 

If arc length s is used as a parameter, then for example 


rPi 


JC 

Pi 


fix,y,z)dy = 

Pi n 

IP, 

and y — cos p if the tangent to C has the direction angles a, p, y. Thus T f dx 

Pi 

+ g dy + h dz = f (f coa a + g cos p + hcoa y)ds. The symbol f is often used 
y«i 

to indicate that C is closed. 

Plane Area by Line Integral. If C is a closed curve in the xy-plaiu', bounding a 
region R whose area is A, then A = J^xdy — y dx, C being described in the 

positive direction, i.e., so that R is always to the left. 

Entropy. If T, Q, and Sa denote absoluU* temperature, heat, and entropy of a 

fB 

state represented in the familiar pe-diagram by a point A, then Sa — Fa = L dQ/T, 

A 

where C is any reversible path from A to U. 

If z = 4>ix,y) is a surface N in T, J j f[Xyy,z)dx dy j J f[Tjy,4>(j-jy)]fJx dy, 

» fi R 

where R is the projection of S on the xv-plane, is tht- aurfare intigral of / over »S’; simi- 
larly for integrals over surfaces i = ^(y,z) or y = ^(z,x). If the rectangle dx, dy 
is the projection of a small portion of the surface, of area do, then da cos y = dx dy, 

0 ^ cos 7 ^ 1 , and j" f(x,y,z)dx dy “ J J f(x.y,z) cos 7 dj. If the surface is 

6.^ pnri„ii,.t,;r i;,„i,t,o,ia 10 22), then c„« ^ j,,. 

the mtegral by |3(x,j,) /d(v,v) \ A and .1 dit dv, so that 


jj f{x,y,z)dxdy = j j f[((.u,v),f,iu,v),!:(ii,v,)]\a{x,y)/d(,u,v)\du 


dv 
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where R' is the region in the tui-plane corresponding to S. The area of tS is 
f /" do = f ^ y/EO — F* du d» (see 10.22). If it is desired, as it often is, to take 

account of the direction of the normal, remove the absolute value sign and watch 
the sign of the integrand; changing the direction of the normal changes the sign of 
the integral. 

10.61. In the following theorems, P, Q, and R are functions of x, y, and z which, 
along with their derivatives, have sufficient continuity (usually present in practice) 
throughout a sufficiently large region to ensure that the necessary integrals exist. 

Suppose that we have a surface S whose complete boundary is C (perhaps several 
curves). Let one side of 5 be (arbitrarily) called positive, and let I, m, n denote the 
normal directed into space from the positive side of the surface. Let C be described 
(in each of its parts) in such a way that an observer walking along C on the positive 
side of S always has S to his left. 


Stokee' Theorem. 

j^Pdi+Qdy +Rdz= 11 [/(R, - fW + - «x) + n((?. - P,)\da 

s'' 

Suppose that we have a boundwl region 1' of space whose complete boundary S 
is composed of closed surfaces and that I, tn, n arc the cosmos of the normal directed 
outward {away from S). 

Divergence Theorem (Gauss). 

f j (PI + Qm+ Rn)da = j j f (P, + + R.)dv 

s’' r 

N.B. 1. In case the integrand of the triple integral has discontinuities, exclude 
them from V by surfaces, w Inch contribute further surface integrals on the left. When 
these auxiliary surfaces are deflated, coiitnbutions to the surface integral sometimes 
remain. 

2. To apply this theorem to a region extending out indefinitely, introduce a large 
surface (c.g., a sphere), apply the theorem to the region so bounded, and then let the 
auxiliary surface recede indefinitely. In fortunate eases, the integral over it has a 
limit (usually zero), and the volume integral also converges. 

These remarkable theorems underlie many applications of mathematics. They 
are often expressed in vector form (see 12.52, 12.53, 12.7 where the meaning of 
“divergence” is noted and Green’s theorems arc stated). Technically, their use 
permits line and surface, and surface and volume integrals to be transformed into one 
another. In the plane, they have essentially the same content: If C is the complete 

boundary of R, j^^P dx + Q dy = J J (Q* — P,)dz dy. 

R 

Under certain restrictions on the region involved, the following statements are 
equivalent; 


I 

Jf, P dx -b y dy 1- R dz depi'iitls imb Uli tlu' posit Kills of i Hlltl S Allt-V not Oil. 

A 

tl»‘ rnrv(» 

-• P dx f Q dy f R dt »• 0 for iv<ry<hmd curve f . 
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3. R, =» Qt and P, = B* and Q, •= identically. 

4. There is a function 4>(x,y,z), namely, / P dx + Q dy + R dx (A fixed, any 

A 

curve C) such that = P and = Q and 4>, = R and 4> is single-valued. 


When any one of these statements is true, the expression P dx + Qdy + Rdz 
is said to be an exact or complete differential. In fact, the expression is then the total 
differential of tt>(x,y,z) (see 10.1) and P, Q, R are direction numbers of the normals 
to the surfaces ^ = constant. 

Under certain restrictions on the region involved, the following statements are 
equivalent: 


i ff (PI + Qm+ Rn)da 
surface bounded by C. 

2. j J (PI -H dm -(- Kn)da ■■ 


depends only on the boundary C of S and not on the 


0 for every cloaed surface S. 


3. Pi + Ob + = 0 identically. 

4. There are functions A, B, and C such that/’ <= C, — B, and Q = A, — C. and 
R By - Ay. 


10.6. Applications', Formulas. In addition to the lengths, areas, and volumes 
for which formulas have already been found, many physical quantities such as mass, 
centroid, moment of inertia, work, pressure, attraction, etc., may be expressed as 
definite integrals. 

Densitiee occur frequently: mass (or electric or magnetic charge) per unit volume, 
mass per unit length, force per unit mass, force per unit area, etc. 


lllustraliona of General Procedure. To find p(x,y,z) = mass per unit volume at 
i’(x,y,z), let fd be a region containing P, find the mass M contained in R, compute the 
average mass M l\R\ of R per unit volume, and take the limit as \\li\\ — > 0, P always in R 
(for |fll and |l/?ll, see 8.12). To find force F(x,y,z) per unit area in a certain direction 
At P(x,y,z), let R be a plane region containing P and perpendicular to the given direc- 
tion, find the total force F exerted on R normally (i.e., in the given direction), compute 
the average force Ff\R\ per unit area, and take the limit as Hftjl — > 0, P alw’ays in R. 
(Densities may be thought of as curvilinear, superficial, or solid generalized 
derivatives.) 

Typical Application. Suppose we wish to know by how much (dp) the pressure 
p at height >1 (measured vertically upward) exceeds the pressure p dp at height 
h dh. Evidently dp = —g dm, where dm is the mass of air in a prism with area 1 cm* 
as base and height dh. By the definition of p, dm ^ pdh (approximately), so that 
dp = —gp dh. 

In the following, we use dfl to denote dv, da, or da according as the region R over 
which P varies is solid, on a surface, or on a curve. Also, we use one integral sign, 
corresponding to B on a curve; use two for da, three for dv, if more explicitness is 
desired. To handle any specific problem, limits of integration are to be provided 
according to directions in 10.32. Specializations to various coordinate systems and 
representations follow the lines of 10.4. For discrete distributions, replace integrals 
by sums. 

Mass m distributed over fi with density p:m — k p(P)dB, with P in dR. N.B. 

p is constant if the distribution is homogeneous, or uniform (i.e., jB,! =» IBjl implies 
in, = ms). 
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Center of Mass P{S,y,z ) : ^ SimUarly for y and 2. If p s 1, 

in fact, if p is constant, P is associated with as a geometric configuration rather than 
necessarily with a distribution of matter. It is then often called the centroid (ter- 
minology not standard). For distributions of experimental size, P coincides with the 
center of gravity as defined in physics. In case the distribution is uniform, and R 
has a line or plane of symmetry, P lies in that line or plane. 

Moment of Inertia 1 of the distribution about a line I from which P has distance 

d{P): ^ p(.P)[d(P)V dR, with P in dR. Radius of gyration X of the distribution 

about I is defined by m\‘ = I. In case p ^ 1, one speaks of the moment of inertia 
of the configuration. 

A ttraction K, per unit mass, exerted by the distribution at a point Q in the direction 

of a ray k issuing from Q: K = f with P in d/d, where r denotes the 

JR T 

distance PQ and 6 is the angle (0 ^ tf ^ »•) between k and the ray PQ. 

Total Force F exerted normally on an area R by a normal force of magnitude <r 

per unit area: F = J^<r(P)da, with P in da. If the fluid pressure against a con- 


fining surface at a point is p, the total force exerted on a small area do of the surface 
is p da; if this small area is displaced through a distance ds along the normal, the work 
done by the fluid is approximately pdads — pdv, where dv = da ds is the volume of 
a small prism whose base is (approximately) do, and whose height is ds. 

Work IF done by a force F in a displacement from Qi to Qa along a curve C: W = 

F,(P)ds, with P in ds, where F< denotes the projection of F at P along the tangent 
to C at F, directed from P to Q. 

Mass of fluid <t> leaving a surface S, per unit time, if the density at P is p(F), the 
velocity of the particle at P has magnitude F(F) and direction making an angle ${P) 



with the oxaward normal to S at F: <t> 


= /gP(F)F(F) 


cos 8(P)da, with F in do. 


Typical Specializations (of These and Other Integrals). 1. Mass of a circular disk 
of radius c whose density is o + 6r, o and 6 constants, r the distance from the center. 

f2ir fe 

In polar coordinates, = I I (a + br)rdrdf = irc’(3a + 26c) /3. 

2. (’entroid of a uniform (constant mass o per unit area) hemispherical shell of 
radius a, so that tn = 2ra^o-. Using spherical coordinates, with the 9-plane as 
equatorial plane, z to denote the height of the centroid above, this plane, and z = o 


f2 f2 

sm (0 m the integrand, 25raVz = 1 I oo sin v> o* cos ipdBdip = iroro’ 1 sin 2ip d<p — 
jTffo’, whence 2 = a/2. 

3. The moment of inertia of the area inside the curve r* = o“ cos 29 about a line 
containing the initial ray is 


4 y iy ** pjjj gjj f d0 ^ a* J* sin* 9 cos' 


29 de 


IT 

= ^ (cos* 29 — cos* 29)d9 

IT 

= ^ f* [I (1 + cos 49) - (1 - sin* 29) cos 29]d9 = 
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4, The (gravitationSiI) potential energy ^ per unit mass at a point P is the work 
reQuired to bring a unit mass to the point from a standard position (of zero energy). 
In terrestrial problems, the standard position for given latitude and longitude is usually 

mean sea level, from which h is measured vertically upward. Hence 0 -r g du, 

since the work is independent of the path, which may be taken vertically. If go = 
980.6 cm per sec* is the acceleration of gravity when fe =• 0, then, at height h, g = 
go(l - 2h/Ro) (approximately), where fio = 6,370 km is the mean radius of the earth. 

Hence = go (1 - 2u/Ro)du = goh.(i — h/Ro), which is commonly called the 

geopolerUial. 

5. In studying turbulence (see ref. 8, Chap. IX, especially par. 52), it becomes 
necessary to find the amount of horizontal momentum transferred through a hori- 
zontal surface S by perturbations u' horizontally and w' vertically of a steady hori- 
zontal velocity u. Taking the z-axis in the direction of u, the y-axis horizontal and 
perpendicular to «, and the 2 -axis vertical, the horizontal momentum Jlf of unit volume 
is p(u -f u'), where p is the density of the air. The amount of this momentum trans- 
ferred per unit time through a horizontal area da = dx dy is thus Mw' da, so that the 

total momentum flowing across S is J J p(u + u')w' dx dy per unit time. 

11. DIFFERENTIAL EQUATIONS 

11.1. Defloitions. An equation involving differentials or derivatives is a differen- 
tial rqua/ion {l)E), ordinary or partial according as there is just one or more than one. 
independent variable. The order is the order of the derivative of highest order, and 
the degree is the power to which that derivative is raised. A solvHon is a function 
that satisfies the equation. To verify that an alleged solution actually is a solution, 
find the necessary derivatives and substitute in the DR. An ordinary 1)E of order n 
will usually have a solution (sometimes called the general solution) containing n 
arbitrary or disposable constants. These constants may often be chosen to make the 
parlicular solution so obtained satisfy desirable initial or houndary conditions. 

Caution. 1. Some DE have solutions (some of which are called singular) not 
obtainable in this manner from the “general” solution. 

2. Some DE have no solutions. Unless a specific solution can be found, it is often 
difficult to establish conditions for the existence and/or uniqueness of solutions. We 
assume in the fallowing methods of finding solutions that the functions that occur have 
properties adequate for the validity of the processes used. See texts for details and 
for other methods, e.g., ref. 11. 

11.2. Equations of the First Order and First Degree. I. y' = f(x). Then y => 
Sf(x)dx -h C (see 9.1 to 9.2). More precisely, y = b + j f(l)dt ha.s y' = /(z) and 

y = h when * = a. For example, to find a curve whose slope is y' = 6i* — 5 cos a. 
and which has the abscissa 3 when x = n: y = 2z’ — 6 sin x + C, 3 — 2ir^ — 5 sin ir 
+ C, C = 3 — 2ir’, y = 3 -f 2(x’ — jt’) — 5 sin x. 

2. Variables Separate. f{x)dx -t- g{y)dy = 0. Solution. !f{x)dx -|- Sg(y)dy = C. 
In other cases, try to separate variables by algebraic manipulation; if this succeeds, 
variables are separable. 

3. Homogeneous, y' = /(z,y) where f(tx,ty) = f*/(i,y) for some k. Substitute vx 
for y or vy for x (transforming the equation, of course). In the result, the variables 
will be separable. Solve and replace vhy y/x or x/y. 

4. Exact. P(x,y)dx -j- Q(x,y)dy =■ 0 with P, = so that there is a function z 

such that de = Pdx -hQdy (see 10.1, lO.Sl). Solution. C = f P ilx + Q dy 

y(o»6) 
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fp(xy^l + 7m Teatr ^ (««« 10.5). More directly, let c = 

' . 1 / \ I fp ’ j 8 J/ in the integration ae constant, 4 > arbitrary, compute 
/*• p ' n\'' a equal t<j Q, getting a DE for ^ from which x disappears 

(since F, =» Qi). Siilve for <^, and substitute in the expression for z. Then z = C is 
a solution of the original DE. Or, let z = jQ(x,y)dy + il'(x), etc., e.g., (sin y — y 
sin X — e^)dx + (x cos y + cos x)dy = 0. Since - cos y — sin i = Q„ this is 
exact. Let z = J(i cos y 4- cos x)dy + tl/{x) = x sin y y cos x + ^(®). Then 
Zz = sin y — y sin x + ^'{x) must equal P = sin y — y sin x — e®*. This will be 
true if = — e®*, ^(i) = — e®*/2. Hence solutions of the DE are x sin y + y 
cos X — e®*/2 = C. 

5. Integrating Factor. P(x,y)dx Q(.x,y)dy Q, Py ^ Q,. It is sometimes 
possible to multiply the DE by a factor /(*,yl that will make the result exact (see 4). 
If algebraic manipulations and trial fac'tors fail, see a text for hints. 

6. Linear, y' + P{x)y = Q{x). Multiply by the integrating factor f(x) = 
g/p(»)dt_ Then the solution is y where yS{x) = JQ{x)f{x)dx, e.g., in the theory of the 
atmosphere one meets the DE dp = —gp dz, where p denotes pressure, g the accelera- 
tion of gravity, p density, and z height If the air is dry, and the vertical lapse rate 
of temperature T is a constant a, so that T = To — az, then, by using the equation of 
state p = pET (R the gas constant), the DE may be written in fh(> form dp/dz + 
g[R(,Ta — az)]“‘p = 0. Here Q(z) = 0, P(z) = g[R{T o — otz)]“', and the integrating 

—Q 

factor /(z) is (I’o — az)®“. Hence the solution is ('/'o — uz)^“ p = C. If p = po 
—0 a 

whenz *= 0, thenC = pol'u'*" , and the solution may be written p = pii(l — az/ 2’o)*“. 


11.8 Equations of First Order and Higher Degree. 1. Solve for y' and try to 
integrate the resulting DE. 

2. Solve for y (or x) in terms of x (or y) and y', and differentiate with respect to 
X (or y). Solve this new DE for x (or y) as a function of y'. Along with the given DE, 
we then have parametric equations x = f(y'), y = g(,y') for a solution in terms of the 
parameter It may or may not be possible, or desirable, to obtain a relation 
between x and y by eliminating the parameter y', e.g., y'® y' = c*, or y = 
In [y'(l 4- y')). Jlifferentiation gives 

, _ 1 dy' 1 dy' ^ _ J_ , 1 

^ ~ y' dx I + y' "dx dy' y'® y'(l 4- y') 


Integrating with respect to y', we find x = — 1/y' 4- In |y'/(l + y')\ + C, so that 
X and y can be found when y' is given such that y'(l 4- y') > 0- 

Special Case (Clairavt). y = y'x 4- <t>(y') has the solutions y = ex 4- 4>(c) for 
each constant c. 

11.4. Special Equations of Second and Higher Order. 1. If y does not appear 
explicitly, write the DE as a first-order DE with y' and x as dependent and independent 
variables. Solve to get y', and then solve the resulting firstorder DE to get y. 

2. If X does not appear explicitly, use y' and y as dependent and independent 
variable [putting y'(dy'/dy) for y"] and proceed as in 1. 

3. y" = /(y) (common in mechanics). Multiply each side by 2y' and integrate 
to get y'. Then integrate again (variables separable). 

4. d^y/dx" = f{x). Integrate n times with respect to x. 


11.01. Linear Equations. A DE of the form 


/.(x)y'"> 4- /.-i(x)y'"-®> 4- • • • + h{x)y’ 4-/o(x)y = g{x) 

where y<*> = d^y/dx)‘, is said to be linear. Solutions are sought over an interval in 
which /«(x) does not vanish. The DE is homogeneous (HE) if y(x) = 0; with eaeh 
DE there is associated an HE obtained by replacing g(x) in the DE by 0. 
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If yi, • • • > y* satisfy the HE, and c,, ■ ■ ■ , ct are constants, then y = c,yi + 
. ■ . + ’ckyk satisfies the HE. If yi, ■■■ , y« satisfy the HE, and if ciyi + ' ' ' 
+ c,y» *■ 0 for each I implies that Cl = • • ■ = Cn =■ 0 (t.e., j/i, • • , y* are linearly 

independent), then every solution of the HE may be written in the form y = Cij/i + 
. . . with properly chosen c’s, and y, <= ciyi + • • • + c„y» with arbitrary 

c’s is called the comphmentary function of the DE. 

If y(®) 5^ 0 and y* is any specific solution, called a particular integral, of the DE, 
then the most general solution of the DE is y = y* + yc 

1. Reduction of Order. Suppose that a solution yi of the HE has been found. 
Let y = yiz, and substitute in the HE. The result will be a new HE of order n - 1 
involving z and its first n — 1 derivatives with respect to x. Solve this, perhaps by 
finding a solution Zi, and putting z = zitc, and again reducing the order. Finally, 
restore y by substitutions •••,«) = z/zi, z = y/Vi- 

2. i/* When yrJs Known. lfy« = ctVi + • • • + c»j/,,lety = ffi(i)l/i + flsCxlya + 

■ • • +gn(x)y,. 

yxQx + yrfi' + - ■ • + y»yi.' = 0 

yi'pi' + • • ■ + y.'y»' = 0 


yi'*"’>ffi' + ■ • • + = 0 

yi<““‘'ffi' + • • • + y»'—‘>y»' = g(x)ffn(x) 

Set up the foregoing system of equations. Solve these n linear algebraic equations 
(see 6.2) for the n unknowns gi', ■• - , g», integrate each result to get ffi, • • • , |7», 
and Bubstitvito these in the expression for y; the result is y = y* + ye. {Variation 
of parameters.) 

3. To find ye when f„{x), • • ■ , /o(*) arc constants oo, • • • , On, substitute 
y = jIc”* in the JIE as a trial solution, getting the characteristic equation o«»i" + 

+ • • • + Oifn + Oo “ 0. Solve this algebraic equation (see 6.3), getting 
the distinct roots m = mi, • • • , mp, some or all of which may be complex. Then, for 
A “ 1, • ■ ■ , p, if Ota is a root of multiplicity la*, the function yn = (cao + caii + ■ • • 
+ rAjiA-»®'‘*“')«“** is a solution, and yr = yi + • • • + Vj. is the complementary 
function. 

If the a’s arc real, complex roots occur in conjugate pairs: mA = m,- = as + itij, = 
OA — i|Sa. In this case (using 5.7), ys + yj may be written in the form 

(■“‘'[((Iao + dhiX + ■ • • + dA|iA-i®SA-i) cos 3 a + (d'Ao + d'AiX + ■ • ■ + 

d'Aw-i*"*"*) sin Pkx), 

where the d’s and d'’s may be but arc not necessarily complex. 

Example. Let the characteristic equation be (m* + 2m + 4)*(m — 2) =0, 
mi = 2, ms “ —1 + i \/3 (n2 = 2), m« = — 1 — iy/z (jn “ 2). Then y, = cie*', 
ys =“ (cjo + eiix)e^~^'*'''^^^‘, y« = (cjo + yr = yi + y2 + Ui', or write 

yi + y« in the form «“'[(d2o + dux) cos -y/Zx + (d2o' + dii'x) sin \/3 a]. 

4. In case the /’s are not constant, y. is not so easily found. If, in particular, 
/a(z) = oaX* for A = 0, 1, ••',«, the substitution x = e* reduces the HE to one in 
which the derivatives do have constant coefficients. Solve the new HE by the 
method of 3 and put t = In x in the result. 

5. To find the particular integral y* when the fa are constant o's (more general 
methods including the Laplace transform, in texts) : (o) Let g(x) = Axce**, p a positive 
integer or zero, q any constant (real or complex). If g is a root of multiplicity k of the 
characteristic equation (see 3), so that k = 0 if g is not a root, substitute in the DE 
a trial expression of the form y = (bo + bix + • ■ • + i>,jr'’)x*e«*, and determine 



See. n] 


DIFFERENTIAL EQUATIONS 


215 


particular values of the b’s so as to satisfy it. With these specific 6’s, y* = (6o + 

biX + • • • + bpX’‘)x^e^*. 

h. Special Case. If g{x) = Ae'* cos sx or Ae" sin sx, r and s real, try y e" 
(Bi cos sx + Hi sin sx), and determine values for Ii\ and Bi by requiring that y satisfy 
the DE. Or, put cos sx = (e"* + p— *)/2, sin sx = (e*** - p->'*)/(2t) and proceed 
as in (a). 

c. If g(x) = gi(x) + • • • + giix), replace g(x) in the DE by gh(x), getting I 
equations I>£a for h = 1, • - • , <. Find yn* for each Then j/ * for the original 
DE is yi* + • ■ • + yi*. 

6. If two or more DE with several dependent variables have the same inde- 
pendent variable, try by difTcreiitiation and algebraic manipulation to get a DE 
involving only one dependent variable. Solve tins and substitute in the other DE, 
which will then have one less dependent variable. Repeat. 

11.62. Second-order Linear Equations with Constant Coefficients; Vibrations. 
Let X denote distance measured from a fixed jioint on a line, and let t denote time. 
A particle of mass m moving on the line subject to a force proportional tf’ the dis- 
placement x will move in such a way that nix -|- frj: = 0, where A: > 0 oi A: < 0 
according as the force is directed from the displaced position x toward or away from 
the origin, i.t., according as the force is nsionng or disturbing. We assume A: > 0. 
Then the solution of the DE is 


X = a cos Mil/ + b sin o>J = c cos (w,it — y) 

where uo = y/l^m and a, h, c = V«* + 5* and 7 =tan'‘ (b/a) arc arbitrary con- 
stants determined by the values of x and j for some specific value of I, e.g., i = 0. 
Thus the particle vibratis (simple harmonic motion) about its position of equilibrium 
at the origin with a frequency V(, — u>a/2rr or angular frequency «o, i.e., making 
complete oscillations per unit time, or »o complete oscillations per 27r units of time. 
The amplitude c is the niaxinium of |x| and is attained at instants separated from 
each other by time intenuils of length 1/2 po. Tlie time 1/po required for a complete 
oscillation is called the pi nod of the oscillation. 

In case the motion is opposed by resistance proportional to the velocity, i.e., 
damped, the DE is mx 2f(.r -f ki = 0, with jS > 0. In case > km (strong damp- 
ing), or = km (<ritienl damping), the particle will gradually approach the origin 
without oscillation; these eases do not interest us here. If < km, the solution of 
the DE is 

B B 

-F.t 

X = e (a cos loit -f- b sin onl) — re ”* cos (wit — 7 ) 


with Ml* = (km — li^)/m^ = and the previous meanings of the other 

_« 

constants. Thus the amplitude cc ” (for successive values of t giving maximum 

1x1) is depreciated as t increases by the damping factor e ”* and ultimately becomes 
imperceptible. 

Since no external force has Ikh-ji applied, the foregoing vibration.s arc said to be 
characteristic, or natural, orfrie, and mo (or wj) is the characteristic or natural frequency 
oi the free undamped (or damped) vibrations. In case a further force of magnitude 
f(t) is applied along the line of motion, the DE becomes rnx + 2dx -f- A;x = f(t). 
The case in which /(<) = F eos at (or V sin at), F constant, is of special interest; the 
applied force varies periodically, having a fre(}uency v = m/2ji;. In this case the 
solution of the DE is 


X 


-S! 

= ce rn cos (toif — 7) -|- 


F COS ( ut — 3) 

Vm’W - M*)»'+ 4/3»m» 
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where uo = ■y/k/tn is the natural angular frequeney of the undamped system, ci>i® = 
and tan « = 2(Su/[ni(Mo* - «*)]. On account of its disappearance as t 
increases, the vibration given by the complementary function (first term) is called a 
transient. After the transient becomes imperceptible, a steady stale is reached in 
which only the oscillations given bj’’ the particular integral (second term) occur. 
These have the frequency u of the impressed force and are called forced oscillations. 
For a system with given un, the amplitude of the forced vibrations is greatest if 
u = Wo, so that forced and undamped free vibrations have the same frequency and 
are then said to be in resonance. The presence or absence of resonance often accounts 
(though not always respectively) for the success or failure of mechanical and electrical 
equipment. Trouble threatens when p = 0 and u = an. 

11.6. Series Solutions (see 8. 7). Especially when other methods fail, and especially 
when the behavior of y is important for values of * near some fixed x = a, it may be 
helpful to seek a series /(x) = (x — a)e ^ " c» (x — a)*, co 0 which will satisfy the 
DE. Write the DE so that each ftinction of t (except y) is expressible as a series of 
powers of X — a. Even if this is not possible, there may still be a scries solution, 
perhaps in negative powers of x — a; see the literature. Compute the derivatives of 

SB 

/(i), writing /(x) = 2,^ ct(i — 0)*+^ and differentiating term by term. Substitute 
them in the DE, which will then state, after arrangement according to powers of 
X — a, that two power series are equal. If this is to be true, coefficients of equal 
powers of X — a must be equal. By equating these coefficients, find values for p 
and the c’s in f(x). When these values are sulistituted in /(i), the resulting series, 
if it converges, has a sum y which satisfies the equation. 

Remakks; 1. In the linear case, this method may be used to find yc and/or y*. 
Jf .11. 0 is the power aeries each of whose coefficients vanishes. 

2. Ordinarily, if the DE is of order n, n values of p will appear to be suitable. 
Ordinarily, one (possibly more) of the early c’s (e.y., co, since Cu 0) will turn out to 
be unrestricted, thus amounting to an arbitrary constant of integration, while later 
c’s will be determined by eailier c’s and a value of p. In fortunate caws, each value 
of p will give rise to a solution. In less fortunate cases (common if values of p differ 
by an integer), only one value of p will work; for procedure in such cases, sec the 
literature (e.g. ref. 12). 

3. In most of the linear cases that arise in practice, if each coefficient has a series 
in powers of x — a and if each of these series converges for jx — a| < E, then the 
series obtaiiuKl in the above manners (even in the less fortunate cases) converge for 
|x — a| < K and satisfy the DE. 

Example, xy" + 1 / + xy = Q (Bessel’s equation of order zero). This is linear 
and homogeneous, and the coefficients are already expressed as powers of i; wo there- 
fore take a = 0 and seek p and c’a such that /(i) = x? ^ “ cax^ = ^ “ cix*+'' will 
satisfy the DE. 

fdx) = CaX‘‘ 4- CiXC'l -f- C/xeU -I- c,x'’+’ + • • • + CiXC* + ■ ■ ■ 
f'(x) = pcoxe 1 + (p q- ])fia7- -H (p -I- 2)cwcM + . . . + (p 4. JjriX"'* i . 

/"(x) = p(p - l)r„x"“> 4- (p -t- Epcix”-' 

+ •••+(?+ k){p + k - 1)cax>'+*-» 

Multiply /(x) and/"(x) by x, add, and equate coefficients of xc”*, x", x'* ' *, ■ ■ ■ to zero. 

p(p — l)co + pro = 0 p*co = 0 

(p + l)pci + (P + Dci =0 (p l)*Ci = 0 

(p + 2)(p -H l)c, -1- (p -f- 2)c, -f- Co = 0 (p -H 2)Vo = -c„ 

(p + 3)(p 4- 2)cs 4" (p 4' 3)cj Cl = 0 (p 4" 3)V3 = — ci 

(p 4- k)(p fc — ] )ct (p 4- k)ri, 4- ci-j = 0 (p 4- fc)*ct = — ct_2 
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By the tot equation since o, 0, p = 0 (twice). Since p = 0, the second equation 
shows that ci = 0 It then follows from the last equation that ci = 0 for each odd fe. 
The third and the last equations show that, if fc = 21i is even, cai = ( — l)*co/12'' • 4» • 
• •(21.)«] = (-1)V„/(2*M)>. Hence 


fix) = Co 


(2*11!)* 


is a solution of the DE, if it converges (as it docs, for all x). However, the DE is of 
the second order, so we expect to find another solution. This is a less fortunate case; 
by methods found in texts, we obtain another solution. 


♦(*) A®) In ® + < ((21',,), 2 ) (2’2')» 2 s) (2’3f)' 

+I + ...+J) + 

where C is an arViitrary con.«tant. Xofe however that, ns often happens in less 
fortunate cases, <^(a:) is of no use a< i = 0 inless co = 0, since otherw ise |/(a-) In i] — > « 
as * — ♦ 0+. 


11.7. Graphical and Numerical Solutions, ricomclrically, an equation fix,y,y') 
= 0 determines a value of y', hence a dirffiinn, at each point J’(x,y). Further, an 
equation /( t, 7/, !/',t/") = 0 determines a value of y", hence a ciirvaliDi for each direction 
(given by y') at each point P(x,y). For first-order equations, then, it is often helpful 
to construct a line-element diagram, i.e., at (a,b) draw a short line with slope y' com- 


puted from the DE when x = a and y = h. 
As the adjoining example indicates, such a 
diagram often reveals useful qualitative 
information about the solutions. We see 
that the solutions of x — yy' = 0 form a 
family of equilateral hyperbolas (sw 7.31) 
whose equation turns out to be — y* = C. 
Note the indeterminacy of y' when x = 
V = 0. Such singular points of a DE require 
special care. 

11.71. To solve y' = fix,y) graphically, 
beginning at Pu(o,h), chosen so that y will 
have the value 6 when i = a, draw from 
Po a line U of slope win = /(o,b). On la close 
to Po, choose Pi(ai,&i). From P, draw a 
line h of slope wii = /(ai,6i). On h close 
to Pi, choose Pa(a2,6j). From Pj draw h 
with slope wi2 = /(os,6j). Continue as far as 
may be de.sircd. The broken line thus ob- 


\ \ // f I 

\ \ \\, // / I 

-j-1 I— 

f / //^ N.\\ \ v 

f /yy' Nvv W 


I / 


•O W ' 
» ' vs \ \ 


x-yy'^0 

Line element diagram 

J u.. 11.7. 


tained is an approximation to a solution 

that usually deviates farther from the “tnie” solution through Po the farther 
one gets awav from Po. The approximation may be improved by taking closer 
to P,_i, thus requiring more steps to cover the desired range of x, and by using for wi, 
an average value such as [/(o,,6,) -)-/(o,+i,6,+i)]/2 or )'i[/(a,_i,b,_i) -)- 2/(o,,b,) -I- 


/(a.+i,bi+i)]. 

11.72. To solve y' = fix,y) approximately by series, agreeing that y = b when 
X = a, find y", y'", ■ • ■ from the DE (y" = /* -(- f^y' = fx +fiif, Ptc.) and substitute 
X = a, y = b, thus getting the values of the derivatives when x = a. Then y 
is represented approximately by the first few terms of the power series y =‘ b + 
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yJ'‘Hx - a)’‘/k\. Especially if the series shows signs of converging rapidly, 

values of y computed from its first few terms with x close to a are fairly reliable, may 
be found quickly, and form a basis for more refined methods of approximation. In 
principle, of course, this process may he eoiitiniied to any required degree of accuracy, 
but in practice the difficulties connected with finding the higher derivatives are often 
prohibitive, and it may happen that the series converges (if at all) too slowly for 
practical purposes unless x is very close to a. It is possible, of course, after obtaining 
a point (o + h,b + k), to begin all over again using this point in place of (o,i»), get a 
point (o + A + hi,b + ^ + fci), and so on. 

11.73. Numerical Approximation by ^card’s Method. We are given the DE 
y' = f(x,y) and desire a solution such that y = b when x = a. A line-element dia- 
gram or some other evidence may .suggest that y is a function of some specific form yo, 
with j/o = 6 when a = o; if no .such hugg<“5tion is reliably apparent, put 1/0 = 6 (con- 
stant). The first approximation in yi = b + j fll,yo(i)]<li. The second is j/s = 

6 + y J[t,yi{t)]dt. The third is j/i = 6 -h ^ and so on. If x is kept 

close enough to a, it can be shown th.at as n - > 00 the functions y„(x) tend (uniformly) 
to a function y that sati.sfies tlie J)E. If the integrations offer difficulty, they may be 
performed approximately (sec 9.3). 

Numerous developments of the foregoing methods arc available (see refs. 13 and 14). 
11.8. Linear Second-order Partial Differential Equations (l‘DR). We give only 
genera) remarks on three of thes<* equations. For notation and expressions for VV 
in various coordinate systems, sec 12.52, 12.6. 

Laplace’s equation VV = 0 

Heat equation = oV« 

Wave equation VV = 

"General” solutions are often inaccessible and rarely u.seful. Instead, one seeks 
particular solutions that satisfy the other conditions of the pniblem at hand. A useful 
attack is to express ^ tentatively as a produrl of funclions eacJi of which depends on 
only one of the independent variable's. If an independent variable is missing in the 
equation, take the corresponding function to be identically 1. 

In rectangular coordinates ^ = X{x)Y{y)Z{z)T(l) 

In cylindrical coordinates ^ = R{p)B{9)Z{z\T{t) 

In spherical coordinates ^ = /f(r)0(d)4‘((j>)7’(f) 

Example. Laplace’s equation in polar coordinates in two dimensions is p(,p4/f)p 
+ = 0. ^ = fi(p)0(e) will satisfy the equation if and only if 

p(p7f')'0 + ffO” = 0 or + ^ = 0 

In the latter equation, the first term is a function of p alone, while the second is a 
function of 6 alone. The equation can thus be satisfied only if each term is a constant, 
and these constants are numerically equal and of opposite sign. Hence we may write 

p{pR'y = \R O" = -XO 

If X 9 ^ 0, the solutions of the first are R = ap^^ -I- bp~'^-, those of the second are 

0 = dc-' vT*. If X = 0, the solutions of the first are R = alii p + 5; those of 

the second are O cB + d. 
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In a particular problem, one usually finds that only certain siH-clfic values of X are 
permissible if — rfH is to satisfy the initial or boundary conditions of the problem. 
These values are called eigenvalues (proper values, characteristic values) of X. Cor- 
respondiiij; to each eigenvalue there will be eigenfunctions lt\ and Ox such that 
“ satisfies the PIJE. Having found these solutions ^x, one seeks constants c\ 

such that tp = ^x cx i/'x not only satisfies the PDE but meets any other conditions 
imposed by the problem. 

In other coordinate systems and for other dimensions, the analysis is similar. 
See ref. 10, Chap. VII, and ref. l.'i. 

The solution for t > 0, of the heat equation for an infinite bar, with initial 

temperature \l/(x,Q) = fix), is sometimes useful in the form 

where X = a({ — z)/(2 \/7). 


12. VECTOR ANALYSIS 

12.1. Definitions. Vectors are insed to represent displacements, velocities, 
accelerations, momenta, forces, etc. For practical purposes, a vc-ctor is best con- 
ceived as a directed line segment or arrow leading from an initial paint 1‘ to a terminal 
point Q, and it is then often called the position vector of Q relative to the origin P. 
'ITie direction of tfie vector is the direction from P to Q, and the distance PQ is the 
magnUude or length of the vector. 

Notation. Creek letters denote numerical functions and Latin, or Koman, small 
letters denote numbers, both often called scalars to emphasize their nondirectedness. 
Vectors are denoted by boldface type. ITie magnitude of the vector V is denoted 
by |V|. 

The vector (V = \t, t 9 ^ 0 is defined to have the same initial point as V, the same 
or the opposite direction according as / > 0 or f <0, and llV| = l/HV). It is conven- 
ient to recognize, at each point P, the vector of zero length (initial and terminal point 
F) and undefined direction as the ziro vector at P, and to denote this vector by 0. 

V = 0 if and only if |Vl = 0. Complete the above definition by putting OV = 0. 
Then any vector V may be multiplied by any real miniher t. The sum U = V + W 
of V and W is defined to hav<* the direction and length of the diagonal of the parallelo- 
gram with V and W as adjacent sides. These operations have the properties 

V-hW = W-(-V U + (V + W) = (U-(-V)-t-W V-|-0 = V 

V + (-I)V = 0 im - IWII < IV -h WK 1V| + |W1 

<v -I- aV = (< -I- «)V «(V -I- W) = <V -I- tw |fV| = 1<11V1 

ItEMAUKs: 1. Define —V to be ( — 1)V; then V — V = 0. 

2. V/|V| is a vector of length 1 or a unit vector with the same origin and direction 
as V. 

3. W — V is equal in length and parallel to the vector from the terminal point of 

V to the terminal point of W. 

4. (All vectors with common origin O.) Two (or three) vectors U and V (and W) 
are dependent or independent according as their terminal points are or are not collinear 
(or coplanar) with the point 0. U and V (and W) arc dependent or independent 
according as oU -f 6V = 0 for aU -b 6V -|- cW = 0) does not or does imply that 
a = b 0 (or a = b = e — 0). IfU and V (and W) are independent, then every 
vector X ^ 0 in the plane of U and V (or in space) can be expressed in one and only 
one way as X = aU -t- 6V (or X = aU -|- bV + cW) with not all the numbers a, b 
(and c) vanishing. 
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The scalar (or dot) producl U • V is a number equal to |U||V| cos 8, where 8 is the 
anfcle between U and V. The expression A • A = lAp is often written A*. U • V = 0 
if and only if 1U| = 0, or |V| = 0, or cos 9 = 0 and U and V arc perpendicular. 

Properties. 

UV = V- U U-(V + W)=TI-V + UW 

The vector (or cross) product W = U X V is the vector such that; (1) W is per- 
pendicular to TJ and to V (and hence to their plane); (2) W is so directed that, when 
viewed from its terminal point, the rotation from TJ to V is positive (counterclockwise) ; 
(3) IWl = 1U||V| sin 8. Thus [W] is the area of the parallelogram with TJ and V as 
adjacent sides. W = 0 if and only if |TJ| = 0, or 1V| = 0, or sin 9 = 0 and U and V 
are parallel. Al.B. A X A = 0. 

PropeHies. UXV=-VXU UX(V + W)=UXV + UXW 

The scalar triple product TJ • V X W, meaning TJ ■ (V X W), is equal to + or — the 
volume of the parallelepiped with TJ, V, W as coinitial edges according as TJ is on the 
same side of the plane of V and W as V X W or on the opposite side. Thus TJ, V, 
and W arc coplanar if and only if TJ • V X W = 0. In other words, TJ • V X W = 0 
or 5 ^ 0 according as aU -|- hV 4- cW = 0 for numbers o, 6, c not all zero, or not, i.e., 
according as TJ, V, and W are dependent or independent. 

Properties. 

U VXW=V WXU = W UXV = -V UXW - -U.WXV 

= -W • V X TJ 


Dot and cross may be interchanged: U-VXW = TJ XV - W, etc. 

The vector triple product TJ X (V X W) is evaluated thus: 

U X (V X W) = (TJ • W)V - (U ■ V)W (U X V) X W = (U • W)V - (V • W)U 

Note that, although parentheses are unnecessary on the right but may be used if 
desired, they are essential on the left. TJ • WV could only mean the number TJ • W 
multiplying the vector V. The mere juxtaposition of two symbols for vectors, such 
as WV, has no meaning; a dot or cross must be interposed. 

(U X V) • (W X X) = (U • W)(V • X) - (TJ • X)(V • W) 

Expand (TJ X V) X (W X X) by applying twice the rule for a vector triple 
product; several (equal) results possible. 

Caution: A'ever try to divide by a vector. If a vector equation must he solved, 
try^to multiply (dot or cross) by a vector in such a way as to isolate the number or 
vector sought, or to give it a numerical coefBcient by which division will be possible. 

In many problems, only the direction and magnitude of a vector are relevant, not 
its initial point. It is then usual not to distinguish between two parallel vectors of 
the same sense and length but to give the name free vector to the totality of all such 
vectors (one at each point). The foregoing definitions apply without change to free 
vectors. 

In other circumstances (often with forces), a vector may be restricted to a line or a 
plane. Such vectors are sometimes called bound, or sliding, vectors. 

12.3. Components. Let a fixed point O be the origin of a rectangular cartesian 
coordinate system. The vector R from 0 to a point R(x,y,z) is the position vector 
of the point relative to (). I.ct i, j, and k denote, respectively, the (unit) position 
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vectors of the points with coordinates (1,0,0), (0,1,0), and (0,0,1). Then R =• + 

yi + sk (vector addition). The vectors li, y], and zk, or, more commonly, the 
numbers x, y, z are called the componerUs of R along i, j, and k. 


|R| = + 2/* + z* = r (standard notation) (R = tji + tyi + tek 

Ri + Ra = (*i + ® 2 )i + (j/i + j/a)] + (zi + Zi)Tt Ri ■ Ra = X\Xi + j/ii/, 4 ZjZa 

li j k 

Ri X Ra = ( 2 /i*a — Ztyi)i + (ZiXa — xa/)} + (iij/a — 2/iia)k = jii yt z, 

1j:2 2/j *2 

‘Xi 2/1 zr| 

i2=j2=k2 = l i.j=j.k=k 1=0 

jza yt Zi\ 

i X i = k = -j X i j X k = 1 = -k X j k X i = j = -i X k 


Ri ■ Ra X Ra = 'la yt Zal 


12.3. Geometric Applications in three dimensions; can be snecializcd to two. Here 
R is the variable ("running”) position vector of a point that moves .about on a plane 
or line, provided that it satisfies the indicated equation. Some of the equations 
and formulas given in 7.62 arise natural!} by expressing the following in components 
(coordinates) : 


Inne through Ro parallel to V R = Ro + /V 

N.B. If V is a unit vector, t measures the directed distance along the line from Ro to R 
Line through Ro and Ri R = Ro + /(R, — Ro) 

Plane through Ro with normal N (R — Ru) ■ N = 0 

Distance from (R — Ro) ■ N = 0 <o Ri, measured positively in the direction of N 

(R. - R.) • N/lNl 

Plane through Ro, Ri, and Ro 

R — Ro “h f(Ri — Ro) 4" wfRo Ro) 
or 

(R - Ro) • (R„ - R.) X (Ri - Ri) = 0 

R = Ro + /V cuts (R — Ri) • N = 0 when (Ro + fV — Ri) • N = 0, t'.e., for 
f = (R, - Ro) • N/V • N (V • N 0) 

The line of intersection of (R — Ro) • No = 0 and (R — Ro) • Ni = 0 is parallel 
to No X Ni. 

12.4. Vector Functions of a Single Variable. If, for each value of a numerical 
variable i, a point (/(() is specified along with a definite vector W at V{1), we say that 
W is a function of t and write W = W(/). In many important special cases, (/(/) 
is a fixed point while the terminal point of W varies, the length and direction of W 
depending on it. A variable vector V has a constant vector A as limit; lim V = A, 
or V — » A, if and only if the initial and terminal points of V approach, respectively, 
the initial and terminal points of A. V — » A if and only if |V| — ► [A] and, unless |Aj 
= 0, the direction of V approaches that of A. Continuity is defined as for numerical 
functions (see 8.14). 

If t changes by an amount At, we construct at (/(<) a vector W + AW equal in 
length and parallel in direction to W(< + A/), which is at U{t + At). Then seek 
the limit of the vector AW/At as A< — * 0. If it exists, lim AW/At = W(<) = W'(t) 
= dW/dt is the derivative of W with respect to t. If U (I) is fixed, W is tangent to the 
path y of the terminal point of W. If s denotes arc length along y, |dW/(ls| = 1. 
Thus T = dW/ds is the unit tangent to y at W(i). dT/ds = d^W^ds^ = *N, where k 
is the curvature and N is the unit principal normal (see 10.21) to 7 at W(<). The 
vector B = T X N is the hinormal to y at W(<). The arc rate of rotation of the 
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binormal is called the torsion T of •/. It can be shown that dB/ds = rNanddW/ds = 

- *T. These (Frenet) formulas are more complicated if arc length is not the 
parameter. 

Properiv^s of Derivatives, 

(V + W)' = V' + W' [<(>«)V]' = <fr'V + 0V' 

If f is a function of u, dV/dv = (,JV/dl)(dt/du). 

If V = oiCOi + vt(t)i + «,a)k, then V' = ».'i + v,'j + i/.Tc. 

|V| is constant if and only if V ■ V' =0 tor all t. 

V has constant direction if and only if V X V' = 0 for all t. 

(u • V)' = u' ■ V + u ■ V' (u X V)' = U' X V + tr X V' 

(U • V X W)' = U' • V X W + U • V' X W + TJ • V X W' 
lU X (V X W)]' = U' X (V X W) + U X (V' X W) + U X (V X W') 

12.6. Vector Fields. If a vector V = V{x,y,z) = V(R) = »ii + osj + oik is 
defined at each point R — li + yj + sk of a region (see 8.12) of space, the family 
of these vectors forms a vector field. If V is constant, the family of these vectors is 
indistinguishable from a free vector. The components ci,t's,«s of V are best con- 
ceived as related to vectors i, j, k at the point if rather than at the origin O from which 
R issues, although the i, j, k at if and those at O arc congruimt. The initial attention 
needed to provide i, j, k at if habitually will be amply repaid by extended experienee, 
especially since there is no alternative when curvilinear eoordinates arc used. 

12.61. Gradient. If <t>{x,y,z) = ^(R) is a function of *, y, z, then (t>A + + 

^,k, where (l>i = d(l>/dx, etc., is a vector field called the gradient of <i> and written grad 
<t> or V<l> (say “d('l 0 ”). The total differential of h dit> = V4> • dR, where dR = 
dxi + dy } + dzk. If TJ is a unit vector, the directional derivative (see 10.1) of 0 
in the direction of TJ is d<t>/<ls — ■ TJ. The direction of is the direction in whitih 

<t> increases most rapidly, and iV<fr| is equal to the rate of iuercaso of </> in that direction. 
At each point Ro, is normal to the level surface i/.(R) = ^(Ri,). 

12.62. Flux. Divergence. Let £ be a surface inside a region in which a vector 
field V is defined, N the unit normal to Z. Tlxm the surface integral //V • N da 
over S (see 10.5) is the flux f of V across S. V • K is often called the normal com- 
ponent of V, IV -V • NN] its tangential component; they arcs sometimes denoted by V„ 
and Vt. If V represents at each point the velocity of a particle of a moving fluid 
(density 1 everywhere and always) instantaneously situalc'd at that point, then / 
measures the rate of total flow across 2 out of the region away from which IT points 
into the region into which IT points. 

Now let 2 be closed, and N directed outward. Then f will measure, in the same 
physical context, the net rate of decrease of the amount of fluid inside 2, or the rate 
of expansion of the volume instantaneously or-cupied by this fluid. The flux / divided 
by the volume As enclosed by 2 gives the average rate of expansion //Aa of the volume 
per unit volume. Now let /* be a point inside 2, and let 2 shrink toward P in such 
a way that || 2|| — > 0 (sec 8.12). If //Aa — ♦ 1 regardless of other details of the manner 
in which 2 shrinks toward P, then this number f, obtainable at each point P from the 
field V is called, on account of the interpn*tation just given, the divergence of V, 
written div V = V • V (say “del dot V”). If V = ad -(- ad -f ask, and the derivatives 
Vir, vt„, aj, are continuous, then the divergence exists and 

_ ir I I , dVi , dVt 

V • V = 811 4" Si* + Vu = h 

ax dy az 

The divergence theorem (see 10.51) says that //V ■ N dn = ///V • V da, the surface 
integral extending over a closed surface 2 whose outward normal is N and the volume 
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integral extending over the interior of S. 
called aolenoidal or murce-free (see 10.51). 
4>’’) is called the Laplacian of <t>-, if = 
manic in that region. 


A field for which V ■ V = 0 everywhere is 
div grad 4. = V • V<(. = V*<(> (“del squared 
0 throughout a region, 41 is said to be fior- 


Other Theorems. 

jJjv<l,de = Jj<l,N da jjjvX'VTdo^jjvy.Wda 

12.63. Circulation. Curl. Let y be a closed curve inside a region in which a 
vector field V is defined, s the arc length of y, and T its unit tangent. Then c = 

j V • T d* = y V • dR (see 10.5) is the circulafinn of V around y. If V represents 

a force experienced by a particle of unit mass placed (on y) at the initial point of V, 
then c measures the work done by V as that particle is carried once around y. 

Now lot P be a fix<>d point, N a unit vector at that point, ir a plane through /' 
normal to N, and y a closed nonsclf-croasing curve in ir bounding an area Aa (containing 
P) and so directed that an observer standing on the side of ir into w hich N points 
may walk along y and keep Aa at his left, (’oinpute c for y and the field V, divide 
by Aa, and seek a limit as y shrinks on ir toward i' in .such a way that HyH — » 0. If 
lim c/Aa exists regardless of other details of the manner in which y shrinks toward P, 
then the number / obtained in this way from the field V, at each point P and for each 
direction N is the component along N of a vector called t he curl or rotation or vorticity 
of V, written curl V = rot V = 7 X V (say “del cross V”). If V = tiji + tijj + 
and the necessary derivatives are continuous, then the curl exists and 


V X V = (»1, - tij.)! + (»!, - Vi,)} + (v„ - »i„)k 


Stokes' theorem (see 10.51) says that j V ■ iTR = j j N • V X V do, the surface 

integral being extended over a surface X whose complete boundarj is y, with y and N 
having the proper relative directions. A field for which V X V = 0 is called irrota- 
tional or vortex-free or liiniellaT (see 10.51). If V represents the velocity of a moving 
fluid, 7 X V is intimately connected with the vortices of the fluid. 


Other Theorems. 

j 4>dR = j j N X Vtl, da j^dRXV = jj(.^(XV)XVda 

^ ''x z 

12.64. Partial derivatives V* = SV/dx = lim | [7(1 + Ax,y,z) — 'V{x,y,z)]/AT\ 
as Aa: — >0. Similarly for V,, and V, (sec 10.1, 12.4) If V = »ii + vj + ii»k, then 
V* = giii + Vs,} + »aik, etc. The vector V, measures the rate of change of V per 
unit change in x. If W = icii + ws} + UJ^k, then W • VV = (W • V)V = wiV, + 
tVsVf -h u>aV, (definition). If |W| = I, then W • VV is the directional derivative 
dV /d« of V in the direction of W, i.e., the rate of change of V per unit change in distance 
s measured in that direction. In computing W • VV, fust form the operator W • V 
= Wid/dx + w-.a/dy + Widfaz, and then apply this operator directly to V. Similarly 

(V . v)V = v»v = (dVto* + a^/ay^ + a‘/az'‘)V = v,, + v„ + v„ 
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Caution. VV, without dot or cross, has no meaning save as a second-order tensor 
(see the literature). 


N.B. V • V = i • Vx -h j ■ V, -1- k ■ V. and V X V = i X V* -j- j X V» + k X V, 


Properties of the Foregoing Operators. 

7(4 + 4) = 74 + 74 
V-(C+V)=V-TJ-t-7-V 
V ■ (4V) = V4 • V -F 47 • V 
r X 74 = 0 

7-(trxv) - v- 7xir-u vxv 


7(44) “ 474 "i" 474 

VX(U + V) = VXU-1-7XV 
V X (4V) = V4 X V -I- 47 X V 
7 • 7 X V = 0 

7 X (7 X V) = V(7 • V) - V*v 


7CU • V) = TI • VV + V • VU -t- U X (7 X V) V X (7 X TJ) 

V X (U X V) = V • VU - U • W + TJV • V - W • U 

UR ~ xi +yj + 2kandr = iR(,thcnV X R = 0, 7 • R = 3, 7r = R/r,7»(l/r) = 0, 
and V • 7R = V for any V. 

12.6. Curvilinear Coordinates. I«t 2;, y, 2 be replaced by new coordinate variables, 
(, 1), f (sec 10.12). Assume that i, 1), fform an orthogonal system, i.e., at each point 
the three coordinate curves are. mutually perpendicular. (For more complicated 
cases, see any text on tensor analysis.) If R = asi yj -F sk, then the derivatives 
R{, R^ Rf are vecto s tangent to the coordinate curves. Ijct ii = Rt/jRd, ij = 
R,/|R,|, i] = Rf/|Rf| be unit vectors tangent to the coordinate curves. These vectors 
are also normal to the coordinate surfaces: ii = 7f/|7f|, • • • , ij — 7f/)7J'|. It is 
usual to introduce functions hi = |R{| = l/|7f|, hi = |Ri,| = l/|7*j|, and hi = )Rf[ = 
l/|7f|. Then, symbolically 


V =4^ A+kA +k A 

hi ha dtj hi dH 


Let 4, V = Ciii -|- vds »«is, and W be expressed in terms of t, y, f- Then 


74 ~ ^ ^ ^ “ ^47t -1- 4i7ii + 4f7r 

7 • V = t(hsh«»i)t -h (fc»hi»j)v + {hihiVi)(] 

7 X V «« [(hiVi)„ — (h]ti:)f] [(hiVi)f — (/l)Va)t] + [(hjiij){ — (/iiPi),] j-k 


hihs 


In cylindrical coordinates p, Zj hi =1, A* = p, Ai = 1 


and = ii^p + — -f* 

P 

V * V = - (pVl)p + t>2* -|- 

P P 

VV - (p^p)p H- \ 

p P* 

V ^ ^ li + (•'j# V9p)it 4" ^sp “ — 
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In Rpherical coordinates r, $, <p, hi = 1, A 2 = r cos »>, Aj r and 

V • V = -^ ('■’“•)' + •>’ 

vv = (rVr), + + , 2 -;;^- (cos ^ 


V X V = [W|« 


v »»)*>] — -- 

r COB ^ 


+ [•'1*1 “ (r»8)rj ^ 

+ [(r cos <fi Vl)r — t>l»] 


1> 


r cos ip 


12.7. Greenes Theorems. Harmonic Functions. Wc are Riven a closed surface 
S over which and throughout whose interior 7 surface and volume integrals are to be 
extended. In the divergence theorem, put V = The result is 

/ d» = //^N • da — J jj4> VV dw 

Interchange and V' and subtract, getting 

//(^N ■ Vi/' — ■V4‘)da = 


These are Green’s theorems. N.B. N ■ is often called the normal derivative of it> 
and written dth/dn. 

In the first of these theorems, take <^ = 1 and suppose that VV = 0 throughout 
some region containing 2, t.e., <!/ is harmonic. The result is //N da = f f&ip/dn da 
= 0, Thus the flux of the gradient of a harmonic function across any closed surface 
is zero. 

Let r denote distance measured from a fixed point P. Putting = 1/r in the 
second theorem above, one can show that 




0 

or 

4ir,^(7») 


according as P is outside or inside 2. This formula expresses the value of ^ at P 
in terms of the values of ^ and d4//dn on the boundary and of VV m I. If ^ is har- 
monic, then the volume integral disappears and only the boundary values are needed. 
In fact, if 2 is a sphere with center at P, il'(P) is the average of the values of ^ on 2. 
Unless a harmonic function if/ is constant, it cannot have a greatest or least value 
in I. Finally, these results can be used to show that there is essentially just one func- 
tion i// harmonic in I and having on 2 either given values of ^ or given values of 
d<l//dn. The foregoing theorems are of gr«‘at practical importance in connection, for 
example, with the distribution of electric charge. 


IS. MECHANICS 

13.1. Kinematics of a Particle. A moving point or particle is located by its 
position vector R = si -|- yj -|- zk referred to a specific origin O at which a specific 
frame i, j, k of mutually orthogonal umt reference vectors has been installed. (For 
vectors, see 12.) The motion of 0 and of the frame is assumed known. The velocity 
and acceleration of (the terminal point of) R as measured or observed or computed 
in this frame will be called its apparent velocity and acceleration. 
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rRme will be denoted by t, arc length along the path or trajectory of R by s, and 
derivatives with respect to t by dots. The unit tangent, normal, and binormal to 
the path are denoted by T, N, and B. The apparent velocity vector V and apparent 
acceleration vector A arc conceived with their initial points at the position R of the 
particle. To get cartesian equations, wnte down from the stated equations a separate 
(equation for each component. 

V = ft = ji + l/j + *k. The speed is s = |V| = »'= (i* + J/* + and 

V = oT = sdR/ds. 

• dT 

A=V=R = Ji + i/j + 4k=0T+»*^=0T+ where x is the curvature 

of the path (see 10.21, 12.4). The terms »T and are often calk'd, respectively, 
the tangential and normal accelerations. They art* the components of A referred to the 
(moving) frame constituted by the instantaneous positions 
of T, N, and B. Since the component along B vanishes, 
till* particle is moving instantaneously in the plane of T 
and N (osculating plane of the path), in which both V and 
A he. 

Suppose now that, at the specified origin O, we have 
a frame I, J, K, which is moving rigidly. Viewed from 
the i-j-k frame, this motion will appear to be a turning 
about the point O. At t'ach instant there will be a vector 
Q, Called the angular velocity vector, about which the I-J-K 
frame will be instantaneously rotating with angular speed 
|o|. If U (origin 0) is any vei'tor attached rigidly to the 
Fio. 13.1. I-J-K frame, its apparent rate of change can be shown 

to be tr = a X U. To emphasize its source in the 
movement of the I-J-K frame, O X XJ is called the drag derivative of U. For 
example (sec 12.4), the angular velocity of the T-N-B frame at points of the path is 
O = xB + tT, and the Frcnet formulas give the drag derivatives of T, N, and B. 

If U = Mil + nj + mjK is not rigidly attached to the frame, its components 
«i. 111 , «, will also change. Thus 

U = Uil + Uij + UiK + Mii + uij + U(K = Uil + UjJ + UtK + O X U 



since t = O X I, etc. The sum of the first three terms is precisely the rate of change 
of U as measured by an observer in the I-J-K frame. This is often called the relative 

derivative and is here denoted by (The notation OV/dt is sometimes used but 

requires great care.) 

* d'JJ 

Result. U = + O X U ; apparent derivative is relative derivative plus drag 

derivative. 

Suppose, finally, that we have a moving point Q = Ri and an I-J-K frame at Q 
moving with instantaneous angular velocity O. The apparent velocity and acceler- 
ation of R = Ri + R 2 arc the following (since, in computing A, O X O =0): 


V = R = R. + R, = R, + O X R2 
A = v-R2+5? + ax‘^’ + (^+oxo)xR2 + ox(^> + uxR2) 

A =« Ri + -f- 20 X ^ X Rj + O X (U X Ri) 


The term 20 X d'Ki/dt is called the Coriolis acceleration. 
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Fortunately, it is rarely necessary to use this entire expression for A. For instance, 
if Q and the I-J-K frame are fixed in and moving with a rigid body, and R 2 leads 
always to the same point of the body, then d'Ri/dt and d'^R^/dt^ both vanish. Again, 
if Q = 0, Ri vanishes. If the component of its angular velocity arising from orbital 
revolution about the sun is neglected, which may nearly always be done, the earth has 
constant angular velocity of magnitude u = 2t/( 24 X 3,600) = 7.292 X 10”‘ 
rad per sec about its axis. 

In special coordinate systems, it is often advantageous to use a frame determined 
in a natural way at each point 0 by the coordinate system. 

1. Cylindrical coordinate in space and, with 2=0, polar coordinates in the plane- 
I radial (direction of increasing p). J transverse (direction of increasing 0), K vertical 

R = pi + zK O = dK 

V = pi p6J + zK. A = (p — ptf^)I + (pS + 2p6jJ + zK 

2. Spherical coordinates in space, I, J, K, in directions of increasing r, 9, <#>, respec' 
lively : 

R = ) I 

V = rl + rd cos <pj — r^>K 

0=0 sin ^I "b "b 0 etjs <fR. 

K = i'r — r<l>^ — r0^ cos' »>)I 
4 (r0 cos <p + 2r0 cos ip)J 
■b ( — riS — 2f4’ 4- sin cp cos ^)K 

3. If the origin is a point fixed on the surface of the earth at Intilude y, I eastward, 
J northward, and K vortical, R = zl + »/J + zK, and « denotes the magnitude of 
the earth’s angular velocity, then O = w cos ipj + u sin and 

d'R 

V = 4- n X R = (i 4- zw eos <p — t/<^sin *;)I + [y + rwsin *>)J 4- (r — zu>com»;)K 

f/'V 

A = -T- + 2U X V = (r — 2yu sin <p + 2za> cos p — xu-)I 
dt 

-b (y + 2.r« sin v> 4" sin y cos <p — >j sin y))J 

+ (z — 2.fw cos <p — <a‘ cos If (z eos y — J/ sin y))K 

The terms of A involving w* are much too small to be of practical interest, being of 
the order of the local variation of g and considerably smaller than various accidental 
items of which the equations t.'ike no account . For practical purposes, then 

A = [i 4- 2ci)(z cos y — t) sin y)]I 4- (it + 2xu) sin y)J + (z — 2±a cos y)K 

13.2. Kinetics of a Particle, The vector M = »iV is the momentum of a particle 
of mass m moving with apparent velocity V. If the resultant force acting on the 
particle is F, Newton’s law for the motion of the particle is M = F = »iA. 

Example. Let gravity be the only force acting. Use the frame of example 3 
above, so that F = —mgK. Then the equation of motion is 

[z 4- 2«(z cos y — 3 / sin y)]I -b (& 4- 2xo> sin y)J + (z — 2zw eos y)K = — yK 
From the last two components we find that 

y = h — 2<j>x sin y z = c — gt + 2bJX cos y 
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where h and c are constants of integration. When these values are used in the equa- 
tion for £, the result is 

f 4<i)*x = 2<d(6 sin >p ~ c cos <(>) -|- 2iagt cos >p 
whence x A cos 2*i< + B sin 2o>< + ^ <0 -1- (ff* — c) eos (pj 


where A and B are constants of integration. Using this value for x, y and 2 may be 
found by integrating the expressions for y and i. 


The impulse of a force acting during the period from t = <0 to < = /i is I = Mi — 

Mo = / ‘ F dt. If the duration of the action of a force is negligible, the force is said 
Jtt 


to be impulsive, and I is defined to be the change produced in M. 

The momeni of momentum (angular momentum) about a point O, referred to which 
the position vector of the particle is R, is H = R X M, which is the moment of M about 
0. Hence, since ftxV = 0, fi = RXlil = RXF=L, where L = R X F is the 
moment of F about 0. To get the angular momentum Mi about a line /, find H for any 
point O on the line and resolve along a unit vector U parallel to the line. Similarly 
for the moment Fi of a force F about the line 1. Thus Mi = U- H = U- RXM 
and Fi = XT ■ R X F, whence Mi = Fi. 

Work. Energy. The scalar k — »nV*/2 is the kinetic energy of the particle. The 
work done by F on the particle in a displacement from P to Q, along a curve y, with 
unit tangent T, is a scalar whose value is computed by the curvilinear integral 
(see 10.5, 10.6) 


W(P,Q;y) ^ Ids, 


where s measures arc length along y. When multiplied scalarly by V dt, the equation 
of motion becomes ntV ■V dt = F ■ V df = F • T d». Integrating from P to Q along 
7, we find kq — kp = W{P,Q;y); the change in k is equal to the work done. If the 
force F is an irrotational or conservative field, as the gravitational field is, the integral 
of F is independent of 7 and HTPi^Jv) = <t>{P) ~ where the scalar 0 is defined, 
except possibly for an added constant, by 4>{Q) = — W(,0,Q-,y) for some fixed point 0 
and any path 7 from 0 to Q and is called the potential energy. In this case, kg — kp = 
4>{P) — ^(y), whence kp -|- ^(P) = kg + 4>{Q), bo that the sum of kinetic and 
potential energies is constant (conservation of energy, energy equation). In this case, 
F = -V* (see 10.51, 12.51). 

The change in k caused by an impulsive force with impulse I is Jbi — ko = I ■ 

(Vi + Vo)/2. 

18.3. System of Particles. For i = 1, n (range of all summations), let a 

particle of mass m< have position vector R<, apparent velocity V{, apparent accelera- 
tion Ki, linear momentum Mi, and angular momentum H{ = Ri X Mi about O, and 
be acted on by a resultant force F,- with moment Li Ri X Fi about 0. 

The momentum of the system is M = ZMi = ZmiVi. If a point R, the center 
of mass (see 10.6), is defined by the equation mS = ZmiSU, where m = 2»»i is the 
total mass of the system, then ZwiVi = Smifti = wR, and M = wife. By adding 
the equations nnNfi = Fi and putting F = ZFi, we find M = F = mR. Thus R 
moves as if the mass of the whole system were concentrated there and had applied to 
it all the forces F,. In particle, ?/ F = 0, M = 0 so that the linear momentum of the 
system is constant (conservation of linear momentum). 



See. n] 


MECHANICS 


229 


The moment of momentum or angular momentum of the system about O is B = 
ZH. = 2R. X m,V.. Since A, X V. = 0, H = ZR. X m,V. = ZR. X F, = ZL. = 
L, where L = ZL, denotes the resultant moment about 0 of all the forces F, (nof the 
“moment of the resultant”). In particular, tj'L =0, the angular momentum of the 
system about O is constant {conservaiion of ariffular momentum). Similar theorems 
follow for the moment of momentum about any point and about any hne I (see 13.2). 

For a continuous distribution, each summation in the preceding statements is 
replaced by an integral. 

18.4. Fluid Kinematics. Suppose a particle (or point) with position vector R 
is moving with velocity V. Let 4>(x,y,z,t) be a scalar function, e.g., density, which 
varies from point to point at a given instant and from time to time at a given point. 
We are interested in the rate of change of <)> per unit change in time computed at each 
instant at the position R of the moving particle. This derivative is called the particle 
derivattve, and is denoted by h^/Dl. At time f, let the particle be at R, and at f + Af 
let it be at R + AR. The new value of ^ is the value at R + AR and f + A/. The 
change in 0 may thus be attained in two steps: (1) a change A.^ to the value of ^ 
at R + AR and time t and (2) a change A,^ from the value ^ + A.^ to the value at 
R d- aR and time t + At. Since t is fixed in the computation of A,4>, and AR = V A( 
approximately, it follows that A,4> = V • Af approximately. Since the point 
R + AR IS fixed during the computation of A,^, it follows that A,^ = {54>/M)At 
approximately where the partial derivative is hero conipufod at the point R + AR. 
On dividing A<<i = A,<j> + At<t> by At and letting At — * 0. we see that 


Similarly, if W is a vector 


»W 

~Dt 


- J + V VW = + e.W, + + cW, 


(see 12.54). In particular, the acceleration of the particle is 1)V fDt = SV/dt + V • 
VV. Note that a<t>/<>t, dW/iV, and aW/dl are computed at the point occupied at time t. 

Considered as a “rigid body,” a small portion of a moving fluid has approximately 
the velocity V of any one of its particles and angular velocity Q = *^V X V. See 
also 12.52, 12.53. 

13.41. Equation of Continuity. Let Z be a closed surface fixed in space, 1 its 
interior. If p denotes density (mass per unit volume), the total mass inside Z is 
///p dll, with the integral extended over I. The rate of increase of this mass is the 
partial derivative of this integral with respect to t. Under conditions on the con- 
tinuity of p which are usually assumed to hold in practice, this derivative is JSS^Sp/at) 
dv. On the other hand, the increase in mass is the total amount flowing in across Z, 
i.e., —ffpy ■ N da, extended over Z, where N is the outward normal to Z (see 12.52). 
By the divergence theorem —ffpy • N do = —fffy ■ (pV)dii. Hence fffldp/3t + 
V ■ (pV)]dii = 0, if no fluid is created or destroyed in I. Since this must hold for all 
closed surfaces Z, it follows that the integrand vanibhes: 

If + V ■ (pV) = + V ■ VP -I- pV - V = g -h PV • V = 0 

This is the equation of continuity. If the fluid is incompressible (p constant everywhere 
and always), the equation becomes V • V = 0. In the case of the wind, the assump- 
tion that no creation or destruction takes place seems justified. How ever, if one were 
studying the motion of water vapor in the air, then evaporation or condensation might 
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occur at certain points. Such points, where the Ouid is created or destroyed, 
are called sources and sinks in the general theory. Their presence requires additional 
terms in the equation of continuity. 

13.6. Fluid Kinetics. Let dv be a small element of volume of a fluid, within which 
there is accordingly a mass dm = p dv. The forces operating on dm are conventionally 
divided into two classes: (11 body forces, which are considered to act on each separate 
particle of dm and to have intensities proportional to dm and (2) sui/ace forces, which 
are considered to be exerted on the boundaries of dm by contiguous matter and to 
have intensities proportional to the area da of the portion of the boundary acted on. 
A fluid is ideal or viscous (frictional) according as all surface forces do or do not act 
normal to do. The viscous effect of nucroscopic friction between particles of a fluid 
or of a plastic, solid has this difference from that observed between a book and a table: 
any force, however weak, will sufficiently overcome viscosity to produce fluid motion 
or plastic distortion, while no force weaker than a certain minimum will accelerate 
the book from its static position on the table. 

18.61. Ideal Fluid. The surface force on do in this case is independent of the 
direction of the normal to do, is called pressure, and is dcnoti'd by p (units of force 
per unit area, counted positively when exerted outward). Hence the total force 
exerted by surrounding matter on the surface of dm is — //pN do extended over the 
surface bounding dm. Since dm is small, this is very nearly — Vp dv (see 10.6, 12.52). 
Denoting by F the body forces per unit mass, we thus have the equation of motion 

DV 

dm = F dm — Vp dv 

^ + V ■ vv = F - - trp 

ot p 

or, since 'aVV^ = V • VV + V X (V X V), 

- V X (V X V) = F - \p - ’ vV= 
at p 2 

The flow is steady when, at each point of space, the velocity V of the particle 
instantaneously at that point is independent of the time. Then OV/dl = 0 and the 
equation of motion becomes 


V • vV = F - - vp 

P 

Only in the steady state are tho trajectoru'S of the particles the same as the family of 
curves to which, at each instant, the vectoni of tho field V are tangent. 

K the force P is conservative, F = — the equation becomes 

V • vV = - ( ^ vp) 

'J'he equation of state connecting p, p, and the temperature may sometimes be 
used, especially in a region of constant temperature, to transform the term (Vp)/p. 

If the velocity field V is irrot ationnl, use the second form for the equation of 
motion, in whieh V X V now vanishes. 

dV , 1 w„ _ Vp 
_ + 2VV=F-^ 
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In the steady case vrith conservative F 


■5 vV* + v<t> + - Vp “= 0 

z p 


whence, by integration along a streamline 

Iv + i+fiE.C 


with different constants, usually, on different streamlines. Especially in the incom- 
pressible case, when p is constant so that / dp/p = p/p, this is called KernouUi’s eqva- 
tion. In the important special case in which <j> = gz, this equation becomes 


■+5+S-‘' 


In the case of the wind, above the viscous boundary layer, a frame 1-J*K at a 
fixed point on the surface of the earth is used (see 13.1). Then the relative derivative 
DV/Dt must be augmented by the drag derivative U X V, where Q is the angular 
velocity of the earth. Also, F = —V<ti with ^ = gz, so that F = —gK. The equa- 
tion of motion now is 

5 + V • vV -I- O X V = - Up 

ot p 

Using the expressions for the components of acceleration found in 13.1, we may write 
the equations 

$ -4- 2a(i cos V — y Bin Ip) = — 

p dx 

y -1- 2»xsm ^ 

p oy 

n ■ 

z — 2 im cos ip — -T- — 0 

p uZ 


13.62. Viscous Winds. It is not easy to take account, in a practically useful way, 
and with full generality, of the effects of viscosity as they are encountered near the 
surface of the earth. The general equations enntain the divergence of the velocity, 
which is ignored here. Although the coefficient of viscosity varies with temperature 
and altitude, the value p = 1.71 X 10"< gram per cm per sec is ordinarily used. The 
equations of motion are then augmented by an acceleration #i(V*V)/p on the right. 
Finally, it is usually sufficient to keep only the term (m/p)3*V/3s*. With these 
assumptions, the equations of motion are 

X + 2«(4 cos V — 1 / sin ip) 

•g -H 2(i)j sin v> 

2 — 2<ia' cos ip 

Turbulent motion is still more complicated, involving eddy viscosity whose effect 
is much stronger than that of the above molecular viscosity p. For details, see ref ■ 
16 and Sec. VI. 


1 dp p 

p dx p dz^ 

1 4 . If 

p dy ' p d 2 ® 
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14. EMPIRICAL DATA 

14 . 1 , Finding a Fonnula. It is often advantageous to find a fonnula y = f(x) 
wiiich “fits” a given table of values, in the sense that, ii y = b when a: = a in the 
table, then the value /(o) ot y iab. 

14.11. Lagrange Formula. 11 (o„6,)(* =0, ■••,«) are » + 1 tabulated pairs 
of corresponding values, with all the a, distinct, then 

(j - oi)(a; ~ a,) ■ ■ ■ (x - a.) , , (x — a o)( x - Oa) • • • ( j - a.) 

° (oo — ai)(oo — Us) • • - (oo — a,) ' (oi — Oo)(oi — Oj) • ■ • (Oi — o.) 

^ ^ 5 (g — Oo)(a; — Oi) • • ■ (g — a ,i-i) 

(Or “ Oo)(Or ““ Oj) * • (fl« On— 1 

IS the unique polynomial of degree n such that /(o,) = b, exactly. 

Ordinarily, one wishes a polynomial of lower degree or some other more advan- 
tageous expression and must accordingly be content with a formula that, for some or 
all of the o,, gives values /(a,) for y which are satisfactory approximations, in some 
sense or other, to the b,. 

14.12. Rectification of Data. Plot the data and join the points by a smooth curve. 
From the appearance of this tentative curve, and from information regarding the 
physical source of the data, an experienced observer may be able to conjecture the 
nature of an appropriate function y = /(x). Fortunately, many of the functions 
that fit empirical data can be expressed, by a change of variables, in linear form. 
From the given table, a new table may be computed for the new variables, and the 
data in the new table arc then said to be rectified. 

Actual computation of a new table may often be avoided by plotting on logarith- 
mic or semilogurithmio paper (see 2.6). Again, tests using the given data, perhaps 
suitably modified, may suffice to reject a proposed relation between x and y. In case 
66 below, for example, the equation A log y — b A log x tells us to compute from the 
given (x,!/) tabic a table (log x,log y), form the successive differences A log x = 
log x,+i — log I, and A log y, and then test to see whether or not A log y is propor- 
tional to A log I. If so, the constant b of proportionality is the exponent of x in 
/(x) = ax’’. On the other hand, suppose that we have found four corresponding 
pairs ill the flog x,log y) tabic, formed the differences, and tested for proportionality 
with intolerably bad failure. We would then not bother with further expansion of the 
(log x,log y) table, but would look for some other function than ox^. 

14.13. Determination of Constants. The data in the rectified table (v,v) will 
satisfy approximately an equation of the form v = a + Pit. Three methods are in 
common use for determming values of a and p. 

1. Graphical. Plot the (u,») table of values, and draw a line that seems to “fit” 
these points as closely as possible. Determme a and either graphically by measur- 
ing’ the »-intercept a and computing the slope from appropriate measurements 
(see 8.9, ^ = a -f 6x), or algebraically by substituting into v = a + pu the coordi- 
nates of two points on the line and solving for a and p. This method is very ready 
but quite rough. 

2. Averages. Divide the (u,») table into two parts with roughly equal numbers of 
pairs in the two parts. If («,,a,)(* = 1, • • • ,pi) is one part, compute Ui = 

= Fs similarly from the other part. Then 

the line through (,Ui,Vi) and (^^ 2 ,^ 1 ) is the required line. This method is usually 
a satisfactory compromise between economy and reliability. 

3. Least Squares. Under certain assumptions, it can be shown that the values of 
a and p that are most probably correct ari> those so chosen as to make (»,o — Hw)’ 
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a minimum, where »<£=<*+ ^m<o and (u.'o,c'<o) are the n observed pairs of values in 
the rectified table. To find these values of a and write down the n equations 
»,o => a + 0Uio and add them, and write down the n equations UieVio = ocUio + (lUia* 
and add them. The resulting normal equations 

2e»o War + /SSUto Suio^to — aSuto "I" ^SUio* 

may be solved for a and This method is undoubtedly the most reliable, but by 
far the most laborious. Its use is unwarranted except when quite accurate data are 
given and quite an accurate result is desired. 

If the data (Xi,yi) do not submit to rectification, other treatment becomes neces- 
sary. One may start with a function f(x) suggested by the data as an approximation, 
compute new data where j/i* = yt — f(xi), and try to rectify the new data. 

Proceeding, obtain successive approximations until a satisfactory fit results. Or, 
especially if the phenomenon is roughly periodic, try to use a few terms of a Fourier 
scries (see 9.4) ; an example is treated in ref. 8, par. 62. See also ref. 17. On this 
point, and for a wealth of details and examples, see ref. 2. For fitting the normal 
curve, see 14.25. 

14.14. Interpolation. Suppose the data consist of equally spaced values of x: 
a, a + k, a + 2h, ■ ■ ■ and corresponding values of y\J{a), j{a li), • • • , and that 


! 

X 

y 

A 

A* 


a 

a h 

m 

f(a + h) 

A/(a) 

Ay(o) 


a "f" 2/i 

f{a + 2h) 

A/(a 4- h) 

Ay(a 4- h) 

A»/(o) 

d 4“ 3/i 

f(a + 3h) 

A/(a 4- 2h) 

^>f{a 4- 2h) 

A’/fo 4- k) 

a -t- 4h 

f(a 4- 4h) 

A/(a 4- 3h) 

H^fla 4- 3h) 

A^f(,a + 2/0 



A/(a + 4h) 


A-/(a -t- 3h) 


we wish a value /(a -|- th) of y for the value a th,0 < i < 1 , of z. First construct a 
difference table, as follows: Let A/(z) = /(* + h) — /(z), and, generally, AV(» + mh) = 
A*“>/[z + (m 4- l)h] — A*“'/(z -t- mh). Then {N ewtonrGregory formula) 

f(a + th) - fW + t Af{a) + A»/(a) -b Ay(a) -H 

continuing as long as substantial contributions accrue [usually not beyond A’/(a)]. 
Values of the coefficients t(t — l)/2, • • • for convenient values of t are included 
in many collections of tables. If A*'*‘*/(a) = A^+'/Ca) = ■ ■ • = 0, or if these differ- 
ences are neglected, the series reduces to a polynomial of degree k in t. For i: = 1, 
we have linear interpolation (see 2.5). Conversely, if /(z) is a polynomial, A^'*'^f(x) 
= 0 for any z. Hence a necessary and sufficient condition that a polynomial of degree 
k exist which passes through all the points occurring in a given table is that each of the 
computed differences A*+* should vanish. For the many refinements of the process 
of interpolation, see ref. 1. 

Missing values in a table can occasionally be furnished on an experimental basis. 
See, for example, ref. 17, pages 69-70. 

The process of extrapolation, i.e., of extending a table or even a graph beyond the 
greatest or least values of its independent variable, is generally highly unreliable 
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unless the equation is known, and it should not be undertaken without well-grounded 
assumptions. This is true particularly of data obtained experimentally, because the 
end values in the table are often observed under the least reliable conditions. 

14.2. Statistics. Except in its rudimentary descriptive aspects, the statistical 
treatment of empirical data presents essentially difficult and complicated problems 
on which progress is continual. To supplement the following general remarks see 
current journals and ref. 18; ref. 19 for modern theory; ref. 1 for graduation (smooth- 
ing), search for periodicities, etc.; ref. 20 for measurements; and ref. 17 (pages 53-76) 
and Sec. XII for climatic data. 

14.21. Frequency Tables. Histograms. Suppose that n independent and equally 
reliable observations *i, • ■ • , i, of a physical quantity are available, e.g., monthly 
precipitations for a period of years, temperatures at scattered points of a gas, repented 
estimates of the reading of a barometer at a given time. 

Unless n is quite small, one will construct a frequency table. If ilf is a greatest 
of the z’s and m a least, M — m is called the range of the data. On an i-axis choose 
a convenient interval containing tn and M. Divide this interval conveniently into k 


4i 



4 



(b) 
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smaller intervals of equal length where }^S i.s not less than and often equal to the 
allowable error in the specification of the I’s. If temperatures are given to the nearest 
degree, for instance, then J ^ 1 deg. Let (, be the value of x at the mid-point of the 
ith interval, i = 1, ■ • ■ , k. Define /, =/({,) to be the number of the given x’b 
that fall between and f, -(- i.e., in the tth class. Of course = n. 

The integer/, states the frequency and the fraction /,/n states the relative ft eguency 
with which the observed x’sfall in the j'th class. The table ({„/,) is u, frequency table. 

Define h(x) for any x to have the value /, if a: is in the ith class, and h{x) = 0 
otherwise, with the exception that various conventions are used, according to con- 
venience, regarding the points {, + at the ends of the class intervals, e.g., let 
-f M®) = -h/i+i). The graph of A(*) is a histogram of the given data and 

is often used to present a frequency table pictorially. Again, one often encounters a 

cumufatfve histogram or ogfve, which is a graph of eumh(z) — 1/S J h(t)dt. Thus 

S cumh(a) is the area between h{x) and the x-axis and to the le^t of the ordinate k(a), 
so that cumh(a) is the frequency with which i is observed to be not greater than a. 
For large enough values of i, cuinh(x) = n. Sometimes /,/n is used instead of /, 
in the definition of A(xl; then cumh(x) = 1 for large enough x. 
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Examph. The n = 12 x’s: 0.70, 0.89, 1.23, 5.44, 2.31, 5.88, 4.32, 1.19, 2.38, 3.77, 
4.59, 1.75 might represent monthly rainfall, in Inches, at some locality. Classified 
with f 1 = 1, f s = 3, = 5, so that j = 2, the data would give the table, histogram, 

and cumulative histogram displayed in Fig. 14.21. 

14.22. Continuous Distributions. If the accuracy of measurements can be 
improved, S can be decreased, but more intervals will then be necessary. The 
histogram will have more and narrower steps and may become less and less appreciably 
distinct from a smooth curve. For many theoretical and practical reasons, one 

studies curves y — usually so adjusted that ^ ^{x)dx = 1, which may be 

treated as histograms idealized in this manner and may be used to approximate 
histograms arising in practice. Just as the area of that part of the histogram between 
the ordinates h(a) and h(Jb) gives, when divided by ni, the relative frequency with 

which the observed x actually has fallen between a and 6, so the area J il>(x)dx gives 

the probability that an x observed at random will fall between a and b. The function 
4>(x) is said to be a continuous dislribtUion function, even though it may have jump 
discontinuities, to emphasize the fact that a random observation may have any one 
of a continuous set of values rather than being necessarily restricted to a discrete 
sot like the (i = 1, ■ ■ ■ , k) above. There are, of course, theoretical probability 
distributions for discrete variables, e.g., in games of chance. Accordingly, one speaks 
of a distribution in the discrete ease t(x>, meaning a frequency table or a histogram. 

14.23. Definitions. The following quantities may be computed from a frequency 
table ({,,/.) or its histogram. Summations are for t = 1, ■ • • , 1:. If data are not 
classified into a frequency table, put k = » and, for each f, {, = *, and/, = 1. Classi- 
fication introduces errors that are negligible unless the data are quite precise or the 
classification quite crude; for adjustments to account for these errors in some cases, 
see Sheppard’s corrections in texts. If a continuous distribution function is given, 
replace the summations by appropriately chosen integrations. 

Modes are those f, with a greatest /,, i.e., with the highest ordinate on the histo- 
gram, so that a mode occurs more frequently than any nonmodal observation. 

The median is that x for which eumh(x) = n/2; observations occur with equal 
frequency above and below the median. Those x for which eumh(x) = n/4 or 3n/4 
are called the first and third quartiUs. 

The arithmetic mean is f = (1 /ti) 2:/,{,. It may be interpreted as the abscissa 
of the centroid of the distribution. 

The ith deviation from the mean, or residual, or (less happily) error, is - i. By 
the definition of t, — i) = 0 always. 

The mean diviation is (l/«)2/,|{, — 

The variance or dispersion is v* = (l/n)2:/,({, — i)* = (l/n)S/,f,® — i*. The 
positive square root <r of the variance is the standard deviation, or the root mean square 
deviation, a vdll be small or large according as the distribution is or is not heavily 
concentrated in the vicinity of 2. Tchebycheff’s inequality: For any distribution for 
which <r‘ exists, and for any positive number X, the probability that |x — 2| > X<r is 
not greater than 1 /X’. 

The variable X, = ({, — i)/<r is said to be standardized. The distribution of the 
X’s, expressed in the frequency table {X,J,), has mean 0 and variance 1. 

The skewness of the distribution is = (l/n)S/,X,®. For a distribution sym- 
metric about 2, at = 0. In a rough way, ai measures the departure of the distribution 
from symmetry about the mean. If a distribution has just one mode x*, then (2 — 
i*)/<r is sometimes used instead of ai as a measure of skewness. 

The kurtosis is at = (1/n) whose size, like that of <r, indicates the dis- 

persion of the J’s from 2. 
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For the distribution of the previous example, (£<,/<) «■ (1,5), (3,3), (6,4) : the mode 
is fi =1; the median is 2%; the mean is M2(5 *1 •f3-3+4'6) = the devia- 
tions from the mean are — Hi the mean deviation is H2(5 • +3-J^-|- 

4 .i%) = 6jjjg; the variance is ^2(5(1^)* + 3(>^)» 4(i%)*) - io%a; the 
standard devia tion is \ /l07/ 6 *■ 1-72; the standardized Xi are — ^>6 /('n/107/6) 

= -ll/\/l07, 1/VlOT. 13/-S/W; 


as 



= 0.16 


14.24. The Normal Curve. The continuous distribution function of greatest 
practical importance, on which, incidentally, the method of least squares is based, 
is the normal function y = where the constant h is called the modulus 

of precision (see 8.9). In case i = 0 and A = 1, the cumulated function erflx) = 

2/-\/ir 8“*’ dt is called the error function. This function is tabulated. To find the 

probability that a random observatioi. of a normally distributed variable will lie 
between a and 6, find 




Use the tabulated values of erf and the plus or minus sign according as a and 6 arc 

or are not separated by £. In particular, the probability that a random observation 

ff+t f±+k 

will deviate from £ by as much as k (on either side) is I y dx = 2 I y dx — 

Ji-^k JS 

erf(hk). Note that these probabilities give theoretical relative frequencies; to get 
theoretical frequencies, multiply them by the number n of observations in the case at 
hand. 


The normal distribution has mode, median, and mean £, mean deviation — 

V V 

f h\x — r I di = — = 1/(2A*), v = 1 /(A -s/^), standardized variable 
J— “ A vtt 

X = (X - x)/(A V2), aj = 0, 04 = 3. The probable error or quarlile q is that devia- 
tion which is equally likely to be cxcerided or not; for a normal distribution, erf{q) = 
and q = 0.67449<r. By virtue of the connection between A and <r, the normal dis- 

j tr— j)* 

tribution is often written y = e . The area under this curve lies, 

<r \/2]r 

approximately: 68 per cent between £ — <r and i + v; 96 per eent between £ — 2ff 
and £ + 2d-; 100 per cent between £ — 3<r and £ -f Sv; actually less than 0.3 per cent 
beyond £ ± 3<r. 

14.26. Fitting the Normal Curve. Many empirical distributions (f.-,/.) can be 
satisfactorily approximated by the normal curve. If this is possible, use; £ and v 
computed from the data as the £ and <r in the equation. To test for normality, draw 
a histogram and approximate it by a smooth curve, which should resemble the normal 
curve fairly closely. The relative frequencies of deviations from the moan not exceed- 
ing <r, 2<r, and 3<r should be approximately those given above the normal curve. The 
skewness and kurtosis should not differ too greatly from 0 and 3, respectively. I’or 
the more delicate x’ test, see texts. 

14.26. Precision of Measurements. In case xi, • ■ - , Xn are (ideally) simul- 
taneous observations of the same quantity, e.g., readings of a barometer, it is com- 
monly assumed that the cwciderUal or random errors in the observations are distributed 
normally about the true value. On this assumption, the most probable true value 
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is the arithmetic mean i computed from the observations. The precision of the 
measurement is indicated by the standard deviation a or t he prob able error 0.674490- 
computed from the data, more exactly, by o' = o ■\/nJ(n — 1) or 0.67449o'. In 
order to exclude satisfactorily the effect of accidental errors, it is rarely economical 
to take more than 10 or 12 readings before striking an average. 

In case one of the readings is suspiciously far out of line, compute i ivith x, 
included in the data, and use the normal curve to find the probability of getting a 
deviation as large as |zi — *|. If this probability is less that l/27i, discard i, (Chau- 
venet’s criterion). This is ordinarily justified if |x, — i\ > S.lo-, or approximately 
4.6 probable errors. 

14.27. Correlation (for details sec ref. 18). Suppose that n independent and 
equally reliable pairs of observations (xi.yi), • • • , (a:«,y») of a pair of physical 
quantities are available, e.g., height and girth of n men, monthly precipitation and 
average temperature at a given locality for a period of years. The points (x.,!/i) 
located in the plane will form a scalier diagram. By classifying the z’s and the y’s 
separately, as in 14.21, one gets a cross-classification into kK dosses, with centers at 
(£•,’»)(» = li ■ • • )k: ^ = 1. ■ • • 1^)) Mid a. frequency table Of course, 

n = S/,/ summed for t = 1, • - • , A; and I = 1, ■■■, K independently. The 
frequency table is commonly displayed as a double-entry table, with columns labeled 

rows labeled vt, and the entry f,t in the £,, ni position in the table. The histogram 
is now a family of rectangular prisms constructed and interpreted in a natural manner. 

Continuous distribution functions 4>(x,y) are also encountered. The probability 

n d 

^{x,y)dy dx. In dealing 

with continuous distributions, replace summations in the following remarks by 
appropriate integrations. 

By fixing one of the variables and summing over the other, one gets the marginal 
distributions. Thus the marginal table for the f’s is ({.,/•), where/, = over 7, 

while that for the ij's is where // = ^j/,/ over i. Of course, Xf, = n — HJi. 

One finds from the marginal distributions, separately for each variable: *, y, deviations 
{, — 2 and m — y, <t,, and standardized variables X, = (f, — 2)/o-x and I'/ = 
(l/ — If the data have not been classified, i and I both run from 1 to re — 

k K. 

It is usually desired, when a value of one of the variables is known, to form an idea 
of the mean and standard deviation of the corresponding distribution of the other. 
Giving the point the weight /,/, fit a line to the table (f,,7r) by least squares 

(see 14.13). The result is 

y - S = r^(x - i), i.e., Y ^ rX or x - f r^ (y - y), i.e., X = rY 

according as the sum of the squared vertical or horizontal deviations from the line 
is required to be a minimum. These lines are the regression lines of y on z and of x 
on y, respectively, and could equally well be found by fitting the column means or 
the row means. I'he coefficient 

^ - **) 

summed for i and I running independently over their ranges, is called the product- 
moment correlaiion coefficient. The number (l/n)S/,/({, —2) (7/ — y) is sometimes 
called the covariance of x and y. The standard deviation of r is (1 — r*) /Vn- 
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Suppose now that a value a of a; is given. Substituting in the regression equation 
gives y = 6a = 3/ + rvyia, — i)/trx. The number 5o is then an estimated value of y 
when X is known to have the value a. The best estimate, however (see 14.26), is the 
mean ya of the distribution of those y’s for whieh x <= a. If, for each o, 5a = go, 
regression is said to be linear. Unless regression is approximately linear, b„ may not 
be a useful estimate of y, and r should be employed only with caution. Instead of 
computing for each a the standard deviation of y, given x = a, about the estimated 
value 6a, it is usual to use for all x the standard error of estimate iS„ = o-„ y/l — r’, the 
minimum of whose square is sought in finding tin* regression line. Given x = a, 
the theory thus estimates y = 5. with a stand.^rd deviation 

The regression line of z on y may be used similarly to estimate x when y is given. 
Then iSi* = v* v^l — r’. 

It can be shown that — 1 ^ r $ 1 always. If r =0, the regression lines are the 
horizontal line y = y and the vertical line x = f, while = <r„ and S, = o-*. In 
this case, knowledge of either variable does not improve an estimate of the other. 
At the other extreme, when r = i*:!. the two lines coincide, S,, = Sr = 0, and all 
the observations lie on the line. Betw'i^n the extremes, especially for nonnal dis- 
tributions, and depending on the value of r, it is possible to make rather definite 
statements regarding the probabilities for one variable when the other is known. 

'I'he commonest continuous distribution in two variables is the normal distribution 

1 1 f 3-5 _2r3V , jA\ 

<t>(x,y) = . — e 2(1— r>) Va^ aia„ ’’’av*/ 

^TTartTy \/ 1 — r* 

Itegression is linear. 

It is not safe to oonclude from a numerically large value of r that there is any 
causal connection between x and y. Thus the rainfalls in Minneapolis and St. Paul 
doubtless have r nearly 1 but are common j^ffeets of the same complex of cu'ises, 
r.ather than either being the cause of the other. 
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SECTION III 

PHYSICS OF ATMOSPHERIC PHENOMENA 

By H. G. Houghton, S. C. Lowkll, and K. B. McEachron 

VISIBILITY 

By H. G. Houghton 

Introduction. The term vixihiUty as commonly used in aviation and in moteorol- 
0 (?y means the maximum horizontal distance at which prominent objects can be seen 
or can be recognized. liecausc the word visibility has a different meaning in popular 
usage, Bennett^ and also Middleton* have suggested the more specific term vixtial 
range for the meteorological clement. However, since this is written for meteorolo- 
gists, the word visibility rather than visual range will be used. The definition of 
visibility as adopted by the International Meteorological Organization’ specifies 
it as the distance at which a prominent object such as a house or a tree can bo recog- 
nized. This is a difficult definition to follow in practice, since the identification of' 
an object depends to a considerable extent on familiarity and on the nature of the 
object. It is also quite unsatisfactory from a theoretical point of view. For these 
reasons and to conform with usual American practice, the visibility will be defined! 
here as the maximum distance at which an object can be seen against its background. | 

Although Bergeron recognized that visibility was at times a useful characteristic 
property for the identification of air masses, only very limited use of it in this way has 
been made. This is due in part to the effects of local sources of atmospheric pollution, 
nonuniforinity of visibility observations, and the modifying effects of condensation 
and precipitation. The reverse problem of forecasting the visibility from a knowledge 
of the synoptic conditions and local factors is of considerable importance. A more 
careful and systematic use of visibility as a meteorological element might lead to a 
better understanding of the forecasting problem. 

The visibility is of major importance in the operation of aircraft. 'W'ith the 
perfection of blind-flying techniques, visibility has ceased to be so critical along the 
route but has become more important at terminals because of the poorer flying condi- 
tions permitted by the instrumental developments. Although instrument approach 
and landing systems are being perfected, such landings are still more hazardous and 
require much more time to execute than a normal contact approach and landing. 
Clonditions of poor visibility and low ceiling often result in serious congestion and 
delay in the air above a busy air terminal. For aviation purposes, it is the lower 
visibilities, under 3 miles, say, that are the most important. (A visibility of 3 miles 
or less requires instrument flight procedures.) Such conditions arc usually due to 
fog, precipitation, dense haze, or smoke. The variation of the visibility with eleva- 
tion is also of importance, as will be pointed out below. 

Daytime Visibility. Simple observations reveal that, the more distant an object 
is from the observer, the brighter it appears. If the objects are viewed against the 
horizon sky, a distance will finally be reached at which the brightness of the object 
so closely approaches that of the sky background that the object becomes invisible. 
This limiting distance is the visibility. The increase in the apparent brightness of 
the object with the distance from the observer is due to the sun- and skylight scattered 
back toward the observer by the atmospheric suspeiisoids in the optical path. The 
scattering particles, in order of increasing size, range from the air molecules through 
condensation nuclei, smoke, dust, and fog to precipitation elements. Particles that 
are smaller than the wave length of light, such as air molecules, condensation nuclei, 
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and smoke, scatter blue light more strongly than red. This accounts for the blue 
appearance of distant objects often ohservtid when there is light haze or light smoke 
present. Particles larger than the wave length of light, such as dust, fog, and pre- 
cipitation, scatter nonscloctively. Since most poor visibility is due to these larger 
particles, the scattered light is white except when the substance from which the 
particles are formed is colored, as in dust storms and certain smokes. The angular 
distribution of the scattered light is dependent on the size of the particles and on the 
spatial distribution of the incident light. It might appear from the above brief 
discussion of scattering that a theoretical treatment of the visibility as a scattering 
problem would be extremely dilhcult. Most of the complications can be avoided 
by an ingenious treatment due to Kosehmiedor.' 

Consider a black object viewed against the horizon sky through an atmosphere 
having a scattering coefficient k. (ITic scattering coefficient is the fraction of the 
incident light scattered per unit distance along the hean>.) Further, let the flux 
density due to sunlight and skylight be Bo, and assume that this is constant along the 
optical path. This implies that the sky is either perfectly clear or uniformly clouded. 
As will be shown later, this assumption does not greatly affect the generality of the 
result. 



Figure 1 is a schematic representation of a bhick object at a distance 1> from the 
eye. The first problem is to compute the apparent brightness of the black object 
due to the light scattered into the eye fnnn the cone subtended by the object. For 
the present purpose, the brightness B may be represented by the flux density produced 
on the retina of the eye. Consider an elementary slice of the volume of length dx 
and cross section S. Since the scattering coefficient is k and the incident radiation 
is Bo, the total quantity of light scattered by the elementary volume is kEa'Sdx. 
The seattered light per unit solid angle scattered toward the eye is soinc fraction e. 
of the total. The factor c is a function of the angular distribution of the sun- and 
skylight and the size of the scattering particles, and is assumed to be independent of x. 
Thus the scattered light per unit solid angle in the direction of the eye fronj the ele- 
mentary volume is dl = ckEot dx. 

Owing to the scattering loss between the elementary volume and the eye, only a 
fraction of this will reach the eye. If the entranee aperture of the eye has an 
area a, the solid angle subtended by the eye is a/r*. Hence the total 8<!attered flux 
entering the eye from the elementary volume is 

dF =dl-. e-** 
k 

» cEo Sa — ; f ‘ dx 
X* 

If d is the focal length of the eye, the area of the image of the object on the retina is, 
by simple geometric optics, The flux density on the retina, or the brightness, 
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is then dF divided by the area of the image, or 

dBo = cEo dx 

tP 

The total apparent brightness of the black object is obtained by integration from 
X = 0 to X = D, which gives 

Bo = - e-*") (1) 

Now, as pointed out by Koschmieder,* the brightness of the sky immediately adjacent 
to the black object must be given by the same expression integrated to a: = « since 
the sky brightness is produced in the same manner as the apparent brightness of the 
black object. This readily gives 

Bo = cE^j^ (2) 


In the absence of color contrast, an object is visible as long as the ratio of the 
difference between the brightness of object and background and the background 
brightness exceeds a certain threshold value. In symbols, the limiting condition is 



& « 


(3) 


where « is the brightness contrast threshold of the eye. For the average eye under 
daylight conditions, c has a value of 0.01 to 0.02. Returning to the expressions for 
the apparent brightness of a black object and of the horizon sky, it is clear that the 
visibility will be equal to the distance Dm at which the brightness contrast is equal 
to the threshold value «. 

— = 1 - (1 - e-*"-) - e 

IJb 

or = € 

1 In i (4) 

K t 


where D„ is the visibility of a black object against the horizon sky. Since the lines 
of sight to the object and to the sky background are adjacent and since the brightness 
of the object is so nearly equal to that of the background, variations in Bo, r, and A 
with X would have compensating effects on Bo and Bo. It is therefore believed that 
Kq. (4) should be generally true for all atmospheric conditions. It is to be noted 
that the visibility is independent of the nature of the atmospheric suspensoids and 
also of the sun and sky illumination. Taking < as a constant, the visibility is inversely 
proportional to the scattering coefficient, which is a physical property of the atmos- 
phere. Actually e is subject to some variations that will be discussed below. 

If the object is not black but has a diffuse reflection coefficient A, the brightness 
of the object is the sum of the brightness due to the scattered light in the optical 
path and the brightness of the object itself. A general expression can be derived 
only for the case of a uniformly clouded sky, since otherwise the brightness of the 
object is a function of its orientation with respect to the sun. The visibility of an 
object of reflection coefficient A seen against the horizon sky is* 



It will be noted that if A = 0 (black object), this expression reduces to Eq. (4). 
For a perfectly white object (A = 1) and c = 0.02, the ratio of the visibility of the 
white object to that of a black object for the same scattering coefficient is about 0.82. 
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Since perfectly white objects are seldom found, the difference would normally be less 
than this. If the sun is not obscured, the above result will not hold, particularly if 
the object is a specular reflector or if the sun is behind the observer. If the object 
is not dark-colored (albedo > 0.25), it should not be viewed with the sun behind the 
plane of the observer if large errors are to be avoided. It is often stated that colored 
objects should not be used as visibility marks. However, if the objects do not have a 
large albedo, most of the apparent brightness at the visual range will be due to the 
scattered light, and the apparent color of the object will not be much affected by its 
actual color. 

The only background considered in the above developments has been the horizon 
sky. A similar expression may be derived for the visibility of an object of reflectivity 
Ac viewed against a background of reflectivity Ab where the background and object 
are at the same distance from the observer. It must be assumed that the sky is 
uniformly clouded. The result is" 



If there is a reasonable difference between Ao and Ab, the terms e and eAo/2 may be 
neglected. The visibility depends not only on the scattering coefficient, but also 
on the difference between the reflection coefficients of the object and its background. 
(Note that |Ao — Ab\ is a numerical difference and is never negative.) Reflection 
coefficients vary widely for different objects and backgrounds, and their values are 
not commonly available. 

Of the three formulas for the visibility given above, Eq. (4) is the simplest, is valid 
for all weather conditions, and expresses the visibility only in terms of a physical 
property of the atmosphere and a constant of the eye. For these reasons, it seems 
that the visibility of a black object against the horizon sky should be taken as the 
standard visibility, although it is recognized that this standard cannot always he 
attained in practice. 

The thre.shold brightness contrast ratio t has been considered as a constant above, 
but it is subject to considerable variation under certain conditions. The value of t 
varies from one person to another, but independent visibility e'-tiniatcs made by 
trained observers using the same marks seldom show significant differences. The 
value of c increases quite rapidly when the general illumination level falls below a 
certain minimum, which is, however, well below usual daylight values. The apparent 
value of e also increases rapidly as the angle subtended by the object at the eye 
becomes less than about 2 dog. The variation of < with the angle subtended by the 
object is shown in the table below, in which the value of c is taken as unity for an angle 
of 3 deg. 

Subtended angle, deg 0.25 0.6 1 0 2 0 3.0 » 

Relative value of c 8.6 4.0 2 0 1 2 1.0 1. 

This effect is due to light diffracted by the edges of the object into the line of sight. 
The table shows that small objects such as chimneys, flagpoles, etc., are not desirable 
markers for the estimation of the visibility. The apparent value of e may also be 
decreased by the use of objects that subtend angles greater than about 5 deg. Objects 
of excessive size partly shade the optical path, thus decreasing the scattered light. 
Since small particles scatter, mostly in a forward direction, this effect is quite 
important. A source of light in the field of view such as the sun also produces an 
apparent increase in c. This usually can be avoided by a proper choice of direction, 
but, if not, the object should be viewed through a blackened tube that will exclude 
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the light from the "dazzle source.” Finally, it also appears that the apparent value 
of t increases when tlie visibility is very poor, as in dense fog. It has been found that, 
when the visibility is about 300 m, the apparent value of e is about doubled ; and, when 
the visibility is about 50 m, e is approximately quadrupled. In considering the effect 
of variations of e on the visibility, it should be remembered that the visibility is 
proportional to In l/« and hence that a twofold increase in « will correspond to a 
decrease of only about 15 per cent in the visibility. 

The scattering coefficient in the lower atmosphere is usually determined by the 
suspended particulate matter such as dust, smoke, fog, etc. In the presence of fog, 
precipitation, or smoke, the visibility may be a function of the direction of sight. 
Present practice is to report a visibility such that equal or greater values exist over at 
least half of the horizon. If the visibility in any quadrant is significantly different 
from the average visibility, it is reported separately with the direction indicatexl. 
This is particularly important in the case of terminal visibilities of less than 3 miles. 
Variability in the visibility shotild also be reported if the visibility is poor. 

Owing to the normal stable stratification of the atmosphere and the fact that 
most of the atmospheric svispensoids are introduced near the ground, the scattering 


Cone of 



coefficient usually decreases with elevation. This is often marked when an inversion 
is present that keeps the smoke, dust, etc., in the layer between the ground and the 
inversion. 

The visibility as transmitted to the pilot of an approaching airplane is normally 
based on observations made at the ground level in a horizontal direction. This 
information is directly applicable only during the latter part of the landing approach 
and often does not tell the pilot the maximum distance from which he can see the 
terminal. This is due both to the decrease of the scattering coefficient with elevation 
and 'to the terrestrial background of the objects viewed by the pilot. Normally 
these effects act in opposition, but only rarely do they exactly compensate for each 
other. No general rule can be given, although it is evident that, in the case of a well- 
stirred atmosphere (approximately adiabatic lapse rate), the effect of the terrestrial 
background will be more important than the change of scattering coefficient with 
elevation, and the visibility from the airplane will be lees than that observed at the 
ground, assuming the ground observer uses marks seen against the sky. The reverse 
case of a very stable stratification or inversion condition with thick smoke, haze, or 
ground fog may cause an even greater discrepancy with the pilot being able to see 
much farther than the ground observer. This condition often confuses inexperienced 
pilots, because the terminal may be easily visible from overhead but be lost to sight 
in the landing approach. Such a case is illustrated in Fig. 2. It is assumed here 
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that the horizontal visibility below the inversion is constant and greater than the 
height of the inversion. The visibility above the inversion is assumed very large 
compared with that below it. P’rom a point such as A, the terminal will be visible 
since the path through the haze of fog layer is considerably less than the visibility. 
At some point such as B, the terminal will disappear because of the increased length 
of the path in the haze. (This limiting path length within the haze layer is less than 
the visibility because of the effect of the terrestrial background.) From all points 
outside the “cone of visibility” determined by the limiting point B, the terminal will 
be invisible. 

In an effort to eliminate some of the difficulties discussed above, there may be a 
tendency to use visibility markers viewed against a terrestrial background, or markers 
located at as high an elevation as possihie. This is not desirable in view of the effect 
of changing atmospheric conditions If it is necessary to interpret the visibility as 
determined at the ground, the pilot is usually in a better position to do so than the 
observer. Also, the horizontal viMbilitv at the ground applies to the most critical 
part of the landing procedure. It is much more important to follow standard methods 
for determining the visibility so that the information furnished the pilot will be com- 
parable at all terminals. 

Visibility at Night. The visibility of nonluminous objects at night follows the 
same laws as the visibility during the daytime, but the illumination at night is so low 
that the value of « is large and of indeterminable value. It has beim estimated that 
the visibility in full moonlight is about 20 per cent of the visibility in daylight in the 
same atmosphere. 

The visibility at night is usually taken to mean the maximum distance at which 
a light is visible. The flux density at a distance x from a point source of candle 
power I(j in an atmosphere having a scattering coefficient k is given by 



(7) 


The light will bo visible as long as the flux density at the eye exceeds the threshold 
value A’o. Thus the visibility of a light is 

This can be solved for D„ by “cut and try" or from charts if Zo and Bo are known. 
The value of Bo is dependent on the background illumination and the degree of dark 
adaptation of the eye. For absolute darkness and complete dark adaptation. Bo « 
lumens per cm*. (One lumen is the luminous flux in one solid angle from a 
source of one candle power.) I.angniuir and Westendorp* found the following empiri- 
cal relationship between Bo and the background brightness B: 

Bo = 3.5 X 10-» VB 

For full moonlight, this gives a value of Bo of about 2 X 10"*' lumens per cm*. It is 
probable that the value of Bo is subject to much more variation under usual conditions 
than f, the threshold brightness contrast ratio. 

The visibility of a light is also dependent on its candle power, which may vary from 
less than 100 to several million candle power in the. beam of a beacon. 

By combining Eqs. (4) and (8), it is possible to express the visibility of a black 
object against the horizon sky in daytime Dd, in terms of the visibility of a light of 
candle power Jo at night, in an atmosphere of the same scattering coefficient. The 
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result is 

71. ^n_l0K^ /g, 

log E, - log U + log /)n ' 

The uncertainty as to the proper value of En makes this expression unsatisfactory for 
computing Dd as a function of Z)„. M. G. Bennett* has carried out a scries of experi- 
mental determinations of the relationship, and his results are given in Table 1. 


TabIiK 1* 


Daytime 

visibility 

Visual range of lights at night in tho same atmosphere 

1 cp 

10* cp 

10* cp 

10» cp 

27 yd 

55 

no 

220 

550 

1,100 

1*^ mi. 

38 yd 

69 

125 

226 

451 

738 

1,140 

53 yd 

111 

204 

371 

829 

1,490 

mi. 

70 yd 

139 

269 

525 

1,240 

1*^ mi. 
2*^ mi. 

87 yd 

174 

347 

689 

1,690 

2 mi. 

3H 

2*a mi. 

1 , 650 vd 

' 2'i 

4?8 

7 

4i,i 

Hi mi. 


7*^ 

12 

6M 

IH 

4»i 

10 

16 

12*1 


7H 

18 

30 

18 

Ih 

9 

24 

44 

31 

IH 

11 

34 

67 


1 Tho valuta ttbo-\f the horizontal lino are experim<»iitnl, tboae Ix'low are (*xtinpolatcd. 

By in.serting the data of Table 1 in Eq. (8), it is found that the value of Ki, is abr)ut 
3 X 10~** lumens per cm* if t is taken as 0.01. However, there is a range of at lea.st 
10 to 1 in the coinpiited values of Ko, and a ehangi' in e to 0,02 reiluees the eomputed 
value of E,i by a factor of 100. These results suggest the dcsirabiht.v' of more experi- 
mental investigation.s of the t.vpe carried out by Jiennett. 

Table 1 eiearl.v indieat<'s the great dependence of the nighttime visibility on the 
candle power of the light observtxl. For visibilities under 1,000 yd, almost any light 
that might ordinarily be us<xl will give a visibilit.v considerabl.v greater than the cor- 
responding daytime visibility. This at least partly explains the frequently reported 
increase in visibilitj’^ from late afternoon to evening under conditions of poor visibility. 
To make nighttime visibilities directly comparable with daytime visibilities, it is 
evident that the candle power of the lights used as marks should increase with their 
distance from the point of observation. It is not usually feasible to provide a special 
chain of lights for this purpose. Alternatively, the equivalent visibility of a light 
of known candle power ma.y be determined from Table 1. For example, if a 100-cp 
light is just visible at 200 yd, the equivalent daytime visibility is 1 10 yd. Airport 
boundary and obstruction lights, street lights, etc., are usually about 100 cp, and 
they may be used for visibilities up to about 4 miles, although the visibility will be 
overestimated in the lower ranges. Beacons and lighthouses may have the equivalent 
of from one to several million candle power in their beams, and the visibility of such 
lights may be several times the daytime visibility. Most instructions to observers 
warn against the use of such lights as visibility markers. However, if no other light 
is available at the proper distance, beacons must be used. With the aid of Bennett’s 
table, some correction can be made. It should also be remembered that an airman 
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is interested first in how far he ran see the airway and airport beacons, and later in 
how far he can see the laiidin^^ and obstruction lifi^hls. I'hese two visibilities may 
differ by a factor of 2 or more, as is apparent from the table. 'I’lie decrease of the 
scattering coefficient with altitude may be even more marked at night than fluring the 
day because of the greater stability. This wiU always make the visibility from the air 
greater than from the ground, because at night the background is not a determining 
factor as it is in the daytime. 

It has been found that flashing lights are not picked up more readily than steady 
lights. The visibility of a flashing light is determined by its mean candle power, i.e., 
by its actual candle power multiplied by the ratio of the time on to the time of a 
complete cycle. Under laboratory conditions, reil lights are picked up better than 
any other color of equal candle power, but in practice tli(‘ difference appears to be 
negligible. 

The visibility of point souroeb is much greater than tl at of a diffuse extended 
source. It appears that the threshold flux density for large diffuse sources is of the 
order of 10,000 times that for a point so irce. 

Instrumental Methods. At most stations, it will be found impossible or imprac- 
tical to locate a sufficient iiiiinber of visibilitj' marks that satisfy the requirements 
discussed above. In many cases, relatively large distances exist between suitable 
marks. Under such conditions, the observer is instructed to estimate visibilities 
intermediate between the marks by noting the sharpness with which the nearer 
mark stands out and its apparent color. It is extremely difficult to make reliable 
estimates of the visibility in this fashion. 

Local differences of this kind in the visibility reports from neighboring stations 
load to inconsistencies that are very confusing to pilots. One possible solution to 
this problem is the adoption of a standard instrumental procedure for the determina- 
tion of the visibility. The significant factor that determmes the visibility is the 
scattering coefficient. If this is known, the visibility can be computed from Kqs. (4) 
and (8) if standard values of the threshold brightness contrast ratio e and of the 
threshold flux density Eo are adopted. The seattering coefficient can be determined 
by measuring the transmission of light over a path of known length. Instruments 
for this p irpose arc expensive and must be placed with a fixed orientation, with the 
result that the indication may not always be representative. It appears that a visual- 
comparison photomi'tcr can be designed that will measure the ratio of the apparent 
brightness of a black object and the horizon sky. The scattering coefficient couid 
then be readily computed. 

Several empirical visibility meters have been developed in Kurope, in which 
ground-glass disks of increasing roughness are interposed between the eye and an 
object until the latter disappears. These instruments do not determine the scattering 
coefficient, but they may be calibrated empirically to read the visibility. Although 
they have been found to be useful in Europe, such instruments have not been used 
in this coimtry. 

Neither of the instruments mentioned above is suitable for measuring the visi- 
bility of lights at night. However, a comparison photometer with a self-contained 
reference light source has been constructed for this purpose," and this might be com- 
bined with the photometer for daylight observations to produce a universal instrument. 

Forecasting of the Visibility, llie forecasting of the visibility is largely a local 
problem. The most important condition to forecast is poor visibility (3 miles or less). 
The reduction of yisibihty below 3 miles may be due to fog, smoke, dust, exceptionally 
dense haze, or precipitation (especially snow and heavy rain). The forecasting of 
precipitation and of fog is too broad a problem to be considered here, and reference 
should be made to the next part of this Section and to Sec. X for a discussion of these 
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subjects. Haze is thought to consist of a suspension of very small particles which 
may be either solid or liquid. The distinction between haze and smoke or dust is not 
always very clear. The concentration of suspensoids is dependent on the past history 
of the air (particularly its trajectory and the amount of precipitation it has yielded) 
and on its vertical stability. Since air masses reaching a station with a given wind 
direction often have similar life histories, there is usually a fairly good correlation 
between wind direction and visibility. The effects of local sources of pollution such 
as smoke and dust are often marked. The reduction in visibility in such cases is 
dependent upon the amount of smoke discharged, the state of the ground (in case 
of dust), the wind direction, wind velocity, and the stability of the atmosphere. 
Stability, particularly when an inversion is present, tends to confine the smoke or 
dust to the layer near the ground. Wth a given amount of smoke being discharged, 
the greater the wind velocity the smaller is the concentration of smoke in the air. 
Also, high wind velo<'ities cause vertical mixing which distributes the suspensoids 
through a deeper layer and hence improves the horizontal visibility at the ground. 
For given ground conditions, the amount of dust added to the air increases with the 
wind veloeity. Because of the effect of vertical stability, the visibility tends to be a 
minimum in early morning and a maximum in the early afternoon. 

As will be appreciated from the almve discussion, local factors are of major impor- 
tance in determining the visibility, and this is equally true of fog and, to some extent, 
of precipitation. A careful statistical study of visibility at a given station, based on 
an understanding of the physical principles involved, will generally greatly improve 
the visibility forecasts. 

Summary of Suggestiona and Rules for the Estimation of the Visibility. For 
convenience, the more important points that bear on the practical aspects of the 
estimation of the visibility are summarized below. A more complete discussion of 
each item has already been given in the prc(;eding pages. 

1. Objects used for daytime visibility marks should be silhouetted against the 
horizon sky and should be as dark as possible, i.e., very light colors or glossy surfaces 
should be avoided. 

2. All objects used as daytime visibility marks should subtend an angle of at least 

0. 5. deg and preferably not more than 5 deg at the eye. 

3. Visibility marks should not have greatly different elevations, because of the 
variation of the scattering coefficient with altitude. 

4. Even if completely black, the objects should be so oriented that the sun is not 
in the field of view at observation time. If the object is not of low albedo (0.3 or leas), 
the sun should preferably not be behind the plane of the observer. 

5. If possible, separate series of marks should be available in more than one 
azimuth so that the variation of visibility with direction can be determined. 

6. At night, low candle power noncoUimated lights should be used for the shorter 
distances (e.g., boundary lights, obstruction lights, streetlights, etc.). Beacons and 
lighthouses if used at all should be selected only for the most distant marks. 

7. Lights should not be used if they must be viewed against a background of 
general illumination such as will be produced by a city. 

8. Estimates of the visibility at night should not be made until the eyes become 
dark-adapted. (At least several minutes — 30 min may be required for complete 
dark-adaptation . ) 

9. For details as to the method of coding and reporting the visibility, the observer 
should be familiar with Circular N’’ or its equivalent. 
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CONDENSATION AND PRECIPITATION 


By S. C. liOWELL 


Satutation and Supersaturation. Air is defined to be saturated when the walci 
vapor it contains would be in equilibrium with a plane surface of pure water at the 
same temperature as the air, i.f., when the rates of transition of water molecules froitv 
the liquid to the gaseous phase and from the gaseous to the liquid phase are equal. 
The partial pressure of the water vapor in the air is then called the saturation vapoi 
pressure eorreisponding to the given temperature, or conversely we may speak of the 
saturation temperature corresponding to a given vapor pressure. The relation between 
saturation vapor pressure and temperature is shown in Fig. 34, page 81, and in Table 
68, page 70. The retatiue humidity of moist air is defined to be the ratio of the existing 
vapor pressure at the given temperature to the saturation vapor pressure at the same 
temperature. If the air contains more water vapfir than is required to saturate it 
at the given temperature (i.e., the relative humidity is greater than 100 per cent), 
then we say that it is supersaturated. Supersaturation may be produced in many 
ways, e.g., by mixing of two air masses of different temperature, both of which are at 
or near saturation, by radiational and contact cooling, and, of particular importance 
in the atmosphere, by adiabatic expansion. 

The saturation vapor pressure was defined above for equilibrium with a plane 
surface of pure water. Tn a water cloud, the liquid water is in the form of spherical 
droplets, which, as we shall see later, arc solutions of electrolytes and may in addition 
carry free electrical charges, all these factors influencing the equilibrium vapor pressure 
over the water droplet. We shall consider the effects separately. 

The equilibrium vapor pressure c/ over a drop of pure water of radius r is greater 
than the saturation vapor pressure e' defined above, as was shown by Ixird Kelvin, ‘ 
who derived the following r<‘lation : 

( 1 ) 


where p is the density of the water, /{ and T are the gas constant and absolute tem- 
perature of the vapor, and <r is the surface tension of the -water drop. Equation (1) 
shows that at a given temperature the equilibrium vapor pressure increases as the 
droplet radius decreases. This means that evaporation can take place from droplets 
of very small radius into air whose relative humidity is greater than 100 per cent. 

If the water contains an electrolyte in solution, the equilibrium vapor pressure 
over the surface of the solution is reduced according to Ilaoult’s law, the ratio of the 
equilibrium vapor pressure c/ to the saturation vapor pressure e' being equal to the 
molar concentration of the water in the solution, i.e., 


e/ _ m 
e' m + M 


( 2 ) 


where m/(m + M) is the molar fraction of water contained in the total mass m + M 
of water and electrolyte. But for a water drop, m + M is proportional to the volume, 
hence to r-', and we may write 

^ ^ 

e' ~ r' 


\\ here k is a constant of proportionality, and m is the mass of water in the drop. 
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LIGHTNING AND LIGHTNING PROTECTION 

By K. B. McEachkon 


THEORY OF LIGHTNING 

1. Origiii of Thundercloud Charges. The exact process is not known through 
which a cloud builds up electrical charges to such a magnitude as to cause a lightning 
stroke. Several theories*' “ have been advanced to account for the accumulation of 
these charges, but the problem is complex and not subject to easy proof or determina- 
tion through the construction of niod<‘ls. It is desirable to point out here that certain 
meteorological conditions arc necessary to produce a thunderstorm. 

Lightning storms seem to have certain characteristics* that are peculiar to a given 
storm. As an illustration, some stornis consist mostly of cloud-to-cloud strokes, 
while in other storms cloud-to-ground strokes predominate. Furthermore, it has 
been shown* that some storms produce strokes having a higher percentage of succes- 
sive current peaks within the stroke than other storms. These habits are apparently 
due to diflferenees in the location of centers of charge within the cloud; the succeaaive- 
current-peak typo (multiple stroke) being the result of the discharge of various centers 
in sequence. 

In the theory of the process of production of the charged cloud, a separation of 
charges must take place. Considerable data*'* indicate, that the ground end of at 
least 95 per cent of eloud-to-transniission-line strokes are positive. Thus, it seems 
certain that for most strokes the lower surface or cloud base is negatively charged, 
at least over most of its area. There is evidence that regions of positive charge can 
exist in the base of the cloud.*'** That the more remote or upper portions of the cloud 
are positively charged is evidenced by oscillograms," which show a change from nega- 
tive to positive after some time has elapsed. The action of convection currents in 
breaking \ip drops of water that have coalesced and raising these droplets to the upper 
portions of the cloud with a subsequent reuniting and falling is regarded as an impor- 
tant part of the mechanism of separating electrical charges in the cloud. It is quite 
obvious that the air currents must do the work of separating the charges and keeping 
them separated within the cloud. When these convection currents die out, the charges 
will come together, and the cloud returns to approximately its original condition. 

Mechanism of Lightning Discharge 

2. Conditions existing on the earth, prior to a stroke between cloud and earth, 
must be recognized in order that one may be familiar with the stroke process. This 
is necessary for a proper understanding of the protective measures taken and may 
help to explain why protection is not always attained. 

As a negative charge builds up in the cloud base, a corresponding positive charge 
appears in the earth underneath by induction, the negative earth charges being driven 
away from under the negative cloud. Thus, as a storm cloud is carried along above 
the surface of the earth, its counterpart of opposite polarity is carried along the surface 
of the earth underneath. These positive charges, being attracted by the negative 
charges in the cloud, move up transmission towers, along overhead ground wires, 
up church steeples, flagpoles, trees, and other conducting or semiconducting objects. 

26 A 
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When the gradient is high, a corona discharge, or 8t. Eirno’s fire, way be seen. Thus 
it is clear that, with a cloud of considerable height, say 5,000 ft, a very large area of the 
earth is involved underneath. 

3. Stroke Mechanism. Through the use of photographs taken of lightning 
strokes, where the lens has been moved rapidly with respect to the photographic film, 
Schonland*-'” found that the lightning stroke is initiated by a streamer from the cloud 
which progresses toward the earth in a scries of steps. The time taken for this initiat- 
ing step leader to reach the earth was in some cases of the order of 0.01 sec. When it 
reached the earth, a “return stroke” took place, progressing from the earth to the 
cloud. At times, this return stroke did not get all the way hack to the cloud. 

That more than one discharge '■an take place through the same path between cloud 
and ground has been known for many years. In 1905, Larson** published a photo- 
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graph of 40 such discharges occurring in a stroke that persist I'd for 0.624 see, as show n 
by the moving camera ho used. 

Schonland’s work showed that discharges, or current peaks that followed the 
path determined by the step-leader discharge, were in general preceded by a downward 
leader called a continuous leader. When this made contact with the earth, a r<‘turn 
discharge occurred from the earth just as in the case of the initial step leader. ITio 
velocity of the step leader is of the order of 50 ni per ^see with time intervals of about 
100 gsee between steps. On the other hand, the eonfiiiuous leaders have a velocity 
of about 1 to 23 m per Msec. The return stroke from the enrtli moves up the channel 
with a velocity of from about 20 to 140 m per mscc, which on the average is con- 
siderably less than half the speed of light. 

McEaehron® has shown that at least 80 per cent of the strokes to the Empire 
State Building are initiated by the building, rather than by the cloud. Appaieiitly 
The stress at the top of the building, due to its great height (1 ,275 ft to top of lightning- 
eoUeeting system) and its configuration, is sueh that a step leader begins at the 
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building and progreases toward the cloud. The velocities are of the same order of 
magnitude that Schonland found for the downward step leader. No return stroke was 
found from the cloud, but instead a continuing current flowed, in one case as long as 
0.625 sec. Following the initial step leader, successive discharges may occur, and 
these, where leaders have been photographed, are always downward followed by the 
return discharge from the building. It appears, therefore, that the mechanism 
involved in the discharges, once the path is established, is the same whether to high 
or low structures or to open coimtry (see Fig. 1). The propagation velocities of both 
the continuous leader and the return discharge are of the same order whether the 
stroke was initiated by the cloud or by a tall object. 

Unpublished data seem to bear out the expectation that, as the heights of struc- 
tTmes become less, the earth-initiated stroke becomes less frequent. Possibly it could 
occur from some structure having a height of the order of 100 ft or more located at 
the top of a high rocky pinnacle [such as the figure of Christ on Coreovado in Rio de 
Janeiro, which is known to have been struck several times), but in general structures 
of ordinary height will not initiate lightning strokes. 

Many photographs*'^” taken both in this coimtry and abroad show continuing 
illumination between successive current peaks as shown by the moving lens or film 
camera or as seen sometimes when the path is blown along by the wind. Osoillo- 

Time.sec. 



Fjo. 2. — Crater-lsinp oscillograph record oX lightning stroke to Empire State Building, 

Aug. 11, 1937. 

grams (of which Fig. 2 is an example) taken by McKachron in 1937, show how closely 
the change in density of such a photograph can be correlated with eurn-nt in the stroke 
(except of course where the film is overexposed, which is not likely to be the case with 
the continuing part of the stroke). ITius, the photographs, now that they have been 
checked by oscillograms, become good evidence to indicate that a stroke of lightning 
is in reality a direct-current arc between the cloud and the earth with superimposed 
current peaks that may occur in almost any manner, depending upon the construction 
of the cloud and the location of concentrations of charge. 

, It seems certain now that the direction of branching is also the direction of propa- 
gation of the initial step leader; still photographs that show branching will therefore 
reveal information on direction of propagation. As a rule, branching*'^” occurs only 
at the time of the initial discharge; succeeding discharges, if present, seldom show 
any branching. 

It also seems clear that direction of propagation is determined by the configuration 
of the electrodes rather than by polarity as was thought some years ago to be the 
case. 

As the stress in the cloud becomes higher and higher, such a condition is finally 
reached that a leader starts on its way to the earth, picking the best path from instant 
to instant, which is the reason why the discharge docs not follow the electrostatic 
field. As it progresses, it in effect lays down a negative** space charge in the area 
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surroundini; the path and carries with it a high concentration of charge in the progress- 
ing end of the leader. The leader is connected to the cloud at all times, since it 
requires a supply of charges from the cloud to keep it going. From the point of view 
of the electrostatic field, it is as though a conductor had been let down from the 
cloud, which as it progresses will cause a continual redistribution of charge on the 
earth underneath. As the leader comes closer and closer, charges^’ in the earth move 
in to the point underneath the downcoming leader until the stress on the earth’s 
surface may become so great that the air is broken down and streamers form from the 
earth’s surface. Figure 3, a drawing of a photograph taken on a beach in New 
Jersey, shows the existence of the streamers. It should be noticed that the earth 
streamers are branched in an upward direction and that there are downward streamers 
on the stroke itself. When the step leader formed the downward streamers, there 
was no connecting stroke to the ground, but the 
potential gradient was sufficiently high so that three 
upward streamers formed and the stroke made contact 
with the longest of the three. 

The return-discharge phenomenon means that the 
positive earth charge* is moving up the channel created 
by the downward-moving leader. A field exists betw<>en 
these charges and those in the space surroimding the 
channel, and also in the cloud and in any branches that 
may have been formed by the initial step leader. The 
movement of these charges up into the channel consti- 
tutes the flow of current, and here, apparcntl.y, is the 
reason why there was no return discharge following the 
upward leader from the Empire State Building, although 
there was one from the earth following the downward 
step leader. The mobility of charges in the clotid is 
low, while the mobility of charges in the earth is very 
much greater. Thus, when the leader reached the earth, 
charges could move quickly up into its channel, giving 
rise to a relatively high current peak. The cloud, however, is not capable of 
supplying charges so quickly, and therefore the current peak cannot develop; instead 
a slow discharge results. 

Although there is yet no oscillographic proof, there is considerable evidence that 
strokes to the earth, and particularly to regions of low resistance of considerable area, 
begin vidth a current peak. It is suggested by McEachron and McMorris*® that the 
movement of charges in to the point to be struck, prior to actual contact, represents 
the wave front, and the tail is determined by the movement of charges into the 
channel after contact. 

floodlet,'* however, is of the opinion that “as the leader stroke mt)vcs toward its 
goal, point discharge and displacement eiurents will flow, but the current in the 
object struck is probably small until the start of the main or return stroke.’' 

A consideration of the preceding discussion will disclose the fact that, in high- 
resistance areas, charges may have to come from considerabh* distances, with the 
result that considerable voltage is required to get the charges to the point struck. 
This means that, in high-resistance areas, although the stroke current may bo less, 
the area involved will be much greater than if the ground resistance were low. In 

* When reference is made to the movement of poeitive chargee along a conductor, it ie to be under- 
Blood th&t this refers to the nioveinent of the electric field and the positive ends of the field tcriuinating 
on the conduotor. Thus the word ehargea ia used to signify the terminal points of the electric field, 
either at conductors or at other bodies. It is also to be remembered that the movement of a positivo 
charge from left to right ia equivalent to the movement of a negative charge in the oppewite direction* 
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areas of high-resistance soil, the presence of extensive buried conductors, such as 
cables or pipe lines, will influence the availability of charge, which would result in 
easier formation of streamers from the earth above such conductors, thus tending 
to direct the stroke to the earth above such conductors. This would not be expected 
to have any appreciable influence in determining the path of the stroke until the step 
leader was only a few hundred feet from the buried conductor. It has been suggested 
that underground areas of low conductivity might have a similar effect.** 

Electrical Characteristics of Lightning 

4. Voltage. The potential between cloud and ground just prior to a stroke of 
lightning has been variously estimated as from 80,000,000 to 1,000,000,000 volts.'*’**-** 
These values mean little to the protection engineer, since it is the potential due to 
lightning that appears on the transmission line or distribution circuit that is of impor- 
tance to him. If the current in a wave traveling along a line is known, a satisfactory 
value of voltage is obtained by multiplying the current by the surge impedance Z 
of the conductor, which is frequently taken as 500 ohms. 

The potential that can appear upon apparatus is limited only by either protective 
devices or flashover of insulating structures, such as line insulators, plus the impulse 
strength of wood or other insulating support, including the effect of groimd resistance. 
Direct strokes must be given consideration on all circuits carried overhead and on 
underground I’ircuits conncct<-d to overhead conductors. Increasing the insulation 
between conductors and between conductors and ground is not of itself an effective 
means of preventing flashover due to lightning. Some reduction can be obtained by 
this means, and on low-voltage circuits the spacing may be made great enough so 
that system current does not ordinarily follow the lightning flashover, thus reducing 
the number of interruptions to service.'* However, increasing the insulation allows 
higher voltage traveling waves to reach stations. 

The potential allowed by line insulation is det«»rmined by flashover values resulting 
Irom laboratory feats. The flashover potential is dependent upon the shape of the 
wave applied, as well as upon its crest value. ..Vs the time to flashover becomes 
shorter, the flashover voltage becomes higher and may be of the general order of 
twice the 60-cycle crest flashover when the rate of voltage rise is approximately 
1,000 kv per ^isec, and flashover is on the front of the wave. 

Lightning may cause voltages in conductors by induction as well a.s by diri-ct 
stroke to the conductor. The electrostatic field from a charged cloud induces in 
the earth beneath charges of the opposite sign, and these will be found also on trans- 
mission-line conductors within the cloud field. Charges, having the same sign as 
the cloud, w'ill be driven off to remote parts of the line, or over the surface of insulators 
to ground as a slow leakage. Since any charge bound on the conductors will be 
released as the field is reduced in strength and will travel away from under the cloud 
along the conductor at the speed of light, the potential developed as the result of a 
sudden change of cloud field will depend not only on the change of field gradient but 
on the rate of change 

V - agh ( 1 ) 

where 1'' = induced voltage 

o = a factor less than unity, dependent upon rate of change of the cloud field, 
and the distribution of bound charge 
g = actual gradient in volts per foot where line is located 
h = height of line, ft 

Peek** gives a maximum value of 100 kv per ft gradient, while Norindcr" has 
measured values of ag up to 80 kv per ft. 
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In a travelinn wave, it is necessary that the energy be equally divided between 
the electromagnetic and the electrostatic fields. When the released bound charge 
has fully developed into a traveling wave in a conductor of sufficient length, it will 
be found that the voltage of the traveling wave is half of that induced, since the 
electromagnetic field is developed at the expense of the electrostatic. 

In general, experience seems to show, in light of the available data, that lines 
insulated for a system voltage of more than 69 kv will not be troubled much by induced 
voltages; but, as the insulation becomes less with lower voltage circuits, the voltages 
induced by lightning are of greater importance. 

Direct measurements of induced voltages on circuits arc not avaiLablc, but it is 
known that with a negative cloud base the polarity of the traveling wave, owing to 
the release of the bound charge, would be positive. Some indication of the magnitude 
of voltages induced in this manner may be obtiiine<l from the results of field studios of 
currents through distribution^* and station-type”'** lightning arresters. In the 
getu'ral problem of protection’* of structures from the effects of lightning, the usual 



I'lG. 4. — Data from 734 stiokes (Lowi.s and rouht).” 

lightning-rod system, though effective for direct -stroke protection, may requiro 
modification if protection from induced effects is to be obtained. Some form of 
Faraday cage may be the solution, particularly if small sparks aie to be avoided, as 
ill the ease of explosive dusts or gases. 

6. Total Stroke Current — Duration — Charge. The most comprehensive data 
relating to eurn’iit in the stroke have been collected by I.pwis and Foust” in coopera- 
tion with electrical-supply companies. TTiese measurements were made with the 
magnetic link”'*’ arranged to read current in transmission towers. In some cases, 
current was measured in all four legs. In other cases, measurements were made in 
only one leg and extrapolated. The stroke currents were obtained by adding logetlier 
currents in all towers that seemed to be involved in a particular stroke. It is to be 
noted that 50 per cent of the stroke currents are in excess of 23,000 amp (Fig. 4). 

Kxperience curves are given showing lightning currents through distribution” 
(Fig. 5) and station lightning arresters” (F'ig. 6). The original data show, among 
other characteristics, a mueh greater percentage of positive records for distribution 
circuits than were recorded on transmission lines. It seems likely that many of these 
are the result of the release of bound charges with negative cloud base. In general, 
the results obtained represent records of surges that have traveled to the arrester 
through a considerable length of conductor (which is much longer in the case of the 
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Station arresters) and have become modified because of travel. Thus these data 



Crest amperes 


5. — LightniuK currents throURh dis- 
tribution arresters (McKnehron and Mc- 
Morris).** Of 1,008 records obtained, 1,011 
were negative and 507 were jarsitivo. 


give information as to lightning-arrester 
currents to be expected, but as for the 
stroke itself they indicate only that the 
stroke current was of greater magnitude, 
undoubtedly being in many cases more 
than twice the current values given for 
arresters. 

Walter** suggested in 1905 that the 
continuing illumination observed on 
moving-camera photographs of multiple 
lightning strokes was a continuing cur- 
rent. It remained for McEachron* to 
show in 1930 that the continuing illumi- 
nation did represent current, through 
the use of rotating-lcns or film cameras 
of the Boys** type in conjunction with 
oscUlographs, installed in the top of the 
Empire State Building, one of which was 
capable of recording over 1 sec of time. 
Broadly speaking, the lightning stroke 


consists of one or more current peaks superimposed on a more or less continuous 



Cre&t.kilonniperes 


Fio. 6. — ^Lightning currents through station arresters (Gross and McMorris).** Of 469 
records obtained, 401 were negative and 58 were pomtive. 


current flow. This is illustrated by the record** riiown in Fig. 7 taken with 
cathode-ray and magnetic-type oscillographs. For strokes to the earth itself or to 
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structures of low height, it is believed the stroke would be of the downward- 
leader type initiated with a current peak. The stroke recorded in Fig. 7 was probably 
of the upward-step-leader type. 

It is important to recognize the existence of the continuing type of discharge, since 
it is no doubt the cause of most of the thermal effects of lightning, such as fires, holes 

Time .seconds 
( Inserf scale- microseconds) 

0 aOI 002 003 004 005 006 007 006 

0 
-I 
-2 




Fig. 7 — Composite replotted from low-speed and high-speed u-icillograiiih showing four 
curiciit peaks of stroke 3 to the Empire State Building, Juno 2G, 1940 (Mrh.achron).*” 


burned in the skin of airplanes, burning of cable sheaths and conductors, and is 
responsible in part for the blowing of fuses on distribution circuits.** 

The duration of 75 strokes determined by the magnetic osi illograph or the Boys 
camera is given in Fig. 8. These results show that 50 per cent of the strokes had 
durations of 0.35 sec or longer. The maximum duration recorded was 1.5 see. 
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The total charge, including current peaks for 49 strokes to the Empire State Build- 
ing, is given in Fig. 9. The curve indicates that 50 per cent of the strokes to the 
building had a charge of 25 coulombs or more, although the average is 37. The result 
agrees well with the values suggested by Bruce and Golde.’’ The maximum charge 
recorded in Fig. 9 is 165 coulombs, although McEachron and Hagenguth*^ report a 



Fio. 8, — Stroke duration as a function ol the fiequoncy of occuironre (McEacliron)*’*" 
recoided by Boys camera or oscillograph. Based on 75 slrokoa to the Umpire State 
Building, 1936-1940. 



Chorge.coulombs 

I'lo. 9. Ficqueucy of occurrence of stroke charge based largely on low -speed oscillo- 
graphic data. Total charge of lightning strokes recorded by low-speed oscillographs, 
Empire State Building, 1937-1940. Based on 49 strokes. 

Coulombs in Two-polarity Stiokos 
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F 
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12.0 

8.2 

30 

30 

160 0 

+ 1 2 

1.1 

1 8 

2 3 

9.9 

17 

17 

2 6 


Other strokes negative charge only (McEachron). 

possible maximum charge of 240 coulombs based on data from holes burned in a thin 
metal sphere on top of the WSM broadcasting tower in Nashville, Tenn. 

Polarity. Cloud-to-ground strokes seem to be predominantly from a negative 
cloud base. The oscillograms of 49 strokes to the Empire State Building taken during 
1937-1940 show that 41 were entirely negative, the remaining eight being partly 
positive and partly negative. There is no certain evidence that any of the eight 
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Table 1. — Data on Stroke Currents 


01 

(2) 

(3) 

31 

(5) 

— m — 

Voltage of system on 
which mcasiiremeiils 
were ma<le, kv 

Range of 
tower 
currents, 
amp 

Range of 
stroke 
currents, 
amp 

Per cent 
under values, 
given m 
col. (2) or (3) 

Per cent 
negative, 
all 

strokes 

Authority 

reference 

No. 

f>-220 

100,000 


100 






go 

87 

6 




82 



06, 115, 154 


130,000 

100 





100,000 

00,000 

90 

97 

45 

150 

40,000 

70,000 

100 

70 

46 

69-220 


150 000 

99 





30 000 

50 

93 

20 



2,000 




Inilueed on aerial hv 


120 000 

100 



(lirei't strokes, meas- 


60,000 

80% of all 



viied with catliodc- 


posit i\ e 


30 

ray Ohcdlograph 


60 000 

70% ol ill 
negative 



Strokes to tall atruc- 


160,000 

100 



tares, measured by 
fiilchronograph 


10,000 

80 


28 


5,0<X) 

.50 




1,000 

7 



Lightning to Kmpire 


58.000 

100 

84 


State Hull ding, 


14,000 

80 


40 

measured oscillo- 

graphieally 


7,000 

50 




Tabli; 2 — Coulombs 



(D 1 

(21 

(3) 

I’er cent .st least equal to 
col (2) 

Coulombs 

1 

1 

\uthoritv^ 
referenci' No. 

2 


165 


HQ 


62 

8 

50 


25 


80 


5 


m 


1 6 



incasureil with antenna 

0 6 

30 

M 


0 3 

1 

1 

Measured charge of cloud 

4-60 
5-200 1 

Average 30/ 

28 

47 
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Table 3. — Characteristics of Current Wave Shape in Direct Strokes 


Front and duration, 
time in msoc 


Authority 

reference 

No. 

Wave 

front 

Time to 
half value 

Total 

duration 


2-6 



50 or more 

Based on rate of rise and propagation 

12 





data 


0-10 



Up to 80 

Loop coupled to cathode-ray oscillograph 

30 

3.5-10 



23 to 45 

Cathode-ray oscillograph to high verti- 

27 





cal conductor 


0-6 

6-150 

100-300 

Cathode-ray oscillograph to Empire 

40 


Varied 

.50 to 

XJUUUKl^ 

Fulehronograph records to structures 

28 


from 20 

20,000 

530 to 585 ft in height 



to 90 




Rate of current rise, amp/psec 



Average j 

Maximum 



20,000 


40,000 

Klydonograph and loop to tower 

46 

6,000 


40,000 

Cathode-ray oscillograph to high verti- 

27 





cal conductor 


1,700-13,000 

36,000 

Empire State Building 

40 


1 

30,000 

Loop coupled to cathode ray oscillograph 

30 

174-6,000 amp 

Range for currents to tall structures 

28 

43,000 amp/psec (highest re- 

Transmission-line fulehronograph data 


ported) 
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Fig. 10. — Cathode-ray osoillogramB 
of a lightning stroke to the Empire 
State Building, Aug. 8, 1038. Two 
dischargea; 89,200 psec between die- 
charges (McEachron).** 


began positive. It is evident, therefore, that 
current reversals do take place, but apparently 
they arc the exception rather than the rule; 

6. Peak Current Wave Shapes and Charge. 
Very few data are available showing wave 
shapes of lightning currents measured directly. 
Some Russian data*’ arc given in the table 
together with results from the Empire State 
investigation, and fulehronograph records 
from strokes to buildings and chimneys rang- 
ing from 530 to 585 ft in height.** 

In 1938, McEachron** secured some oscillo- 
grams of successive current peaks in strokes 
to the Empire State Building. In one case, 
as many as 12 current peaks were measured 
in 0.28 sec. The wave shapes of all were 
similar. Three of them reached a crest cur- 
rent of 5,000 amp. In another case two 
peaks, 89,200 psec apart, were secured and 


show considerable similarity in wave shape (see Fig. 10). 
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FiO. 11. — Freqiienoy of oprurionre of 'miront ppaks of various riiui^nitudps defcormino^I 
oRcillographipally. AmpUliidc of current pcakb recorded by bish-speed cathode-ray 
oscillograph on the Empire ii^tate Building. Hesults based on 1«‘{ strokes (MrEachron).^^’ 



Fio, 12. — Uuration of current peaks measured to half value as a function of frequency 
rjf occurrence. Based on 33 oscillographio records. Duration of current peaks lecoided 
b\ high-speed cathode-ray oscillograph on the Empire State Building^ 1938 and 1939. 
Kobults based on 11 btrokeb (McEachron).*® 



Fm. IS.—Oharge of current peaks ab a funcUon of frequency of occurrence. 
values based on time to half value of crest current. Charge in cu. '^nt peaks recorded by 
high-speed cathode-ray osciUograph. Charge passed until current decays to one half of 
crest. Empire State Building. 1938 and 1940. Results based on 13 strokes (MoEaohron). 
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It cannot be said that lightning has a partieular wave shape; it can be expressed 
only between limits and in terms of the frequency of occurrence, as indicated in the 
curves and tables. 

Rate of Rise. It should be pointed out that, for transmission lines, rates indicated 
in the table apply only at the stricken point, and then not after a line-to-ground arc- 
over. The rates of rise on a transmission line will be only half the rates indicated 
(unless the stroke occurs at the very end of the line), and these will decrease rapidly 
with travel. 



Fro. 14. — Time to first crest of current peaks as a function of frequenoj'' of oeeurreiico. 
Uocorded by high-speed catiiodo-ray oscillograph. Empire State Building, 1938 and 1040. 
llesults based on 13 strokes (MclOauhron).*'’ 



Fin. 15. — Effective rate of rise (slope of line through points on wave front at 10 per cent 
and 90 per rent of first crest) of current peaks of lightning strokes as a function of frequency' 
of oqcurrence. Recorded by high-speed cathode-ray oscillograph. Empire State Building, 
1938 and 1040. Results based on 11 strokes (McEaohrou) 

In Figs. 11 to 15 arc plotted data obtained from cathode-ray oscillograms of 
current peaks in strokes to the Empire State Building. The building itself may have 
some modifying effect on these characteristics as presented, but it is believed that 
once the path between cloud and the building is established the succeeding current 
peaks will not be much influenced by the building. These data may or may not be 
representative of the first current peak of the down step leader to structures of ordinary 
height. However, because of the paucity of data on wave shape, these results are 
believed to be useful until more complete data have become available. 

A more detailed description of these data may be obtained from the original paper,*" 
but it is worthy of note that the current peak with the greatest magnitude, 58,000 
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amp, was positive in polarity and had a charge to half-nirrent value of 4.9 coulomhst 
which is more than three times larger than obtained from any other current peak 
recorded oscillographically. 


Table 4. — CovhOMBs. iNDmnuAL Current Peaks 


1 

Peak current range 

No. of 
peaks 

1 

C'oulomb 

range 

1 Authority 
reference No. 

2,100-5,000 

8 

0 19-0.28 

29 

5,000-21,000 

28 

0 28-1.47 

29 

50,000 (positive) 

1 

4.9 

29 

17,000-31,000 

4 

0.12-1.5 

27 

21,000 

4 

4-60 

28 


7. Effects on Objects Struck. >.->nconductors are often shattered by lightning, 
while conductors may be burned oe -ven vaporized. The high current peak may 
shatter trees or poles without setting tne to them, while a succession of current peaks 
with continuing curnuit may well cause a fire. High-current short-time discharges 
paased through a No. 14 rubber-eovereil wire can eliminate the wire but leave the 
rubber apparently undamaged, ftueli eases have been reported fnim the field, and 
similar results have been obtained in the laboratorv Hollow or flat conductors 
are often crushed by high lightning currents, owing to both thermal and magnetic 
effects. 

The pressure effects developed inside trees or chimneys, or inside dwellings 
because of the pressure in the spark often blow such structures apart violently. Tlie 
effects upon electrical apparatus are tiwi complicated to be discussed here. It seems 
likely, in view ol the rather large iniinber of coulombs found in lightning discharges, 
that some overhead-conductor burning thought to have been due to power current 
may be due to hghtning. 

Methods are available for satisfactorily protecting most equipment and structures 
from the effects of lightning In general, such protection is best undertaken only 
by those skilled m the art. 

8. Lightning to Aircraft. IJghtning storms represent a hazaid to aircraft,’* not 
only on account of turbulence, winch affis'ts the pilot’s ability to handle the craft, or 
static, which may interfere with radio communications or cause other trouble, but 
on account of lightning itself. With hghter-than-air craft, speiaal precautions must 
be taken to prevent the formation of sparks that might cause fire. J his is particularly 
hazardous if inflammable gases are present. The jinnciple of the 1 araday rage may 
be used with interconnection of metal parts to prevent the formation of sparks result- 
ing from the flow of current through the structure due to changes in electrostatic 
field or perhaps to direct strokes involving the .structure. 

Captive balloons .should have the cable and wmch well grounded. If personnel 
are to be located close to such cable and winch during times when lightning currents 
may be flowing to the earth through such cables, thi use of a grounded metal mat to 
which the winch is connected and on which the personnel are located would add 
materially to their safety even though the cable and winch are well grounded. If 
such a ground mat is not available, n buried cable siirroiinduig the w’inch and operating 
personnel and grounded with two or more ground rods spaced along the buried con- 
ductor would operate to reduce the potential gradient along the surface of the eaith 
close to the winch in the event of a stroke to the balloon or cable. Of course, the 
wineh should he independently groundetl and interconnccti 1 with such a huned 
conductor. Telephone or other wiring entering the grounded area should have 
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Krounded conductors bonded to the grounded mat or cable, and the live conductors 
should be connected to the common ground through protective gaps or arresters. 

Airplanes are strurk by lightning occasionally. Holes burned in the metal skin 
indicate that the most frequent path of curnmt flow due to lightning is from wing tip 
to wing tip and from nose to tail. Apparently cloud-to-cloud discharges are usually 
responsible for such burns. Planes do not seem to be involved in cloud-to-ground 
strokes very frequently, which may help to explain a relative predominance of thermal 
effects compared with mechanical or explosive effects that are encountered frequently 
in connection with structures on the earth’s surface. The compensation of magnetic 
compasses may be upset because of the magnetic effects of lightning stroke currents 
on magnetic material in the airplane, such as engine parts. Pilots may be temporarily 
blinded by lightning flashes (particularly at night) that may interfere with reading of 
instruments immediately after the flash, lladio antennas may be damaged, particu- 
larly if they are of the trailing type. Metal propellers have been pitted from the 
flow of lightning current. 

All-metal airplanes appear to stand up under lightning conditions quite satis- 
factorily since the occupants and the apparatus within the metal skin are within 
an almost perfect Faraday cage. However, some satisfactory form of lightning pro- 
tection for radio equipment should be provided. Airplanes with nonmctal wings 
and fuselage are leas likely to become a part of the path of a lightning stroke, but, 
unless some successful form of conduction for the lightning current is provided, such 
planes would be hazardous to operate in lightning storms on aceount of the possi- 
bilities of mechanical and thermal effects. 

PROTECTION OF ORDINARY BUILDINGS AND MISCELLANEOUS 
PROPERTY INCLUDING HANGARS FOR AIRCRAFT 

8. Considerations for Protection. Whether or not protection is justified will 
depend upon the value and nature of the building and its contents, the frequency of 
occurrence of lightning storms, the degree of shielding offered by other structures, 
as well as the availability of firefighting apparatus. In some states, a reduction in 
insurance rates ran be obtained as a result of protecting buildings against hghtniug. 
The hazard to human beings is practically eliminated if they are within a properly 
protected structure. 

10. Operation of a lightning-rod system depends upon the princtiple of intercepting 
the lightning stroke before it reaches the structure to be protected and discharging 
the lightning current to ground through a sufficiently low resistance so that dangerous 
voltages do not result on account of the IR drop. Tall trees cannot be depended 
upon to protect near-by structures; if they are provided with lightning rods, however, 
they may act as other similar tall grounded structures to protect near-by objects 
within the cone of protection. 

11. In placing a lightning-rod system on any structure, air terminals should be 
provided for the purpose of keeping the earth end of the lightning arc away from the 
building, and also to provide a cone of protection so that the building itself is com- 
pletely protected. Air terminals should be spaced at intervals not exceeding 25 ft 
and should not be less than 10 in. in height. “National Bureau of Standards Hand- 
book H21 ’’ should be consulted for details. 

12. Roof and down conductors should bo coursed in such a way as to join each 
air terminal to all the rest. At least two paths to the ground should be provided. 
“Dead ends’’ should not exceed 16 ft. 

13. Roof and down conductors may be made of copper, copper-clad steel, gal- 
vanized steel, or a metal alloy that is as resistant to corrosion as copper. Copper 
cables should weigh not less than 187.5 lb per 1,000 ft. Thus, a round solid con- 
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ductor of at least in. in diameter is required. If steel or galvanized-steel con- 
ductors are used, they must have a net weight of steel of not less than 320 lb per 
1,000 ft. 

14. Metal-roofed buildings should be treated as any other building from the 
point of view of lightning rods and down eonduetors, unless the metal sheets of which 
the roof is composed are made electrically continuous by means of suitable bonding 
or interlocking. Such a roof should be provided with air terminals to receive the 
lightning arc and should be comicoted to the earth at, at least, two points, preferably 
on opposite comers. 

16. Grounds are very important, connections being made to water pipes where 
available. In some cases, it will be necessary to provide an extensive buried system 
of wires to obtain a suitably low grotutd resistance. The treatment of grounds 
depends, of course, upon the character ol the soil and its conductivity. 

16. Bonding and Grounding of Metal Bodies. Metal bodies extending through 
tlie structure to bo protected, or wholb exterior to the striicturc, should be bonded 
to the nearest lightning conductor and under some conditions may require an addi- 
tional separate grounding. Metal bodie.i situated wholly within the structure, and 
those projecting through the sides of the building below the second floor, which come 
within 6 ft of a lightning conductor or a midial body connected thereto, should be 
bonded to the nearest lightning conductor and, if of considerable length, should be 
grounded at the lowest or farthest extremity. 

17. Protection of Hangars. The same general principles apply as for ordinary 
buildings, but special attention is required because ol the great height and area 
involved. If the structure is built with a &t«>l frame and all parts are securely bonded 
together, it is necessary only to provide suitable air terminals extending through the 
roof of the building and to give suitable attention to the grounding of the stool frame. 
Where air terminals arc spaced 25 ft or less on roof ridges, or flat surfaces, the height 
of the terminal should not bo less than 4 ft 10 in. For each additional foot of separa- 
tion above 25 ft, the air terminal should be increased in height not less than 2 in. 
“National Hureau of Standards Handbook H21” should be consulted for details. 

Flat roofs .should be divided into rectangles having sides not exceeding 50 ft in 
length by drawing lines parallel to the edge of the roof and air terminals erected at 
the intersection of these hues. 

With relerencc to grounding, if a water-pipe system enters the structure, the 
budding frame should be bonded to it at the jaiiiit of entrance, and in addition artifi- 
cial grounds should be providi'd for the stc'cl columns or roof trusses at not less than 
half of the footings and distributed as uniformly about the building perimeter as 
possible. Where satisfactory grounds cannot be obtained from driven pipes, the 
budding may be surrounded by u buried conductor that is interconnected to the build- 
ing steel at convenient points to carry out the general principle of securing grounds at 
not less than half of the footing.s. Kxterior metal bodies, such as roof flashings or 
down spouts, should be bonded to the lightning conductor itself. Interior metallic 
bodies should be independently grounded and if within 10 ft of a lightning conductor 
should he bonded to it. 

18. Protection of Areas. In general, areas may be most satisfactorily protected 
by the use of masts with interconneeti'd wires from their tops all suitably grounded 
to an intereonneoted ground system.'*^ This arrungeraent gives a subdivision of the 
lightning currents down any one mast and provides for further subdivisions of cur- 
riuits m the ground. The area to be protected should be wholly within a cone of 
protection that will have a base radius of approximately two times the height of the 
axis of the cone. For a more detailed discussion of the cone of pro+eotion, reference 
tihould be made to “National Bureau of Standards Handbook H21.” 
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19. Protection of Structures Containing InOammable or Kzplosive Materials. 

In this connection, extra precautions must be taken to prevent all sparks, no matter 
how minute, from occurring within the protected area. Since these sparks can result 
from induction, it is essential that all metal objects be bonded together and fre- 
quently connected to ground. It may sometimes be desirable to build a complete 
Faraday cage, which of course represents the most certain form of protection. When 
areas are particularly large, overhead ground wires or grounded mesh may be used. 
Before undertaking the protection of such structures, one should consult those exper- 
ienced in this field to be sure that all the proper precautions are taken. 

The same method discussed under the general heading “protection of areas” 
may be used for buildings, namely, the use of masts with or without interconnection 
of overhead wires. In general, if conditions permit, the use of overhead ground wires 
is desirable rather than masts alone since it reduces the current per support and will 
give better protection in the area between the masts involved.^® 

20. Static Electricity. Protection of the contents of a building against the effects 
of static electricity resulting from changes in electrostatic fields due to sources external 
to th(' building may be accomplished through the use of a Farad.iy cage. Many steel- 
frame buildings are inherently self-protecting unh'ss ex))Iosive dusts arc present or 
some special process is being carried on in w'hieh the elimination of small sparks is 
necessary. An all-metal structure with no openings would, of course, eliminate static 
induced from outside fields; as the number and size of openings increase, the protection 
obviously decreases. However, static may be produced inside such a structure 
because of operations going on within that involve moving belts or friction, or because 
of many other i-auses. In general, it can be stated that the separation of any non- 
conducting material is likely to produce static. It can also be produced in many 
other ways. 

The control of static requires special knowledge and cannot be successfully treated 
here. However, in certain industries, the use of high humidity over 60 per cent with 
a suitable mixture of carbon dioxide gas is successful in combating static. The 
general principle of grounding objects that either may come in contact w'Jth each 
other or are separated by a small gap is probably the most satisfactory general method. 
Use of conductive flooring and conductive shoes and the elimination of wool or silk 
clothing for personnel helps in prevention of explosions due to static m ordnance 
plants and hosjiifals. For more detailed information with reference to static electric- 
ity and its control, reference should be made to current litcr.ature on thesubjeet.®*’® 
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SECTION IV 

RADIATION 

By J. Charney 

INTRODUCTIOW AND DEFINITIONS 

Definition of Radiation. All matter not at the absolute zero of temperature sends 
out energy into the surrounding space in the form of eleetromagnetie waves. The 
propagation of this energy as well as the enei^y itself is railed radiation. Radiation 
is easily distinguislied from other forms of heat transfer, sueli as conduction and 
eonveetion, by its speed of propagation, which equals (hat of hght, and bj' the fact 
(hat no intervening material medium is required for its tr.siismission. 

The phenomena embraced by the term radiation can }>e elassified according to 
wave length. At the lower end of the known spectrum lies cosmic radiation with 
wave lengths us low as 10“^* cm, while at the upper end hc>s radiation from power 
lines, with wave lengths measured in kilometers. In between are found the gamma 
rays. X rays, ultraviolet radiation, visible light, infrared radiation, and radio waves. 
The radiation of interest to the meteorologist is that from the sun, the earth, and the 
atmosjihere and lies within the ultraviolet, visible, and inlrared speetral regions. 
Tlic wave-length unit customarily employed m these regions is the mieron (ft), which 
is equal to 10”* em. In this unit, the wave lengths of the appreciable solar and 
terrestrial radiation fall between 0.15 and 120 ft. 

Absorption and Emission of Radiation in Gases. The nature of the radiation 
emitted by a body depends on its physical state. Kmission by a gas will differ char- 
acteristically from emia.sion by a liquid or solid, and the same is true of absorption. 
'J’o understand the diffcreni'os, it is necessary to consider separately the emissive* 
and absorptive processes of gases, and of liquids and solids. 

According to the atomic tlieory, a gas is a collection of molecules, each of whieh 
independently emits radiant energy at the expense* of its internal energy. Each atemi 
ill the molecule is visualized as a miniature solar system, consisting of light negatively 
e*harge'el cleef rons rotating in different orbits about a lii*avy positively e*hargcd nueleus. 
The kinetic and potential energies of the electrons together ronstitute the internal 
e*ne'rgy of the* atom. On the basis of the eleetromagnetie* theory, the physicists eil the 
nine'tecnth century attempted to predict the wave lengths and intensities of the 
radiation e*mitte*d by the rotating electrons in the atom. Their utter failure in this 
respect, and also their failure to predict the I'mission spectrum of the so-ealled “black 
body,” resulted in radical revision of the foundations of the classical mechanics of the 
atom. 

The two fundamental hypotheses of the new theory are: (1) an atom can exist 
only in certain definite energy states, B,, Et, • • • et(*., who.se i-aliies are determined 
in accordance with certain quantization rules, and (2) the frequency of the radiation 
emitted by an atom is given by the relation 

Em En . 

- = -ft— (1) 


where Em and E„ arc the respective energies in their initial and final states, and h is a 
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universal constant . The frequency v is related to the wave length X by the formula 

Xe = c (2) 

where e is the velocity of light. Since the permissible energy values and En belong 
to a discrete set, the emission spectrum of a gas will consist of a discontinuous set of 
frequencies. Absorption consists of the reverse process. The absorbed frequency 
will correspond to an energy transition from a lower to a higher state, so that the sign 
of the right-hand side of Eq. (1) will In? changed. 

The emission spectrum of a gas can be measured by passing radiation from the 
gas through a narrow slit and then through a prism or grating. The image of the 
slit, when focused on the retina of tlie eye e.' on a photographic plate, is found to con- 
sist of many separate bright lines against a lark background, each corresponding to a 
different frequency. The absorption spectrum "an be obtained by sending light from 
a source emitting a continuous range of freiiueiicies through the gas and then through 
the prism or grating, and will consist of dark lines against a bright background. 

The absorption spectrum of a monaton.i- gas is somewhat simpler in appearance 
than that of a gas whose moleeulrs consi.->i, of more than one atom. The former 
consists of well-defined lines w hilc the latter seems to be made up of a scries of bands, 
especially when viewed by an instrument with low dispersive power. Closer inspec- 
tion of the bands, however, reveals that thej’ are composed of many fine lines. This 
difference ran be explained under the assumption that the rotational and vibrational 
energies of the atoms in a molecule as well as the eleetroiiii' energies ol the atoms can 
take only discrete values. Denoting these energies bv E'rp,, Evii„ E,ie,, the second 
fundamental hypothesis gives for the frequency emitted by a molecule 

(Eelec 4" Evib -h EroxY — (Eeleo "i" Arot 4" A^ib) /o\ 

, = 1 - (31 

where primed quantities refer to the initial state and uiiprimed quantities refer to the 
final state of the molecule. With each change in the electronic configurations of the 
atoms in the molecule are associaleil independent changes in the vibrational and 
rotational energy levels. Thus, while a given electronic transition in an atom results 
ill a single frequency emitted or absorbed, a corresponding change of electronic 
energy in a molecule is associated with many frequencies. The lines in a single band 
arc associated with fixed electronic and vibrational transitions, but with varying 
rotational changes. 

Influence of Pressure and Temperature on Absorption. Xo ini'iitinn was made 
in the preceding pages of the intiuenceof neighboring molecules on emi,s.sion or absorp- 
tion by a molecule of a gas. Actually the energy levels of a molecule will be some- 
what altered by the electric forces exerted by contiguous molecules. l\’hen the 
molecule undergoes a transition from one energy state to another, the resulting fre- 
quency will differ slightly from its undisturbed value. The result is a broadening 
of the spectral lines in proportion to the degree of influence of the molecules of a gas 
upon one another. An increase in the rate of impaet should therefore be expected 
to increase the width of the spectral lines and so permit the absorption of a greater 
■quantity of radiation. Since the rate of impact is directly proportional to pressure 
and inversely proportional to the square root of temperature, absorption will be 
increased by higher prossures and lower temperatures. 

Emission and Absorption by Solids and Liquids. If the considerations of the last 
paragraph are applied to a molecule in a solid or liquid, it should be expected that the 
enormously greater proximity of the neighboring moleeules would so disturb the 
energy levels of an emitting or absorbing molecule that the spectral lines would merge 
with one another to produce a continuous spectrum. This explains why all solids 
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and liquids emit and absorb radiation over a continuous range of wave lengths, 
but with intensities that vary with wave length. The total quantity of radiation 
increases with temperature, as does also the frequency at which the maximum energy 
is radiated. Thus a body that is being heated first becomes a dull red, then yellow, 
and eventually white. A more precise statement of the laws governing radiation 
from gases, liquids, and solids will be given in the following pages. 

The Calculus of Radiation. 1. Definition of Flux. The flux of radiation is the 
total quantity of radiant energy traversing a surface from one side to another per 
unit area per unit time. Thus if Ac is the energy passing through a surface element 
Air in the time At, the flux F is the limit of the quotient Av/Aa At as both Air and At 
tend toward zero. The unit of radiative energy most commonly employed in mete- 
orologieal calculations is the 15’^C gram-calorie, and the flux is usually expressed in 
gram-calorics per square centimeter per minute. 

2. Definition of Intensity. When beams of radiation traverse a surface in all 
directions, it becomes necessary to define a measure of the quantity of radiation flowing 
in a given direction. Let Aa bo a small surface clement containing the point P. 
Let AT be the normal to A<r at P, and let L be a line through P making an angle 0 with 


N. Around L construct an elementary 
/ cone of .solid angle Aw, intersecting the 

/ I>criphery of Ao, thus producing a vol- 

/ ' nine in the form of a truncated cone 

^ ^ abutting on A<r. Let A» be the energy 

transmitted through Aa in the time At 

_._-s.rCjrL- — .A'x “ \ within the above volume (sen Tig. ]). 

limit of the expression Ar/At Aa Aa 

Kio. 1.— Uofiiution of intensity. ® approai-h zero, 

keeping P and L fixed, is called the 
intensity 1 of the field of radiation at P and in the direction h. As so defined, <he 
intensity in a certain direction is the flux per unit solid angle across a surface normal 
to this direction. 


It should be remarked tbit the above definition of intensity breaks down in the 
case of a parallel beam; for in any direction other than that of the beam the intensity 
is zero, while in the direction of the beam the quotient Av/AtAaAa cos 0 becomes 
infinite since Av/Al Aa eas 8 approaches a Unite limit as Aw approaches zero. 

3. Relation between Flux and Intensilt/. Since a unit area whoso normal is inclined 
at an angle 0 w-ith the direction L projects into cos 9 units on a plane normal to L, 
the flow of energy through this unit area per unit solid angle along L is Z cos 9. Hence 
the flux confined in the differential solid angle dw is 7 cos 9 du. The total flux through 
a given surface is therefore equal to the integral 


T = // cos 9 dw ( 4 ) 

taken over the half sphere of which the surface is in the diametral plane. The net 
flux would be obtained by integration over the entire sphere. Introducing the 
azimuthal sphere coordinate <)>, Eq. (4) becomes 


F 



COB 9 sin 9 d9 


( 5 ) 


This expression for the flux cannot be integrated until / is knowm as a function of 9 
and if). In the event that I is independent of direction, the field of radiation is said 
to be isotropic. In this case, the integration may be performed with the result 


F - vZ 


( 6 ) 
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or the jhix thfough an arbitrary surface in an isotropic radiation is ir times the 
intensity. 

4. Lambert’s Law. If wc denote the intensity of radiation emitted from unit 
Hurfaee of a body in a direction making an angle B with the normal to the surface by 
Is, Lambert’s law states that h is proportional to cos B, or 

/* = /o cos 9 (7) 

where 7o is the value of Is at normal emergence. But if I is the total intensity of 
radiation flowing away from the surface in the direction 9, we know from the definition 
of I that Is = I cos 9. Introducing tliis expression into Kq. (7), wc obtain 

I = 1 1 . = const (7') 

or the intensity of the radiation emitted by a body is independent of direction. In accord- 
ance with Lambert’s law, an incandescent sphere when viewed from a distance appears 
to be a uniformly illuminated disk. Lambert’s law is in general exact only for a 
perfectly absorbing body (a so-callcd ‘‘hHck” body); it holds for others orilv to the 
I'xtent to which they approximate a bla< k body. The slight darkening of the outer 
portion of the sun’s disk can be attributed to the imperfect absorbing power of the 
gases in its atmosphere. 

5. Specific or Atonochromalic Intensity. Since the emissive and absorptive proper- 
ties of most materials depend on wave length, it is useful to define a specific or mono- 
chromatic intensity as the intensity ri'fcrred to unit wave-length interval. Thus 
I\ = dl/dX. The specific intensity ri'ferreil to unit frequency interval is similarly 
defined by the relation = dl/dv. From Eq. (2), it easily follows that 

( 8 ) 

Ordinarily the term inUnsity will be used in place of specific intensity where this can 
be done without ambiguit.i . 

Black-body Radiation, Kirchboff’s Law. A relationship between the absorptive 
and emissive properties of .a body will now be established bv the following idealized 
experiment. Consider an evacuated eiiclosuri* surrounded on all sides by walla that 
completely absorb radiation of all wave lengths. If the whole system is adiabatically 
isolated from its surroundings, the temperature of the walls will become constant, 
and the intensity of the radiation field within the enclosure will become everywhere 
the same and independent of direction. In this state of radiative equilibrium, the 
intensity of emission from the walls must equal the constant value of the intensity 
within the enclosure. Thus the intensity of enii.ssion irom a part of the wall will be 
independent of its composition and also of the direction. A body that completely 
absorbs radiation of all wave lengths is called a black body. Wc have therefore proved 
the theorem : 7'he intensity of the radiation emitted by a black body is independent of its 
composition and of the direction of emission. It will bo noticed that the second part 
of the statement is equivalent to Eq. (7'). It follows that the intensity of emission 
from a black body can only be a function of temperature and wave length. The 
validity of this law in no way depends on the particular condition of radiative equilib- 
rium that we have assumed in its derivation, since it concerns only the rate of emission 
of a body, a quantity that is not influenced bj' the surrounding radiation field. 

Now place a slab of absorbing material within the enclosure and let it come to 
temperature equilibrium with its surroundings. Let a stream of radiation, moving 
in an arbitrary direction, strike the slab. A certain fraction ox of the incident black- 
body intenraty Ex will be absorbed and a fraction 1 — ox transmitted. Let ex denote 
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the intensity of emission from the slab in the given direction. Since the intensity of 
radiation in the enclosure is everywhere the same, the intensity of the incident beam 
must equal that of the emergent beam, which consists of the transmitted black-body 
intensity plus the emitted intensity. We therefore have 

E\ = (1 — ax)E\ + ex (®) 

or — = Ex (9') 

nx 

This is Kirchhoff’s law as applied to the emission from a slab and may be stated: 
The ratio of the intensity of emission to the fractional absorption of a slab is equal to the 
black-body intensity at the same vxive length and temperature, lieflection and scattering 
have not been considered, hut it can be shown that the theorem remains true when 
they are taken into account. 

In the above form, Kirchhoff’s law is adapted to the treatment of radiative transfer 
in a gas where emission and absorption take place within the body. An analogous 
form can be derived from the relation between emission and absorption at the surface 
of a liquid or solid, which reflects hut dues not transmit radiation. For this purpose, 
we replace a section of the wall of our enclosure by a reflecting material and again 
allow the system to come to temperature equilibrium. As before, the intensity of 
radiation from the walls and in the enclosure must equal that of a black body. The 
intensity of a beam of radiation issuing from the reflecting part of the wall will consist 
of two parts; one part will be the intensity of emission ex' of the wall itself, and, if the 
reflecting material is perfectly smooth, the other part will be the reflected intensity of 
the beam that comes from a direction symmetrical to that of the given beam with 
respect to the normal to the surface. If ax' is the fraction of the incident radiation 
absorbed by the surface, then 1 — ax' is the fraction reflected, and the total intensity 
of the beam coming from the wall is therefore equal to ex' -|- (1 — ax')Ex; and this 
quantity must bo equal to Ex, the intensity of radiation from within the enclosure 
traveling in the opposite direction. We have, therefore 

Ex = (1 - ax')Ex -t- ex' (10) 

or ^ (10') 


It is an immediate consequence of KirchhofFs law that the intensity emitted by a 
body can never exceed the black-body intensity and can equal it only in the spectral 
regions where the body is opaque. The earth’s surface, for example, is nearly opaque 
to long-wave atmospheric radiation while it reflects some short-wave solar radiation. 
It follows that it will emit black-body radiation in the former and less than black- 
body radiation in the latter region. A body that absorbs a constant fraction of the 
incident radiation at all wave lengths is called a gray body. According to Kirchhoff’s 
law, a gray body will emit a constant fraction of the black-body intensity. 

Planck’s Radiation Law. We have shown that the intensity of emission from a 
black body depends only on its temperature and the wave length. The exact form 
of the relationship was first derived by Planck and may be written 


Ex 


2br» 1 
X‘ 

e^T _ 1 


( 11 ) 


where h is known as Planck’s constant and has the value 6.55 X 10“*^ erg sec, c is 
the velocity of light 3 X 10’" cm per sec, and k, Boltzmann’s constant, is equal to 
1 .37 X 10”’" erg per deg. T is the absolute temperature of the body. 
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The black-body intensity per unit frequency becomes, with the aid of Eqs. (2) 
and (8)' 

«•' ..a 1 

( 12 ) 


p = - 2 'j:! i_ 

ft hp 

ekf - 1 


Figure 2 shows the black-bodj>- eniUsiun curves drawn for the temperatures 200 
and SOO^K. 



Wave-length,// 

Fio. 2. — Black-body emission siiectra tor AX = la. 


Wien’s Displacement Law. Color Temperature of the Sun. From Fig. 2, it can 
be seen that the wave IciiEih corresponding to tlie maximum intensity decreases as 
the temperature increases. The quantitative expression of this rule can be derived 
from Planck’s general law by the ordinary calculus rule for obtaining the maximum 
value of a function. Setting the derivative w'ith respect to X of the right-hand side 
of Eq. (11 ) equal to zero, we find that i/ie maximal value of X is inversely proportional 
to the absolute temperature T. Or 

X„ = y (13) 

where a has the value 0.288 cm deg. 

The maximum intensity of solar radiation is in the blue-green at 0.47.5 fi- On 
the assumption that the sun is a perfect black body, Wien’s law gives for its tempera- 
ture the value 6090°K, which is known as the color temperature of the sun. 

Stefan -Boltzmann’s Law. The total intensity of black-body emission can be 
obtained by integrating Eq. (11) or (12) between the limits 0 and «. 'Thus 

K f“E,dy= {“ A'x dX (14) 

JO Jo 

JO c* ^ 

fkT - 1 

_ 2fe*r* f * dx 

c*h* Jo e* — 1 

The last integral can be shown to have the value Tr‘/15. Hence 

E = T‘ = - r* (14') 

15c*A* r 

where <r = 2s^k*/15e*h^. This is the Stefan-Boltzmann law, according to which the 
total energy emitted by a black body varies os the fourth power of the absolute temperature. 
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From the nature of the coordinates in Fig. 2 and from the first line in Eq. (14), it 
follows that the area underneath each curve in the figure represent “ the total black- 
body intensity emitted at its corresponding temperature. 

It was proved on page 287 that the intensity of emission from a l)lark surface is 
independent of direction. The flux from the surface is therefore given by Eq. (61 

n = x-E = oT* (15) 

The constant <r has the v.alue 5.70 X 10' ‘ erg cm“® sec"' deg“t, or 0.817 X 10“'“ cal 
cm"* mm"' dog"*. 

Beer’s Law of Absorption. When a beam of monochromatic radiation is trans- 
mitted through an infinitesimal distance dl in an absorbing medium, a certain fraction 
of the intensity will be absorbed, and it is assumed that this fraction is independent 
of the intensity but proportional to the density p of the absorbing substance and to the 
distance dl. It follows that 


^ = -fcxp dl 
IX 


(16) 


The proportionality constant kx is known as the coeffusicnl of absorption of the medium. 
Integration of E<i. (16) gives 


h = Ixe> 


(16') 


where /\o is the initial intensity and I the total distance trnvi-rsed by the beam. I'be 
integral ^ P represents tli<> mass of absorbing material in a column of unit cross 
section extending the distance 1. It is called the optical path luigth and is denoted by 
m. iSubstituting this symbol I*’*' ^ pdl in Eq. (16), we obtain the formula 


ix = 


(16") 


which is known as Beer’s law. 

We have tacitly supposed that kx depends only on wave length; but if was showm 
above that the absorbing power of a substance is a function of pressure and tempera 
ture as well. In the event that these quantities vary along the path of the beam kx 
will also vary, and Eq. (16') would be modified by placing under the integral sign 
in the exponential term. 

In dealing with the transmission of radiation through the atmosphere, it is usually 
assumed that the absorbing materials are uniformly stratified in a horizontal direction. 
'I’he density p will then depend only on the vertical coordinate z, and the path length m 
1 • 

can be written as / pdz sec 8 where 8 is the angle between the direction of the beam 
Jza 

and the vertical. The quantity / pdz is called the optical depth or optical thickness 

of the layer between the heights 2o and z, and is equal to the number of grams of 
absorbing material in a vertical column 1 sq cm in cross-sectional area, extending from 
Zo to Zi. 

The Equation of Radiative Transfer. Consider a beam of monochromatic radia- 
tion that traverses the distance dl in an absorbing medium. By Eq. (16), the change 
in intensity due to absorption is —k\p dllx, and the fractional absorption is kxp dl. 
By Kirchhoff’s law [Eq. (9')], the intensity emitted in the direction of the beam is 
kxp dlEx. Therefore the net change in intensity will be 


dix = -~kxp dllx "b kxp dlEx 


(17) 
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and, introducing the change of variable dm = p dl, we obtain the equation of radiative 
transfer 

S = (17') 

By means of this equation, it is theoretically possible to calculate the intensity of 
radiation at any point in the atmosphere, provided that the distribution of the 
absorbing substances and the coefficients of absorption arc known. 

Calculation of Flux from a Horizontal Layer. The central problem in the theory of 
radiative heat transfer in the atmosphere is the calculation of the flux emitted by a 
horizontal layer from one of its fact's. 

As will be seen, all questions relating It. 
the heating and cooling of the atmospht :t 
by radiation are ultimately referred tti 
the determination of flux. Tx-t us con- 
sider a layer, bounded by horizontal 
planes of infinite extent, in which thi 
absorbing substances are uniformly 
stratified in the horizontal direction, and 
first calculate the flux at the base of the 
layer that originates in an infinitesimal 
sheet of optical thickness du. If the 
inten.sity emitted by the sheet in the di- 
rection S (sec Fig. 3) is dl\ and the opti- 
cal depth measured upward from the base 
of the layer is u, the intensity transmitted to the base of the layer will be dl\c~*\'‘ *, 
by Beer’s law. Introducing this expression for the transmitted intensity into Eq. 
(5), we obtain for the flux of radiation at the base of the layer coming from the infini- 
tesimal sheet 

X 

r2ir r2 

dF\ = I d<l> I sin 9 cos ede (18) 

But from Kirchhoff’s law (Kq. f9'll the intensity emitted by a slab in a given direction 
is equal to tlie black-body intensity multiplied by the fractional absorption in the 
same direction. In the present case, the fractional absorption in the infinite-sinial 
sheet is fcx du sec. 9. 'J’licreforc d/x = du sec ff&’x, and Ktp 18 becomes, after 
integrating with respect to <t> 

X 

dF), = 2irK\du sin ffdO (19} 

X 

If the integral 2 sin 9 cos 6 d9 is denoted by t/ the expression for dl<\ 

reduces to 

dFx = irfi’x^dM (20) 

The total downward flrix F at the base of the layer is obtained by integrating Eq. 
(20), from « = 0 to a = Wi, where is the optical depth of the whole layer, and over 
the whole range of wave lengths, from k = 0 to X = « . Performing this integration 
and substituting the monochromatic black-body flux (Fx)i. for xEx, in which we are 
justified by Eq. (6), we obtain 


U-Uy 





Pig. 3.- Transmitted intensity from an 
infinitesimal layer. 
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III artiial computations of flux in the atmosphere, a graphical method is used for the 
evaluation of the above integral. This method will be discussed below. 

SOLAR RADIATION 

1 Nature of Solar Radiation. Observations conducted over a period of years indicate 
that the solar radiation docs not change appreciably from year to year and varies 
only with latitude and season. A measure of the quantity of the incoming solar radia- 
tion is the solar constant, which is defined as the flux of solar radiation at the outer 
boundary of the earth’s atmosphere received on a surface normal to the sun’s direction 
at the earth’s mean distance from the sun. The solar constant has the value 1.94 cal 
cm“* min“*. 

The spectral distribution of solar radiation closely approximates that of a black 
body. On the assumption that the sun is perfectly black, one can compute by means 
of lloltzmann’s law the temperature it should have in order for the flux at the outer 
limit of the earth’s atmosphere to equal the solar constant. This quantity is known 
as the effective temperature of the sun and is equal to 5760°K. The effective tempera- 
ture differs from the color temperature of the sun defined on page 289. Selefitive absorp- 
tion in the sun’s atmosphere reduces the total radiation but leaves relatively unchanged 
the wave length corresponding to the maximum intensity. 

It follows from Planck’s law that a black body at the temperature of the sun will 
radiate upward of 99 per cent of its energy between the wave lengths 0.15 and 4 p. 
Roughly one-half of this radiation will lie in the visible region of the spectrum between 
0.38 and 0.77 ti, and the remainder in the invisible ultraviolet and infrared regions. 

Geographical and Seasonal Distribution of Solar Radiation. In the absence of 
an atmosphere, the flux of solar radiation reaching a point on the earth’s surface 
depends only on the zenith angle 6 of the sun and the sun’s distance from the earth. 
If I denotes the intensity of solar radiation, the flux is given by Eq. (4). 

F = JI cos 0 do> (22) 

extended over the solid angle Au, subtended by the sun. Within this small angle, I 
may be regarded as constant. Therefore 

F = I cos 9 &u = I cos 0 ^ (23) 

where o is the radius of the sun and r its distance from the earth. When 9 = 0 and 
r = r„, the mean distance of the sun from the earth, the above expression reduces to 
the solar constant. Thus 

S = (24) 

Tm 

We note that the intensity is a much larger quantity than the solar constant. Sub- 
stituting Eq. (24) into Eq. (23), we obtain 

F = S cos 9 (25) 

and if no great accuracy is required, the factor r**/r* can be taken as unity. We then 
derive the familiar cosine law for solar radiation, namely 

F = S cos 9 (25') 

The total energy delivered per unit area on the earth’s surface in the course of a 
day is obtained by integrating Eq. (25) over the period during which the sun is 
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above the horizon. The evaluation of this integral is an astronomical problem, and 
only the result is reproduced here. If ^ is the latitude of the place, S the solar declina- 
tion, and H the hour angle between sunrise and noon, or noon and sunset, the total 
flux is 

Q - f Fdt San 4>sAaSiH - tan H) (26) 

J IT T 

where cos H — — tan 4> tan d (27) 

The solar declination can be found for any time of year from a nautical almanac. 

Figure 4 was computed l)y means of Eq. 26 and shows the dependence of the daily 
flux of solar radiation in cal enr* day ' on latitude and season. The horizontal 
coordinate is given as time of year in tb • lower niar^n and solar declination in the 
upper margin; the vertical coordinate is the latitude. It is noteworthy that, owing 
to the length of day at the summci solstice of the Northern Hemisphere, the North 


North Summer Nortti Winter 



I'lo. 4. — Daily insolation in cal cm”> day”* received at tlio earth’s suifaeo in the absence 
of an atniohi)here. (AJter MilankoiitcKs computalioitn.) 

Pole receives the maximum dailj' total insolation, anil the equator receives n mini- 
mum. At the winter solstice, these conditions are reversed; indeed latitudes above 
68° receive no radiation at all. The total radiation received by the Southern Hemi- 
sphere during the southern summer is larger than the amount received by the Northern 
Hemisphere during its summer, for in the Southern Hemisphere the earth is closer 
to the sun. 

Because of the presence of the earth’s atmosphere, the solar radiation received at 
the surface of the earth is somewhat less than is shown in Fig. 4. The depletion of 
energy in the solar beam is greatest at high latitudes where, because of the large 
zenith angle, its path through the atmosphere is longest. For this reason, the region 
of maximum insolation at the earth’s surface is no longer found at the pole in summer 
but is shifted to about 30° latitude. 

Depletion of Solar Radiation. 1. Absorption in the Atmosphere. A study of the 
solar spectrum reveals the presence of numerous fine absorption lines and bands. 
These consist in part of the well-known Fraunhofer lines and are produced by absorp- 
tion by the gases and vapors in the sun's atmosphere. The remaining lines are due to 
absorption by the gases in the earth's atmosphere. 
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One of the most striking oharaeteristics of the observed solar spectrum is the abrupt 
termination of the short wave-length end at 0.29 fi. This is caused primarily by ozone 
in the earth’s atmosphere and represents a loss of over 5 per cent of the original solar 
intensity. Ozone is distributed throughout the atmosphere up to heights of more than 
50 km with the greatest concentration occurring between 25 and 30 km. The high 
temperatures of the upper atmosphere are due in part to ozone absorption. 

With the exception of ozone, the significant absorption of solar radiation by the 
gaseous components of the atmosphere can be entirely attributed to water vapor. 
Oxygen has several absorption bands, but these are so narrow that they represent a 
very minute loss of solai energy. The remaining gases either do not absorb at all 
or absorb negligible quantities. 

Our quantitative knowledge of the absorption spectrum of water vapor in the short- 
wave region is mainly due to Fowle.' His 
results are represented in Fig. 5 by a curve 
giving the relationship between the frac- 
tional absorption and the optical path 
length. Also included in the figure is a 
similar curve computed from a large num- 
ber of measurements of the absorption of 
solar radiation in the atmosphere by 
Kimball* and Hoelper.* Fowle’s observa- 
tions were taken in the laboratory and do 
not take into account the variation of 
atmospheric absorption with pressure and 
temperature. If the proper pressure and 
temperature eorrections uero made, it is 
probable that the two curves would be 
brought into close agrec-mcuit. 

The nongaseoua components of the atmosphere such as dust, smoke, and salt 
particles must be included os absorbing agents. Their effect is highly variable but 
should in most cases be (juite small. 

2. 11 eating of A imosphere by Absorption of Solar Radiation. From Fowle’s measure- 
ments, Mugge and hloller* derived an empirical formula from which one obtains the 
heating of the atmosphere by solar radiation. If (A2') i denotes the temperature rise 
in 3 hr, u is the optical depth of the atmosphere water vapor above a given level, 
and 9 is the zenith angle, then the formula 

(AT), = 0.039(a sec e)""-’ (28) 

gives the rate of change in temperature at that level. Since the altitude of the sun 
does not remain constant, I'ki. (28) must be integrated over the course of the sun’s 
altitude during the day to obtain the total heating. From extensive computations 
by means of Eq. (28), Tanck* found that the absorption of solar radiation produces 
a heating of from 0.3 to 0.6°^ per day according to the amount of water vapor. 

3. Scattering and Diffuse Refkction. According to the electromagnetic theory of 
light, a small charged particle placed in the path of a beam of light will experience 
an alternating electric force. If the inertia of the p-article is sufficiently small, it will 
oscillate with the same frequency as that of the imposed wave and will therefore emit 
electromagnetic radiation of the same frequency. 

The electronic charges in a molecule are acted upon in this way, and the emitted 
radiation is scattered or reflected. Scattering occurs when the size of the aggregation 
in which the molecules are found is of the order of the wave length of the incident 



Fio. 6.- Ahsoiplion of solar radia- 
tion by water vapor according to Fowle 
and to Kimball and lloelper. 
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radiation or less and is characterized by the dependence on wave length, long waves 
being less effectively scattered than short ones. 

If I is the intensity of the scattered light in a direction making an angle 9 with the 
incident beam and is the intensity in the normal direction, it can be shown that the 
2 

following law holds for scattering by very small particles : 

/ = /»(! + cos» 9) (29) 

2 

Thus the amount of scattering is greatest in the direction of the incident beam and 
in the opposite direction, and least in th- normal direction. 

A coefficient of scattering may be defn • d in t)n‘ same manner as was the coefficient 
of absorption. In a medium such as pure dry air, having an index of refraction it, 
and containing n particles per cubic centimeter, the coefficient of scattering sx is very 
nearly equal to 

oo ,.a 

'I'll IS expression conforms to the well-known law discovered by ixird Kaj’leigh, which 
sfiites that scatiering is inversely piopoiiunial to the fourth power of the wave length of 
the incident radiation. If it is desiri'd to compute the .Icplction of the intensity of a 
heuin ol light, the quantity tx + ax should be used in jil.icc of k\ in Beer’s law. 

Ill the utiiiosiiliere, sunlight is scatterivl by the iiiolecules of dry air and water 
vapor, and also by very small solid impurities. Among the more obvious optical 
Tilicnomciia produced by scattering may be mentioned the blue color of the sky and the 
red color of the sun and clouds at sunrise or sunset. The sky is blue because it is 
made vi.sible by scattered light, which, nccorrhng to Hayh igb’s law is rich in the 
shorter wave lengths; whereas the sun and clouds are seen by direct light since a 
preponderance of the short waves have been removed during its long passage through 
the atmosphere. 

When the diameters of the scattering particle's exceed the wave length of the 
incident light, the eoetlieient of scatteniig i.s no longer inversely proportional to the 
fourth power but i.s inversely proportional to a siimller power of the wave length; and, 
tt hen the particles become sufficiently large, the dispersal of radiation is equally effec- 
t ive for all wave lengths and is called dtffuse reflection. Large dust and haze particles, 
water droplets, and ice crystals reflect rather than scatter light; and, since diffuse 
reflection i.s nonselective, all wave lengths are reflected equally. Thus, contrary to 
popular belief, there is no particular color of light that wall penetrate a fog most 
effectively. 

When large solid particles are present m the atmosphere, the sky is suffused with 
a whitish tinge due to diffusely reflected light. 'Hic depth of the blue color of the sky 
can therefore be regarded as a measure of the amount of impurities in the atmosphere. 

4. The Total DepUtion of Solar liadialion. As described above, the incoming 
solar radiation suffers depletion in the following w'ays: (1) absorption by ozone in the 
upper atmosphere; (2) scattering by dry air; (3) absorption, scatteiing, and diffuse 
reflection by suspended solid particles; and (4) absorption and scattering by water 
vapor. We have seen that the solar intensity is reduced about 5 per cent by ozone 
absorption. Kimball' has computed the effect of the factors (2), (3), and (4) for 
I'Cvcral localities from observed intensities of solar radiation. In Table 1 is shown the 
percentage of extinction of direct radiation from a zenith sun caused by each ol the 
above factors at three representative stations. The total depletion given in the table 
does not represent the percentage that fails to reach the earth, for some of the scattered 
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and reflected radiation eventually arrives at the ground as diffuse radiation. Kimball 
estimates that c)n a clear day about 50 per cent of the scattered and diffusely reflected 
light is returned to the ground in this way. 


Table 1. — Pehcentage Depletion op Dibbct Radiation from a Zenith Sun by 
THE Constituents of the Atmosphere at Rf.prbsentativb Stations* 



1 Dry air 

Water vapor 

Solid impurities 

Total 

Washington, D.d. 


9 

17 

10 

36 

Winter 

9 

8 

9 

26 



Apia, Samoa 


Summer 

9 

21 

5 

35 

Winter 

9 

20 j 

8 

37 



Mount Whitney, California 



1 ^ 

2 

3 

11 

Summer j 




* After Kimball. 


Reflection of Solar Radiation by the Earth’s Surface and by Clouds. Albedo of 
the Earth. With the single exception of a snow surface, the surface of the earth is 
a poor reflector of solar radiation. Fresh snow reflects 80 to 8.’) per cent of the inci- 
dent radiation, while old snow may reflect as little us 40 per cent, (irass reflects 10 
to 33 per cent, rock 12 to 15 per cent, dry earth 14 per cent, and wet earth 8 to 9 per 
eent. Virtually no radiation is reflected by a smooth water surface when the siui is 
within 40 deg of the zenith; the reflection coefficient then increases from 2 [■•er eent 
at a zenith distance of 43 deg to 40 per cent at 85 deg. 

The percentage reflection from a cloud deck was given by Aldrich ’ as 78 pv r cent. 
His measurements were made on low stratus clouds from 180 to 500 m thick. It 
might be expected that a larger proportion of ^lar radiation would he reflected by 
clouds of greater thickness, since the opportunities for internal multiple reflection 
would be increased. A theoretical investigation conducted by IlewBon“ indicates a 
rather wide variation of reflectivity with mean drop size in the cloml, cloud thickness, 
and density. The variation of the reflection coefficient with cloud thickness for 
clouds containing I.O gram m~’ of liquid water and with an average drop diameter of 
10"’ cm is plotted in Fig. 6. No accurate measurements of the absorption of solar 
radiation by a cloud have yet been made. Although it is known that the absorption 
coefficients of liquid water arc very small in the short-wave region of the spectrum, 
the path length of a ray passing through a cloud may be so magnified by internal 
reflection that appreciable absorption might occur. Hew.son has calculated the 
fractional absorption in a cloud as a function of thickness, and these results are also 
shown in Pig. 6. 

The albedo of the earth is a quantity used to measure the total reflecting power 
of the earth plus its atmosphere. It is defined as the fraction of the incoming solar 
radiation returned to space by scattering and reflection in the atmosphere and by 
reflection at clouds and at the earth’s surface. It represents the unused fraction of 
the incoming solar energy; the part that is absorbed neither in the atmosphere nor 
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at the earth. The mean albedo can be determined astronomically by comparing the 
intensities of reflected light from the moon when part is illuminated by direct sunlight 
and part by reflected light from the earth. Aldrich determined its value indirectly 
by as.suming that, on the average, 8 per cent of the incoming radiation is reflected 
from the earth’s surface, 9 per cent reflected and scattered from a cloudless sky, and 
78 per cent reflected by clouds, and that the moan cloud cover of the earth is 52 per 



Fio. 6. — Percentage leflcetioii, absoiptiun, ami transmission of solai radiation by clouds. 

(A/trr Hevtaon.) 

cent. Under these assumptions, the albedo is 0.43, a value that agrees fairly well 
with the astronomical calculations. 

Angstrom’ gives the formula 

A = 0.17 + 0.r>3f7 (31) 

for flic relation between albedo and cloud amount, where A is the albedo and U the 
number of tenths of sky covered by clouds. 

TERRESTRUL RADIATION 

Black radiation at terrestrial or atmospheric temperatures, say, between 200 and 
330°K is practically all contained within the limits 4 and 120 m', whereas, at the effec- 
tive temperature of the sun, about G000°K, the bulk of the radiation is contained 
within t he limits 0. 1 5 and 4 g. Because of the mutual exclusiveness of the two regions, 
it is customary in meteorology to refer to the former as the long-wave region and the 
latter as the short-wave region. 

The various substuiices composing the earth’s surface radiate very nearly as black 
bodies. This is true even for surfaces that are highly reflecting in the visible and 
short wave regions of the spectrum, such ns a snow surface. What is important is 
that snow, together with other terrestrial bodies, is an excellent absorber in the long- 
w'avc infrared region. By Kirchhoff’s law it must therefore emit black radiation in 
this region, and as a glance at Fig. 2 shows, all but an infinitesimal portion of the 
radiation from a black body at terrestrial temperatures is contained in the infrared 
wave lengths. 

Besides the earth, a cloud of sufficient thickness (about 60 m) may also be 
regarded as a black radiator. Because of the extremely large values of the absorption 
eoeffieients of liquid W'ater in the long-wave region of the spectrum, it is estimated that 
a cloud or dense fog about 50 m thick will absorb practically all long-wave radia- 
tion and will therefore also radiate as a black body. 

Absorption of Long-wave Radiation in the Atmosphere. It wus stated on page 294 
that the atmospheric absorption of solar radiation is slight, being mainly due to water 
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vapor but also in part to ozone and oxygen. The atmosphere is less pervious to 
terrestrial radiation, owing mainly to the greatly inereased absorbing capacity of 
water vapor in the long-wave regions of the spectrum. In addition, carbon dioxide 
has a narrow but intense absorption band centered at 14.7 ju and extending from 
12 to 16.3 II, and ozone has weaker hands centered at 7 and 10 n. The absorption 
spectrum of water vapor is shown in Fig. 7. Marked absorption is shown between a 
wide range of wave lengths, extending from about 4.5 to beyond 80 n. The values 
of fcx in the figure were measured by Hettner*” in 1918. Later determinations indi- 
cate that Hettner’s values arc too large but that the principal characteristics are 
correct. 



Simpson’s Computation of Long-wave Radiation in the Atmosphere. In order 
to avoid having to deal with the highly variable coeffieionts of absorption of water 
vapor, early investigators of heat transfer by long-wave radiation treated the atmos- 
phere as a gray body. The lack of success that attended their efforts led Simpson” 
to propose a method that takes into account the variability of the water-vapor spec- 
trum and is yet quite simple in application. Simpson regards the atmosphere as being 
composed of horizontal layers with optical depths of 0.03 gram of water vapoi and 

0.06 gram of carbon dioxide per square centimeter. Using Hettner’s data except in 
the region 9 to 12 m, whore according to Fowle’ but contrary to Hettner no absorption 
takes place, and taking the carbon dioxide band at 14.7 n into account, he was able 
to reduce the main features of atmospheric absorption of long-wave radiation by such 
a layer to 

1. Effectively complete absorption from 5.5 to 7 g, and from 14 g upward. 

2. Effectively complete transparency from 8.5 to 1 1 g and below 4 /i. 

3. Incomplete absorption from 7 to 8.5 g and 11 to 14 g. 

On the basis of the Simpson wave-length categories, it is possible to give a quanti- 
tative estimate of the upward flux at any level. For this purpose, we divide the 
atmosphere below this level into layers containing 0.03 gram of water vapor and 0.06 
gram of carbon dioxide per square centimeter. If Ap is the variation in pressure 
through one of the layers expressed in millibars and q the mean specific humidity in. 
grams per gram, then 
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. 0.03 X 10-» 

Ap g 


(32) 


for example, if g •= 0.01, we obtain 2.9 mb for the difference in pressure, which cor- 
responds to a difference in elevation of almut 100 ft in the lower atmosphere. (Con- 
sider now the upward flux at the level in question in each of the tliree categories. 
Since each layer is opaque to radiat ion in 1 , it fo))ow.s by Kirchhoff’s law that the radia- 
tion in this category will have originated in the first layer below the given level and 
can be computed from the mean ti'mperaturc of the layer, a quantity that will not 
deviate much from the temperature of the given level. The radiation in 2 must have 
originated at the ground and can be calculated from the surface temperature. Of the 
radiation in 3 we cannot make ain equall>' dire<*l statement. It will be intermediate 
in amount between the radiation of tbiski id at the temperature of the earth and that 
at the temperature of the level, and we canm.t be too far away if we take the mean 
value as a first approximation. Figure 8 .Iliistrates the mcth<>d used m computing the 



Flo. 8.— IlIuHtiatiun of Simp^ou'b method. 


flux. The upper curve represents blnck-lmdy radiation from the ground, and the 
lower curve represents black-body raihation at the temperature of the level. The 
flux in the first eategory originates just below the level and is represented by the 
V ertically hatched region from o.H to 7 m and above 14 ii. I’he flux in the second 
category comes from the ground and is reprcsenteil by the horizontally hatched area. 
The diagonally hatched region from 7 to 8'^ laand from 11 to 14 represents the flux 
in the third category. The sum of the shaded area.s represents thi> upward flux of 
radiation. 

The Generalized Transmission Function. At the time that Simpson introduced 
his simplifications, too little was known of the absorption spectrum of water vapor 
to warrant any more complicated treatment of long-wave radiative transfer. How- 
ever, reeeiit determinations of vvuter-vajsir absorption have made it feasible to evaluate 
the flux by means of the exact expression given in F’.q. 21. 

Since the rapid variation of the absorption coefheients from line to line in the 
W'atcr-vapor spectrum makes the direct integration of Fq. <"211 a practical impossi- 
bility, a method has been devised by Elsasser’* for replacing the absorption coefficient 

by a more tractable function. The absorption coefficient is involved in the func- 
tion e-*X“ which appears in the expression for r/. This function, according to Beer’s 
law, represents the fractional transmission of a beam of monochromatic radiation 
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through the optical path m. In order to simplify the calculations, Elsasser replaces 
the function in the following way; The whole wave-length interval in which water 
vapor absorbs is divided into a number of small subintervals, and the average value of 
e~*\“ is determined for each of these intervals. We thus define the generalized trans- 
mission function ti(m, X) by the equation 

r, = (33) 

for details concerning the determination of the function rj, the reader is referred to 
Klsasser’s original paper. It suffices for the present discussion to know that t;(u,X) 
can be represented by the function 

r/ = 1 - ^ ( Vt) 

where 4> is the probability integral ^(®) = e~"* ds, and 1\ is the function of wav(‘ 

length that replaces the absorption coefficient k\, and ti is called the generalized absorp- 
tion coefficient. Its variation with wave length is shown in Kig. 9. Since l\ is much loss 
variable than k\, it lends itself more easily to computation. 
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Fio. 9. — The generalised absorption coefficient. 



It was explained qualitatively alrove how absorption depends on pressure and 
temperature. It has been established both theoretically and empirically that l\ 
is approximately proportional to the square root of the pressure and inversely pro- 
portional to the fourth root of the temperature. The temperature variation is small 
and can be neglected. We may therefore write 

h - (lx). V| (35) 

where p, is a standard pressure, ■which -will be taken as 1,000 mb, and (l\), is the value 
of the generalized absorption coefficient at this pressure. As indicated previously, 
to allow for the variation of h\ with pressure, the expression k\u must be replaced 
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by fk\du. Similarly, it can be shown in the present case that the term l\u must 
be replaced in t/ by /Ixdu = (Ixli/V^p/p. du. We therefore define the corrected 
optical depth u' by the relationship 

“' = / 

I'he expression for n then becomes 

ELSASSER RADIATION CHART 

1. ConstTuction of the Chart. The computation of tho flux of radiation from a 
layer has been reduced on page 292 to tl ‘ evahiation of the integral 

Hy substitution of rj for e'*X“, tlic iunctio.i t/ becomes 


(36) 

(34') 


Tf = Ti\(l\)^u' ^c e] sin ff eoa 6de (37) 

This integration cannot he performed directly, since (lx) is known only as an empirical 
function of X. We resort to a graphical method dev is. d by Muggc and Moller.* 
Introducing the function 

Q(a',T) ^ jj^^r,d\ (38) 

and integrating the right-hand bide of Kq. (21) by parts we obtain 

F = jf" Q[«'(r„),r]d7’ + QW(T),T]dT -f- QW(T,),T\dT (39) 


where To is tho temperature at the base of the layer ami 7\ the temperature at tho 
top. The expression u'(7’) represents the relation between the corrected optical 
depth measured from the base of the layer to an intermediate level and the tempera- 
ture at that level. By definition u'iTo) = 0 ,aiid u'(Ti) = u', the optical thickness 
of the entire layer. 

The three integrals in Kq. (39) together define a closed path in the QT-plane, 
and the flux is equal to the area enclosed by the path. In order to emphasize that 
portion of the chart which lies in the region of meteorological interest, the coordinates 
Q and 7' arc changed by means of the area-preserving tiansformation 


X = oT* 


Q(<T) 

2aT 


(40) 


From the nature of the above transformation, it can be shown that the moisture 
isojileths u' = const and the isotherms T = const have the following properties: 

a The isotherms are vertical lines. 

h. The isoplcth for «' = « is a horizontal line. 

c. All the moisture isopleths intersect in a point at which the absolute temperature 
IS zero. 

d. u increases downward along any isotherm from u' = 0 to u' = » . tfee Pig. 10. 

2. RepreaerUaiion of the Flux Due to Carbon Dioxide in the Radiation Chart, Al- 
though water vapor is the most important absorber of infrared radiation in the 
atmosphere, the effect of carbon dioxide is appreciable and cannot be ignored. Carbon 
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dioxide absorption is concentrated chiefly in a rather narrow region of the spectrum 
where it is very intense. We assume, as an approximation, that the carbon dioxide 
in an inflmtesinially thin layer of air absorbs all radiation within this region and 
therefore, by Kirchhoff’s law, emits black-body radiation corresponding to its tem- 
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perature. If Xo and Xi are the wave-length limits of the region of iuteubc carbon 
dioxide absorption, we have 

„ rxi 

^co, = (F\)b dx 

Since foo, is a function of temperature only, we may express it in the radiation chart 
by drawmg an isopleth above the moisture isopleths such that the wedge-shaped area 
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bounded by this isopleth, the u — 0 isopleth, and the T = To isotherm is e^ual to 
the carbon dioxide flux at the temperature To. In tlie chart, this isopleth is denoted 
black for reasons that will shortly become evident. In order to avoid the duplication 
of flux, water vapor is taken to be transparent in the interval Xo to Xi. 

3. The Optical Depth. The optical depth or optical thickness of a horizontally 

stratified layer was defined as the integral p dz, where p is the density of the 


absorbing material and So, Zi the vertical coordinates of the horizontal bounding planes. 
In the present case, p is equal to the water-vapor density p„, which is given by gp«, 
where q is the specific humidity and pa the air density. Substituting this expression, 
we obtain 


u 



or 


du = qpa dz 


(41) 


and if po is eliminated by means of the hydrostatic equation dp = —gpa dz, du becomes 


du qdu 

g 


(42) 


Introducing this expression into Eq. (36), we obtain for the corrected optical thickmw 


u' = - I [’’‘qV p/p, dp 

Q Jpo 


,13) 


'J'he prime will be omitted from u in the following dis<"i.s<ion with the understanding 
(liat by u the corrected optical depth Ls always meant. 

4. Graphical Deter miruition of Flux from a fMyer. In order to calculate the flux 
from the base of a layer, it is necessary to measure the area bounded by the paths of 
integration defined by the integrals in Eq. (39). Along the first path, represented 
by the line OB in Fig. 11, ?/ = 0, while T incroasos from 0 to To, its value at the base 
of the layer. 'The second path, BC, is the plot of corresponding m and T values 
through the layer beginning with u = 0, T = To at the base and extending to u = Ui, 
T = Ti at the top. Along the third path CO, u = u,, and T decreases from T, to 0. 
The area OBCO therefore represents the water-vapor flux for all wave lengths with 
the cx<'ep*ion of the region of carbon dioxide absorption. The carbon dioxide flux is 
given by the area OAB, since by our assumptions the carbon dioxide radiation orig- 
inates immediately above the base in an infinitesinial layer whose temperature is To. 
The total flux from the base is therefore represented by the area OABCO. 

5. Black-body Flux. It follows from Kirchhoff’s law' that the flux emitted by an 
isothermal layer of infinite optical depth is the .same as that of a black body, since the 
fractional absorption in such a layer is unity. On the radiation chart, the flux from 
an infinite layer of water vapor at temperature To is represented by the area OBDO, 
for the three paths of integration arc, respectively, the u = 0 isopleth, the T = To 
isotherm, and the u = « isopleth. To this area must be added the area OABO 
representing the black carbon dioxide flux. Thus total black-body emission at tem- 
perature To is represented by the triangle O.ADO in the diagram. 

Applications of the Radiation Chart. The radiation chart can be applied wherever 
it is desired to calculate heat exchange by long-wave radiation in the atmosphere, 
the only requirement being an upper-air sounding that gives simultaneous values of 
temperature, pressure, and humidity. The following examples will illustrate its use: 

1. ?fet Flux at the Ground. To calculate the downward flux at the ground, the 
atmosphere may be considered to be a layer extending from the ground up to a point 
above which the moisture content is negligible (usually 300 to 200 mb is suflficiently 
high). The downward flux is represented by an area such as OABCO in Fig. 11, and 
the net flux is represented by the area OCBDO. 
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2. Net Flux at an IrUemtediale Level. At an upper level L in the atmosphere, the 
downward flux is determined as in the preceding case, except that To in Fig. 11 ^ould 
be taken as the temperature at L instead of the ground temperature. To obtain the 
upward flux, u is measured downward from L. T increases with u along the curve 
HE until the ground is reached; the ground is then replaced by an isothermal layer of 
infinite optical depth so that, as u increases to », Tb, the ground temperature, remains 
constant. The upward flux will be represented by the area OABEFO, and the net 
flux by the area OCBEFO. 


0 


u 

Uj 
00 

Fia. 11. — Keprescutation of flux on the radiation chart. 

3. Net Flux at a Cloud Base or Cloud Deck. The flux at the base or deck of a cloud 
can be determined in an analogous manner. Since a cloud of sufficient thickness may 
be regarded as a black body, the problem of calculating the net flux at the top of the 
cloud is the same as the problem of calculating the not flux at the ground. The area 
OCBDO represents the net flux at a cloud deck, provided that 7\ is the temperature 
at the deck. The upward flux at the base is found just as for any intermediate level 
and is represented by the area OABEFO. The downward flux is black-body flux and 
is given by the area OABDO, The net flux is therefore represented by the area 

BEFDB. 

4. Effect of an Inversion. The net flux 
at the ground in the case of an inversion 
is illustrated in Fig. 12. The flux is the 
algebraic sum of the signed areas. 

5. measurement of Areas on the Badia- 
Hon Chart. The measurement of areas on 
the chart is facilitated by a table that 
gives the areas of the wedge-shaped 
figures bounded by the u = «o isopleth, 
OM = const isopleth, and an isotherm. 
For instance, in order to calculate the area 
OCBDO in Fig. 11, we read from the table 
the wedge-shaped area bounded by the 

« = oo isopleth, the u = ui isopleth, and the T = To isotherm. This leaves only the 
small area BGCB, which may be measured by means of a planimeter or by dividing 
it into simple geometrical figures whose areas are easy to evaluate. 

6. Determination of the u{T) Relationship. Expressing p in millibars, q in grams 
per kilogram, u in grams per square centimeter, and writing the integral expression 
for u [Eq. (43)] as a summation of small terms, we obtain 
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where qt is the mean specific humidity and p, the mean pressure in the pressure 
interval Ajp. The summation extends upward or downward from the level at which 
the flux is being computed according as the downward or the upward flux is desired. 
The method of calculation of the u(,T) relationship is illustrated by Table 2 taken from 
an actual sounding. 


Table 2. — Computation op Optical Depth 
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SYNOPTIC APPLICATIONS 

Radiational Cooling of the Free Atmosphere. The change in the moan tempera- 
ture of an atmospheric layer can be computed from the values F 2 and F 1 of the net flux 
at the base and top of the layer. The net loss of heat Ft — f’l must be at the expense 
of the cooling of the layer. If AT is tho change in mean temperature, and pi and pt 
denote the pressures at the base and top 

Ft - Fi = -cp AT ( 45 ) 


Kxpressing the pressures in millibars and the flux in cal cm * 3 hr we derive the 
following numerical formula for the cooling in 3 hr. 


(A7')»hr = 



-J’l 
- /»l 


(46) 
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The applications of the above ioTm}x\& to the free atmosphere show that 
wave radiation produces everywhere a net cooling of from 1 to 3°C per day. 
cooling is greatest in regions of high specific humidity. Thus equatorial regions 
experience more radiatinnal cooling than polar regions. A further consequence of 
the differential cooling is the tendency for an increase in stability in a gi'^en air mass 
due to the more rapid cooling of the more moist lower layers. 

The heating of the atmosphere by the direct absorption of solar radiation during 
the day is probably not greater than 0.6“(1 per day and therefore does not compen- 
sate for the cooling by long-wave radiation. 

Formation of Polar Air Masses by Radiative Cooling. The variation in the rate 
of radiational cooling in the atmosphere due to differences in humidity and tempera- 
ture is normally not sufficient to create marked air-mass discontinuities. Moreover, 
the railiativp (xioling must in the main be compensated by turbulent convection and 
by the release of the heat of condensation when precipitation occurs, for we know 

that the atmosphere does not undergo per- 
manent cooling. But, according to Wexler,'® 
an important exception is found in the forma- 
tion of polar air masses. He has investigated 
the modificatiou that occurs when a maritime 
polar air mass arrives in the winter over a 
snow-covered continent and there stagnates. 
In this case, the compensating influence of 
conduction and cimdensation is slight. The 
heat transfer is due primarily to radiation. 
Initially the snow surface sends more radia- 
tion into space than it receives from thcatmos- 
phere, the outward flux being rppresentc<J 
by an area such as OCBIM) in Fig. 11. 
Since the direct absorption of sunlight is 
negligible because of the low altitude of the 
sun and also because of the high reflective 
power of a snow surface, the snow surface will cool until it no longer sends off more 
radiation than it receives. But this state of radiative equilibrium cannot persist. 
The net flux vanishes only at the gnmnd, while at higher levels it is upward. Hence 
the air above the ground will continue to cool. As the air cools, it sends down less 
radiation to the ground, and the ground cools further. The cooling of the atmos- 
phem, which is initially confined to a thin layer adjacent to the surface, is gradually 
extended upward by radiative cooling until a near isothermal layer develops from the 
top of the ground inversion to a height where the temperature becomes the same as 
that of the air before cooling. The succee^ve stages in the process are shown in 
Mg.> 13. 

Radiative Heating and Cooling of Clouds. The net flux at a cloud deck is the 
difference between the upward black-body flux from the cloud and the downward 
flux from the atmosphere. Since the downward radiation originates at lower tem- 
peratures and besides equals only a fraction of the black-body radiation corresponding 
to these temperatures, it will be exceeded by the upward flux. And since the net 
flux in the interior of the cloud must be zero, the top of a cloud will lose heat by radia- 
tion. At the base of a cloud, the downward black flux is exceeded by the flux from 
below, and the base will therefore be heated. The radiation chart areas representing 
the net outgoing flux from the top of a cloud and the net incoming flux at the base 
are shown in Fig. 14. The temperatures at the base and top are, respectively, Ti 
and T 2 ; the ground temperature is To. 



Fio. 1.3.— Successive stages in the 
formation of a polar continental air 
mass by radiative cooling. 
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The radiational cooling of the top and heating of the base cause the cloud to become 
less stable. This effect is considered to be a factor contributing to the release of noc- 
turnal thunderstorms in maritime tropical air masses. 

Sky Radiation. The downward flur of long-wave radiation from the atmosphere 
is a factor of extreme importance in the forecasting of diurnal temperature variations, 
nocturnal fogs, and nocturnal frosts. We shall first consider the downw iii d flux from 
a cloudless sky. 

1. Flux from a Clear Sky. In the absence of clouds, the downward flux depends 
on the variation of specific humidity and temperature in the atmospliere. The 
nature of the dependency is clearly shown by the radiation chart diagram (Fig. 14). 
Several formulas have been proposed for its determination, but they all suffer from 
the defect that the flux is evaluated in Unns of surface temperature and humidity 




Fig. 14. — Flux at the base and top Fio. 16. — Dopendonco of sky ladiatioii 
of an overcast. Aioa (a) lepiesents on cloud height, 

the net outgoing flux at the top; area (h) 
the net incoming flux at the base. 

without taking into account the moisture-temperature distribution with height. 
We should therefore expect nothing better than a rough approximation. 

Angstrom*'' has proposed tiie following formula for the dow-nward flux /f; 

K = <rT*(.A - MO-T") (47) 

T is the surface air temperature and e is the partial pressure of water vapor at the 
surface. If e is expressed in milhbars, the constants A, B, and y have the following 
empirical values: 

A = 0.81 B = 0.24 y = 0.0.'i2 

A different formula suggested by Brunt*" is 

R = cT\a + h V?) (48) 

The best mean values of the constants a and b obtained from a series of independent 
determinations are 

a = 0.44 6 =* 0.08 

Attempts have been made to give theoretical justifications for the above formulas, 
but that they arc essentially empirical can be seen if we take e = 0; then the ratio 
for the atmosphere equals A - B or o, depending on which equation is used. 
This would indicate that a dry atmosphere radiates about one-half as much as the 
ground. Since the only other appreciable source of long-w ave radiation in the at mos- 
Phere besides water vapor is carbon dioxide, it would follow that the emissio, of 
atmospheric carbon dioxide is nearly 0.5 the black-body flux from Ihc ground, whereas 
actual measurements give not more than 0.2 for this ratio. The above formulas arc 
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nevertheless valuable, for they depend only on surface observations of temperature 
and humidity. But, where aerologioal soundings are available, the radiation chart 
18 dwidcdly preferable. 

2 Flux from a Cloudy Sky. A layer of clouds acts as a black body and greatly 
increases the downward sky radiation. Figure 15 shows the downward flux from an 
overcast sky as represented on the Klsasser radiation chart. The area o represents 
the flux from a clear sky, a + b the flux from a high overcast sky, and o + 6 + c the 
flux from a low overcast sky. It can thus be seen that the downward flux decreases 
rapidly with increasing cloud height. 

Angstrom and Asklof^' have given a modification of the formula for sky radia- 
tion which takes into account the effect of clouds. If Bt, is the downward flux from a 
clear sky as computed by Eq. (47), the flux from an overcast sky is written 

R=aT* ~ \{aT* - fto) (49) 

where X is a factor depending on the height of the cloud base. Table 3 was com- 
puted by Angstrom and Asklof from observational data. From theoretical con- 


TABIiK 3 


Cloud height, kin i 

1 .') 

3 

7 

X 

1 0 14 

0 25 

1 0 80 


siderations, Phillips'" calculated a different set of values, given in Table 4. For 
low clouds, there is quite good agreement between Tables 3 and 4. The discrepancy 
in the values of A for high clouds is attributed by Phillips to the fact that the overcast 


TabiiE 4 


Cloud height, km 

2 

5 

8 

X 

0 17 

0 38 

0.45 


observed by Asklof during the night may sometimes not have been sufficiently thick 
to be black and may even have had occasional breaks. 

Brunt'’ has derived a formula for the nocturnal decrease in surface temperature 
when the net outward flux from the ground is known. If pi, C|, and ki are, respec- 
tively, the density, specific heat, and specific conductivity of the ground, T the tem- 
perature at sunset, t the time after sunset, and Rn the net flux of long-wave radiation 
at the ground, the decrease in temperature is given by the equation 


AT = 


2 Ru 

■y/ v pici y/ki 


Vt 


(50) 


T'he chief difficulty in the way of using the above formula lies in the uncertainty of 
the quantity piCi V^- The addition of 20 per cent of water to dry soil will increase 
this quantity fivefold. 

Brunt’s equation shows that the change in temperature for a specified net flux is 
inversely proportional to piCi y/k. This factor therefore indicates the nature of the 
dependence of the nocturnal variation of temperature upon the type of ground. Thus, 
for example, piCi y/Fi is nine times as large for the average soil as for snow, and we 
should expect the temperature variation over a snow surface to be many times that 
over a soil surface. 







Sm-IVl 


SYNOPTIC APPLICATIONS 


309 


A fundamental shortcoming in Brunt's formula is its failure to take into account 
the effect of turbulent convection from the atmosphere into the ground. It should 
not, therefore, be expected to apply on windy nights. 

The Terrestrial Heat Balance. The total flux of solar radiation received by the 
earth is equal to its cross-sectional area multiplied by the solar constant. To obtain 
the mean flux over the earth’s surface, we divide by its area. Hence, if r is the radius 
of the earth, the mean flux becomes 

irr* X 1.94 „ , 

— = 0.485 cal cm • mm * 

Of this amount, it has been esilmated I.*’ Bauer and Phillips*" that 33 per cent is 
returned to space by direct reflection al clouds and at the surface of the earth, and 
1 0 per cent by diffuse reflection and scattering. Thus a total of 43 per cent is returned 
to space without absorption. This figure has been defined as the earth’s mean albedo 
fsee page 297). Of the remaining 57 pei cent, 14 per cent is absorbed by the atmos- 
phere and 43 per cent by the earth. 

Since the mean temperatures of the atmosphere do not change perceptibly from 
year to year, a balance must exist between heat income and outgo. The atmosphere 
receives heat by the following processes: (1) absorption of short-wave solar radiation, 
(2) absorption of long-wave terrestrial radiation, (3) condensation of water vapor, and 
(4) conduction from the earth. The amount under it*')i) (1) has already been taken 
as 14 per cent of the moan incoming solar radiation. The atmospheric absorption of 
radiation from the earth, under item (2), is estimated to be 0.533 cal cm“* min'* or 
112 per cent of the mean incoming solar flux. Wust** estimates the total precipita- 
tion over the whole earth to be 390,000 km’ per year, which corresponds to an average 
gain of 0.086 grani-cal cm'* min'* or 18 per cent released n« latent heat of condensa- 
tion under item (3). Finally, Sverdrup** has given a value of 0.010 cal cm”* min'* 
or 2 per cent for conduction into the atmosphere under item (4). 

The atmosphere loses heat by radiation downward to the earth and upward to 
space. The mean downward flux is estimated to be 0.466 cal cm"* min'*, or 96 per 
cent of the mean incoming flux, and the outward flux to space is estimated at 0.243 
cal cm"* mm"' or 50 per cent. 

On the basis of the above values, the heat budget of the atmosphere can be sum- 
marized in Table 5. 


Table 5. — Heat BunoEx of the Atmohphekb, in Pbb Cent 


Receives 

Absorption of solar radiation 

. 14 

Loses 

Radiation to earth 

96 

Absorption of terrestrial radiation . 

112 

Radiation to space 

.... 50 

Condensation of water vapor. . . . 

18 


146 

Conduction from earth 

2 

146 




The mean temperature of tlie earth us well as that of the atmosphere does not 
change perceptibly from year to year. Hence the earth and atmosphere as a whole 
must receive as much energy from the sun as they .send off to space by long-wave 
radiation. Since 57 per cent of the mean incoming solar radiation is absorbed and 
only 50 per cent radiated back into space by the atmosphere, 7 per cent must come 
du-ectly from the earth. If we add the 7 per cent of the earth’s outgoing flux of 
radiation transmitted through the atmosphere to the 112 per cent absorbed by the 
atmosphere, we obtain a total of 119 per cent of the mean incoming radiation for 
the quantity emitted by the earth. It may at first seem paradoxical that the earth 
emits more radiation than is received outside the atmosphere from the sun, but the 
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apparent contradiction is resolved if we take into account the fact that the earth 
receives atmospheric as well as the transmitted solar radiation. 

Geographical Distribution of the Outgoing Radiation. Although a radiational 
heat balance exists for the earth and atmosphere as a ichole, there is a rather marked 
discrepancy between income and outgo at particular latitudes. The latitudinal 
variation of incoming radiation was described in the table on page 292. In order to 
calculate the corresponding variation in the outgoing long-tvavc radiation by means of 
the Klsasser chart, it is necessary to know the mean distribution of the meteorological 
variables p, T, and /throughout the atmosphere. Since these data are not now availa- 
ble, ret'ourse is had to Simpson’s method” outlined on page 298. Simpson'* assumes 
that the stratosphere contains at least 0.03 gram per cm* of water vapor and 0.06 
gram of carbon dioxide. On this basis, the outgoing radiation in the first of his cate- 
gories will originate in the stratosphere, the radiation in the second category will 
originate either at the earth or at a cloud, and the radiation in the third category will 



1 io. Ifi. Latitudinal variation of yearly in<.oniing uiid outgoing radiation. 

be midway between blaek-hody radiation at the temperature of the stralosphe-'e end 
black-body radiation from the earth or a cloud. 'I'he total flux can be calculated if 
the latitudinal variation of the mean temperalun of the earth and the mean cloud 
temperature arc known. Simpson took the latter to be 26l°K for all latitudes. He 
also assumed a mean cloud amount of five-tenths for all latitudes, so that his final 
figure for the total radiation is the mean of the figures for clear and cloudy skies. 
Kgure IG shows the variation of ineoming and outgoing radiation with latitude. 
Curve 1 represents the incoming radiation, and curve 2 the outgoing radiation as 
computed by Simpson. His calculations gave a mean value of 0.271 cal era** miii~> 
f< >• the outgoing flux, which compares favorably with the value 0.276 determined by 
multiplying the solar constant by the albedo. 

The Simpsfin wave-length categories were based upon measurements of water- 
vapor absorption that have since been revised. He overestimated the absorptive 
^iwer of 0.03 gram per cm* of water vapor, and thicker layers should have been used. 
Moreover, it now appi'ars that the stratosphere does not even contain 0.03 gram 
per imi* of water vapor. The radiation in the first category' will therefore have origi- 
nated partly in the troposphere and consequently at higher temperatures. Despite 
those criticisms, the essential correctness of Simpson’s approach is borne out by later 
investigations. The work of Bauer and l’hiUip8'“ may be mentioned in this con- 
nection. They assumed as given the distribution of temperature and moisture with 
height and ealeuloted the flux by dividing the water-vapor spectrum into three regions 
m each of which the coefficient of absorption was given a constant value. The out- 
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going flux waa then calculated by integrating the equation of radiative transfer derived 
on page 291. Their results are represented in Fig. 16 by curve 3. It will be seen that 
both Simpson’s and Bauer and Phillips’ calculations give an excess of incoming over 
outgoing radiation from 0 to about 30 or 35° and a defect from there to 90°. 

In order to create a net balance between incoming and outgoing radiation, there 
must be a meridional transport of heat from lower to higher latitudes. The energy 
may be transported by atmospheric or ocean currents as sensible heat, or as latent 
heat of evaporation. It docs not follow that the atmospheric winds arc entirely 
responsible for the heat transport, but it is quite certain that any theory of the general 
circulation must take into account a considerable polei\ard transport of heat by 
winds. 
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METEOROLOGICAL THERMODYNAMICS AND 
ATMOSPHERIC STATICS 

By Norman R. Bkebs 
INTRODUCTION AND FIRST LAW 

Thermodynamics in General. The seionee of ♦hcrint)dynamie8 is fundamentally 
the logical structure that follows a statement of the first and the second laws of 
thermodynamics. The first law of thcrmodvnamica is a spec ial statement of J;he law 
o f the conservation of energy . The second law conceriw itself w ith the quest ion of 
tRe direction ir^which a process involving heat transfer takes place. Neither of these 
laws can be fully understood or safely applied until a precise understanding of certain 
fundamentals is obtained. The first articles of this section will give the necessary 
background for the subject; tbe balance of the section will be devoted to the applica- 
tions of therinodyuamica to meteorological practice. 

Thermodynamics studies the end results (initial and final) of energy transitions 
from one form to another and of energy transmission (or transfer) from one system 
to another when the change is specified to W'cur in some particular fashion or process. 
The laws of thermodynamics coupled with the numerical results of a few experiments 
enable us to solve many useful jiroblems in all the sciences. The more refined ami 
sophisticated techniques of kinetic theory and statistical mechanics, especially in 
their quantum versions, add an understanding of the basic mechanism whereby these 
processes of nature oi’cur. This is an understanding with which thmiiodynaniicf is 
not immediately concerned. 

Tlie type of question to which thermodynamics gives the answer, in meteorology, 
for example, is illustrated by the following: What is the final temperature of a mass of 
10 kg of saturated air that is heated isobarically at 1 atmosphere of pressure by the 
addition of 1 kw-hr of energy as heat if the initial temperature was 10°(' and if there 
is no change in Wtater-vapor eonfeut during the process? We note that the statement 
of the problem specifies the process and the initial state (or condition) of the air com- 
pletely. Nothing is stated as to the fundamental manner or mechanism of the heat 
transfer; i.e., the answer is the same whether the heat is transferred by radiation or 
conduction or eonveetion. Such a spceifieation as the above is typical. 

When we wish to apply thermodynamics to sonic particular type of problem, we 
must confine our attention to some particular part of the world with its attendant 
quantities, machines, etc. Such an isolated set of objects and concepts is known as 
a Ihermodynartiic system, or simply as a si/stcm, i.e., a system is that part of the universe 
about which we decide to think throughout a portion of an investigation. Themcfc 
dynamics is concerned with syste ms i n equili brium s^tes, i.e.j states in which the 
s^ fem is in mechahreal, th ermal, and chemical equilibrium. 

A system is said to be in an cnud ib rium stale whe n it is co mplete ly determined 
(or d cscriTaed) by' one or m o re v aria bles or “thermodynamic coordinatw,^ independ- 
ent of t he time It is the evidence of experience that any finite system may be coin- 
plctoly specified by a finite miniber of thermodynamic coordinates or 'properties. It 
is also found by experience that the properties needed to specify a state are in general 
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functionally related. The equation or functional relation among the properties of a 
system is known as the equation of state. 

It may be noted that the term state is not used in thermodynamics as it is in ele- 
mentary physics to denote changes of form of a substance, c.g., water changing to ice 
or steam. For such changes in thermodynamics, the expression change of phase is 
used. The substance is then said to be in the solid, liquid, or vapor phase, t.e., ice, 
liquid water, or water vapor. 

An illustration will illuminate the generalizations of the preceding paragraphs. 
Consider the earth and its atmosphere. This we may take us a system. The thermo- 
dynamic state of the atmosphere is known when we know the properties of pressure 
and temperature, and the relativi' humidity at every point. We say the system is in 
thermodynamic eguihbrium when the proi.erties arc constant with time (or almost 
constant). If no clouds arc present, the atmosphere is in th(‘ gaseous (oxygen, 
nitrogen, etc.) and vapor (water-vapor) phase. Clouds arc small droplets of liquid 
water or ice (or both). 

It should finally be noted among these general statements that thermodynamics 
is concerned only with continuous media; t c., it is assumed that ull elements of the 
systems with which we operate may be discus.sed using the ordinary processes of calcu- 
lus. Dryden’ observes in a recent review of the statistical theory of turbulence, “The 
volume is small in comparison with the dimensions of interest in the flow but large 
enough to include many molecules. A cube of size 0.001 mm, containing at atmos- 
pheric pressure about 2.7 X 10’ molecules, satisfies this londition.” 

Thermodynamics and Meteorology. Tlic earth’s atmosphere may be compared 
with the working substance of a huge thorrnodyuainic engine. Fnergj’- is received by 
the atmosphere ultimately from the sun. This energy heats the surface of the earth 
and the air adjacent thereto unevenly owing to the variable nature of the surface and 
to unequal and non.simultanc()us receipt. Thus the polar regions in winter receive 
no direct sunlight while equatorial regions have an almost 12-hr day. T^and suriaces 
and the air over deserts are heated w’cllui c\ccbs of 100°F. at midday, while the oceans 
and adjacent atmosphere have a maximum temperature of around 85°K. 

This unequal heating carried on over the entire earth coupled with the rotation 
of the earth and the attendant t’oriolis acceleration lies at the foundation of the large- 
scale, or general, circulations of the atmosphere. On a smaller scale, local variations 
in heating are responsible for the monsoons. On a still smaller scale, these local varia- 
tions cause land, sea, and valley breezes and local storms of the thuiidi'rstorm type. 

We shall see that thermodynamics aids in the iinderstaiidmg of how and why the 
large-scale phenomena are as they are observed to be in the atmosphere. 'I'lie science 
of thermodynamics will, in fact, probably be in a front place in the finally accepted 
theory of these phenomena. Such a theory does not exist at present. Thermo- 
dynamics does permit us to make many useful calculations and predictions for a 
generally local situation. 

The essence of the difference between meteorology and most scienci's is the fact 
that meteorology studies a system that cannot be controlled by man. No adequate 
laboratory ha« ever boon devised to simulate the atmosphert* itself for study of the 
weather. Laboratory methods are useful for certain small-scale deteiminations; but 
in general the meteorologist must search for idealized proce.sses that he considers 
“most likely” to occur, in lieu of controlled expeiiment in the laboratory If the 
firat selected ideal process fails to produce results that are in fair correlation with 
observations, he simply drops that concept and searches for another. 

A ready acceptance of what we shall call physical approximations to the truth 
{e.g., that iscntropic processes may occur in nature) necessarily typifies the meteorolo- 
gist. This situation makes him the more ready to accept mathematical approxima- 
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tions Yet neither phyural nor mathematical approximations are mvoked except 
when necessary to solve otherwise intractable problems The esseniial item ^s to 
understand the hmitatxons of the approximations used 

Work. Work is the product of force and the distance through which the force 
has moved This implies that the force has moved some material bodv (or mass 
point), i e , that work is done on a body by a force that moves it, or by a body that 
moves against a restrouung force The general mathematical expression for work 
IS simply 

Work = W = • ds (D 


where F is the vector representing the force 

. — -JC- 


^ M=xAp=const 
^ =massoff/uid ^ 

lio 1 Hmd pel forms work on a piston 
duiing expansion 


and da is the vector representing the ele- 
ment of displacement 

Work Done by an Expanding Fluid. 
Consider a cylinder fitted with a piston 
and filled with a nonviscous compres- 
sible fluid If the piston is permitted 
to move a distance dx, the work done 
by the fluid as it expands is pA dx, 
where p is the pressure in the fluid and 
A the cross-sectional area of the piston 
The mass of fluid in the cylinder re- 
mains constant, M =Axp Therefore, 


M dv A dx, and the work done per unit mass of fluid ( ontamcd in the cylinder is 


dw = p dv 


( 2 ) 


1 


where w == is the spec ihc volume of the flmd (see Fig 1 ) 

P 

We may consider the atmosphere of the earth to be divided up by a senes of planes 
into elements of volume, each of which is large enough to contain mans molecules of 
air and small enough so that pressure and specific xolume are loiistant throui,bout 
each element Pressure and specific volume mav of course vary as we go from one 
element of volume to the next Each small element of i olume mav expand and in 
expanding do work on its surroundings, or it mav be c ompressed and hai t w ork done 
on itself by its surroundings The amount of work done per unit mass will be p dv 
by Kq (2) Tlie amount of work done by the entire atmosphere would be foiinel by 
integrating pp dv throughout the atmosphere 

Energy. Planck rcfc*rs to energv brieflv ns the facult v to produc e external effec ts 
This general concept includes the chemical, radiation, kinetic, mechanical notential, 
radioactive, etc , energies of our daily experience More precise defanitions of the 
enerf^ies invohed in meteorological thermodsnamiis follow 

The kinetic energy of a mass 1/ moving wnth veloc its u is equal to Mu^/d in New- 
tonian mechanic's The quantity Af u‘/2 is equal numerically to the work required 
to accelerate the mass M from zero velocity up to velocity u 


KE “JP da = j M^-da = M 


da = 


Mu‘ 

"T" 


(3) 


We note that the kinetic energv is measured relative to the ongm from which the 
velocity IS measured The kinetic energv of a bomb loaded in and carried by an 
aircraft m flight, for example, is zero relative to the aircraft but is Afu*/2 relative to 
the ground when u is the ground speed of the aircraft. 
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The potential energy of a mass M in the earth’s gravitational field is numerically 
equal to the work required to raise the mass to its present position against the gravi- 
tational force acting on it. We have 

P.E. = f ‘ Mg dz = Mg{z - 2 „) (4) 

Jm 


where zo is the position from which the lifting began and the expression on the right 
implies that for elevations that concern us in meteorology the acceleration of gravity 
is independent of position. This amounts to a mathematical approximation, but 
one that is near enough to the truth so that the small variations caused by change of 
g with latitude and elevation are negligible for present purposes. We note again 
that this energy is measured relative to an origin. We generally take mean sea level 
as the point of zero potential energy so th-it the energy of a mass is written simply as 
Mgz. 

The jtnw emrgy of a fluid per unit m.ass 
of fluid is the product pv, where p is the 
al>solutc pressure and » the specific volume 
of the fluid at the point conaidcjed. The 
concept of flow energy (which was introduced 
by the engineers) is demonstrated as follows: 

Consider a region of space K which contains 
fluid. Ijct a part of the region be surrounded 
by a surface S. Consider an cksment of 
that surface AA in area. Let the pressure 
at the center of AA be p. Imagine a small 
amount of fluid to be forced past AA. The amount of fluid forced out will be AA Ax 
where Ax is the linear displacement of fluid normal to AA. The mass of fluid forced 
o\it will be 



am 


AA Axp = 


AA Ax 


where p is the desnsity of the fluid at the point and v its specific, volume. The mechani- 
cal work done by the pressure in moving unit m.a8s of fluid is 


AH' _ p AA Ax 
AM p AA Ax 


(5) 


We note that the faculty of the fluid to do mechanical work in moving unit mass of 
fluid is given by the product pv (see Fig. 2), 

The internal energy of a system is the sum total of energies inside the boundaries 
of the system. This must include in general the mechanical, chemical, electrical, etc., 
energies of all fundamental particles of the system. 'I'he term for internal energy 
must not, lu)wever, count again those energies already given an accounting. Thus 
we have already itemized the kinetic energy of organized velocity, the mechanical 
potential energy, and the flow energy; these energies will not be counted as internal 
energies in meteorological thermodynamics. Nor will we need to consider chemical 
or electrical energies. The release of electrical energy in a thunderstorm is of course 
tremendous; but its analysis is not feasible here or necessary for the usual weather 
processes in the atmosphere. The remaining item of internal energy important for 
meteorology is the energy due to the disorganized motions of the particles (atoms and 
molecules) of the atmosphere. These random velocities of the particles are functions 
of the temperature of the system, as is shown in kinetic theory. It will be show n l atcL 
that for certain systems (c.ff., a perfect or ideal gas) the internal energy is a function 
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of trmppraturp alone. We designate internal energy by the letter E and internal 
energy per unit mass of fluid (i.e., specific internal energy by the letter e). 

Temperature and Heat. We are aware of what we refer to as the temperature of 
a material body as a fart of everyday experience. Initially we classify bodies as Aot 
or cold according to how they feel. We say the hot body has a higher temperature 
than the cold. We ol)8erve further that, if a hot body is brought close to a cold body, 
the two bodies will after a period of time appear equally hot (or cold). This qualita- 
tive concept of temperature must Im replaced by a quantitative coneept later, but 
in the early analysis it is useful as it stands. 

It has been indicated above that the internal energy of a system is a function of 
the temperature of the system. Then if the temperature rhanges the internal energy 
may also change. The mechanism through which the internal energy has changed is 
studied in physics; this mechanism (or these mechanisms) is not the subject of thermo- 
dynamics. Thermodynamics is concerned, however, with the end results of the 
change. The energy that is transferred from one body to another by virtue of a 
temperature difference between the bodies will be referred to exclusively as heat. 
Once the energy has been transferred, it will be known as kinetic energy, potential 
energy, internal energy, chemical energy, etc.; it is no longer heat. In analogy: the 
precipitation from the atmosphere may he referred to as rain when it is falling. After 
it fills a lake (or a water tumbler), it is no longer rain; tf is then water. 

The important concept to hear in mind is that for thermodynamic analyses heat 
is energy in transmission because of a temperature gradient. The concept of energy 
in tranBmis.sion (or transfer) also applies to mechanical work. Thus work may be 
done on a body or by a body, as heat may be added to or taken away from a system. 
The net result in either case is that the energy content (more precisely internal 
energy) may be changed. 

Units of heat may be transformed into units of work by using the appropriate 
numerical factor. For example, one calorie of heat is approximately equal to 4.186 
joules of mechanic.al work. Either the calorie or the joule is a unit of energy. 

The First Law of Thermodynamics, llie first law of thermodynamics is a statement 
of the law of conservation of energy for a thermodynamic system. As such it carries 
the weight of the law of conservation of energy and is offered without “proof,” being 
a conclusion reached on the evidence of cxpcrieiicp. In words, for a thermodj namic 
system, heat added to the system between initial and final states equals the increase in 
internal energy of the system plus the work done by the system. For small chciiges in 
the thermodynamic properties, this statement is expressed algebraically by the 
equation 

duf = de + dw' (6) 

The primes on the small amounts of heat (g) and of work (w) indicate that these 
quantities arc not uniquely determined by a particular change of state. The internal 
energy is by its very defliiition dependent solely upon the thermodynamic coordinates; 
it is itself a coordinate and a function of state. The energy in transfer between the 
system and its Burroundings during a state change, however, depends upon the 
process chosen in going from the initial to the final state. Thus heat and work are 
not functions of state. Mathematically, wc say that dw' and dg' are not perfect 
differentials in Eq. (6). The primes are not written generally; but it is necessary to 
note that heat and work depend on the path in all rases. 

The general statement of Eq (6) will take a more special form when the system is 
specified. The work term may include shaft work of a turbine, for example. Or dw' 
may designate only the work done by an expanding fluid. In the above equation and 
hereafter, all energy terms are written with the joule as a unit. Small letters (e, q. 
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to, etc.) designate joules per gram of fluid while capitals designate energy for the entire 
system in joules {E, Q, W, etc.). The first law in its differential form for the earth’s 
atmosphere is by the above argument and by Eq. (2) easily seen to be 


dq' = de + p dv (7) 

where the only external work done is done by an expansion of the nonviscous fluid 
acting against an applied pressure. 

Mechanical Equilibrium in the Atmosphere. Tiie equations of motion for a non- 
viscous fluid on a nonrotating earth are in their Eulcrian form 


du Y dp 
dt p dj' 

dv ^ y 1 f)'J 

dt p dy 

dw 7 _ 1 

dt p dz 


di/ , „ 

= - - -4- V • Vii 
at 

dv , r, 

= - +V.VO 

= ~ -t- V ■ Vu> 
at 


( 8 ) 


where the vector velocity of the fluid at a point (x,y,z) at time t is given by v = 
(u,v,w). The vector (,X,Y,Z) represents the extraneous forces acting at the point. 
The pressure is given by p and the density of the fluid by p. For the case where the 
extraneous forces have a potential ft, Eqs. (8) give an energy relation at once. Wc 
multiply the equations in order by the scalars u, v, and w and add to get 


(' 


u‘ + v^ + w* 


+ a 




r, dQ 

.Vp-.^-=0 


(9) 


When the potential is steady (dit/di = 0), as it is, for example, in the earth’s gravita- 
tional field, we have 


d -t- -b IP* , 

_ ^ + u 


-4- - V ■ Vp 
p 


( 10 ) 


where — Vp is the pressure gradient. If we assume further that the pressure is steady 
(ap/a( = 0) and choose the axis of z vertically upward, we have 


d 

dt 





( 11 ) 


where u is now the total velocity, g dz = da, and v = -■ Equation (11; reduces to 

Bernoulli’s equation on integration, provided that the specific volume o is a constant. 
In meteorology, the change in v during flow is generally too great to be neglected, and 
Eep (11) must be used as it stands. It is easily shown that Eq. (11) is also valid for 
a rotating earth, since the terms involving (loriolis acceleration cancel out. 

It has been assumed in deriving Eq. (11) that the fluid of the system is nonviscous. 
If viscosity is to be taken into account, additional terms must he added to the Eqs. (8). 
In general the expanded forms of (8) arc nonin tegrable. To obtain usable results, 
it is assumed that the above equation as it stands will apply to the earth’s atmosphere. 
'Phe results of observation indicate that the assumption is warranted to a good approxi- 
mation for all usual circumstances. As the equation is applied in thermodynamics, 
to smooth steady flow, it is an excellent approximation. 

Equation (11) may be integrated to quadrature immediately. We find 


Ui* — Mj* 


+ gipi — *») + 



2 


( 12 ) 
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■where subscripts 1 and 2 refer to any two points along the streamline of flow. We 
note that streamlines coincide ■with trajectories since it has been assumed that the 
flow is steady. The first two terms of Eq. (12) are sometimes known as the “me- 
chanical effects” e^vident in the fluid. The mechanical effects, i.e., the sum of the 
change in kinetic and potential energies along the streamline, may obnously be 
determined between two points when the specific volume is known as a function of 
pressure along the streamline. 

Alternative Derivation of First Law for Atmosphere. It is useful to demonstrate 
the truth of Eq. (7) for the atmosphere in another way. We consider the sum of 
the energies shown previously to exist in any flowing fluid, i.e., the sum of the kinetic, 
potential, internal, and flow energies. Adding these, we have at a point 1, ui‘/2 -(- gti 
+ + Pi«i- At a second point 2 on the streamline, we have 

+ cj p2Vi + 152 {1 3) 

where i 5 j is the heat added between the two points. By the law of the conservation 
of energy, these two values must be equal. We have then from the above in differ- 
tial form 

u du + gdz + de + d(pv) = dq' (14) 

Eliminating the terms contained in Eq. (11) expressed in differential form, wo find 
dq' = de + p dv, which is the first law as cxpri'ssed by Eq. (7). The function e + pt’ 
a. h, known as the erUhalpy, will be useful m later developments. 

It is important to note that Eq. (14) is valid for all steady flow, i c., it holds good 
even when the fluid is viscous. 

SECOND LAW, TEMPERATURE, AND ENTROPY 

The Second Law of Thermodynamics. The s(‘eoiid law of therniodvnamies ni.ay 
be stated in any one of a variety of ways according to the point of ■view it is wished to 
emphasize. The law deals with the question of the direction in which a nrocess 
involving heat transfer lakes place. Early statements emphasized eoneepto per- 
taining to heat flow in ideal engines. The emphasis today in theoretical tlurmo- 
dynamics is on the concept of entropy. We quote several statements of the lavf as 
summarized by Zemansky.’ 

1. Kelvin-Planck Statement. — It is imposbible to eonstnict an engine v.hich, 
operating in a cycle, will produce no effect other than the extraction of heat fiom a 
reservoir, and the performance of an equivalent amount of work. 

2. Clausius Statement. — It is impossible to construct a device which, operating 
in a cycle, will produce no effect other than the transference of heat from a cooler to 
a hotter body. 

3. The Entropy Principle. — As a result of natural processes, the en+ropy of the 
univierse is increasing. 

4. The Principle of the Degradation of Energy. — ^As a result of natural pror-esses, 
energy is becoming unavailable for work. 

5. The Probability Principle. — As a result of natural processes, the disorder of the 
universe is increasing. 

The second law like the first is accepted on the evidence of experience. The 
statements of Kehdn, Planck, and Clausius are essentially negative ; but they are more 
immediately useful for our purposes than are either of the other statements of the law. 
It may be shown that the above statements of the law are equivalent. 

Definitions Useful for Second Law. It is necessary to investigate some theoretical 
matters before making any applications of the second law. A quantitative definition 
of temperature is essential. This will be based on an analysis of a few simple idealized 



Sec. VI 


SECOND LAW 


321 


processes that are known collectively as a Carnot cycle. We consider a system com- 
posed of a working substance (e.g., the steam in a reciprocating engine) and other 
items such as pulleys, pistons, cylinders, reservoirs, etc. If the system is taken 
through a series of changes such as expansions, additions of heat, etc., and is finally 
brought back to its initial state, we say the system has executed a complete cycle. 
I’he Carnot cycle is a series of two isothermal and two adiabatic changes. 

An isothermal process is a state change in which the temperature of the system 
remains constant. We note that our fundamental qualitative concept of temperature 
as “hotness” or “coldness” is adequate for an understanding of a constant tempera- 
ture. An adu^atic process is a state change in which no heat is added to (or taken 
from) the system. A reservoir is a system of such nature that it may be used as a 
source or sink of heat without sensibly altering its temperature. A true reservoir 
does not exist in nature, though the oceanu, say, approximate a reservoir very well for 
short periods of time. Thus the temperature of the ocean water at a depth of 1 m is 
almost constant from OOOOh to 1200h of the same day. 

An insulator is defined to be a suhsfiincc that will not transmit heat. A true 
insulator does not exist in nature, but various substances transmit so little heat in 
comparison with that transmitted by others for the same temperature gradient that 
for practical purposes they may be considered to be insulators. Air, eork, wool, etc., 
are good practical insulators. A substance that transmits heat perfectly is known as 
a conductor. Perfect conductors do not exist in nature, but they are approximated by 
silver and copper. 

The working substance of a system is any matter (gaseous, fluid, or solid) which 
may bo used to receive energ}' either as heat or work and to store it in the form of 
internal energy only to return the energy later either as heat or work. It is the 
evidenee of experience that an equation of state exists among the coordinates needed 
to specify the state of the substance, though for our initial analysis it is not necessary 
that the equation of state be known. It is assumed that working substances exist 
which may be put through reversible cycles. 

A reversible process or state change is a process that is assumed to take place 
ideally. It is conceived to occur so that it might actually be reversed anywhere along 
the process path in such a way that both the system and its surroundings return to their 
original condition. An irreversible process, on the other hand, is one such that the 
system cannot be brought back to its original condition without requiring a conversion 
or degradation of some external energy. All actual processes in nature are more or 
less irreversible. Ideal processes such as the slow compression of a gas or the extension 
of a steel spring may bo made to approach reversibility as nearly as we please by care- 
ful control of the surroundings. In meteorology, the nonturbulent expansion of an 
ascending parcel of air through its environment may be considered reversible, pro- 
vided the ascent occurs quickly enough so that a negligible quantity of heat is trans- 
ferred. Any general textbook of thermodynamics devotes considerable space to a 
discussion of reversibility and irreversibility. 

Carnot Cycle. The Carnot cycle consists of two adiabatic and two isothermal 
processes executed by any thermodynamic system whatever. The processes are 
assumed to be carried out as follows: 

a — b, with the system in thermodynamic equilibrium at temperature Ti, a reversi- 
ble adiabatic is performed until the system is in thermodynamic equilibrium at a 
higher temperature Ti. 

b — c, the system is maintained in thermodynamic equilibrium at T 2 while a reversi- 
ble isothermal is performed during which the system absorbs heat Qt. 

c — d, a reversible adiabatic is performed so that the temporal -ire drops from Tt 
to Ti. 
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d — a, the system is maintained in thermodynamic equilibrium at Ti while a reversi- 
ble isothermal is performed during which the system rejects heat Q\. 

Efficiency of , Carnot Cycle. The efficiency of any heat engine is defined to be 


use ful work don e per cycle 
heat added per cycle 


(15) 


The Carnot cycle consists of reversible ideal processes. Therefore there are no losses. 
The useful work done during the cycle is then W = Q 2 — Qi- The heat rejected to 
the cold reservoir at Ti is not “lost.” But it has been made unavailable for useful 
work in the present system. In other words, there has been a “degradation” of 
energy. It is a corollary of the second law that Qi is a positive number for any tem- 
perature of the sink at Ti other than the absolute zero of temperature. In terms of 
the heats Qt and Qi, the efficiency of the cycle is then 



Qi -Qi ^ W 
Qa Qa 


(16) 


Corollaries of the Second Law. Keenan’ has col- 
lected several eorollaric's of the second law in very useful 
form. The first of the.se an* generally referred to as 
Carnot’s propositions. I’hc proofs are hero paraphrased 
from the proofs given by Keenan; the corollaries are 
quoted by permission. 

I, It is impossible to construct an engine to work 
between two heat reservoirs, each having a fixed and uni- 
form temperature, which will exceed in efficieney a reversi- 
ble engine working between the same reservoirs. Pkoof: 
Assume the contrary to be true, letting an engine / wiiieh 
is not reversible have an efficiency ni that is greater than 
the efficiency nx of the reversible engine 12, working 
between the same temperatures Tt and Ti} Ta > Ti. Let 7 draw enough heat fi-om 
the hot reservoir to produce work H' exactly equal to fh.at requirerl to operate the 
reversible engine 12 as a “heat pump,” i.e., reversibly. The flow of energy is indicated 
in Fig. 3. The. efficiencies of the two engines arc 


Fifl. 3. — llevorhible and 
irreversible engines work- 
ing between reservoirs. 


ni 


sQl aQl 


aQa — iQx ^ B’ 
aQx aQx 


(17) 


where ni > nx by hypothesis. This requires that aQx > aQi and iQs > iQi. But 
this states that heat is transferred in net amount greater than zero from the cold to 
the hot reservoir without other external effects. Since this conclusion contradicts 
the, second law as stated by Clausius, our original assumption cannot be true. The 
corollary is proved. 

II. All reversible engines have the same efiiaeficy when working betwe.en the same two 
reservoirs. Pkoop: The proof is like that in 1 above, i.e., if may be shown by assuming 
the contrary that a conclusion is reached that violates the second law. We conclude 
that the corollary is true. 

III. A temperature scale may be defined which is independent of the nature of the 
thermodynamic substance. Proof: Consider two (larnot engines operating in tandem. 
Let the first absorb heat Qa from a reservoir at Ta and reject heat Qa to a reservoir at 
Ta. The second engine is made to absorb the heat Qa from the reservoir at Ta and 
finally to reject heat Qi to a reservoir at Ti. I'he scheme is shown in Fig. 4. The 
device may also be considered as a single Carnot engine working between reservoirs 
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Ti and T\. We have Tj > 2’s > Ti. From Eq. (16), wc write 

= 1 - =/(r„7’,) 

I; = 1 - rti = /(r>,r.) 

= 1 - rti =/(r.,ro 


where the function / is unknown save that it must be a funrtion of the temperatures 
alone, since the efficiencies (corollary II) are functions of the temperature alone. We 
introduce the identity 


whence 

and 




Q, 


/■r.,r,) _ MT,) 
/iT,,T,) - mt,) 


= /('A.r,) 


HTO 

iA(A) 


The first and third terms of the above equation state that the ratio of the heats in a 
reversible engine is equal to the ratio of some function of the temperatures between 



which the engine operates. H’lie ratio may then be taken os the ratio of the tempera- 
tures themselves, when the temperatures an- measured on the proper scale. This 
scale IS known as the Kelvin lemptrature scale or as the thermodyiiamic temperature 
scale. Two temperatures T\ and T^ on the Kelvin scale are then given by the ratio 
of the heats added and rejected to and by a Carnot cycle operating between the 
temperatures. 


A g, 
A 


(18) 


Since the ratio of the heats is independent of the working substance of the cycle, so 
also is the ratio of the temperatures when measured on the Kelvin scale. The Kelvin 
scale is then unique. Temperatures measured on the Kel' in scale will always be 
represented by T (or °K). 

IV. The Inequality of Clausius: Whenever a system executes a complete cycle, the 
integral of ilQ/T around the cycle ts less than zero, or in the limit is equal to zero Phoofij 
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Consider a system S (see Fig. 6) that executes a cycle while work ^ dw and heat f dQ 
cross its boundaries. Let each element of heat dQ be supplied reversibly through a 
reversible engine R which in turn receives heat from a reservoir at Ti. By the first 
law we have ^ dw ^ ^ dQ since ^ dE = 0. Prom the definition of the tempera- 
ture scale, {dW + dQ)/Ti = dQ/TordW = [(Ti - Tl/WQ where T is the tempera- 
ture at which dQ is supplied to the system and dW is the element of work done by the 
reversible engine. The total work done by the systems composed of S and R is 


fdw + ^dW 


whence on substituting from the above 


TW’^fdQ+^TL^dQ - Trf- 


But if XW is positive, the combined system of S and R constitutes a perpetual-motion 
machine of the second kind, and this violates the Kelvin-Flanck statement of the 
second law. We also have that Ti > 0. Therefore we must conclude that 


which proves the corollary. 

V. T}ie cyclic integral of dQJT is equal to zero for any reversible cycle. Consequently 
the integral of dQ/T for any reversible process between 
two states is a property of the system. Pboof: (’onsidor 
a system R' which executes a reversible cycle (see 
X ^ Fig. 6). J.,ot a second system R" surround R' and be 

/ V, . j affected by work and heat that pass the boundary of 

V y f?' and if" together thus form an isolated system. 

Any heat that flows from R” must enter R’, and con- 
vereely, so that dQ' = —dQ". For heat to flew from 
b’lo. 6 —System to illustrate ig necessary that T" > T'. We then-fore 

en ropy as a proper y. have for any flow of heat dQ'/T' ^ — dQ"/T". Kow 

let both R" and R' execute complete cycles. From the above, we have 


( 20 ) 

But by Eq. (19) each integral is nonpositive. Therefore we must have each integral 
separately equal to zero. We may then write for any reversible cycle the general 
result 

Since Eq, (21) is the necessary and sufficient c.ondition that the integrand be a perfect 
differential, the integral of dQ/T is independent of the path of integration. There- 
fore J, dQ/T is a thermodynamic property, since its value depends only on the initial 

and final states t and / of the system, provided that the heat is added reversibly. 
The property so defined is known as the entropy. In differential form, we have 


where the letter S (or s for unit mass) will hereafter designate the entropy. 
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VI. The entropy of an isolated system increases or in the limit remains constant. 
Proof : Lpt any system go from an initial state to a final state by any reversible process 
and return from final state to the initial state by any other reversible process. Now 
repeat the cycle letting the system follow the first reversible path to the final state 
and then return to the initial state by some irreversible process (see Rg. 7). By 
corollary IV, we have 


JiB T ' J/i T 

whence 


On considering differentials and recalling Kq. (22), we see that 



Fio. 7. — Reversible 
paths R. Irreversible 
path I. 


dS 



(23) 


For an isolated system dQ = 0. Therefore 

dSmol ^ 0 


(24) 


or the entropy of an isolated system cannot decrease. The corollary is proved. 
IV'iien the entropy of a system is constant for a process {dS ^ 0), the process is said to he 
tsentropic. 

Alternative Approach to Second Law. An alternative and in some ways preferable 
approach to a statement of the second law is given by Slater.* He states the second 
law as a postulate in the form 


dS > 


T 


(25) 


where S denotes the entropy. The equality sign is to bo used when the process is 
reversible and the inequality sign when the process is irreversible. Slater remarks, 
“We shall see that definite consequences can bo-drawn from it, and they prove to be 
always in agreement with experiment." This is an entirely adequate reason for 
acceptance of the law without the labor of analyzing (’arnot cycles and other general 
systems by which the same conclusion was reached in Kq. (23). It is useful, however, 
for one who approaches the subject for the first time to start with somewhat less 
abstract beginnings than the entropy directly. 

Entropy as a Property. The entropy as defined in Eq. (22) was shown in corollary 
V to be a thermodynamic property. The change in entropy of a system that has been 
changed from state 1 to another state 2 may then be calculated along any reversible 
path. The value so calculated will be the change in entropy for all possible paths 
connecting the same end states, whether reversible or irreversible. On combining 
the first and second laws, we have 

for reversible processes. By using this equation, one may determine the change in 
entropy in terms of the change of internal energy and of the work done by the system. 
It is clear from its definition that the entropy like internal energy, kinetic energy, 
potential energy, etc., is measured from some datum or base state. 
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EQUATION OF STATE AND THERMODYNAMIC COORDINATES 

Equation of State. Thermodynamics cannot of itself tell ns what the equation 
of state of a system will be or how many variables it will involve. These questions 
rest with kinetic theory and statistical mechanics and with the evidence of experiment. 
Kor the systems with which we shall he concerned in meteorology, those sciences pre- 
dict and experiment verifies that three thermodynamic coordinates (I'.e., properties) 
as a minimum are required. These three are related by an equation of state, deter- 
mined by the system, which means that only two of the coordinates are independent. 
The most commonly used t oordiuates arc pressure (p), temperature (T), and specific 
volume (v). 

The atmosphere is found to obey the perfect gas law (pv = RT) nearly enough 
for all practical purposes, so long as the air is not saturated. The gas constant R 
contains the relative humidity of the air as a parameter. It is unfortunate for the 
analysis, but true, that the amount of water vapor in the air cannot be determined 
as a function of the thermodynamic coordinates. When the amount of water vapor 
changes (as it does owing to mixing of air masses, vertical motions, and horizontal 
path traveled by the air mass) we must take account of the change by using different 
values of the constant K in the calculations. There is, in essence, a new thermo- 
dynamic system involved. The manner in which R changes with humidity is studied 
under ‘mixtures” (page 349). We emphasize here only that for any particular value 
of the humidity (less than saturation) the air does behave almost like a perfect gas. 
Its equation of state is then pv/T = constant. 

Thermodynamic Coordinates. It is clear mathematically that any chosen func- 
tion of thermodynamic coordinates will itself be a new coordinate. New functions 
(t'.e., coordinates) may be defined at will by any one of several methods, e.g., (1) alge- 
braic manipulation — since p is a coordinaU', p* is another coordinate; (2) specificetion 
of a process — entropy is discovered to be a coordinate after defining it to be <13 = 
dQ/T where the heat is added reversibly; and (3) discovery of some combinntion of 
coordinates that oases the analysis — enthalpy (see the following). 

The introduction of now coordinates is limited to those which ease and cla."ify the 
analysis. Sometimes the new coordinate is named [e.g., enthiilpy) and u icd as an 
integral part of the argument. At other tim<!8 the now function is always written in 
terms of the old. Thus in meteorology p" “• is used as a coordinate on the adiabatic 
chart, but it bears no name and is always thought of in terms of pressure. The most 
frequently used thermodynamic coordinates are listed here. 

1. p = pressure; one of the fundamental and directly observable coordinates. 

2. T = temperature; one of the fundamental and directly observable coordinates. 

3. e = specific volume (or its inverse density; p = l/»). 

,4. e — internal energy per unit mass. 

5. 8 = entropy per unit mass. 

6. h = enthalpy per unit mass = « -f- pw by definition. 

7. V' = Helmholtz free, energy — e — T»hy definition. 

8. ff = Oibbs free energy = h — Tt by definition. 

9. 6 = Availability = h — Tos by definition (To is a fixed and constant T). 

Thermodynamic Formulas. Of all the coordinates that may be found, in whatever 
fashion, only two will be independent variables. This is the evidence of experience 
that is stated mathematically when we say an equation of state exists among the 
variables. It is then merely a matter of manipulation to express any one coordinate 
as a function of any other two. The form of the function (the equation of state) need 
not be known explicitly to obtain useful relations among the coordinates, many 
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of the physically observable items will be expressed in terms of derivatives. Mete- 
orology does not need many of the formal relations that are available. A few of the 
more important are derived and listed below. For a more eompletc listing, see 
Bridgman. ‘ 

PresBiire. The pressure in a fluid is the limit of the ratio of tlie normal lorcv on an 
area to the area as the area decreases in size without limit. Thus p = L (A/'VaA). 

a4->o 

If the stress across the area is wholly normal for all orientations of the area (i.c., no 
tangential stresses), it is easy to show that the limit above is the same whatever the 
orientation of the area; i.e., the pressure in the fluid is the same in all directions. 
This result is descriptive of what are known os perfect fluids. Nature docs not provide 
us with a true perfect fluid; but tlsc air approximates to perfect conditions, provided 
that the flow is slow and nonturbulent. T he static pressure in the atmosphere may 
in general be easily and accurately measured by a mercurial or aneroid barometer 
(see Sec. VIII on Meteorological Inslrum(uts). 

Temperature. The temperature has been precisely defined in terms of the work 
done by reversible engines [Eq. (1 8)]. In p'inciple, it may be measured as accurately 
as we please by means of a gas thermometer. In practice, it is measured by various 
types of thermometers that have been calibrated at fixed points against standards. 

Specific Volume. The specific volume of a fluid is the reciprocal of its density. 
The density is the limit of the ratio of the mass of fluid in an element of volume to the 
volume as the volume decreases without limit. Thus p = 1/v = L (AM /At), nie 

At- *0 

specific volume of a confined fluid may bo measured as accurately as we please by 
weighing the container both with and without the fluid and taking the ratio of the 
volume of the container to the mass of the fluid. In meteorological practice, the 
specific volume (or the density) is found from the equation of state after the pressure, 
temperature, and humidity have been measured. 

Internal Energy. It has been deduced from thermodynamic considerations that 
the internal energy is a thermodynamic coordinate. Then if the change in internal 
energy between any two states is found by considering any process that connects 
the states, this value; of the internal energy change will bo the same for any other 
process connecting the states. Suppose heat energy is added to a system whose 
specific volume is constrained to remain constant. From the first law, we have (for 
a system in which dw = p dv) 

dq], = de (26; 

since p dv = Q. Since the volume does not change and we have postulated a change 
in state, the temperature must change. The specific heat at constant volume is 
defined by the relation 

c,= L (27) 

A7’-»0 \AT/n 

whence with the above de = c, dT and 

e, - ei - Jj* c. dT (28; 

We note that the internal energy is specified numerically only when the base state 
from which it is measured is known. In meteorology, we may take the base state at 
a temperature of 200°K and a pressure of 1,000 mb. This base state is here chosen so 
that, at all pressures and temperatures found in the earth’s atmosphere, the internal 
energy will be reckoned as positive. The specific heat as defined a hove is not neces- 
sarily constant. The magnitude of Cp is to be determined by experiment. 
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Entropy, 

to a Bystem, 


Entropy was dcfinecJ by Eq. (22). Suppose heat is added reversibly 
From Eq. (22), we have on integrating between states 1 and 2 


Si — *1 = 



(29) 


or on combining the first and s('eoinl laws for a system that can do work only by fluid 
expansion 


S2 — Si 




(30) 


The result computed from Eq. (30) will be the change in entropy between the two 
states regardless of what process or combination of processes connects the two states 
(reversible or irreversible). 

^Vom Eq. (23), we have for irreversible processes that T ds > dt p dv or 

pdv< rds - de (31) 

Since p dv stands for the work done by the fluid, w e s('e that the \iseful work that may 
be derived for a given change in state is h*ss for an irreversible process than it would 
have been for a reversible process. 

'I'lie entrojiy, like the internal energj-, is specified nutnerlealiv only when a base 
state is specifii'd. The base state is again taken to bc' at 200"K and 1,000 mb. Since 
only changes of entropy have any significance in the following, the base state is 
arbitrary. 

Enthalpy. The enthalpy is (i = c + pt> hj definition. In differmitial form, we 
have dh = de + p dv + vdp. Substituting into the combined first and second laws, 
we have 

T ds Jh - V dp = dq (32) 

where the equality holds for reversible processes and the inequality holds for irreversi- 
ble processes. Suppose heat is adder! to a sy.stcm who.se pr(‘s.siire is const rainetl to 
remain constant. Then vdp = 0, and we have dh = rh/],. The specific heat at 
constant pressure is defined by 

(S’) 

whence with the above dh = c, dT or 

hz — hi = Cp dT (34) 

There is no suggestion that Cp as defitn'd above is a constant. Like c,, it is :■ magnitude 
that must be dr'terniiiied by experiment. 'I'he enthalpy, like interiinl energy anil 
entropy, is measured from the arbitrarily selected base state of 2(M)' K and 1,000 mb. 

• Helmholtz Free Energy. 'I'he Helmholtz free energy is ^ = r — Ts by definition 
Using the combined first and second laws with this definition, w(‘ find 

— dip ^ s dT -f p dv (3."i) 

This rr'lation states that, for isothermal processes, the work done is not greater than 
the dr'crease in ^ and also that ^ is constant for reversible isothermal processes when 
no work is done. For an irreversible isothermal process, ip decreases when no work 
is done. 

Gibbs Free Energy. The Oibbs free energy is g = h ~ Ts by definition. Using 
the combined first and second laws with this definition, we find 

dg ^ vdp — sdT 


(36) 
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Thon for iwobaric isothermal processes, ff is cither constant (reversible) or decreasing 
(irreversible). The function ff is important because of the many physical proeesscs 
that take place isobarically and isothermally, e.g., change of phase (melting of solids 
and the vaporization of liquids). 

Availability. The availability is 6 = A — Tax by definition. T„ is a fixed value 
of the Kelvin temperature. It is the lowest temperature available for the rejection 
of energy as heat, and it is assumed that all heat is rejected at that temperature by the 
system (sec Keenan®). lisiug the combined first and second laws with the above 
definition, we find 

db ^ (T- n)rfs (37) 

'I'lius for isobarie reversible proces.ies, db = '2' — 7'„)dx, and for isobaric irreversible 
processes, db = (T — 7’a)dti. M'e note that the availability is less for the irreversible 
process than it is for the reversible ]>rocc^!s 

Maxwell Relations. The most impoitant differential rdations for reversible 
processes may be written 

(/c = — p dj -j- 7’ da 
dh =-- vdp + T da 

d^ pdv-adT 

dg = V dp — g dT 


Since c, h, \p, and g arc all thermodynamic coordinates, we may write from the above 
at once 



(39) 


(m recalling the usual equation for the differential increase of a func-tien of two inde- 
jicndcnt variables. 

If we assume further that the coordinates hove continuous ,s(>cond p.'irtial deriva- 
tives, the order of different iatioii is immaterial, and we have from the abt've on 
differentiation 

_ /< 2 p\ ^ /0T\ / i)p\ ^ /dx\ 

\dX / , \dv/, \d7' / , \dV/T 

(i).-(S), 

The four equations in (40) are kuowm as the AfnxwrU relutionx. 


SPECIFIC HEATS 

Specific Heats as Observables. It will be evident from the preceding equations 
that internal energy, entropy, and enthalpy may be evaluated (given a base state) 
when the specific heats and the equation of state are known. The specific heat 
generally is defined by the limit 

<■= i (41) 

Ar-M) \sj / 

whoro A 7 is the* hoat added p<*r unit mass of suhstaiico and is the increase in tern- 
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perature. According to this definition, the specific heat will have different v^ues 
according to the constraint imposed as the heat is added. The two ways of adding 
heat and the resulting specific heats that are most useful are (1) isobaric processes Md 
the specific heat at constant pressure, and (2) isostcric processes and the resulting 
specific heat at constant volume (or density). The specific heats are sometimes 
referred to 1 mole of the substance, in which case they are properly named molar 
heats. In meteorology, it is customary to refer always to 1 gram of the substance. 
The limits given by Kq. (41) according to whether the heat is added at constant pres- 
sure or constant volume are then correctly termed specific heats. 

The specific heats arc determined by measurement of the heat required to bring 
about certain changes in the state of a gram of substance. Kor a few substances, the 
values may be computed by simple kinetic theory and statistical mechanics. The 
results of tlitKiry and experiment match closely in most cases. It is emphasized here 
only that the values of the specific heats cannot be determined by thermodynamic 
theory. They are essentially functions of the constitution of the substance and must 
be determined by observation or a theory of matter. 

General Relations between the Specific Heats. Some general relations between 
the specific heats at constant pressure and at constant volume may })e deduced from 
thermodynamic theory. These results are useful in simplifying the themry and in 
providing a check on the, experimental results obtained. From Kq. (41) and the first 
law of thermodynamics (dq de + p dv = dk — v dp), we have 


-(#).- ( 5 ). 

C = (^\ = t2!L\ 


for the specific heats at constant volume and at constant pressure, respectively. 
When the heat is added reversibly, we have in addition 


M2.) 

It may be shown by straightforward application of the results of the previous 
article that the ratio of the specific heats is given by 


Cp ^ (dp/Oii). 

<■« (dpJSv)T 


(44) 


(see Joos® or Page’), 
heats is given by 


Similarly, it may be shown that the difference of the specific 


Cp Cv 


j, Ot»/ar )p« 

{dv/dp)T 


(45) 


We note from Eq. (45) that c, is always greater than c„ since (dv/dp)T is negative 
(a conclusion based on observation). From Eq. (44), it is noted that the ratio of 
the specific heats is equal to the ratio of the isentropic and isothermal slopes on a 
pressure-volume diagram. Also, since Cp > c„ the isentropes arc' always steeper 
than the isotherms through any given point on the pressure-volume diagram. 

Using Eqs. (44) and (45), one can find the values of c, and c„ for any given sub- 
stance by mechanical measurements alone. This result follows from the well-known 
result that the velocity of sound in a gas is given by 
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ue =P£e 

pCv 


(46) 


Since u may be measured with reasonable accuracy by simple apparatus (e.ff., a 
Kundt’s tube) and the density p may be measured directly, the ratio is determin- 
able without any heat measurements. Also one may determine the value of r, — c„ 
mechanically from the right-hand side of Eq. (45). This observation is not simple 
to make, but the values of the derivatives can be found and thence the difference of 
the specific heats without any measurement of the heat addesd. Using the results 
for Cp/cv and Cp — e,., one may eliminate and find the values of the specific heats 
separately. If the equation of state is known, the difference of the specific heats is 
easily found by direct differentiation (e.g.. when pv = RT, we find Cp — c,. = R). 

Specific Heats as Functions. The spi cific heats will in general be functions of 
the thermodynamic coordinates. Using the Maxwell relations with the definitions 
of the specific heats, we find by direct differentiation that 



It is noted that, if the equation of state is known and c, r.s a function of temperature 
at some particular volume, or Cp at some particular pressure, the specific heats may be 
calculated for all states. In the ease of a perfect gas, Kqs. (47) and (48) reduce to 



(49) 


Equation (49) shows that Cp and c, are functions of temperature alone for any perfect 
gas. It was noted above that Cp — c, is constant for a perfect gas. This result does 
not imply that c, and c,. arc constant separately, however. 

Specific Heats from Kinetic Theory. It is easily shown in elementary classical 
kinetic theory that the specific heats of the simple gases are absolute constants. 
These constants differ for different gases according to the ultimate structure postu- 
lated to exist in the gas. The value of Cp for a gas composed of spherical molecules, 
for example, turns out to be 5if/2 where K is the gas constant. Cp for dumbbell- 
shaped molecules on the same classical theory is 7R/2. The ratios of the specific 
heats of th(*c gasses arc 5/3 and 7/.5, respr’ctively. These values correspond clo.sely 
to the values as determined by experiment on appropriate gases. 

Specific Heats of Solids and Liquids. The specific heat of a solid or liquid will 
also depend upon how the heat is added. Yet for many solids and liquids the expan- 
sion of the substance is so small on the addition of heat that the work done by the 
expansion / p d» may be neglected in comparison with the change in internal energy. 
A considerable literature has been developed on the specific heats of both solids and 
liquids on statistical mechanics and kinetic theory grounds. These investigations 
are beyond the scope of this book (see Slater,* Fowler,* etc.). For practical purposet 
in meteorology, we may always neglect the work done in expansion and state that any 
solid or liquid with which we arc concerned has only one value of the specific heat no 
matter how the heat is added. This specific heat will be denoted by a for ice and Cw 
for liquid water. Neither c, nor Cu is strictly constant; both will be functions of the 
temperature (of the ice or water). 

Calorimetry. An excellent rdsumd of the entire subject of calorimetry is given by 
Saha and Srivastava.* The authors discuss the important experimental methods and 
results of the last 60 years. Methods are discussed under the headings of (1) mixtures, 
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(2) cooling, (3) change of state, and (4) electrical. Experimental methods for determi- 
nation of specific heats are discussed under (1) measurement of Cp, (2) measurement 
of r„ (3) determination of Cp/r,. Other sources of information are Olazcbrook;^” 
Tartington and Shilling “Handbuch der Experimcntalphysik,” Vol. 8, Part I; and 
especially the International Critical Tables. 

The present generally accepted values for the properties of water and its vapor are 
those tabulated by Keenan and K<‘ye8.** Kiefer* ‘ has recomputed values from this 
source and tabulated them in degrees eentigriidc and millibars of pressure for the 
convenience of the meteorologist. 'ITie tables of Kiefer are reproduced in Sec. I. 
Further tables are reproduced from U.S. Weather Bureau data. 

THERMOMETRY AND THERMOMETRIC SUBSTANCES 

Temperature. The concept of tcmjMrature was originally conceived on the basis 
of feeling. A body was judged hot or cold according to how it felt to the touch. As 
accurate measurements were beginning to be made, it was observed that as a body 
became “hotter” certain physical changes took place. Gases expanded, for example, 
or, if constrained to remain in the same volume, increased their presMirc against the 
walls of the containing vessel. These physical changes were used as criteria for the 
establishment of arbitrary scales of “hotness.” I’hus temperature came to mean 
the amount of expansion of a column of mercury or of a volume of gas. 'I’he centi- 
grade scale labels the temperature of the boiling point of water uniler 1 atm of 
pressure as 100 degrees centigrade (100°('), and tlu' freezing point of water as zero 
degrees centigrade (0°C). 'I'lic Kahrenheit scale labi'ls the same temperatures as 212 
and 32“F, respectively. The numerical relation between the tw o scales is then 

1' - i^n) 

°F - 32 “ 180 

Theimometric Substances and the International Temperature Scale. It is clear 
that tonipcrature as measured by the expansions, say, of different substances will not 
necessarily agree for values between or beyond the two points (freezing and lio'ling) 
at which the}’ an* made to agi-ee. Experiment shows that the departure fnirii egree- 
ment is too great to be ignored. In 1927, the Seventh General ( 'onlerenee of Weights 
and Measures representing 31 nations uiianunously ailopted a loinperature standard. 
The following are excerpts from the report by Burgess** on the decisions reached by 
the conference; 

1. 'I'he thermodynamic centigrade scale, on whicli the tcmpi'rature of melting ice, 
and the temperature of condensing water vajKir, both under the presiure of 1 standard 
atmosphere, are nuinbered 0 degri*es and 100 degrees, respective! v, is rei ognized as the 
fundamental scale to which all temperature incasuiements should nltiiiiateU be 
referable. 

2. The experimental difficulties incident to the practical realization of the thernio- 
dynamic scale have made it expedient to adopt for mteniational use a practical scale 
designated as the international tenijM-raturc scale. This scale conforms uitli the 
thermodynamic scale as closely as is possible w it h present knowledge, and is designed 
to be definite, cone<>nicntly and accurately reprorlucible, and to piovide means for 
uniquel} detemiiniiig any temperaturu within the range of the si*nle, thus promoting 
unifonnity in numerical statements of temperature. 

3. Temperatures on the international scale will ordinarily be designated as “°C,” 
but may be designated as “°C’ (Int.;’" if it is desired to emphasize the fact that the 
scale is being used. 

4. The international temperature scale is based upon a number of fixed and repro- 
ducible equilibrium temperatun's to which imnierical values are assigned, and upon 
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the indications of interpolation instruments calibrated according to a specified proce- 
dure at the fixed temperatures. 

5. The basic fixed points and the numerical values assigned them for the pressure 
of 1 standard atmosphere are given in the following table, together with formulas 
which represent the* temperature (tp) iia a function of vapor pressure (p) over the range 
of 680 to 780 mm of mercury. 

6. Basic fixed points of the international temperature scale: 

a. Temperature of equilibrium between liquid and gaseous oxygen at the pressure 
of 1 standard atmosphere (o.xygen point), — 182.97°C!. 

tp = tu« + 0.0126(p - 760) - 0.0000065(/j - 760)» 

b. Temperature of equilihrimn between ice and air-saturated water at normal 
atmospheric pressure (ice point), 0.000“( 

c. Temperature of equilibrium betwi-en liquid water and its vapor at the pressure 
of I standard atmosphere (steam point). 10f).000“(’ 

tp = /7(io -I- 0.0307(p - 760) - 0.000023(p - 760)* 

d. Temperature of eciuilibrium between liquid sulphur and its vapor at the pressure 
of I standard atmosphere (sulphur point), 444.60°(! 

tp = Iho + 0.0909(p - 760) - 0.000048(p - 760)* 

e. Tempornture of equilibrium between solid silver and liquid silver at normal 
atmospheric pressure (silver point), 9(i0..5‘’<I 

/. Temperatiirf' of eciuilibrium between solid gold and liquid gold at normal 
atmospheric pressure (gold point), 1003“('/ 

Standard atmosphc'rie ])resauro is defint'd as the pressure due to a column of mer- 
eiir.v 760 mm high having a mass of 13.5951 g/cm*, snbjc'ct to a gravitational aeeelera- 
tioii of 980.665 ein/see*, and is equal to 1,013,250 dynes/em*. It is an essential 
feature of a practical scale of temperature that definite numerical values shall be 
assigned to such fixed points .is are chosen. Jt should be noti-d, however, that the 
last decimal place given for each of the values in the table' is significant only as regards 
the degree of reproducibility of that fixed point on the international temperature scale. 
It is not to be understood that the values arc' necessarily known on the, thermodynamic 
centigrade scale to the corresponding degree of accuracy. 

7. 'fhe means available for interpolation lead to a division of the scale into four 
parts. 

a. From the ice point to 060°(' fhe temperature I is dediiec'd from the ri'sistoncc 
lit of a standard platinum resistance thermometer by means of the formula 

K, = K,(l + At + Bl») 

The constants ffn, A, and B of this formula are to be determined b.y calibration at the 
ice, steam, and sulphur points, respectively. The purity and physical condition of 
the platinum of which the thermometer is made should be such that the ratio Rt/Ro 
shall not be less than 1.390 for i = 100 degri'es and 2 . 64,5 for t = 444.6 degrees. 

h. From —190 degrees to the ice point, the temperature t is deduced from the 
resistance Rt of a standard platinum resistance thermometer by means of the formula 

Rt = Ro[l +At+ Rt’ -t- ('(t - 100)f»] 

The constants Ra, -'1, and R are to be determined as specified above, and the addi- 
tional constant C is determined b.v calibration at tht' oxygen point. The standard 
therrnomi'ter for use below 0 degrees must, in addition, have a ratio Rt/R^ less than 
0.2.50 for < = —183 degrees. 

c. From 660°O to the gold point, the temperature i is deduced from theeleetro- 
motive force e of a standard platinum vs. platinum-rhodium thermocouple, one junc- 
tion of which is kept at a constant temperature of 0°(! while the other is at the 
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temperature i dsSDed by the formula 

e = a -{-bt + ct* 


The constants a, b, e arc to be deternuned by calibration at the freezing point of 

antimony, and at the silver and gold points. . , , 

d. Above the gold point the temperature t is determined by means of the ratio 
of the intensity J 2 of monochromatic visible radiation of wave length \ cm, emitted 
by a blaiik body at the temperature ti, to the intensity J 1 of radiation of the same wave 
length emitted by a black body at the gold point, by means of the formula 


i„z.» L»r_i L - 1 

\L 1,336 t + 273j 


The constant C 2 is taken as 1.432 cm degrees. The equation is valid if ^(/ + 273) is 
less than 0.3 cm degrees. 

The measurement of surface temperatures in meteorology is generally made with 
mercury-in-glass thermometers. Very low ti'mperatures are measured with spirit-in- 
glass thermometers. The thermometer may be calibrated to read in centigrade or 
Fahrenheit degrees. Temperatures are reported in degrees Fahrenheit at the surface 
and in degrees centigrade for upper-air readings. See Sec. VIII on Meteorological 
Instruments. 

Gas as a Thermometric Substance. Gas thermometers are not used in routine 
meteorological work. An analysis of the gas thermomef(>r is necessary, however, to 
establish the identity of the Kelvin scale and a tempernlure that can be measured in 
practice. Extensive experiments in all countries have established the fact that, at 
high enough temperatures and low enough pressiires, the equation of stale of any gas 
may be written 

pv = He (51) 


where p is the absolute pressure, 11 the specific volume, and 9 the ‘‘absolute tempera- 
ture” of the gas. ft is a constant for any particular gas. Equation (51) is taken as 
the definition of the absolute temperature. Gas (hcrinomotcrs may be constructed 
to measure temperature on the basis of fiq. (.51), u.sing either constant volume or 
constant-pressure instruments. Uy extrapolation from measurements made at low 
temperatures, it is found that num<*rically 


9 = < + 273.2 (52) 

where 1 is the temperature on the centigrade scale. 

The Perfect Gas. The perfect (or ideal) gas will be defined to be a gas having 
two precise characteristics, (1) that for all values of the thermodynamic coordinates 
its equation of state vs pv = Rd exactly, and (2) that its internal energy is a function 
of .temperature alone. Both these conditions are shown to be true in elementary 
kinetic theory for a simple gas in a force-free field. 'Fhermodynamics cannot prove 
either relation, since it is not concerned with tlic ultimate structure of matter. The 
question of how closely actual gases follow the definition of a perfect gas is fully 
discussed in ref. 15. 

For a perfect gas as defined above, the first law becomes 


dg = c, d9 -f- p d» = de -(- p de 
where the specific heat at constant volume is given by 


Cfi 



de 

Je 


(53) 

(64) 
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aince the internal energy depends on temperature alone. We also have the useful 
differential relation 

TP dv V dp = Rde (65) 

Kelvin Temperature Scale and Kelvin Degree. The Kelvin teinj>erature scale 
was defined by Eq. (18). The Kelvin degree is established as follows: Let be the 
heat absorbed from a reservoir at 7', (the temperature on the Kelvin scale) by a 
reversible engine and be the heat rejected to a reservoir at Tn-i by the same 
engine. Consider a number of engines operating in tandem between reservoirs at 
progrftssively lower temperatures, each engine absorbing the heat rejected by the 
engine preceding it in line and rejecting heat to the engine that follows. Arrange the 
temperatures of successive reservoirs w that each engine does the same amount of 
work W’. By the first law of tliermod> nannes, the work done by each engine is equal 
to IE = Q» — Q»_; = Qn-i — — Qn-» = • • ■ . By the second law and 

the definition of the Kelvin temp'^ratures we have Qn/Qn-i — 7'n/7’n_i, Qn-i/Qn-t = 
Tn-i/Tn- 2 , • ■ • . From those two relations we see that Qn(l — 7'n_i/y'„) = (?,_i 
(1 - r»_s/r,_,) = g„_,(l - 7’„.,/7',..) = • • • and T, - r,_. = 7’,_. - T-.., = 
7'„_2 - 7’._, = • ■ • . W e see then that (“qual intervals on the Kelvin scale arc the 
intervals between which reversible engines will do the same work, when each engine 
absorbs the heat rejected by the engine ahead in line. It will be recalled that the 
Kelvin scale is unique, since the efficiency of all reversible engines operating between 
the same t<'rnperature.s is the same for any working siib’tanee. 

Now imagine 100 reversible engines operating between the temperatures of the 
steam point and the ice point. These engine define 100 equal temperature intervals 
when the engines are arranged as indicated above. Each such interval is called 
1 degree on the Kelvin scale. We have 7’,t,.m — T,„ »= 100. Temperatures on 
the Kelvin scale are designated by capital T or by "K. Tne thermod.ynamic centi- 
grade scale has temperature intervals equal to the intervals on the Kelvin scale. On 
tlie centigrade scale, however, the steam and ice points are arbitrarily selected to be 
100 and 0“, respectively. The relation between the centigrade and Kelvin scales is 
T = t + 273.2, as will be shown below. 

Absolute Zero of Temperature. The concept of an absolute zero of temperature 
arises naturally from the Kelvin scale. Imagine a sequence of engines operating 
leversibly as before, with each performing an equal amount of work. Hince 0»_./ 
~ Tn_,/ 7 n -V, ,-1) and Jn — l»+l) ^ Tn— ^ W'C SCO that (l + i) ^ Qn— ». But 

y„-. - .+,) = const for all engines by hypothesis. It is evident that, if Q, is 

hiiite (as it must be for 7’» finite), then eventually a point will be reached at which zero 
heat is rejected. The temperature at which this occurs is designated as the absolute 
zero of temperature on the Kelvin scale. It will be noted that this concept of an 
absolute zero of temperature does not involve th<' ultimate structure of the working 
substance. 

Kelvin Temperature Scale and Perfect Gas Thermometer. It is shown here that 
the temperature indicated by a gas thermometer (when the gas is perfect) is identical 
with the Kelvin temperature. Consider a thermodynamic system composed of the 
following items; (1) a cylinder fitted with a frictionless piston, both cylinder and 
piston being perfect insulators, (2) a cylinder head that may be removed or attached 
to the cylinder at w'ill without the loss of work, heat, or gas— also perfectly insulating, 

(3) two reservoirs at temperatures 9i and 0s as measured on the absolute scale (0a > fli), 

(4) a perfect gas that fills the cylinder, and (5) an extraneous force that may be applied 
at will to the piston. The system is sketched in Fig. 8. The cycle through which the 
gas passes is shown to pressure vs. specific volume coordinates in tig. 9. The Carnot 
cycle is analyzed as follows: 
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a — 6. With the insulating head in place and the system in thermodynamic equilil>- 
rium at fli, the extraneous force is applied and the gas is reversibly and adiabatically 

compressed until its temperature is flj. The first law requires that „eb = — /: p dv ^ 
J f ,, do since dq =‘ de + p dv = 0. 

h — c. The insulating head is removed and the reservoir at fls is brought into 
contact with the working substance without heat or work. With the system in 
thermodynamic equilibrium at flj, the gas is permitted to expand reversibly and iso- 
therraally until a point is reached where », > »/.; the amount of the expansion is arbi- 
trary. Since the process is isothermal, dT = de = 0, and, on introducing the equation 

of state, we have the heat added from the reservoir to be given ~ pdv = 

liOi In (wr /«!.). This quantity is also the work done by the gas during its expansion. 


''l|l 

liiiii 


W&af'for':^ 

which ■ 

PV-RBU 







....'esen/oir- 
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a -b ^ac/iabah'c 
b-c =isothermat 
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d-a = isothermal 


'V 


Tiq. 8. — Sjstem to illustrate Carnot cycle. Fio. 9.— Carnot cycle to pi’-coordinavct. 


c — d. 'I'he reservoir at 82 is removetl from the cylinder without heat or work, and 
the insulating head is restored. With the system in thermodynamic e(]uilihri.’m at 
Oi, the gas is permitted to expand reversibly and adiabatically. We have dr/ = 0, and 
the internal energy and temperature will decrease since the gas does work against the 

piston. The expansion is continued until the system is in thermodynamic equilib- 

fd fd 

rium at 9i. We have rCj = — / p dv = j c, dO. 

d — a. The insulating head is removed and the reservoir at 0i is brought to the 
cylinder without heat or work. The extraneous force is applied, and the gas is 
compressed reversibly and isothcrmally until the original specific volume is attained, 
'rhe system is then in equilibrium at 61 and »«, and the cycle has been completed. 

We Have jQa = pdv = R0i\n {v„/vd). 

Tor the adiabatic proccsseB a — b and c — d, we have dg = 0. Then, on combining 
the equation of stale with the first law, wc find r, dOjO = — p dejO = — K dvjv. We 
have then 




{<■ do 

'd ' " 0 



'I'he integrals above are equal, however, since r, for a perfect gas is independent of 
specific volume or pressure and since the integrations are c,arricd out between equal 
temperature intervals, 'i'hen Vbjva = »<•/»* We introduce this equation into the 
above results for the ratio dq<,luqe and obtain at once 
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— = ^ 2 ^ =3 — 

St hQc T 2 


(56) 


where the ratio on the right is the ratio of the Kelvin temperatures. This is equal 
to iiQa/hQc bceause the eyrie is reversible. We st'c that the ratio of any two tempera- 
tures as measured on the Kelvin scale is the same as the ratio of the same two tem- 
peratures as measured on the gas seale (i.e., the absolute scale). The two scales arc 
further made to agree at the ice point and the steam point by setting 3',t — ?'i»e = 
9,t — 0i« = 100 arbitrarily. It follows immediately that for all temperatures 

8 = r = t+ 273.2 (57) 

where the right-hand side of Lq. (.57) re* ults from experiment using gas thermometers 
and extrapolating data down to the absolute zero of temperature. 

Departures of the international st'ale from the Kelvin scale are too small to be of 
significance in routine meteorological vvork. Keenan® quotes results based on meas- 
urements made by Hcattic that show less than 0.05°(' difference between temperatures 
measured on the two scales. He concludes that no distinction need be made between 
the scales for any work of Jess than the most precise accuracy. 


PROPERTIES OF PURE SUBSTANCES 

State and Phase Changes ; Descriptive. Consider a homogeneous thermodynamic 
system at a state 1 determined by the coordinates pv7'. If one or more of the coordi- 
nates are changed, compatible with the equation of state, and if the system remains 
homogeneous in the same phase it was in at state 1, then the system is said to have 
undergone a simple change of state. A pAase is any physically homogemous aspect 
of a s.vstcm. A simple illustration of change of state is the compression of a gas. 
Mathematically we may say that a system undergoes a change of state* whi'ii all the 
tiiermodynaniic coordinates and their first and st'cond derivatives are continuous. 

It is a matti'r of common knowledge, how'over, that familiar substances may be 
found und(>r normal conditions in solid, liquid, or vapor form. Moreover these dif- 
ferent phases may coexist in equilibrium. A system composed of two or more phases 
is refcrr“d to as heterogeneous. When a portion of the .siibstanee of the system that 
is in one phase (e.g., ice) is transformed into another phase (e.g., water), we say that a 
change of phase has occurred. There may be a change of phase in a system without 
a change of state of either component. Generally as the coordinates change there 
may be simultaneous phase and state changes. 

Pressure-volume Diagram. Introduce about 1 gram of water into a closed 
evacuated container. Let the volume of the container be about 2 1. and the tempera- 
ture of the water be just under 100°('. It is observed that, if the container and its 
contents are kept at the initial temperature of the water, all the wati*r evaporates 
(vaporizes) into the space available. The system Ls homogeneous in its vapor phase. 
The state is represented by point ] on the pn-diagram of Fig. 10. Now compress the 
vapor slowly and isothernially. 'I'he pres'^iire will rise continuously for a tunc. At 
a certain value of the volume, it is obs<*rved that simultaneously (1) vapor condenses 
into liquid water, and (2) the rate of increase of pressure is zero l((>p/av)r = 0]. 
This is point 2 in the figure. The preasurc at this point is named the saturation vapor 
pressure (sometimes the maximum vapor pressure). The vapor in the container is 
referred to as saturated vapor. In its initial condition at state 1, the vapor was unsatu- 
rated, or superheated. 

Continue the compression past 2 isothermally. It is observed that the process is 
also isobaric. Condensation continues until nothing is left in the container except 
liquid water. This state is at point 3 in the figure. Throughout the isothermal, 
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isobaric compression from 2 to 3, the system was heterogeneous in two phases (water 
vapor and liquid water). During the process, the phase of water vapor is changing 
to the phase of liquid water. There is no change of state in either component since 
temperature and pressure arc not changed At point 3 the system is again, homo- 
geneoiis, now in the liquid phase, and we refer to the state as saturated liquid. 

(^ontinuc the compression past 3 isothormally. The pressure rises abruptly. 
The phase remains unchanged at any pressures found in the atmosphere. It may be 
remarked, however, that if the pressure is large enough the liquid may undergo a 
phase change into a form of solid (see Slater* for the several forms of ice found at high 
pressures). 

According to the temperature at which the above experiment is performed, one 
obtains a different i-urve on the pe-diagram. Several of the isotherms for water arc 
shown in Fig. 10. The locus of the points 2, 2', eti-., is known as the saturated-vapor 



Flo. 10. — A jro-diagiara for water showing iBotherln^ 


line. The locus of the points 3, 3', etc., is known as the saturated-liquid hni for tem- 
peratures above 0°C and as the saturated-ice line for temperatures below O'"!' ^see 
triple-point data below). If the temperature of the expieriment is below 0°( , the 
vapor does not condense into liquid water but sublimates into the solid pnase (ice). 
If, on the other hand, the temperature of the experiment is greater than 374‘’('. it is 
observed that the system remains homogeneous no matter how high the pressure may 
rise. The “vapor” then behaves like a perfect gas in that only changes of state are 
possible with increase in pressure isothcrmally. 

Critical Temperature. 'ITie lowest temperature for which the water vapor cannot 
be compressed into a liquid is known us the critical temperature of water. If the 
densities of both hquid and vapor are measured and plotted as functions of tempera- 
ture, the temperature where the two curves meet is the critical temperature. In 
Fig. 10, the intersection of the saturated-vapor and the saturated-liquid lines is known 
as the critical point. In ptif-space, this point occurs for water at T — 647°K, p = 218 
atm, and v = 2.50 cm ' pt'r gram. Since all •■itmospheric temperatures are well below 
the critical temperature of water, all three phases of water exist normally in the 
atmosphere. The critical temperatures of nitrogen, oxygen, and argon (the main 
constituents of dry air) are — 147°C, — and — 122°C, respectively, so that these 
elements do not appear in equilibrium in their liquid or solid phases in the atmosphere. 
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Tnple Point. Consider another ideal experiment. With the apparatus of the 
above system, keep the volume of the container constant and change the temperature 
by the addition of heat. At high enough temperatures, it is found that the space is 
filled with superheated vapor. If the temperature is lowered, a point will be reached 
at which some of the vapor begins to condense into liquid water. The system is in 
equilibrium with two phases present. If the temperature is lowered still hirther, the 
liquid will begin to freeze into ice and some of the vapor will sublimate into ice directly. 
The system is in equilibrium with three phases present. It is found that the tempera- 
ture cannot be lowered to less than 0°C until sufficient heat has transferred from 
the system to freeze all the liquid water. When the container holds nothing but ice 
(and vapor), the temperature n.ay be lowered still further. 'ITic system is now in 
equilibrium with two phases present, ic - and vapor. The point in which a substance 
may ex-ist in all thix-o phases simultaneously is known as the triple point. For water, 
the data are accurately t = 0.0098°< ' and p = 6.10.') n b. (see Zemansky*). In 
meteorology, it is sufficient to take t = 0°C, as has been done in the above discussioti. 
The triple point on the pt»-diagram is of course not a point but a line, for the, condition 
may occur for any value of the specific volume between the saturated-liquid line and 
the saturated-vapor line. 

Pressure-temperature Diagram. Another representation that is useful is found 
when the saturation vapor pressure is plotted against temperature. From the jpo- 
diagr.'iin, it is clear that there is a definite 
value of the temperature corresponding to 
each value of the saturation vapor pressure 
(and conversely). These values arc found 
at the points 2, 2', etc. Thus we can plot 
a single curve on py-coordinates represent- 
ing saturation vapor pressure against tem- 
perature. The general shape of the curve 
is shown in Fig. 11. Wc observe that for 
temperntures above 0°C the pressure in- 
creases uniformly with temperature. At the 
triple point, the slope of the curve is discon- 
tinuous. Below 0°C, the saturation vapor 
pressure has one of two values according to whether the vapor is in equilibrium with 
ice or with supercooled water. The saturation vapor pressure is less over ice than it 
is over W'atcr. 

Supercooled water is liquid water that exists at a temperature of leas than CC. 
In the laboratory, the state is unstable. Introduction of a small crystal of ice, or 
even a mechanical shock of the container, will cause the supercooled water to change 
into the solid phase. In the upper atmosphere, however, there is ample evidence that 
supercooled water (at least in the forni of small droplets of liquid water) may persist 
down to — This evidence is providc-d by observations of clouds that contain 

ii(tuid-water droplets at this lo)v temp^wature. I.iquid-water droplets are not common 
below — 10°(', but they do sometimes occur. Our observations must then determine 
the saturation vapor pressure for a system in which vapor condenses into liquid water 
(rather than sublimates into ice) even at temperntures below 0°G. The pressure is 
called the saturation vapor pressure "over water” or “over icc" according to whether 
it is determined for the vapor in equilibrium with supercooled water or with ice. 

One may construct three-dimensional pey-surfaees ihustrating the properties of 
water described above. Or one may draw isopleths in the plane of Bjiy two thermo- 
dynamic coordinates, e.g., Fig. 10, which shows isotherms in the pn-plane. The choice 
of diagram for illustration of the facts depends upon what one wishes to emphasize. 
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Jb’io. 11. — A i>7-diivKraiu for water at 
saturuliou. 
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A substance that has no free surface and that fills all the space available in a 
container is called a gof, if its temperature exceeds the critical temperature for the 
substance. If its temperature is less than the criticail temperature, it is called a vapor. 
Thus in the atmosphere we refer tf) water vapor and to the gases nitrogen, ox 3 'gcn, etc. 

Temperature-entropy Diagram. Consider finally state and phase changes that 
occur isobarically and the construction of a temperature-entropy diagram. Intro- 
duce into an evacuated cylinder a small piece of ice at leas than 0°C. I.et the pressure 
applied to the system be maintained constant by a weight acting on a frictionless 
piston in the cylinder. Add heat to the system. The ice will increase in tempera- 
ture. If the heat is added reversibly, the entropy increases in amount d* = dq/T. 
If the pressure is greater than a few millibars, the heating continues to increase the 
temperature of the ice at a rate proportional to the rate at which heat is transferred 
into the system. This increase in temperature continues until 0°(! is reached. The 
specific heat of the ice (ci) is almost constant. The increase in entropy during the 
warming from 7’i to 273°K is given by As = / c, dT/T = a In (273/7'i). 


CnWcat 
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I'll!. 12. — A r»-diaKram for water showiiiB ibohais. 


We may continue to add heat, but no increase in tcmpi'rature will be observed 
until all the ice is melted into liquid water. The heat required to melt unit mass of 
the solid (I'.e., to change its phase from solid to liquid) is called the heal of fusion,. 
During this phase change, the increase in entropy will be As = L,/273, where l.i is 
the latent heat of fusion. 

The temperature of the water is now increased by causing more heat to enter the 
Bj'stem. The temperature may be increswed up to the temperature 7’s, which is the 
temperature corresponding to the saturation vapor pressure equal to the ^nessure of 
the experiment. This is a state change of liquid water. The change in entropy of 
the system will be As = c»ln (7's/273), where c«. is the specific heat of the water. 
Cu. is almost constant. 

If more heat crosses the boundary of the sj-stem, the liquid water vaporizes at a 
constant temperature (and pressure). This is then a pure change of phase. The 
amount of heat necessary to vaporize, unit mass of the liquid is called the latent heat 
of vaporization. The change in entropy will be As = L/Ti where L is the latent heat 
of vaporization and Tt is the temperature at which the pressure of the experiment is 
the saturation vapor pressure of the water. 

When all the liquid has been vaporized, further addition of heat will produce a 
state change in the vapor phase. The increase in entropy for this state change is 
given by Eq. (30) to be As = j c. dT/T -1- p dv/T. This equation must take account 
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of the increase in entropy due to work done by the fluid as well as that due to an 
increase in temperature. 

According to the value of the pressure at which the experiment is performed, we 
get different curves on the 1 s><liagram. Several such isobars are shown for water in 
hig. 12. Since the melting point of ice at all atmospheric pressures is almost exactly 
0°C, and since the heat of fusion is almost a constant, the saturated-iee line and the 
saturated-liquid line are almost identical with the family of isobars up to the point 
where vaporization begins. It should 
be noted, however, that strictly speaking j 
the saturated-ice and saturated-liquid 
lines are the loci of the points in Wspacc 
where the solid begins to sublimate or the 
liquid to vaporize, respectively. On an 
enlarged scale, we should hav(! a famdy 
of isobars in the neighborhood of the ic^: 
and liquid lines which, to any usual seal-', 
fade into the loci, as shown in Fig. 13. 

Just as it is possible to cool the liquid Fig. 13. — Family of isobars shown on 
below 0°C without the appearance of the enlarged scalr by thickened lino, 

solid phase, so is it possible to cool vapor below the temperature corresponding to the 
saturation vapor pressure of the substance. The vapor is then known as super- 
saturated vapor. This state is also unstable but not uncommon in the atmosphere. 
Whether or not condensation begins as the vapor is cooled to the saturation point 
depends upon whether or not impurities are present. This is discussed further on 
pages 254-257. The regions of supercooled liquid and supersaturated vapor are 
noted on the JVdiagram of Fig. 12. 


Critical 




An enthalpy-entropy diagram may also be constructed on the basis of the above 
experiment. This diagram for water is sliown in Fig. 14. "Ihe method of construc- 
tion is as indicated in the figure. 

Condusions from Experiment A number of conclusions may be deduced Irom 
the numerical results of the experiments described above. Those are, for meteoro- 
logical purposes: 
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1. The Bpecifie heats of ice and of liquid water are eonstants. 

2. The melting (freezing) of ice (water) occurs isothermally at a temperature that is 
independent of the pressure of the experiment. The heat of fusion is a constant. 

3. Given a constant pressure, the sublimation of ice or the vaporization or condensa- 
tion of liquid water occurs at the temperature for which the pressure of the experi- 
ment is the saturation vapor pressure over ice or over water, respectively. The 
heat of vaporization decreases with increase in the pressure of the experiment until 
it is zero at the critical point. The heat of vaporization is equal to the heat of 
condensation. 

4. Under constant pressure conditions in thermodynamic equilibrium 

a. Adding heat to water produces a pure change of state. 

b. Adding heat to ice produces a pure change of state. 

c. Adding heat to ice and water mixed at 0°C produces a pure change of phase. 

d. Adding heat to liquid water and water vapor mixed at saturation pressure 
produces a pure change of phase. 

e. Adding heat to vapor produces a pure change of state. 

Not all the above statements are exact. They are, however, excellent approximations 
to the truth for the calculation of thermodynamic coordinates of water in its various 
phases for all practical purposes in meteorology. 

Clapeyron’s Equation. An important thermodynamic relation for the change of 
phase may be easily deduced from Maxwell’s relations and the second law of thermo- 
dynamics. For any reversible process, we have q = / 7’ ds for the heat added to a 
system in terms of the change in entropy of the system. For an i.sothermal process 
such as the vaporization of water under its saturation vapor pressure, e have ds = 
(ds/dv)Tdv where entropy s is expressed as a function of the two properties specific 
volume V and temperature Tin = s{v,T)]. I'he heat ri'quircd to vaporize th(‘ liquid 
is then L = f T{Sf/dT),dv where wc have replaced (ds/Sv}T by (dt/flT), using one 
of the Maxwell relations IKq. (40)1. 'Fhc saturation vapor pressure is designated by c 
in accordance with meteorological practice (rather than by p). The saturation vapor 
pressure is a function of temperature alone so that the above equation may b>> inte- 
grated at once to give 

■f- = T ^ (ti, - t>/) (.= 18 ) 

where L is the latent heat of vaporization, v„ is the specific volume of thi' vapor, and 
i>/ is the specific volume of the liquid. The latent heat of vaporization is al.HO equal 
to the change in enthalpy, since by the first law dq = dh when the process is isobaric. 
It is hf„ = L that is tabulated for the latent heat of vaporization. 

Equation (58) is known as the Clapeyron equation. It is usually written as 

df ~ T(v, - V,) 

and, since »,>>»/ for water, wc have to an excellent approximation 

df L 
dT ~ Tv, 

The usefulness of the above result occurs in supplying a means of checking experi- 
mental data It also will occur in numerous meteorological formulas as a simplifying 
factor. If the equation of state and the latent heat of vaporization are known func- 
tions so that L and v may he expressed as functions of temperature, Kq. (60) may be 
integrated to give the saturation vapor pressure as a function of temperature (see 
below). 
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Numerical Results for Water. Generally accepted data for the thermodynamic 
properties of water are those tabulated by Keenan and Keyes. Their tables arc 
given in engineering units and thus are not convenient for direct use in meteorology. 
From these data, Kiefer” has computed the values and tabulated in centigr^e 
degrees and joules of energy. Kiefer’s very useful table is reproduced in Sec. I. 
Harrison** published earlier data of a more hmited nature which agree well with 
Kieler’s table. Goodman*’ has computed the saturation vapor pressures from equa- 
tions given by Washburn** and made some useful tabulations. Goodman states 
that his results are in agreement with the values published by Goff.*" The general 
agreement among all published data is so good that Kiefer’s table (which has the most 
convenient arrangement for meteo’'ologic/il work) is adopted as standard in this book. 
Sec Sec. T for various tables and graphs. 

Using the data of Keenan and Keyes, Kiefer concludes that the saturation vapor 
pressure over water in the range - SO”! ‘ ^ 1 $ .'>0°C may be accurately represented 
by the equation 

6-m5 = 2r. 22 -2^3^ - 5.31 In X (61) 

where e, is the saturation vapor pressure in millibars. A formula duo to Washburn 
IS accepted for the saturation vapor pressure over ice. He gives 

07105 “ (2^ - -f 2 .11 In (62) 

for the range — 40°C' ^ t ^ 0°(’. T is the Kelvin temperature {T =■ t + 273). It 
is sometimes convenient to use the formula given by Tetens’" 

c. = 6 11 X 10'’+' (63) 

iilierc t = “(' and the constants a and b have the following values: 

1. Over water a = 7.b b = 237 3 

2 OviT it e a = 9..5 b = 265..5 

From the tabulated values of tenip<»rature, saturation vapor pressure, and satura- 
tion vapor density it is found that 


= const = 0 461 joiiles/graiu °K (64) 

w here e, is the pressure in centibars, v the specific volume in cubic meters per kilogram, 
and T the Kelvin temperature. It may be shown that the above ratio is also true for 
superheated vapor at pressures up to an atmosphere when the superheat is high 
enough. The obvious conclusion is that the vapor at the temperatures and pressures 
eneoimtered in the atmosphere behaves like a perfect gas. This conclusion is valid 
so long as the vapor is not in thermodynamic equilibrium with a free surface of liquid 
water in a container. See Keenan and Keyes** for the propeitics of superheated 
vapor at high temperatures. 

Knthalpies and entropies are tabulated in terms of joules per gram and of joules 
per gram degree Kelvin relative to the arbitrary base point oi 2()0°K and 1,000 mb 
pressure. This base is chosen so that negative values are avoided for atmospheric 
temperatures and pressures. From the first law of thermodynaniics, the enthalpy is 
m general giv<*n by the heat required to bring the system from llie hast* state to the 
present state. Thus dh = dg]p. The following notation is used: 
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hi = enthalpy of ice at t°C t ^ 0 
hi) •= enthalpy of sublimation < $ 0 
h) ^ hi + hi) = enthalpy of saturated vapor f ^ 0 
hif) =■ Li =» latent heat of fusion = enthalpy of fusion < = 0 
hj = enthalpy of liquid water f ^ 0 

hf) = L = latent heat of vaporization = enthalpy of vaporization / ^ 0 
h) = hf + hf) = enthalpy of saturateil vapor f ^ 0 
Si = entropy of ice t ^ 0 
«i, = entropy of sublimation t $ 0 

= g; + Sin «= entropy of saturated vapor f ^ 0 
8/ != entropy of liquid wafer < ^ 0 
«i/o = entropy of fusion f = 0 
Sf) <= entropy of vaporization f ^ 0 
S) = entropy of saturated vapor < ^ 0 


The empirical equations for these, quantities from Kiefer’s tabulated data arc as 
follows: 


/ii = 134 + 1.833^ joule /gram < $ 0 

hi) = 2,838(±3) joule/gram < ^ 0 
h) = 2,838 + 1.83of joule/gram f ^ 0 
Li = 333 joule /gram 1=0 
h/ = 467 +4.191 jouh'/Rrain I ^ •• 
hf) = L = 2,502 — 2.381 joulc/gram 1^0 
h) = 2,969 + 1.811 joule/gram 1 ^ 0 

Si = 0.57 — 1.835 pn joulo/grmn °K 

joulc/gram “K 1 ^ 0 

*» = »i + «M t 4 0 

QOO 

«,/o = = 1.22 joulc/gram “K 1=0 

«/ = 1.79 + 4.19 In joule/gram “K 1^0 


2 , 


502 - 2.381 
1 + 273 


joule/gram "K 


1 ^ 0 


«»=*/+ */» joule/gram‘’K 1^0 


1 ^ 0 


(65) 

( 66 ) 

(67) 

(68) 

(69) 

(70) 

(71) 

(72) 

(73) 

(74) 

(75) 

(76) 

(77) 

(78) 


It should be noted that the above equations provide (as they must) fo- the enthalpy 
(aud entropy) of saturated vapor to have the same value whether the liquid has 
vaporized at zero degrees or the ice has sublimated. A similar statement holds for 
the condensation or sublimation of vapor at zero degrees. Whenever accurate, values 
of any entropy or enthalpy arc desired for saturated conditions, one should refer to 
the tables in Sec. I. This is particularly true when it is desired to know the entropy 
or enthalpy change for a considerable range in temperature, for the specific heats 
concerned arc not strictly constant even over the limited range of the table. 

The, internal consistency of the data is illustrated by a simple application of 
riapcyron’s equation. If wc substitute the linear expression for k/) into Eq. (60) 
and replace e, by using Eq. (64), we find 

de, _ (3,152 - 2.38r) 
dT “ 0.46ir« 


( 79 ) 



Sec. VI 


PBOPERTIES OF OASES 


345 


whence on integrating 


6:10-5 = 25 - — - 5.2 In ^ (80) 

which compares favorably with Eq. (61). 

Direct observations of the value of the specific heats of water vapor in its super- 
heated state, for temperatures and pressures found in the atmosphere, arc not avail- 
able. Insofar as the vapor may be considered to be a perfect gas at and near to its 
saturation temperature and pressure, these observations are not necessary. The 
enthalpy of a perfect gas is a function of ;ta temperature alone; therefore the enthalpy 
of superheated vapor is equal to the en*'jalpy of saturated vapor at the same tem- 
pi'rature. The enthalpy of superheated vapor is then given by Eq. (71), and the 
specific heat at constant pressure is c,' = 1.81 joiiles per gram °K. Goodman*' quotes 
a value of 0.45 Btu per lb °E, which coi responds to 1.88 joules per gram “K. Haur- 
witz®* quotes 0.466, corresponding to 1.0.' joules per gram °K. Holmboe in a private 
communication quotes 1.911 joules per gram “K. C. H. Meyers (Bureau of Stand- 
ards) in a private communication shows that c/ varies from 1.85 to 1.88 joules per 
gram “K as the temperature and pressure vary between —60 and 60°C' and 0.00 and 
0.02 atmospheres. Tlie divergence in these quoted values emphasizes the importance 
of going to the tables when a<'curate values of enthalpy or specific heat arc required. 
For routine purposes, the variation of the sperdfic heat iray be neglected, and a mean 
value may be adopted for calculation.s. It will appear later that fairly large changes 
in the value of Cp' will occasion only small changes in the meteoroh'gical elements 
calculated. This is true because of the small amount (by weight) of water present 
in the atmosphere. In the following pages, a value of c,' = 1.81 joules per gram °K 
is used in all numerical work. 


PROPERTIES OF GASES 

Substances that are in the vapor phase at a temperature in excess of the critical tem- 
perature are referred to as gases. At temperaturts less than the critical temperature, the 
substance, while in the vapor phase, will be referred to simply as vapor. Thus the so- 
called “permanent” gases of the atmosphere (nitrogen, ovygen, argon, etc.) having 
critical temperatures well below any t(*mperature in the atmosphere are corn'ctly 
known as poses. The vapor of water, carbon dioxide, sulfur dioxide, etc., having 
critical temperatures above temperatures usually found in the atmosphere are cor- 
rectly known as vapors for meteorological purposes. See Sec*. 1 for critical-point data 
of various atmospheric gases. 

Equation of State. More than 56 different equations of state have been proposed 
as functions relating the thermodynamic coordinates for actual gases. Of these the 
simplest, and for most purposes adequately correct, equation is the perfect gas equa- 
tion of state (pv/T = const). Data for the function pv/1' are available in the 
International Critical Tables (Vol. 3) for various gases and wide ranges of tempera- 
tures. See also the more recent “Tempi'raturc', Its Measurement and Control in 
Science and Industry,” ref. 15. Examination of the data shows that, for all the 
elements in the atmosphere in their vapor (or gaseous) phase, we may take pv/T = 
const as a good approximation for all meteorological purposes (.save, of course research), 
i he results of the data for pure substances may be summarized in the formula 


pv 


pV 


rn 


= RT 


m 


(81) 
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where the Bymbols have the following meanings: 

B = universal gas constant = 8.314 joules/mol °K 
m = molecular weight of the substance 
R ■= gas constant for the particular gas considered = B/m 
V = volume of one molecular weight of the gas, m’ 
p = pressure, cb (1 cb = 10 mb) 

0 = specific volume, jn’/kg ^ 

T = temperature on the Kelvin scale (f.e., absolute scale) 

Internal Knergy. We have the experimental evidence of the Joule-Thomson 
experiment (sec Zemansky*) that the internal energy of actual gases is dependent on 
temperature alone, to about the same order of accuracy that the perfect gas equation 
of state holds for actual gases. This experiment shows that, as a gas expands through 
a porous plug from a higher to a lower pressure adiabatically, the temperature of the 
gas remains the same. Since no organized work is done by such an expansion, it 
follows from an application of the first law of thermodynamics that the internal 
energy is a function of temperature alone. We write then for the internal energy 
of the gases and vapors of Ihc atmosphere that 

e = internal energy = r(T) (82) 

It may be remarked that, although wc find the above conclusion to hold with 
sufficient accuracy for most meteorological purposes, for certain industrial processes 
the conclusion is invalid. In the Linde process for the liquefaction of air, for example, 
the final stages arc possible because of the cooling effect of such an adiabatic expan- 
sion. Thin fart is an excellent example of the necessity we have to examine all approxima~ 
tions {whether mathematical or physical) with the utmost care. 

We may on the other hand deduce the result that the internal energy of a perfect 
gas is a function of temperature alone when wc admit that the temperature T in the 
gas cqiiation is the thermodynamic temperature, for we have by the first end second 
laws that de = T ds — pdv, whence 



where the right-hand side follows from Maxwell’s relations in Kq. (40). On differwi- 
tiating the equation of state, wc find = — whence 



(83) 


dr the internal energy is indeed a function of the temperature alone. The above is a 
reversal of the argument used in the article on thermometry ; there it was postulated 
that the internal energy was a function of the temperature alone and, on that basis, 
it was shown that the temperature appearing in the perfect gas equation of state w'as 
necessarily the thermodynamic temperature. 

Enthalpy. Since we have pv = RT and e = e(7’), then the enthalpy, which is 
e + pv by definition, is equal to e + RT, i.e., the enthalpy of a perfect gas is also a 
function of the temperature alone. 

Difference of the Specific Heats. If we substitute the equation of state {pv =■ RT) 
into Eq. (45) for the difference of the specific heats, we find that 


rp — c, = R 


(84) 
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or the difference is a positive constant. Although and arc not necessarily 
constant independently, they are functions of the temperature alone, as shown by 
Eq. (49). 

Thermodynamic Properties. From the observable quantities of pressure, tem- 
perature, and specific heats, the other thermodynamic properties may be calculated. 
A base point, or datum zero, is adopted of 200° K and 1,000 mb pressure so that 
enthalpy, internal energy, and entropy will always have posit ive values in meteorolog- 
ical calculations. The base point is otherwise arbitrary, since all that is here desired 
is to know the changes in the properties between states. The formulas follow: 

1. Specific volume (or its reciprocal, density) is calculated from the equation of 
state after p and T arc measured 

HT 

» “ — 7kg (85) 

2. Interiial energy is given by the integration of Eq. (28) with c> a constant by 
assumption (or of course a mean value) 

e = c,(7' — 200) joules/gram (86) 

3. Plthalpy is given by integration of l‘kj. (34 ) with Cj, a constant by assumption 
(or a moan value) 

h = r,(7’ — 200) joules, ’gram (87) 

4. Entropy is given by integration of Eq. (30) with both r, and c. as constants 
(or mean values) 

T V 

s = e. In 200 - 77 In joul(>s/griiin °K (88) 

whore the equation of state has boon introiluccd to perforin the integration, p is in 
millibars. 

State Changes of Gases. The only changes that ran occur in a gas will be state 
changes, i.e., there can be no changes of phase, no matter how the thermodynamic 
properties change, because a gas is a substance in the vapor phase at a higher tempera- 
ture than the critical temperature. The system then remains homogeneous in one 
phase for all changes in the coordinates. The equation of state is a function of three 
variables, any two of which are independent. It is useful to study the possible 
variations in two of the coordinates when one is constrained to remain constant. 

A general way of applying the desired constraint is known as the polytropir rela- 
tion. This was introduced bj’ Eindi'ii in his researches on tlio at mospheres of the stars 
(see Alilnc*® and Ikldiiigton*')- It a-ssuiiied that the amount of heat dq that is 
added to a system is given by 

d,i = (dr (89) 

where f is a parameter. Physically ( is simply a specific heat. If Eq. (89) is intro- 
duced into the differential expression for the first law of therniod 3 mamics and inte- 
grated with Cp, c,, and ( as constants, using the equation of state nv = RT,we find 

(dT = CpdT - RT^ = Tda (90) 

P 

Cp *~<*p 

T^hence T — const 

(91) is known as the generalized Poinson etiuaiion. Diiicront state changes 
take place along what arc called procens lines (or isopleths) according to the value of 
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the parameter f. The defined proeesaes with which we are usually concerned are set 
out in Table 1. 


Tablk 1 


Value of { 

Hoat 1 

1 

Process requires 

Name of process 


dq = Cp dT 

p = const 

Isobaric 


dq ^ Cp dT 

V = const 1 

Isosteric 

t =0 
^ + 00 

do = 0 (llcv) 
{dT = 0) 

1 

s = const 

Iscntropic 

■n 

Isothermal 

1 


The isenlropif process is of (treat interest in meteorolopty. 'I’his is sometimes 
referred to as the reversible adiabatic, or somewhat loosely as the adiabatic. With 
f = 0, Kq. (91) reduces to Poisson’s equation 


R 

T = const p'’” (92) 

where It = Cp — c,. Equation (92) defines a family of process lines aecording to the 
value of the constant used in calculation. Each line (or mmfropc) represents state 
ehaiiKcs possible with a constant value of entropy. The lines are also called adinbatics, 
(or adiabats) since the constraint calls for dg = 0. The constraint of constant tem- 
perature defines a family of lines known os isotherms. 

Potential Temperature. Isopleths of constant entropy for dry air are almost 
universally known in motoorology as lines of ronslnnt potential temperature, or as dry 
adiahatics. The potential temperature 9 is defined by the equation 

(93) 

Physically wc see from PoLssoii’s equation and Eq. (93) that the potential teniperatur 
is simply the temperature that a muss of dry air would attain if it were brought from 
its initial state to a pressure of 1,0(X) mb by an isentrcpic state change. The relation 
between entropy and potential temperature is easily found by differentisting Eq. (93) 
logarithmically and substituting into ds = Cp dT/T — It dp/p. We find ds = Cp de/9 
or, on integrating 

8 ■= f p In 9 + const (94) 

• Although the potential ts'inporature is much more used in meteorology than is 
entropy both m CAplanation and in therniodvnamic diagrams, yet the entropy is an 
invaluable concept in the dcvelopmeiit of the subject and in its understanding. In 
particular, entropy is useful m discussing changes of phase of water in the atmosphere. 
The relation in Eq. (941 may be used to change from potential temperature* to entropy, 
or vice versa. 

Mixtures of Gases. A mixture is a system whose component parts are completely 
homogeneous and in which no chemical reactions have oi'ciirri'd or are occurring. 
Thus dry air is a mixture of several gases. Humid air is a mixture of dry air and water 
vapor. The fundamental law concerning the mixtures of gases is the Gibbs-Dalton 
law, which states: (1) the total pressure exerted by a mixture of perfect gases is equal to 
the sum of Ike partial pressures of each of the components when eaeh component occupies 
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hy itself the volume of the mixture at the temperature of the mixture, and (2) the internal 
energy and the entropy of the mixture are equal to the sum of the internal energies and 
entropies of the component parts of the mixture when each component occupies hy itself 
the volume of the mixture at the temperature of the mixture. 

The Gibbs-Dalton law is apphed to determine the thermodynamic coordinates 
of a mixture of Mi grams of eomponenl 1 with Mi grams of component 2. Let mi 
and mi be the molecular weights of 1 and 2, respectively. By part 1 of the law 

P = Pi + P2 (95) 

where p is the total pressure of the mixture of the two gases at temperature T con- 
tained in a volume V. The total mass o* the mixture is ^i Mi. From the equa- 
tion of state for perfect gases, w v. have 



where pi and ps arc the densities of the component gases. But pi = MijY and pi 
= MilV. Also the density of the niixtu>-e is p = (Afi -|- Mi)JV. Then 


_ _MiP _ _ 

Mi + Mi Mi + Mi 


(97) 


and on combining Eqs. (96) and (97) 


_ _ iirr [(Ml/m,) +(Afi/»H..n 
p - OTp [_ I 


(98) 


It follows from Eq. (98) that the mixture of perfect gases behaves matheinatically 
like another perfect gas w hose molecular weight and gas constant are given by 

_A/i + Ml 

(M,/m,) + IMi/mi) 

MiK, -b MJii 

" “ Ml -f Ml 


(99) 

( 100 ) 


where ffi = li/nti and ffj = B/mi. B is the universal gas constant. 

The utility of Eq. (98) is obvious. For any nuxiure of perfect gases, w'e have to 
deal with the perfect gas equation in the form pv = BT, where the ga.s constant R 
appears as a parameter of the system ff is given by Eq (100) to !«■ a mean value 
of the gas constants of the <'omponcnt gas<‘s The above argument for a iwo-com- 
ponent mixture may be re])eated similarly for a mixture of any number of components. 
It IS thus easily shown that, for a mixture of n perfect gases 


pv = HT 
,, _ SAf.ff, 

" “ EM, 

e=i (101) 

p 

p = 2p. 

P = Sp, 


The internal energy and the entropy of the mixture are given by part 2 of the 
Gibbs-Dalton law to be 

_ EM.e, _ -UMiCj^T - 200) 

® “ EM, ^M, 

EM,s, 

EM, 


s 


(103) 
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Following a simple transformation from Eqs. (101) and (102), the enthalpy of the 
mixture is found to be 

fc = , + ™ = 2^*i:a(i:.^20p) (104) 

* ^ 2JI/, Silf, 


The spepifie lieats of the inixturo per unit mass of mixture are given by 


de 

,r,, 

(102') 

~df~ 

ZM, 

dh 

dT 

SM.Cp. 

ZM, 

(104') 


from Eqs. (102) and (104). 

State Changes of Mixtures of Gases. A mixture of gases will be such that each 
component gas is at the temperature of the mixture Thus any change in temperature 
of the gas, so long as thermodynamic equilibrium is maintained, will produce the same 
change in temperature of each component, nds simple conclusion is not valid for 
the other properties. 

Let p, be the partial pressure of component i. Then 

p. = R.Tp, = (10.5) 

where V is the total volume of the mixture. Let remain constant. By differ- 
entiation of Kq. (105), we see that 

^ = f _ ^ ^ ( 106 ) 

p, T V p 

where the right-hand side of Eq. (106) is obtained by differentiation of the equation of 
state for the mixture (pv = RT) on the assumption that R = const, i.r., all the M, 

are assumed to remain constant. The nmclmion is riached in Eq. (10(>) that the 

pereeiUage increase of prissurt of each component and of the mixturi is the saw, provided 
that there is no change in the relative magnitudes of the components present (I'.c., nom has 
condensed out, for example). 

It is useful to investigate the change in entropy of the component ga.sc.s of a 
mixture when the mixture itself is constrained to isentropic state changes, ('onsider 
a binary mixture of M, grams of ga.s 1 and Mt grams of gas 2. I,et R and R' and Cp 
and Cf', respectively, be the gas constants and the specific heats at constant pressure 
of the two gases. For brevity, write x = Mt/Afi. The entropy of the mixture is 

M \S\ -h Mjsj = const (107) 

or *1 -h xs, = const (108) 

where si and »s are the specific entropies of the components 1 and 2. On differentiate 
ing while holding i constant, we have 

dsi -(- xiisj = 0 (109) 


or, in terms of pressures and temperature 

Cp dr R dpi , /Cp' dr R' dpi 
~T - p7 T - p: , 


( 110 ) 


By rearrangement and noting that the relative increments of the partial pressures are 
equal and equal to the relative increment of the, total pressure, by Eq. (106) we have 
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dr ^ R +aB' ^ 
T Cp 4- Cf Pi 


( 111 ) 


The change in entropy of component 1 is given by the left-hand member of Kq. (110), 
whence, substituting dT/T from Eq. (Ill), we find on rearrangement 


dsi = X 


(^p')_- (^p)] 

'OM +'(x/r^) J 


dp, 

Pi 


(112) 


Jt is condvded that the entropy of component 1 changes during an isentropic state change 
for the mixture unless R'/cp' = R/cp. By Eq. (109), it follows that the entropy of 
component 2 will also change. 


THERMODYNAMIC PROPERTIES OF THE EARTH’S ATMOSPHERE 

Composition of the Atmosphere. Table 2 gives the composition of the earth’s 
atmosphere. Above 20 km, the composition may be somewhat changed. Above 
100 km approximately the lighter eleni.'nts must predominate (Fleming,*'' and Chap- 
man and Milne”). For the purpose of a thermodynamic investigation of the atmos- 
phere for meteorological use, the distribution given in Table 2 may be assumed to 
hold at all elevations. 


Tabu: 2* 



Mass, 

% 

Molecular 

weight 


75.51 

28.016 

Oxygpn 

23.15 

32.000 

Argon 

1 28 

39.944 

Oarhon dioxide 

Variable 

44 020 

Water vapor 

Variable 

18 016 

Liquid water 

Solid water (ice or snow) 

Other gases (neon, helium, radon, etc.) 

Impurities (dust, salt, smoke, etc.). . . 

Variable 

Variable 

Trace 

1 Trace 

18.016 

18.016 


♦ After Panetii.*^ 

Vertical Structure of the Atmosphere. The atmosphere is a gaseous envelope 
that extends radially outward from the earth’s surfacse for many kilometers. The 
fundamental assumption is made that the substance of the atmosphere may he considered 
to be a thermodynamic system. It is a matter of observation that the lower layers of 
the atmosphere are generally not isothermal. On the contrary, there is generally a 
gradient of temperature or lapse rate directed vertically upward. This temperaturo 
gradient will produce heat flow from lower to higher layers by conduction. There is 
also a nonzero flux of heat transfer by radiation across the layers of the atmosphere. 
'I'he heat flow from both conduction imd radiation is so small, however, that to a first 
approximation it is neglected and the atmosphere is assumed to be in thermodynamic 
equilibrium, i.e., it is assumed that each element of mass is controlled in its thermo- 
dynamic coordinates by an equation of state. 'J'o an excellent approximation, this 
equation of state is given by pv/'T = const. 

The lower layers of the atmosphere are in modified convective, equilibrium, the 
modification being largely due to radiation. This means, in other words, that the 
tnajor amount of the heat transfer in the lower layers is done by radiation. Con- 
vective (and/or advcctive) currents in the air carry warmer or colder masses of air 
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from place to place and thus transfer or transport the energy of the mass. This 
transport is not called heat transfer in the language of thermodynamics. 1 hus, when 
a parcel of air is moved quickly and without turbulence from a region of high pressure 
to a region of low pressure (as in a vertical ascent), the heat transfer to the parcel is 
assumed to be zero. This is so because the gradients of temperature in t he atmosphere 
are too small to transfer appreciable amounts of heat in the short time required for 
such a transport of air. The above transport is assumed to be isentropic. It follows 
from Poisson’s equation that ascending air will be cooled and descending air warme<l. 
The final result of such motions is that the tc'mperature decreases with elevation 
above the earth. I'he temperature gradient cannot be found from Poisson’s equation 
directly. One must take into account the effect of advectivc currents of air all at 
different potential temperatures (or entropies). When the vertical motions are 
sufficiently intense (.is in a layer that is thoroughly mixed or kept stirred over a rough 
terrain), the gradient of temperature will closely approximate the gradient as deter- 
mined from Poisson’s equation (.sec pages 348, 373). 

Above the tropopausc, the atmo.sphere is in conductive equilibrium. Hero the 
mass of air is relatively free from vertical movements. Itadiation also plays a minor 
role. As equilibrium is established, 'hc should expect isothermal conditions to prevail. 
That such a region doe.s actually exist is well sJiown by obsen'afions taken from the 
records of radiosondes. At extreme altitudes, where th(“ atmoHjihere is so rarefied 
that conduction no longer plays an important role, radiation must become the pre- 
dominating influence. At these levels, the atmosphere is said to be in radiative 
equilibrium (sec Milne*’). 

The lower layers of the atmosphi-re are also the ‘“reservoir” for viirjing amounts 
of water vapor and liquid or solid water. Watr-r is cvaponitcd Irom the oceans and 
the earth’s vegetation and carried aloft by motions of the air. 11 hen it asci'iids 
sufficiently far (provided that the ainoimt is not changed by mixing), the water -v.ipor 
must finally condense into liquid water or sublimate into snow. It is in these lower 
layers that all the weather occurs. But, although the atmosphere aliove the tnipo- 
pause cannot hold enough water (because of the low temperatures present) +o be a 
region of weatlier, there is ample evidence that the weather of the lower layer.-’ is not 
unaffected by what occurs at higlicr levels. ITiis is so because the pressures existing 
at high levels must play a role iu the movements of the air at lower levels and thus in 
the weather resulting from those movements (sch> Sec. X). 

Terminology. The following terms arc used iu the analysis: 

1. Dri/ air is a mixture of nitrogen, oxj’gcn, argon, and a trace of carbon dioxide in 
the proportions given in Table 2. 

2. Humid or moist air is dry air plus water x’apor in amount less than saturation. 

3. Saturated air is dry air plus water vapor at satUTation vapor pressure. 

4. Wet air (or iced air) is dry air plus saturated vapor snd liquid xxa+er (or ice or 
snow). 

6. Supersaturated air is dry air plus water vapor at greater than saturation vapor 
pressure. 

6. Supercooled air is dry air plus saturatinl x apor and supercooled liquid water. 

Dry, humid, saturated, and wet air are in stable thermodynamic cquililiriiim. 
Supersaturated and supercooled air are in iiieta.sta))le therniodynaniir equilibrium. 
A suitable quantity and type of impurities pre.Ment will prcxmnt the oecurrenee of the 
nietastable states. The impurities presmit do not affect the thermodyniimie analysis; 
but they must be considered in the role of catalysts when the mechanism of con- 
densation is studied. The other gases of the atmosphen* (trace of neon, argon, etc.) 
are present in such small quantity that they do not affect the thermodynamic analysis. 
I'he single important parameter of the atmosphere, considered as a thermodynaniie 
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system, is the amount of water vapor present. Its composition in otlier respcscts may 
be considered constant for present purposes. 

Dry Air. According to Table 2 and to Kq. (101), tl\c gas constant for dry air is 


T. _ \ffv + Molio + aHa _ f, • 1 / ori 

It 0.287 joule /gram C 


(113) 


This result comes from the observational fact that dry air is a mixture of several gases 
tVe note that, since R/r^ is almost the same for nitrogen and for oxygen (about 0.286), 
a state change that is iscntropic for the dry air will also be iscntropic for the nitrogen 
and the oxygen separately by Kq. (112). The specific heat at constant pressure of 
dry air is 1.003 joules per gron “K. The eciuntion for dry adiabatics (potential 
temperature lines) is then 


ft = 


^i.oooy 


(114) 


from Kc}. (93). Any of the tlieriiiodvn iiuic ]>ropertie8 of dry air may be found from 
tile appropriate equations, which follow Irom the e«iuation ol state 


pv = 0.2872' (115) 

Humid Air. Wc recall that for atmospheric temperatures and pressures we have 
rv/T = 0.461 for water vapor. Thi.s is the equation of '-late of the water vapor based 
oil experimental results. It may be noted that the gas constant lor water vapor from 
this result (i.e., 0 461 joule per gram °K) is nearly equal to the ratio ot the universal 
gfis constant to the molecular weight of water, i c., 8.314/18.016 = 0 462. It is then 
strongly indicated that the water vapor may be assumed to behave like a perfect 
ga.s. Thi.s a.s.suinption is made subject to the provision that the vapor is not in 
equilibrium with a flat surface of liquid water. 

We then assume that humid air is a mixture of dry air plus water vapor in amount 
less than that required to saturate the space at the temperature of the space. Since 
both tile vapor and thi‘ dry air behave like perfect gases, the equations developed for 
mixtures of jieifcet ga.s<‘.s will apply to tlu- humid air We havi' then 


pv 


3 /„ + . 1 /. 


(116) 


where p, v, and T are the pressure, specific volume, and temperature of the humid air. 
.!/„ and M, are the masses of dry air and water vapor, resjiectix’ely. /f„ and R, are 
the gas constants for dry air and for W'ater x'apor, rc'spectively. 

A variety of diflerenl (but dependent) parameters hax’c been introduced to 
designate the quantity of water vapor present. Some of these are defined below . 

1. Mixing ratio ic is defined by the relation 


w =• 


Ma 


(117) 


2. Rpecijir humidity y is defined by 

^ " M,'+Ma 


( 118 ) 


3. Relative humidity f is defined by 



354 


TUEBilODYNAMICS AND STATICS 


[Sec. V 


whore e is the partial pressure of the vapor in the humid air and e, is the saturation 
V'apor pressure corresponding to the temperature of the mixture. 

The dependence of the parameters upon each other is easily shown. From the 
above equations, we have 


9 = 


w 

1 + w 


< ID 


( 120 ) 


The vapor pressure and total pressure in a space of volume V at temperature T are 
given by 


e 

P 


pJi.T 


Vm.' 


pHT = 


Af V d" Af a 

Vm 


BT 


( 121 ) 


respectively, where the symbols have their usual meanings. Take the ratio of the.se 
pressures and introduce the definition of le to find 


(T», /wia)c _ ep 
p — f p — p 


(122) 


or numerically, since TO,/nio = 0.622 where m„ and m„ are the molecular weights of 
the water vapor and dr 3 ' air, rejjpectively, we have 


0.622P 

w 

p — p 


(123) 


for the relation between the mixing ratio and the partial pressure of the water vapor. 
Note that the total pressure p enters into the equation. Equation (123) may be 
written in terms of relative humidity, pressure, and temperature (implicitly) by sub- 
stituting Eq. (119). We find 


tB 


P -]f> 


(124) 


and recall that e, is a function of temperature alone. ’^I'he value, of the sufurnlion 
mixing ratio is defined to be the maximum value w may have at a specified ten\pera- 
ture and pressure. This is given by / = 100 per pent to be 


w. 



(12.5) 


Another useful parameter for designating the water vapor present in humid air 
is the virluaL temperature. As we have seen, the equation of state for the mixture 
of dry air and water vapor is p» = BT where the gas constant for the mixtures is given 
by 

Jlf„/f. -t- -Wrff. _ 

Af a *1- .lf» 1 -b UJ 


'I'he equation may also be written pv = B„Tv, where T, is a number which when 
multiplied by the gas constant for dry air gives the magnitude KT of the actual humid 
air. Then from the above we have 


T, 



(126) 


Equation (126) is taken as the definition of the virtual temperature. It may be noted 
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that Tv is not an actual temperature in that it could be measured by a thermometer. 
But Tv does have the dimensions of temperature, and it does give a measure of the 
humidity of the air. Using the above equations wc find that, in terms of the mixing 
ratio w 


rij- W(^/Ha)l 

L 1 -Kta 1 


(127) 


Since Rv/Ra = ma/mv = 28.97/18.02 = 1.61, we have numerically 

^ [- (128) 


where the approximation on the right-hu.nd side is good whenever squared powers and 
higher of w may be neglected in comparison with unity. Since the mixing ratio is 
known from the properties of water vapor to be less than 0.03 in almost all cases, the 
approximation indicated is valid for all except the most accurate calculations. The 
difference between virtual temperature and temperature is always positive. This 
difference will be greater for greater values of relative humidity (or mixing ratio). 
The difference is greatest when / = 100 per cent or when w — te,. Since w, depends 
on temperature and pressure atone, the difference between temperature and virtual 
temperature at saturation depends upon temperature and pressure alone. We have 

(Tv - T). = 0.61u).7’ (129) 


for the difference at saturation. For values of the relative humidity other than 
100 per cent, we have approximately 

Tv-T = (Tv - T),f (130) 


where / is the relative humidity. This approximation is deduced from the approxi- 
mate form of Eq. (123) 


w 


te ^ 0.622e ^ 0.622 /f. ^ 
p — e p — e p 


( 131 ) 


since e <<p. 

It follows from the equation of state that humid ait is lighlrr than dry air, i.c., 
given two samples of air at pressure p and temperature T, one humid the other dry, 
the ratio of their densities is less than one. The pressure in either gas is given by 


p = pRT = pvRaT 


whence, substituting in the value for the gas constant R in terms of Ra and the mixing 
ratio of the humid air, we have 


PvRv p.(l - 1- »’) ^ 

- /f' " 1 + iTel^ 


( 132 ) 


The specific heats of humid air arc found from Kqs. (102') and (104') to be 

ilf oCpo "b 

iHa~+iirr 

" Mv + M, 

where and Cp„ are the specific heats at constant pressure of dry air and of W'ater 
vapor while Cw and Cw are the specific heats of dry air and of water vapor at constant 
volume. In terms of the mixing ratio, the above are 


(133) 

(134) 
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C p n VJCpit 

’ + (135) 

r,a + V>Cr, 

1 + U) 

Kquations (133) to (135) givo the specific heats per unit mass of humid air. llio 
specific heats per unit mass of dry air arc defined similarly sii\'e that now only M, 
appears in the denominators. In this case 

Cp = Cpa + ICCpu (13G) 

Cn ~ Cpa "h 

The specific heats at constant pressure are the most useful of the above et|uations. 
Numerically we have, using Cpa = 1.003 joules per gram °K and c,,„ = 1.81 joules 
per gram °K 

Cp — 1.003 + O.SOia joules/grmn °K (per unit mass humid air) 

Cp = 1.003 + l.SOio joules/gram “K (per unit mass dry air) 

to a very good approximation. 

State Changes in Dry or Humid Air. (liven a mass of humid air (/ < 100 per 
cent) we have, from the preceding e<iuations 
1 . Isobaric state changes (constant pressure) 




dh = Cp dT 


2. Isosterie state changes (constant density) 

dj' J = do = Cp dT 


3. Isentrojjic state changes (entrojry, or jjtdential i iii])erature, constiuit) 


or 


, _ dT K dp _ 

as - ^ - - i 

/R„ +wR. \ 
7's _ /pj\'r-' -t "’fp,/ 

T. ■ \pj 


(137) 


when the mixing ratio w is constant 

Neglecting squared and higher iKwers of »c. we find numerically from Nq. (137) 
that 


7', _ /^^\ « 2»6(l-0.!ir) 

t; " vpJ 


(1381 


In meti'orological applications, a further approximation is generally introducrsl by 
neglecting the mixing-ratio term in the exjmuent of I'iq. (138) altogether. In other 
words, it is assumed that sufficient accuracy is obtained by writing 



humid Air 



dry air 


(139) 


The error introduced by the approximation indicated in Kq. (139) is small. Its 
uppi'r limit may be estimated ns follows: Using the generally accepted value of 
lia/cpa — 0.288 (instead of the value 0.286 which better fits the magnitudes 0.287 
for I{„ ami 1.003 for c,,ai and /f./cp,. = 0.461/1.81 = 0.255 for water vapor, xve find 
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from Eq. (112) that 

(fea = — — ^ joules/gram °K (140) 

P 

AssuTning that to could have the very high mean value of 10 grams per kg for an 
expansion from 1,000 to 400 inh, we have, on integrating, that |a*| < 0.0005 for the 
error in entropy. The error in potential temperature is about 0.2°C since f, AS = # As 
by Eq. (94). It may then be safely assumed for ealeulations to meteorological 
aeeuracy that a state change that is isentropic for the mixture of dry air and water 
vapor with relative humidity leas than 100 per cent will also be isentropic for the dry 
air component. The state change must, of course, be also isentropic for the water- 
vapor component. 

Saturated and Wet Air. A mass of humid air may he brought to the saturation 
point in a variety of ways. \Vo recall th it saturated air is dry air plus w'ater vapor at 
saturation vapor pressure for the temperature of the air. Saturation may be attained 
by (1) cooling the humid mixture down te the temperature for which the actual value 
of the mixing ratio is ecpial to the saturation mixing ratio, or (2) increasing the value 
of the mixing ratio until it attains the saturation value for the initial temperature. 
A combination of such simple processes may also occur. Several paths by which 
saturation may he reached are so imporlaiil in nature that the saturation temperature 
attained is given a special name (i.g., dew-point temperature). Sec pages 381, 390 
for a discussion of meteorologli'al temperatures. 

Equations (110) to (110) inclusixe may be applied to all states of humid air. 
After the air reaches saturation, the therniotlynainic system is no longc-r a homogene- 
ous mixture of gases for all state changes. If the air is warmed, or if some of the 
vapor is removed, then the air is again humid and the previous equations apply. 
But if the air is cooled, or if additional water is put into the space, then cither the air 
is supersaturated or it is wet. Whether or not the air takes on the metastablc state 
of supersaturation depends upon the condensation nuclei present. If correct numbers 
and types of hygroscopic nuclei are present, the vapor inaj' condense at even less than 
100 per cent relative humidity. If neither hygniscopic nor condensation nuclei are 
present, supcrsaturation is the rule. The question of the mechanism of condensation 
is not one for thermodynamics to answer (see pages 254, 257). 

What may be termed the normal .state of affairs is that, us cooling of a mass of 
liuiiikl air continues pa.st the saturation temperature, either one of two things oerurs, 
(1) the vapor eoiideiises and ri'inains in the .spare, or (2) the vapor eomlenses and is 
preeipitated from the spare. In nature the mo.'-t likely oeeurreiire is a combination 
of these two .simple exx-iits. In the absciiee of spivifie information on the relative 
proportions of liquid w'ater n-mainiiig and precipitating, one must determine the state 
and phase changi'S for the two possible events noil'll above. These are referred to, 
re.spectivelj', as rwrsilile adiabatic and pncmloadnihalir elianges. The important 
thing to notice is that in either case the air at saturation is in such a state that any 
further cooling will introduec a uonhomogeneous aspect, i.r., both water vapor and 
liquid water will be present, even thotigh the latter may be precipitated immediately 
after condensation. If at any later point the direction of the heat flow is changed, 
the pseudoadiabatic process is immediately homogeneous with only water vapor 
present in the drj’ air, since the liquid water has been precipitated. But the reversible 
adiabatic is homogeneous only after the liquid water present has been vaporized; up 
to this point tiie two phases of vapor and liquid water are present and the system is 
nonhomogencoi'is. 

If saturation is reached only after the temperature has been lowered below 0°C, 
the normal situation is that water vapor subluiiatcs directly into snow. If a non- 
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homogeneous system of liquid water and water vapor is cooled to 0°C, the system will 
either undergo another phase change with the water freezing into iee at 0 C, or only a 
state change will occur with supercooled air resulting. The latter result is not 
uncommon in the atmosphere, with the supercooling sometimes persisting well below 
0 °('. 

The value of the mixing ratio that is computed and used in practice for tempera- 
tures below 0°C in the free atmosphere is generally taken from the saturation vapor 
pressure over water, even down to temperatures at which ice or snow must predominate 
over liquid water. In discussing this question, Goodman '' states:* 

llecause there arc two possible values of vapor pressum, there arc theoretically two 
values for the specific humidity of saturated air at all temperatures below 32°F. One 
value of specific humidity corresponds to the vapor pressure over sulicooled water and 
the othi'r to the vapor pressure over ice. Theoretically, therefore, the specific 
humidity of saturated air at temperatures below 32°F would depend on whether the 
air was in contact with suhcoolcd water or with ice. Actually, however, the specific 
humidity of saturated air below 32°F has been found to correspond to the vapor pres- 
sure over subeooled water whether the air is actually in contact with subcooled water 
or with ice. All of the weiglit of the experimental evidence, as quoted by Keyes and 
Smith’* and by Ewell, ”•’* indicates that the moisture content of cold air in equilibrium 
with ice corresponds to the vapor pressure over subeooled water and not to the vapor 
pressure over ice. As Keyes and Smith’* stale, ‘the water content of air in equilibrium 
with ice does not correspond to what would be expected on the basis of Dalton’s law 
from the known vapor pressures of ice, but rather to the pressure of subeooled water.’ 

State and Phase Changes in Saturated Air. I. Hevt rsible Adiabatic (or Tuentropic) 
Changes. Consider a mass of saturated air at pressure p, temperature T, and mixing 
ratio Wi = (. It is desired to determine the function relating temperature and pres- 
sure when the mass is cooled isentropically The following symbols are used: 

T = temperature 
p = total pressure 
c, = partial pressure of water vapor 
s„ = entropy of unit mass dry air 
Sf = entropy of unit mass liquid water 
«/, = entropy of vaporization of water 
Sj = entropy of unit mass of water vapor 
A/„ = mass of drv air present 
Mg = muss of water vapor present 
.1/ / = mass of li({uid water present 
c — specific heat of liquid water 
= specific heat of dry air 
Jfo = gas constant of dry air 

ilf, 

V = mixing ratio = -jr- 
Jil a 

y = '‘mixing ratio" for liquid wafer =• 

If A 0 

w + v " i = constant 

L = laUmt heat of vaporization 

'IVo assumptions are made, (1) that the mass of dry air cools isentropically, and 
(2) that the liquid water remains in the spaco considered. 

The entropy of the system is given by 

MaSa + Mjss = const 


* Reprinted with permusion. 


(141) 
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or in terms of w and y by 

Sa + wtg + yg/ = const (142) 

On differentiation we have 

dia + ti)(ds/ + ds/„) + v ds/ + («/ + s/»)dn) + «/ dj/ = 0 (143) 

or, on recalling that «„=*/+ «/„ and to + y = const, we have 

dsa + d(wsfg) + (to + y)ds/ = 0 (144) 

Kquation (144) may be integrated at once to give 

If the small term involving £ is neglected, we arrive at the approximation used by 
Rossby 

Cpa In T — Ra In (p — e.) + ^ = const (146) 

since the entropy change of the dry air component is given by 

SaV = e,.a In ('^) - Ra In (147) 

Jl \Ti/ Pi — e,i 

It will be noted that Eqs. (H.!) and (146) give temperature as a function of pressure 
(or conversely) since e., to, £, and L are known as functions of T. The air remains 
saturated always, and to is therefore equal to to,. To calculate the isentrope, one 
takes a starting point wherever desired and computes the constant in Kq. (146). 
Then, on assuming some other temperature, the corresponding pressure on the isen- 
trope may ho calculated, 'J'he wet isentropes (or adiahaties) determined by the above 
e(]uationB are also called the pseudo-wct-bulb potential temperature lines (see pages 
387, 388). 

IT. Rgfudoadiahatic Changes. If it is assumed that the water vapor condenses in 
the space under consideration (thus giving up heat to the dry air component and 
increasing its entropy) but is then immediately precipitated out, the analysis requires 
a small change. The preceding equations hold down to Kq. (144). As the liquid 
wati'r does not remain in the space to add its entropy, we have in lieu of Eq. (145) 

<»»> 

Since u) ^ f, wc may again neglect the last term. For greater accuracy one may take 
mean values of the saturation mixing ratio at the two temperatures for which the 
computation is being made and then, by graphical methods, find the changes in pres- 
sure corresponding to particular temperatures. It will be noted that, to the approxi- 
mation indicated in Eq. (146), the pseudoadiabatic and reversible adiabatic isopleths 
arc identical lines. 

III. Hail Stage. It is of some interest to set down the equation for the hail stage. 
It is assumed that isentropic cooling has proceeded from some initial point down to 
0°CI and that freezing occurs at that temperature. Add the following (symbols to 
those used previously: 

Mi = mass of ice present 
«i = entropy of unit mass of ice at 0°C 
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«./o = entropy of fusion per unit mass at 0°C 
Til 

z => = “niixiiif; ratio ” for the solid (ice) 

u>-[-j/-|-z=wi=* const = mixing ratio when the air is saturated and y “ z = 0 
uij = mixing ratio when the temperature reaches 0°(i and z = 0 
w% = mixing ratio when all the liquid water present has frozen (y = 0) 

It is assumed that frei'zing occurs isentropieally (for the entire mixture) and iso- 
thermally. The total entropy of the system is 

So + ICS, + ye/ + zs, 

per unit mass of dry air. The entropi<>s s,, s/, and Si are eaeh constant since the tem- 
perature remains at 0°C throughout the process. We recall that s„ = s, -f s,, = 
*/ + s/, at 0°t'. Also 8/ — s, = s,/o. On differentiating the above expression, we 
have after a simple reduction 

dsa + s./o dy -J- St, dw = 0 (149) 

Kquation (149) may be integrated between state' 3 where the freezing is complete and 
state 2 where the freezing has commenced. We find 

Sol + Si/oiVi - yi) + s,„(u'8 - v'i) = 0 


Hut y> =« 0 and ys = (wi — w,}. Also s, = —JI, hi (p — ()i/(p — e)t. This gives 
finally 

Ra In Ip = s./«(ici - Ws) + s„(wi - m) 
or in slightly diffi'rent form 

J{„ In = s./o(wi —«')-)• s/,(u '2 — w») (150) 

— <‘)Z 


Since wi > W 2 and t 2 = = 0.105 mb, Kq. (150) may be writtcMi minu‘rieally 

- -> + („ - ,u - " “22 «M) 

On selecting any initial point, it is found after calculation that the pressure p, after 
the isothermal, isentrojiic freezing is less than the pressure when the freezing com- 
menced. In the atmosphere, this implies an isotheinial hner of finite thickness in 
u hich the entrained water freezes as it asi-ends, A'otc that — p, is small in com- 
parison with either p, or pa in any actual case. On expanding the term containing 
the logarithm in Kq. (151), it is found approximately that 


Pi - p. = 


8,/op j(lCi — U'j) 

R, 


(1521 


Oonsider a numerical example Maritime tropical air with an initial mixing ratio of 
20 grams per kg ascends to the 0°(' isotherin where it freezes at about 500 mb. The 
thickness of the isothermal layer will be approximately 


Ap 


(20 - 81 >000 X 1.22 ^ 
1,000 X 0.287 “ 


(153) 
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It is noted that, even if all the liquid water is carried aloft, the isothermal layer is 
relatively thin. If some of the water precipitates out (as it undoubtedly will in 
nature), the isothermal layer will be appreciably thinner. 


THERMODYNAMIC DIAGIUMS AND CALCULATIONS 


Accuracy of Observations. The thermodynamic properties of the atmosphere 
and the parameter indicating the water-vapor content cannot be measured in the 
upper air as accurately as one might wish. In general, pressure and temperature are 
transmitted in synoptic messages to millibars and whole degrees centigrade, respec- 
tively. Mixing ratios arc transmitted to tenths of grams per kilogram of dry air, but 
the last figure is generally in doubt. L> making routine calculations from such 
reports, it is correct to introduce mathoiiati' al approximations that simplify the 
arithmetic so long as the error intrwluced by the approximation is less than the error 
of observation. To illustrate; 1. The mixing ratio is accurately given by 0.622(’/ 
(p — c) where p is the total pressure as read by a barometer and c is the partial pres- 
sure of the water vapor present. Since t < < p it is sufficiently accurate for most 
purposes to write 


0.622e 

w = - - — — 

P 


(154) 


2. The gas constant is given by Kq. (116) for humid air. In terms of the mixing 
ratio 

u = ]{ 

“ l+w “1+to 


Since w is small in comparison with unity, it is sufficiently accurate for most purposes 
to expand the denominator bj' the binomial theorem and neglect squared and higher 
powers of w to obtain 

R = R.(l + O.eirc) (155) 

Thermodynamic Data and Their Use. Thermodynamic data arc collected and 
used in one or more of several ways. 

I. Tables. Section 1 contains a selection of tables giving data useful in mete.- 
orology. When one wishes to find a reiaWd jdiysical quantity as accurately as the 
observations will allow, one, should refer to the appropriate table. The saturation 
vapor pressure over water, for example, is given in Table 68 for various temperatures 
as accurately as it is known by experiment. When a value for the pressure is desired 
that corresponds to a temperature falling betwixin tabulated values, one interpolates 
between tabulated values. Tables are sometimes prepart'd in full so that inter- 
polation is not required. See, for example, Table 87. This table of V. Bjerknes 
gives distances between standard i.sobaric surfaces at various mean virtual temper- 
aturcH. Interpolation is neither necessary nor desirable in general, for the accuracy 
of observations is such that interpolation is not warr.anted. 

II. Charts and Graphs. Observed data may be plotted on cross-section paper, 
and a smooth curve may be drawn connecting the. observed points. If the scale and 
grid of the paper arc well chosen, the graph may he as accurate as is desired. The, 
graphical method is nearly always the most conveni(!nt way of recording data. For 
extended lists of observations, the graph is likely to become unwieldy if the scale is 
large enough to give much accuracy. Mistakes due to the human factor are also 
possible in reading the graph. In spite of some disadvantages, however, graphi< al 
analysis offers so much speed and convenience that it is widely used in all sciences. 

III. Equations. Frequently a desired physical quantity may be easily expressed 
in terms of the elementary functions. Thus we have simple algebraic equations for 
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mixing ratio and the gas constant in terms of pressures and w, respectively. It is 
sometimes desirable to substitute into these equations and solve for accurate numerical 
values of the unknowns. In other cases, the analytical expressions involve more 
complicated functions. The equations frequently do not admit of an explicit solution 
for one variable in terms of the known quantities. The numerical results must then 
be obtained by a process of “trial and error" or by a graphical analysis. 

IV. Thermodynamic IHagrame. A thermodynamic diagram is a chart or graph on 
which isopleths of various thermodynamic coordinates are plotted against other 
thermodynamic coordinates, or functions of those coordinates. To restrict the defi- 
nition even further, it is sometimes stated that the thermodynamic diagram must be 
one on which areas represent energy. Several of the various diagrams in general use 
will be discussed below. Any one of them is found to be of great value in routine 
meteorological work. 

Vertical Structure of the Atmosphere and Origin of Thermodynamic Diagrams. 

The fundamental relation used in the development of all thermodynamic diagrams is 
the equation of mechanical cquilibrhun. In differential form, wc have, from Eq. (il) 

udu + g dz V dp =0 (11>6) 

When the unit mass of atmosphere to which this eejuation applies is stationary, wc 
have the well-known equation of hydrostatic equilibrium 

gdz vdp =0 (157) 

or ^ = —go (158) 


where p is the density of the atmosphere and the axis of z is vertically up. 

Equation (157) may bo integrated to quadrature immediately. li’e liave 

(za - zi)p - ~ jy (159) 


for the linear distance between the points 1 and 2 in the atmosphere. Introducing 
the equation of state for perfect gases, this becomes 

(160) 

g J\ V 

It follows that, if the temperature ami gas constant (which depends on Ihe mixing 
ratio) are known as functions of pressure, one may integrate and thus determine the 
linear distance between isobaric surfaces. Temperature and pressure arc chosen as 
fundamental variables because they are directly measurable, whereas the specific 
volume cannot be measured directlj in the free atmosphere. It is a matter of personal 
choice what functions of the t<!mper.ature and pressure are selected for coordinates 
of the diagram. It is sometimes helpful to choose functions that will make areas 
represent energy. In the pseudoadiahatic diagram, the functions are chosen to make 
the dry adiabatics straight lines. 

Geopotential. The geopotential is defined to be the potential energy of unit mass 
in the earth’s gravitational field. We take the acceleration due to gravity to be 
numerically 980 and effectively constant for meteorological thermodynamics. The 
unit of geopotential is the dynamic meter, which is defined to be 10‘ erg of energy. 
Thus in the earth’s gravitational field the geopotential of a gram of mass at an eleva- 
tion of z m is 


•P = 980 X lOOz ergs /gram 


(161) 
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where the elevation z is measured above sea level, i.e., the potential energy is taken 
zero at sea level. In dynamic meters (gm), the geopotential is 

« 0.9Sz gm (162) 

when z is in meters. The dynamic meter is dimensionally energy per unit mass; but, 
since the acceleration of gravity is assumed constant, this quantity may be converted 
into linear distance above sea level in meters by divi-'-ion by 0.98. 

Pressure-volume Diagram. From Eqs. (159) and (162), it is clear that, if the 
specific volume were plotted as a function of pressure between two points 1 and 2 in 
the atmosphere, then the geopotential between the two points would be represented 
by the area indicated on the rigbt-hand side of Eq. (159). Given a sounding in the 
atmosphere showing the specific volume as a function of pressure, one could then 
planimeter the area indicated in Fig. 15a and find the linear distance between any 
two points along the sounding. The pi'- (or Clapeyron) diagram is little used in 
meteorology because the specific volume is not directly measurable. 




(a) (b) 

Fig. 16. — Areas as energy and pti-diagram. 


Closed Areas as Energies on Thermodynamic Diagrams. Consider the repre- 
sentation of any cyclic process on the ptMiiagram . Let some particular cycle be shown 
by the path 1-2-1 in a clockwise direction in Fig. 156. The total work done by the 
thermodynamic substance through the cycle is given by the line integral; work = 
^ p dv. From the first law of thermodynamics, we have dq = de-\-pdv = dh— v dp. 
From this we have on integrating around a cycle ^ dq = fip dv = — fv dp since de 
and dh are perfect differentials. But either of the integrals on the right-hand side 
of this equation gives the area enclosed by the curve that represents the cyclic process 
on the pv-diagram. Therefore the area is equal to (1) the net amount of heat transfer 
during the cycle and also (2) the net work done on or by the substance. This con- 
clusion is equivalent to the usual expression that "areas on the thermodynamic 
diagram represent energies.” The scale of the energy per unit of area depends only 
upon the scales to which pressure and volume are laid down. 

Equal-area Transformations. The fact that energies transferred in a cyclic 
process and linear distances between iioints representing different states in the 
atmosphere can be determined by the measurement of an area on the pv-diagram 
suggests that one investigate equal-area transformations, i.e., determine what other 
coordinates can be used on graphs so that an area of A cm*, say. which lies inside some 
particular closed curve on the original diagram will remain exactly A cm- when the 
bounding curve is plotted on the new diagram. The area may change its shape 
entirely, but the restriction is that the magnitude of the area remain the same. Tlie 
problem is essentially one of mapping. We think of an area A on the pt>-diagram 
being transferred to an xy-diagram by imagining the bounding curve transferred 
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point Viy point. The coordinates x and y are so far unspecified functions of p and »• 
It may be sliowii that the areas are transformed equally when 

^ ay _ to ^ _ 1 (163) 

dp Sv dv dp 

Kqiiatioii (163) may he solved in general. It is sufficient for our purposes to note 
here that, if the aveoordinate, for example, is specified as a function of p and v, then 
the y-eoordinate must satisfy Kq. (163) in order to give an equal art's transformation. 
If wc select RT as the abscissa of a thermodynamic diagram and want areas to repre- 
sent energies, then from Eq. (1631, and with pa = RT, we find that the ordinate must 
be a function siitisfying 


This equation is satisfied if y = -Inp. Other functions will also satisfy the equation. 
Any diagram constructed with any of these functions as an ordinate scale will there- 
fore have' areas representing energies just as does the pt)-diagram. 




Area enclosed 
by y^yfx) 


X 


(a) 


Fio. 10. — Traiisforiiiatiim of eoo'diiiatcs. 


(b) 

= J’tp.'l: V = w(j>,>)- 


The coordinates used on a number <'f thermodynainic diagrams are listed in 
Table 3 with indication of whether or not areas represent energies. The a rea-preserv- 

Tkblb 3 


('hart name 


Pseudoadiabutic (or Stiive) 

Kmagram 

llefsdal 

Teihperature-entropy (or Tephigram). . . . 


Ordinate 

.\bseissa 

A reus are 



proHcrving 

-p'f'.e 

RT 

.\o 

— In p 

RT 

Yes 

— RT In p 

In RT 

Yes 

-T 

Cp In 9 (or s) 

Yes 


ing quality of each of the last three diagrams named above is easily shown by sub- 
stituting into Kq. (1631. Of all the diagrams listed, the adiabatic (or pscudoadiubatic) 
is most widely used in this country, 'fhe Refsilal is used widely abrciad and has been 
chosen to illustrate the book of Petterasen.” The Kmagram, which is similar to the 
pseudoadiabatie diagram, is at present gaining a following. The temperature-entropy 
or 7'9-diagram published by Kiefer has many advantages and is also becoming more 
widely used. The 7'9-diagram is a modification of the older Tephigram of Shaw. 

Pseudoadiabatie Diagram. The pseudoadiabatie diagram will bo used for illus- 
trative purposes in this book. The construction of the chart is given in detail below. 
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Much that is said with respect to its construction will apply equally well to the con- 
struction of any other thermodynamic diagram, i.e., all the diagrams are obtained 
from some transformation of coordinates on the pf>-diagram. 

To lay out an adiabatic chart, first draw a basic grid of lines with temperature 
measured along the horizontal axis, increasing to the right. The scale is linear and 
runs from about —40 to 40°C1. Isobars are laid off by labeling the base line as 1,050 
mb and drawing in straight lines parallel to the base line at distances from other isobars 
given by the difference between the ri'spcctive pressi res to the K/cp power. The 
scheme is illustrated in Fig. 17. It may be shown that the linear distance between 
isobars of equal isobaric spacing increases with decrease in pressure. 





SOOmb 



i 

1 

1 

1 

90<f^-800'^7‘ 

1 

1 

1 

1 
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900mb 



k 

1 

1 

1 

I00o'^£900^ 

1 

1 

1 

JOOOmb 



JO "- — ► 



JOSOmb 


JO" 20° 30° 7*- 40" 

Kio. 17. — Con-.trui4ion of pseudoadiabatic diapam. 



If the coordinates of the pscudoatlmlmtic diagram aro substituted into the left- 
hand side of Eq. (163), we find 


^ _ dr ay ^ 7f ^ 
Up itv dv dp Cp 


(164) 


But this term is the Jacobian of the transformation from pv to the new coordinates. 
For a small area at pressure p on the pe-dtagram then, the transformation gives another 
area on the pseudoadiabatic chart. The ratio of the areas is the right-liand side of 
Eq. (164). Since the area on the p»-diagram represents energy, then the energy 
represented by an area on the pseudoadiabatic diagram is equal to that area divided 
by the right-hand side of Eq. (164). We have then 

Energy = area on pseudoadiabatic diagram X K . (165) 

where the factor iff is 

<pCp 

Values of K are tabulated below. We note that the factor is unity at about 800 mb, 
greater than unity for p < 800 and li-ss than unity for p > 800. Thus the areas on 
the pseudoadiabatic chart may be taken to represent energies at 800 mb; the areas 
underestimate the energy for p < 800, and the areas overestimate the energy for 
p > 800. 
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Tabus 4 


Pressure, mb 

Factor K 

1,000 

0 

94 

900 

0 

97 

800 

1 

00 

700 

1 

04 

600 

1 

08 

500 

1 

14 

400 

1 

22 


It 18 important to note that the diagram may be eonstructed so that areas will 
represent energies at anv one partitular pressure desired, by the insertion of an 
appropriate factor It is not possible to make any one pseudoadiabatic diagram b( 


Vhpor pressure, rr4> 
90 80 10 60 50 -40CC1 20 15 10 5 0. 



1 la I8a — Pseudoadiabatic diagiam for uppei levels 

area preserving at all pressures Ihe ana factor is indtpenduit of the timpiritiin 
(since S/2 is a function of pressun aloru) 

Isopleths of entropy (or potential-temperature lines) for dry or humid air are 
plotted from Poisson’s equation 

R 

2 = p®' X const 

These hnes are correet for humid air to the approxmiation noted m Eq (139) Smee 

R 

the ordmate of the diagram is p®', th« potential-temperature isopleths are straight 

R 

lines The slope of each line is different and is giyen by (l(X))®r/fl m terms of the 
potential temperature 0 If the diagram extended to zero degrees and zero pressure, 



Pseuoo-Acmabatic Diagram 



















See. V) 


THBBMODYNAMIC DIAORAUS 


367 


the lines would spread out radially from the upper left-hand comer of the paper (as 
drawn). 



Fio. 20. — Umagram. (,After Univertity of Califomvi at Los Anodes.) 


Isopleths of saturation mixing ratio are drawn using the equation 


tp. 


0.622e. 
p — e. 


(125)' 


where p is the total pressure (the pressure shown on the diagram), and e, is the satura- 
tion vapor pressure. Since ei is a function of temperature alone, the above equation 
determines pressure as a function of temperature for any value of the parameter tOi. 
The saturation-mixing-ratio lines are not straight but curve to the region of lesser 
temperature as pressure is decreased. 
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Adiabatics for saturated air arc computed from Eq. (148). The computation is 
made for the saturation vapor pressure over water even down to — 40°C. These 
isopleths are also curved. Physically it is clear that the temperature cannot fall off 
so rapidly when liquid water is condensed from a mass being cooled adiabatically as 
it docs from a mass that remains humid. The wet adiabatics then rise more steeply 
than do the dry adiabatics when viewed from the bottom of the chart. The tem- 
perature fall with decrease in pressure is smaller numerically along the wet adiabatic, 
or it has a smaller lapse rate. 



Fio. 21. — Tephigram. (,After U.C.L.A.) 


It is sometimes useful to have the virtual-temperature difference shown on the 
thermodynamie diagram. Wc recall that Tr — Ta,i saturation is a function of mixing 
ratio and tomp(‘rature alone. But the mixing ratio at saturation is a function of 
temperature and pressure; then Tv — T at saturation is a function of temperature 
and pressure. Any one of several schemes may be used to find Tv — T. It is not 
customary to construct isopleths. One form of the adiabatic chart has small vertical 
hatches on the standard isobars, where the horizontal spread of the hatch marks is 
equal to T, — T. The Emagram shows the difference by numbers ranged along the 
isobars. On some forms of the Emagram, numbers ranging along the isobars (every 
100 mb) show the virtual-temperature correction for thickness at saturation in dynamic 
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meters directly All such schemes can show the difference only at saturation The 
actual value is taken to be the saturated dilferenoo tunes the relative humidity 
[Eq (130)] Simple nomogram*; may also be constructed to show the Virtual- 
temperature difference Since the valura of w, are shown on the pseudoadiabauc 
diagram, it is a simple mental calculation to gc*t a good approxmiation to 2'* — T bv 
using the equation Tv — T ^ 0 Qlw f'T 



,9000 


4000 


.9000 


2000 


Xtooo 


r 

tjoo 

:iooo 
d/n iTk 


other Thermodynamic Diagrams. The mobt goncrally used thermodynamic- 
cliaRranib arc shown m skeleton form in I-.gs 18 to 22 Since the basic grid of coordi- 
nates IS different m each case, the various isoplcths appi ur with different slopes and 
curvatures. Straight lines on one chart will be curved on another, etc. Areas on 
^1 the charts except the adiabatic chart arc equal save lor the possibility of a constant 
factor Choice among the diagrams is personal when all are equally available No 
one contains any information that cannot lie made a part of any other Some opera- 
tions may be essentially simpler (or more clear) on one of the diagrams When such 
operations have to be performed frequently, one naturally elects to use the diagram 
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best suited to bis purposes. For illustrations, we shall use either the pseudoadiabatic 
diagram or the 7'0^diagram of Kiefer. The latter is more convenient when operations 
involving entropy are derived and used. 

Soundings above 400 Mb. It is the current practice of the U.S. Weather Bureau 
to put the results of radiosonde flights up to 400 mb on the teletype sequence some 
hours in advance of the results above that level. This has the advantage of getting 
the information early. The practice should not lead, however, to a neglect of the 
results at higher levels. 

The standard pseudoadiabatic diagram (Fig. 18) runs to only 400 mb. Results 
above 400 mb arc plotted on the supplementary diagram shown in Fig. 18a. The 
other thermodynamic diagrams in general use (Tephigram, Emagram, etc.) carry 
isobars above 400 mb. In any case, one may start over again at the bottom isobar 



by relabeling the various isopleths. This may be done on any chart whose distance 
between isobars is proportional to the logarithm of the ratio of the appropriate pres- 
sures; for. In 1% = In = In %, etc. The potential-temperature lines (dry 
adiabatics) and isotherms must also be relabeled (see Fig. 20). 

Thermodynamic Diagrams in Meteorology. The thermod}mamic diagram is the 
fundamental working tool of the meteorologist for all investigations of the atmosphere 
above the very surface layers. Radiosondes or aer’ographs are sent aloft, and from 
their records the meteorologist picks off the values of pressure, temperature, and 
humidity at all significant levels. These levels are plotted on the thermodynamic 
diagram by entering with pressure and temperature. The parameter used to indicate 
humidity is plotted alongside the point to give a more nearly complete picture of the 
state of the air. The points so located are connected by straight lines, and the result- 
ing series of lines (or the sounding) gives a graphical picture over the station of the 
atmosphere at the time of the fiight. The sounding as plotted on the thermodynamic 
diagram determines the following useful information; 
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1. Air TnnHH or air masses over the station (see pages 609, 676). 

2. Stability of the air (see pages 402, 693). 

3. Fronts (see pages 647-649). 

4. Subsidence inversions (sec pages 734, 758). 

5. Elevations of significant points and standard isobaric surfaces (see pages 373- 
379). 

One must distinguish dearly betnoeen isopleOts on the thermodynamic diagram and 
the sounding that is representative of the atmosphere at some particular time and place. 
Isopleths are the curves resulting from imposed mathematical constraints. The 
sounding is a scries of lines connecting thermodynamic coordinates representative of 
the atmosphere at a definite time and place. Under certain conditions, the sounding 
may be coincident with some isoplcth. The usual situation, however, is that the 
sounding will fall somewhere between isotherms and isentropes; i.e., the physical 
processes in the atmosphere are not such as to make the entire layer of air assume a 
state of either conductive (whence isothermal) or adiabatic (whence isentropic) 
equilibrium. Any particular sounding will show evidence of many simultaneous 
processes in the atmosphere. 


PRESSURE, TEMPERATURE, AND ALT{TU'bE IN THE ATMOSPHERE 

It is important for many practical purposes to be able to find the altitude at which 
certain strata of air may exist in the atmosphere, e.g., inversions, isothermal layers, 
moist layers, etc. For any distribution of temperature, pressure, and water vapor 
whatever in the atmosphere, the equation of mechanical equilibrium in a static con- 
dition is given by Eq. (158). The axis of « is vertically up; g is the acceleration of 
gravity; p is the density of the air. Substituting in the equation of state for a perfect 
gas, we find from Eq. (158) 


dz KT 


(166) 


where B is the gas constant at the point considered. E is a function of the water- 
vapor content. If the temperature and water-vapor content are known as functions 
of pressure, then Eq. (166) may be integrated and the linear distance between any 
two pressures may be determined. The problem does not admit of a unique solution 
ill general, because the temperature and water-vapor content of the air do not follow 
any known law. To a first approximation, the temperature may be assumed to 
decrease linearly with altitude. This simplified model is treated below. The general 
case must be solved with the aid of a thermodynamic diagram after temperatures and 
mixing ratios are determined by indirect observation (radiosonde or aerograph). 

Lapse Rate of Temperature. The lapse rate of temperature in the atmosphere is 
defined by the equation 



(167) 


where y is the lapse rate. Strictly, one should write y = —ST/3z; but the notation 
of Eq. (167) is preferred here to emphasize the fact that the atmosphere is assumed 
quiescent enough so that (approximately) temperature is a function of elevation 
alone. In words, lapse rate is the space rate of decrease of temperature upward 
through the atmosphere at some particular time. A careful distinction should be 
made between lapse rate and the rate of decrease of temperature in an individual 
parcel as it ascends, even though the two may be numerically the same. On com- 
bining Eqs. (166) and (167), we have 
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y 


_ gp dT 
~ RTdp 


(168) 


7'Aiut the lapse rate is determined whenever temperature and B are krumn as functions of 
pressure. To a first approximation, R may be taken to be constant and equal to the 
gas constant for dry air {Ra = 0.287 joule/gram °K). 

Isothermal Atmosphere. Suppose the atmosphere is at constant temperature 7’o 
bctwci'ii two pre.ssures pi and pt. This situation frequently exists for thin strata. 
Then from the preceding equations 

7=0 

Xln^ (169) 

Q Pi 

p, = 

Equations (169) give either the linear distance between two pressures or the difference 
in pressure between two points at elevations of z, and Zj, respectively. Numerically, 
when T is in degrees Kelvin and z in meters, we have 


zj - zi = 29.37’oln m 
Pi 

zi — z, = 67.47’(, login — m (170) 

Pi 

Zz ~ zi = 221.1 7*0 login ™ ft 
Pi 

where as a first approximation the gas constant for dry air is used. 

Homogeneous Atmosphere. It is sometimes useful to consider an atmosphere in 
which the density is constant with elevation. Such an atmospliere is said to be 
homogeneous. Since the density />« is constant in the equation of hydrostatic equilib- 
rium, one may integrate immediately to obtain 


P = Po — gpiz 

where po is the surface pressure, p,, is the constant densitv. and g is the mean value of 
the ncccleratioii of gravity, z-axis is up. .Assuming that the material of the atmos- 
phere is a perfect gas, one obtains by substitution 



where 7'o is the surface temperature. 'The lapse rate through the homogeneous 
atmosphere is then given by 

. " ^ = I “ 

on writing g = 980 cm per sec’. 'This lapse rate is known ns the nutoconvective lapse 
rale. 

Unlike the actual atmosphere, the homogeneous atmosphere has a definite thick- 
ness. The top of the atmosphere occurs where p = 0. 'Then from the above 

^ Pi _ RI’o 
gp« g 

where II is the thickness. Note that // wilt vary with latitude owing to changes in 
both g (average between surface and top of atmosphere) and 7’o. See tables in Sec. I. 
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Adiabatic Equilibrium. When the atmosphere is in isentropic (or a,diabatic) 
equilibrium 

rfs = ^ = = 0 (171) 


and on combining this with Eq. (168), which is true for any gaseous atmosphere 

dT g 


= — 


dz 


(172) 


Numerically this becomes, for the earth’s atmosphere 

7 i = 0.98‘'f7100 m = 1°C/ 100 gm 
7s = 5.4“K/1,000 ft 

Since Cp varies only a little with the miving •■atio lo, then 7,1 is also a good approxima- 
tion for humid air. The value yj is referred to as llie drii-adiahatir lapse rate. The 
linear distance between two points of tenipc-.-ature J'l and in an atmosphcri that 
has a lapse rate equal to is will be 

2s - 2 i = 102(7’, - 7’s) m 

22 - zi = 340(2’, - 7’s) ft ^ ^ 

when the temperatures are measured on the Kelvin or centigrade scale. 

International Standard Atmosphere. The l.C.A.N. (International Oommission 
for Air Navigation) atmosphere according to which some altimeters arc calibrated is 
defined as follows: 


1. The air is dry, and its chemical composition is the same at all altitudes. 

2. 'rhe value of gravity is uniform and equal to 980.02 cm pei ws- per se<-. 

3. The temperature and pressure at M.S.L. (mean sea level) are ir)°(’ and 1,013.2 
mb. 

4. At any altitude 2 (meters) measured above M S E and between 0 and 1 1 ,000 ni 
the temperature of the air is equal to < = 1.5 — 0.006.5z °('. 

5. For altitudes above 11,000 m, the temperature of the air is constant and equal 
to -56.5°C. 


n.S. standard Atmosphere. 'I'he IJ.S. Standard atmosphere is similar to the 
l.C.A.N. atmosphere. In the former 

Gravity = 980.66.5 

M.S.L. pressure = 760 mm = 1 ,013.2.5 mb 
M.S.L. temperature = 1.5°C = 288°K 

7 = lapse rate = 0.6.5‘’C per 100 111 up to 10,769 m = 35,332 ft (t.c., up to 234 mb) 

7 = lapse rate = 0 00 at and above tropopause 

Tropopause and stratosphere temperature = — 5.5°C = 218°K 

Pressure and Elevation in Standard Atmosphere. In an atmosphere with a lapse 
rate of l3 = const, and a surface temperature of 2'„, the relation between pressure and 
elevation is found by substituting the expression for temperature into Eq. (166) and 
integrating. We find immediately when iS jA Q 


» 



where 2 is the elevation above the point where temperature and pressure are To and 
Po, respectively. Numerically, for the l.C.A.N. atmosphere 
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OTf on solving for altitude in terms of pressure 

[ / .n V 0 i»o*sn 

* - (^3.2) ] 

where z is meters and p is in millibars. The eonstants appearing above will have 
slightly different values when eomputed for the U.S. Standard atmosphere. 

Sea-level Preesure from Aircraft in Flight. Equation (175) may be inverted and 
used to determine the sea-level pressure below an aircraft in flight at a known eleva- 
tion. The method depends upon the actual elevation having been measured accu- 
rately by some device other than an aneroid barometer (a barometric altimeter). 
I.et the pressure, temperature, and elevation be p, T, and z. If the lapse rate in the 
atmosphere below the aircraft is constant and equal to the pressure at sea level is 

= (178) 

In the absence of better information, one may assume the standard atmosphere to 
exist below the aircraft. In practice, it will be found that a better value of the lapse 
rate may be estimated from previous flights over similar conditions. 

Fortunately for the utility of the above method, the change in po le relatively small with 
lapse rate. Then if one’s estimate of the lapse rate is considerably off the true value, 
Eq. (178) may still be used to find the sea-level pressure to good approximation. 
To show this, differentiate Eq. (178). 

“ 0:2927* [rr® “ + *)] (’ 7 ®) 


where for simplicity x = /3z/1007'. On expanding the term inside the bracket and 
making a rearrangement, it is found that 


dpo iH d _ 4 flz 6 j)’z“ 
Po “ 5,8402'> V 3 1002’ 4 10*2’» 


(180) 


where p is in degrees Centigrade per 100 m and z is in meters. 

Example. Suppose the observations made at the aircraft show that T = 15°('' 
and z = 1,000 m. Suppose the best estimate of p is 0.85“C' per 100 m. On substitu 
tion into the above, it is found that dpo/po = —0.002(1/3. Thus the lapse rate may be 
off as much as 0.20 °C per 100 m, and still the error in surface pressure is only 0.40 mb- 
(since the order of magnitude of surface pressure is 1,000 mb always). 

Correction to Altimeter for Surface Temperature. The altimeter is calibrated to 
read true elevation only when the temperature at the surface is IS'C. If the actual 
surface temperature is not equal to 15°C, a correction must be applied to the reading 
of the altimeter. In general, this correction will be greater the greater the indicated 
altitude and the greater the difference between surface temperature and 15°C. The 
correction is determined as follows: Let z be the tnie elevation and z' the indicated 
elevation. When the altimeter indicates z', the actual pri>ssurc is 


p = 1,013.2 


( 


0.0065z;\5 «• 
288 / 


(181) 


but when the lapse rate is constant and equal to 0.65° per 100 m, the pressure at z m 
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(true) is 

p = 1.013.2(1 (182) 

where To is the surface temperature. The pressure given by Eqs. (181) and (182) 
is of course the same. Equating the two expressions, we find after a simple rearrange- 
ment 

where 47’ is the difference between the surface temperature and 15°C. Thus AT ^ Tn 
— 288 or AT = U — 15. Tl'lien Ihf nurface temperature ig more than 15°, the altimeter 
will read too low, and the correction ie to he added. "When the surface temperature is 
lower than 15°, the altimeter will read too high, and the correction is to he subtracted. 

If the lapse rate in the atmosphere is constant but not equal to 0.65, then Eq. (182) 
will contain the actual lapse rate Expanding the right-hand sides of Eqs. (181) 
and (175) by the binomial theorem, it is e^y to show that Eq. (183) still gives the 
correction for the elevation to a first approximation. The approximation made is to 
neglect squared and higher powers of the quantity ^z/7’o, which appears in the rights 
hand side of Eq. (182) when ^ is inserted. The approximation is good up to 5,000 m. 

If the aircraft is flying above a frontal or subsidence inversion, the above simple 
correction may he in error. 

Correction to Altimeter for Surface Pressure. The indicated altitude of any 
altimeter will, of course, he in considerable error unless the instrument has been 
adjusted to the correct “altimeter setting.” The value of the altimeter setting will 
vary with the synoptic situation. If the altimeter is to be trusted, the pilot must 
obtain his correct setting either by radio or by estimate from the weather map. Tlio 
latter choice is taken only when circumstances prevent the use of radio. See the 
instructions supplied with the altimeter used. Sec also Sec. I and Blackburn’s 
“Basic Air Navigation.”* 

Navigational Computer. Dalton describes a navigational computer that is 
now in wide use. This device provides a quick means by which an aircraft pilot may 
determine his correct altitiide from the altitude indicated by the barometric alti- 
meter. Entry on the computer is made with temperature at the aircraft and pressure 
altitude. Pressure altitude is the reading of the altimeter when it was set to read 
zero at the standard M.S.L. pressure. If the ground temperature is also known, a 
better correction is made by entry with mean-temperature and mean-pressure altitude. 

Dalton arrives at his formula by assuming a constant lapse rate (not necessarily 
standard) and expanding the altimeter equation. He obtains the result 

H H(T, + 7’n) 

Z ” 288 - /J,l(Zi + Z„)/2] 

where II = “true thickness of layer” (i.e., true altitude) 

Z = indicated altitude = Zi — Z a 
Zi = pressure altitude at top of layer 
Zo = pressure altitude at bottom of layer 
7'o = actual temperature at bottom of layer, °K 
7’i = actual temperature at top of layer, °K 
A = standard lapse rate (0.65°C per 100 rn) 

By considering the various errors that may enter (surface temperature off 15°C;, 
nonstandard lapse rate, and nonstandard surface pressure), Dalton shows that the 
* McOraw-Hill, New York, 1944. 
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above formula gives an error of less than O.Il per cent even for extreme departures 
from the standard atmosphere. These conclusions are valid so long as the actual lapse 
rale is constant. The formula takes no account of frontal or other inversions. Even with 
inversions present, the error is generally not large. 

Kollsman Scales. See Sec. I for a reproduction of Kollsman scales used to change 
indicated altitude to true altitude. 

Lapse Rate in Saturated Atmosphere. When the atmosphere is saturated, the 
lapse rate is not constant, even when it is in wet-adiahatie equilibrium. The func- 
tional relation between pressure and temperature for an atmosphere in wet-adiabatic 
equilibrium is given by Eq. (148). In differential form. 


dT „ d(p - e) j (^\ . 


dT 


= 0 


(184) 


where T = temperature 
p = pressure 

L = latent heat of vaporization 
e = saturation vapor pressure of water at T 
Ra = gas constant for dry air (0.287 joule/gram “K) 

Cp = specific heat at constant pressure for dry air (1.003 joule/gram "K) 
w = a.aturation mixing ratio at T and p grams/gram 
c. = specific heat of liquid water (4.19 joules/gram °K) 

The value of the derivative d'T/dp may be found by straightforward differentiation 
in Eq. (184). It is found that 


dp 


Ra_ , 0. 6227/6 
p — c T(p — c)’ 


fCp+wc tiiLI (wdL d< Rp . 7,(0.622 H- ie)H 

L T T^\'^ X'TdT'^ dT[p - e^ ~ r(p - e) Jf 


(18.'-)) 


On making the approximations that Rp = H and w = 0.622c/p and subslitutitig 
Eq. (185) into Eq. (168), it is found that the lapse rate for an atmosphere in wet- 
adiabatic equilibrium is 

, 0 . 622 LC 

V H ~}ipT~ 

'I'’” “ 0.622 r / ATK TW7f /..\ ApI (^®^) 


V + 




If the further approximation is made that the relatively small terms Le/p and 
RpT/ 0.622 are neglected, Urunt’s** result is obtained 


p -)- 


7i» = yj 


0.622Le 

RpT 


, 0.622 r 

/ , dL\ 

, T del 


’ V dTj 

^+^df\ 


(187) 


If we approximate still further by neglecting r[c -|- [dL/dT)], we obtain the result 
given by Haurwitz** 

, 0.622Le 

^ RpT 

ym y* 0.622L de 

P+-cr'dT’ 

If (’lapeyron’s equation from Eq. (60) is written in the form 
de Le „ 

df “ JeTf* 


Rt, = 0.461 joule/gram °K 


(189) 
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and substituted into Eq. (188), it is found that 

, 0.622Le 
P "t T 

ym = yt "■() 322 ~L'*r 

^ RTF* 

Since L/r > > 1, we see that < yt. Brunt has published a chart giving the 
values of y-m- Another form of the results duo to Kiefer is given in Sec. I. Equation 
(190) is perhaps the simplest for calculation if required. 

Lapse Rate in Polytropic Atmosphere. If the atmosphere is in polytropic equi- 
librium, one has from Eqs. (168) and (91) that 



and it is noted that y "> yt when 0 < { < Cp, ns is usually the case in nature when 
the air is heated from belov.’. 

Pressure-height for an Actual Sounding. When the record of a radiosonde or 
aerograph flight is plotted on a thermodynamic diagram, it is found, in general, that 


trip 

1 


T-^ 

Fig. 23. — Area method on Kinagraiu. 

the sounding does not follow cither an isotherm, a dry adiabatic, or a wet adiabatic, 
llelatively thin isothermal layers will often be found. Under certain conditions, 
inversions of temperature will be present (increase of temperature with elevation). 
Frequently rather thick layers will be in cither dry- or wet-adiabatie equilibrium. 
The wual situation is that the sounding will he composed of a combination of all possible 
types of thermodynamic equilibrium. This result is due to radiation and to adveetive 
and convective currents of air aloft. There is then no simple analytical expression 
for temperature as a function of pressure, and graphical analysis must be used. The 
information required from the sounding consists of the location above sea level of the 
strata of air that may be of significance to the forecaster. A level is said to be “signifi- 
cant” when pressure, temperature, or humidity suffer abnipt change there. 

I. liry Air. Let points 1 and 2 in Fig. 23 represent two significant levels from 
an actual sounding. Assume that the air is dry. Let the curve connecting the two 
points represent the state of the atmosphere between the two points. In practice, 
a straight line is drawn between significant points. The distance between the two 
levels in dynamic meters is given by Eq. (159) and the gas law to be 

g(.st ~ ^ ~ Jz 

We note that RT d(ln p) is an element of area on the thcrmodynan ic diagram (see 
Pig. 23). Then, by the above equation, gizt — zi) is equal to the area to the left of 
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the sounding, provided that the temperature scale extends down to 0°K. A simple 
geometrical device enables us to get a numerical value for this area. Draw the line 
l'-2' coincident with a dry adiabatic so that the areas 1-0-1' and 2-0-2' are equal. 
Then clearly g(«i — *i) is also equal to the area to the left of the dry adiabatic l'-2'. 
This dry adiabatic will be referred to as the mean dry adiabatic. 

For any dry-adiabatic line on the diagram, we have Cp dT/T = R dp/p. Sub- 
stituting this equation into Eq. (191) gives 

g(.z, - zi) = ScpdT = Cp(T/ - T/) (192) 

where Ti and T/ are the temperatures where the mean dry adiabatic intersects the original 
pressure levels. Numerically we have 

g(z, - 2 ,) = 1(X).3(3’,' - 7V) gm (193) 

for the distance between p, and pt. 

An alternate method of the distance determination involves the drawing of a mean 
isotherm. In Fig. 23, let l"-2" bo the isotherm through the point 0 which was deter- 
mined by drawing the mean adiabatic. Recalling how the mt'an dry adiabatic was 
drawn, it is a simple geometrical exercise to show that area 2-0-2" is equal to 1-0-1". 
Then the area to the left of the isotherm is also equal to — Zi). Therefore 

g(z, - 2 .) = kr„ In (194) 

Pi 

where Tm is the isotherm drawn to make areas 2-0-2" and 1-0-1" equal. Numerically 
we have 

g(z, - 2 ,) = 28.7r„ln gm (195) 

Vi 

II. Humid Air. 'When the air is humid, account must be taken of the water vapor 
present. Equation (191) now becomes 

g(^i - zO = // Jtr KA\ '’f ( 190 ) 

where K is the gas constant for the humid air. The virtual temperature has been 
introduced by the equation RT = R„Tr. The above fundamental relation then shows 
that the distance between the two levels of interest, in dynamic meters, is now given by the 
area to the left of the curve of virtual temperature. If the air had been dry the gas 
constant would have been the gas constant for dry air, the virtual temperature would 
have been identical with the temperature, and Eq. (196) would be identical with 
Eq. (191). 

Once the virtual-temperature curve has been constructed for the sounding, one 
is concerned only with the area to the left of the new curve. This area is given by 
either one of the following equations, and each gives numerically the distance in 
dynamic meters between the two levels. 

g(.Z2 — Zi) = RpTvm In — = 28.72’«m In — gm (197) 

Pi Pi 

g(zi - 2 ,) = cp(7’„i' - T,i’) = 100.3(n,' - T,/) gm (198) 

Tvm is the mean virtual temperature, r,/ and l\i are the temperatures at which the 
dry-adiabatic “mean” to the virtual-temperature curve cuts the isobars. Refer to 
Fig. 23 and think of the points 1 and 2 representing virtual temperatures rather than 
real temperatures. 
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The virtual-temperature curve is constructed by usinK Eq. (128); or by using 
Eq. (130) with the distances laid off for (T, — T), on the adiabatic chart; or by using 
a nomogram (see Fig. 19); or the “distance corrections” may be determined directly 
using the nomogram built into the Emagram. Any of these devices originates 
ultimately with the equation RT = RaT, [Eq. (126)]. 

III. Wet Air. Suppose each small element of the atmosphere contains droplets 
of liquid water (as in a colloidal suspension). The difference in pressure between top 
and bottom of an element of thickness dz is dp = —ffp ciz where p., p,, and p/ are the 
densities of the dry air, water vapor, and liquid-water droplets, respectively. The 
total density is the sum of these three densities. The distance between two points 
in the atmosphere in static equilibrium is 


ff(Z2 - 2l) 


i: 


dp 


Po + Pt + p/ 




p/RT) + PI 


rRT^-^ 

h p 


It may be noted that the distance as computed by the use of the preceding formulas 
is somewhat greater than the actual distance in the ease where liquid-water drf)plcts 
are present. Hut since p/ < < p«, the error is 
very small.' Moreover the quantity p/ is not 
known in terms of the thermodynamic coordi- 
nates, nor is it easily observable. Bqualioti 
(197) or (198) is then used to calculate the linear 
dislanr.e between levels, even when saturation is 
present with some liquid water droplets. 

Note on the Assumption of Static Equilib- 
rium. It is true that the equations developed 
above are not strictly accurate unless the 
velocity of flow is the same at points 1 and 2 
[see Eq. (156)]. If numerical values are 
inserted, however, it is evident that the error 
introduced by assuming static equilibrium is 
entirely negligible in this application. 

Geopotential on the Temperature-entropy 
Diagram. The expression for change in geo- 
potential (f.p., altitude) on the 7’9-diagram or on the Tephigram takes an especially 
simple form. Using the general equation g dz v dp = 0, the differential expression 
f<ir potential temperature d0/6 = dT/T — {R/cp)dp/p, and the equation of state for 
perfect gases, it is found that 



Fig. 


24. — Area method on 7'9- 
diagram. 


g dz 


CpTf-CpdT 


(199) 


Along a dry adiabatic, dO = 0, and changes in geopotential are then simply measured 
along a vertical straight line. The process for finding the change in geopotential 
between two pressure levels on a 7’9-ehart is similar to that used when the sounding 
is plotted on the adiabatic diagram or Emagram. It may be shown that the change in 
geopotential is given by Eq. (198) where as before l\i and T’.s' are the temperatures 
where the mean dry adiabatic cuts the isobars pi and ps. The areas to be equalized 
are shown by hatching in Fig. 24. 

Recommended Procedures. I. Mean Dry-adiabatic Method. Plot the sounding. 
Using Eq. (129) or any other desired device, determine the virtual-temperature 
difference at each significant point at saturation. Multiply by the relative humidity 
to get Tv — T. Mark T, at each significant level by a small check. Draw the dry 
adiabatic that equalizes areas between the Tv-vurve, the isobars whose distance apart 
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it is desired to know, and itself (see Fig. 23). The difference in elevation is given by 
Eq. (198). The horizontal spread between the points T,i and Tvt in degrees multi- 
plied by 100.3 gives the linear distance between the significant levels in dynamic 
meters. 

The scheme may be inverted and used to locate the pressure at some particular level, 
say 10,000 /f above sea level, accurately enough for most purposes. This involves know- 
ing the elevation of the station above which the sounding was taken. First equalize 
areas by a mean adiabatic up to a pressure tliat is close to that desired (e.g., 850 mb 
for 5,000 ft or 700 mb for 10,000 ft). Then measure to the left from the intersection 
of the mean dry adiabatic and the surface isobar a distance in degrees etjual to the 
elevation desired less the elevation of the station in hundreds of dynamic meters. The 
isotherm attained will intersect the adiabatic at the desired isobar and give the 
desired pressure plus or minus a millibar or two. If the pressure is desired more 
accurately, equalize areas a second time, now using as top isobar the pressure found 
by the first trial. Successive trials will converge to a unique pressure very rapidly. 

II. Mean Isotherm Method. Plot the sounding and locate check marks for virtual 
temperature as before. The distance between the isobars is given by Eq. (197) in 
dynamic meters. Distances between standard isobars may be looked up in the 
appropriate tables (sec See. 1). Fletcher and Oraham®’ have developed a nomogram 
to solve Eq. (197). Hellamy has a circular slide rule to solve it (University of Chicago 
Press). Again, the equation is easily solved in any particular ease using tables or a 
slide rule. 

III. Mean Mixing liaiio. Plot the sounding. Plot the mixing ratio on a separate 
curve to the left. Estimate the mean mixing ratio in the layer. The Imear thickness 
is given by 

«i - Zi = 29.3 T{1+ O.filte) m 

J'i V 

since T, = 2'(1 + O.filui)- This equation may be integiated to give 

2 j - r, = 29.37'„ln (1 f 0.61 7e„) 

Pi 

where T™ is the mean temperature in the layer (not v'irliial temperature) and is 
the mean mixing ratio in the layer The aliove may be written as 

2* - 2i = {Z2 - 2|)' + «(.i2) (200) 

where the first term is the thickness the layer wi uld have if it were dry and the second 
term is the correction to take account of the water vapor present. 'J'he second term 
may be calculated with tables or easily determined by use of a noinograin (see See. I, 
Fig. 46). The first term may be ealeulateil or obtained from the tables in Sec. I 
(these tables are now entered using mean temperature as an argument as if it were a 
virtual femperaturc). The above method has the slight advantage that virtual- 
temperature differences for the sounding do not have to be determined. 

Note on Pseudoadiabntic Diagram. Any of the above procedures may be used 
on any thermodynamic diagram on w hich areas represent energies. The methods are 
also used on the pscudoadiabatic diagram, although differences in elevation must 
then be considered as approxiniat ions ; since, as w as shown earlier, the pseudoadiabatic 
diagram cannot be made area preserving at more than one pressure. The errors 
added are negligible, provided that the pressure intervals over which the procedures 
are carried out are not too great. Comparison between the results determined on 
different diagrams (pseudoadiabatic and TO) shows that it is safe to use intervals of 
about 300 mb. 
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Lapse Rate for Any Sounding. The average lapse rate in a layer may be obtained 
easily when the thickness of the la 3 ’pr and the decrease in temperature are known. 
We have 


r, - r . 

2l — 22 


( 201 ) 


where the linear distance 2 i — 22 is to be determined by one of the above methods. 
In principle, the lapse rate at a point may also be determ ned. This is scarcely worth 
while on an actual sounding unless reports of temperature, pressure, and mixing ratio 
have been received continuously. The idea may be illustrated by showing how to 
find graphically the lapse rate at a point along a wet adiabatic. From Eq. (168), we 
have 

Y = - ^ = IP = -^ ^ 1202) 

^ dz R'l'dp RTd{\iip) 


On the Emagram, linear distances along the vertical and horizontal are given by 
— fly = d(ln p) and dx = R dT. Therefore 


^ g dx ^ g/R^T 
^ R^Tdy tan a 


(203) 


where tan a is the slope of the tangent to the wet adiabatic. This slope may bo 
measured graphically and the lapse rate computed. Or a simple nomogram may be 
constructed to give 7 as a function of T and a. Kiefer has made a similar analysis 
on Ills 7’fl-diagram and constructed the nomogram (Fig. 19). 

Lapse Rate of Potential Temperature. On combining the definition of the poten- 
tial temperature, the equation of state for gases, and the equation of hydrostatic 
equilibrium, it is easy to show that the lapse rate of potential temperature is given by 

2 = |.(t.-7) (204) 

■»bcrc B — potential temperature, T = temperature, yn =“ the dry-adiabatic lapse 
rate, and y = the actual lapse rate in the atmosphere. 


METEOROLOGICAL TEMPERATURES 

Meteorologists have found it useful to introduce more than a dozen different 
“t(>mperatures” in the coiirse of their practical and theoretical work. These are not 
different temperatures in the sense of being measured on different temperature scales 
(p.p., centigrade or Fahrenheit). Only one is a temperature, in that it is a number 
corresponding to what would be read on a thermometer placed in the air under 
discussion. The others arc different temperatures to uhich the air may be brought 
by one or more specific processes. For eonvenience, these meteorological tempera- 
tures may bo classified as follows; 

1. Temperature = T. The actual temperature of a material mass of air as meas- 
ured by a thermometer {'r = t + 273). 

2. Saturation Temperatures. 


Dew-point temperature = Td 
Condensation-level temperature = Tr 
Wet-bulb temperature = 3'„ 
Pscudo-wet-bulb temperature = T,„ 
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8. Potential Temperatures. 

Potential temperature = 0 
Partial potential temperature = 9j 
pBcudo-wet-bulb potential temperature = 0, a, 
Wet-bulb potential temperature = 0^ 
PBeudo-equivalent potential temperature = 

Equivalent potential temperature = 0, 


4. Dry Temperatures. 

Virtual temperature = T, 

Equivalent temperature = T, 

Pseudo-equivalent temperature = T„ 

A given mass of air at some particular pressure, temperature, and mixing ratio 
(p, T, w) will attain any one of the above temperatures when subjected to the proper 
defining proces8(ca). The different saturation temperatures are attained by various 
ways of bringing the sample of air to saturation. The potential temperatures are 
attained when the sample of air is brought to the 1,000-mb pressure level in some 
particular way. The dry temperatures are attained when the sample of air has all 
its moi.sturc removed in some particular way. Each of the commonly used mete- 
orological temperatures is discussed below. Jt shmM be noted that other temperatures 
may be defined. The dew-point, condensation-level, wet-bulb, and pseudo-wet-bulb 
temperatures do not, for example, exhaust the processes by which a sample of air may 
be brought to saturation. The prime purpose of the introduction of most of the 
different temperatures is to indicate the water-vapor content of the air. 

Dew-point Temperature. Lot a parcel of air initially at p, T, w be cooled iso- 
barically by some physical process (c.p., radiation) while the mixing ratio remains 
constant. The temperature attained at saturation is named the dew-point tempera- 
ture and designated by T^. Wc have for the process 

p = total pressure is constant 
w = mixing ratio is constant 

e = vapor pressure is constant (205) 

Q = heat lost by parcel is positive 

J'„ < r 

Since w and e are constant, I'd is the temperature for which e is equal to the satura- 
tion vapor pressure. To find Td from a table of saturation vapor pressures, enter the 
table with the value of e given and read the corresponding temperature. This is Td. 
To find Td on a thermodynamic diagram, pass along the isobar at p until the w, line 
corresponding to u> is reached. Td is shown as point 1 in Fig. 25. Point O is the 
initial ai/. Note that if the parcel is permitted to ascend along the dry adiabatic for 
a short distance and then is cooled isobarically to w,, the dew-point temperature is 
changed very little in comparison with the change in the original temperature of the 
air. This is so because the saturation-mixing-ratio line is almost vertical. The 
saturation-mixing-ratio line is sometimes called the dew-point line. 

In nature, the dew-point temperature is attained on calm clear nights when radia- 
tive cooling produces dew or frost. In the observatory, it may be measured directly 
by cooling a polished surface of metal (say a can inside which is a mixture of ice and 
water) until condensation from the surrounding air begins. The dew-point tempera- 
ture is particularly useful in synoptic meteorology and is regularly transmitted on 
the U.S. Weather Bureau teletype as a part of the surface report. Its value is usually 
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determined from tables in which entry is made with the wet-bulb temperature. Use 
may also be made of the Psychrometric Slide Rule of the U.S. Weathei- Bureau. 

CondenBation-level Temperature. Let a parcel of air initially at p, T, w ascend 
dry-adiabatically with mixing ratio constant until saturation is attained. The 
temperature at saturation is named the condensation-level temperature and desig- 
nated by Tc. We have for the process 

p = total pressure decreases 
10 = mixing ratio is constant 
e = vapor pressure decreases 
* = entropy is constant (AQ — 0) 

Tc <Ti<T 

Tc may be calculated by observing that witii the above constraints 

^ 'Is. 

e “ p 

R 

3' t= pc, X const (206) 

for the process. Also «« = e, at the temperature Tc. This calculation may be made 
by "trial and error” or graphically. The graphical solution is of course immediately 



FlO. 25. — Dew-point teniporuturc, Tj. i'lo. 26. — Condensation-levol tem- 

perature, Tc. 

available on the thermodynamic diagram, as shown in Fig. 26. Point 0 is the initial 
air. Point 2 is at the condensation-level temperature where the path 0-2 is a dry 
adiabatic. This point is the intersection of the dry adiabatic through O and the 
w, = w line. The isobar through point 2 is known as the condensation-level pressure 
and designated by pc. 

In nature, the condensation-level temperature is approximated by the temperature 
at the base of clouds when the air below the clouds is thoroughly stirrid. The tem- 
perature Tc is sometimes called the cloud-level temperature for this reason. T, is not 
usually measured in the observatory, although it could be by causing a sample of air 
to be expanded adiabatically in a container until condensation began. 

Wet-bulb Temperature. Let a stream of air at p, T, to flow past the bulb of a 
thermometer that is covered with a wet wick. Water will be evaporated from the 
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wick by the humid air flowing past. The bulb of the thermometer wUl be cooled 
by the evaporation. When an equilibrium condition is reached, the following energy 
equation holds: 

(T - TJ)iCf + wcp') = {W - w)L„ (207) 

where T = temperature of the approaching air 

Tu = temperature of the leaving air = wet-bulb temperature 
w = mixing ratio of the approaching air 
w' = mixing ratio of the leaving air 
Cp = specific heat at constant pressure of dry air 
Cp' = specific heat at constant pressure of water vapor 
La = latent heat of vaporization at the wet-bulb temperature 
When the bulb is kept wet and well ventilated by a good stream of air (velocity 
about 10 mps), the equilibrium condition will bo that the leaving air is saturated and 



Flo. 27. — Wot-bulb temperature. Tw 


that the temperature of the bulb is equal to the temperature of the leaving air. Then 
w' is determined by Ta and may be calrulatcd from 


w' = 


P - ta 


(208) 


where p is the pressure at the time of observation and e„ = e, at Ta. The calculation 
from Eqs. (207) and (208) may be made by trial and error or graphically. The 
graphical solution is simple on Kiefer’s multipressure hygronietric chart (see page 
391). Ta cannot be determined on the thermodynamic, diagram directly. 

Tables are available whereby the observed wet-bulb depression (t.e., 7’ — T„) 
gives the relative humidity and the dew-point temperature of the air without calcula- 
tion. A different set of tables will be required for different pressures. The data 
may also’ be given in graphical form. ir„ is usually measured with a sling psychrome- 
ter (see Sec. VIII on Meteorological Instruments). 

Since the process is isobaric, the wet-bulb temperature may be indicated on the 
thermodynamic diagram, as shown by point 3 in Fig. 27. Since w' > w, Ta > 7'i. 
In nature, the wet-bulb temperature will be closely approximated when falling rain 
evaporates into warmer air beneath, thereby cooling it to saturation at the same time 
that its mixing ratio increase-s from its original value of tc to v)'. The heat required 
for vaporization is assumed to be supplied by the air. 

Pseudo -wet-bulb Temperature. The pseudo-wct-bulb temperature is defined 
by a aeries of processes that may be indicated on the thermodynamic diagram. Let 
a parcel of air initially at p, T, ir ascend dry-adiabatically to T,. Then follow down 
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a wet adiabatic until the original pressure is reached. The intersection of the wet 
adiabatic through Tc and the original isobar determines the pseudo-wet-bulb tem- 
perature, and it is designated by See point 4 in Fig. 28. Physically the process 
is more nearly real if it is reversed. Thus let air be at point 4 and saturated. Let it 
ascend along the wet adiabatic with immediate precipitation of condensed liquid 
water until the mixing ratio has reduced to w. Then let the air descend along a dry 
adiabatic until the original pressure is attained. The parcel completes the process at 



p, T, to. The temperature from which it started is named the pscudo-wet-bulb 
temperature. 

2',«, may be calculated by inserting Tc and the condensation-level pressure pr with 
the original pressure p into the equation for the wet adiabatic as given in Eq. (148). 
lJut the calculation is both laborious and uimuccssary, since a graphical solution is at 
hand in the thermodynamic diagram. 




Fig. 29. — Hatched area in energj' units equals (r«. — T,y,) times a factor. 


The usefulness of lies in the fact that it is approximately equal to the wet-bulb 
temperature. Following Sleeker,'* it may be shown that, to an excellent approxi- 
mation 


Tw Tmw 


A 

{r„ -f 0.622LV„/pff.7’„r.„) 


>0 


(209) 


where e,«, is the saturation vapor pressure at 7',„, and A is the energy in joules per 
gram represented by the area hatched in Fig. 29. The other symbols have their 
usual meanings. If numerical values are inserted on the right-hand side of Eq. 
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(200), it is found that the difference between and T,u> is positive and usually less 
than 0.6°C. Except for the most accurate work, it is adequate to take r,*, as deter- 
mined graphically on the thermodynamic diagram to be equal numerically to the 
wet-bulb temperature 7’«,. 

Potential Temperature. The potential temperature was defined by Eq. (93); 
g = J’(l,000/p)*'''’i>. The potential temperature is found on the thermodynamic 
diagram by following a dry adiabatic from the p, T of the parcel to the l,000-mb 
isobar. 6 is shown as point 5 in Fig. 30. The potential temperature of any parcel 
of air that is located along the dry adiabatic through 5 is the same value $. The dry 
adiabatic itself is then labeled by a value of 9 equal to the temperature at the intersec- 
tion of the dry adiabatic and the 1,000-mb isobar. The potential temperature has 
been found useful as the coordinate in some thermodynamic diagrams. In nature, 
its importance arises from the fact that parcels of air that ascend or descend in the 
atmosphere without heat transfer will always have the same potential temperature 


5=6?Pofential temperature 
j6'6d, Parhal-poienhal temperature 

J=Osv.f^^o-wet-bulb-palent}alterrpere>ture 
V\^t-bulb-potent/at temperature 
^9=0se. Pseudo-equivalent-poferrtial 
temperature 

^uivalent-pokniiaHempemture 
flsobaric) 
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Fro. 30. — Potential temperatuies. 


SO long as condensation is not reached. The potential-temperature lines are also lines 
of constant entropy. For any value of 9, the entropy s is given by « = Cp In 9 -f- const. 

Partial Potential Temperature. The partial potential temperature as defined 
by Rossby” is 



( 210 ) 


where ps is the partial pressure of the dry air (ps = p — e). In terms of 9, it is easj’^ 
to show that 

To a very good approximation, it is found on expanding that 



9(1 -I- 0.461w) 


( 212 ) 
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where w is the mixing ratio of the parcel of air for which is desired. The potential 
temperature of the air may be read directly from the thermodynamic diagram. Then 
the partial potential temperature may be computed using Kq. (212). Tables are 
also available from which the correction term O.461u>0 may be obtained by entering 
with 0 and w. On the thermodynamic diagram, may bo found by ascending iso- 
thermally from 0 a distance equal to the vapor pressure, and then following the new 
0 line back to 1,000 mb. The path is shown in Fig. 30 as a triangle 5-6 -6. The point 
6 is 8j. The value of 0j may be taken equal to 0 only when w is very small. 

Pseudo-wet-bttlb Potential Temperature. The pseudo-wet-bulb potential tem- 
perature is defined to be the temperature at which the wet adiabatic intersects the 
1,000-mb isobar. The equation defining 0„ is, from Kq. (146) 


Cp 


Inp - H.lii 

Oats 


Pi —£i , Wif-i 

1,000 - f,'*’ rr 


WiL, 

0at9 


0 


(213) 


where the state 1 is anywhere along the wet adiabatic and 2 is at 1,000 mb. The 
vapor pressures and mixing ratios in Kq. (21.T) are saturation values. The symbols 
have their usual meanings. Any ]>areel of air at saturation is said to have the pseudo- 
wet-bulb potential temperature of the wet adiabatic passing through the point y, 
T locating the parcel on the thermodynamic diagram. 

Consider a parcel of air at saturation anywhere along the 0,„ line. l,et the parcel 
descend to some p, T dry-adiabatically. Since this process is reversible (i.e., in 
ascent the air would go back up the same dry adiabatic), we see that this parcel of air 
has the same 8,u, it had originally. Similarly, it the parcel ascends adiabatically, it 
will continue on the same 0.,. line. Clearly 0.«, for any parcel of air is unchanged by 
any adiabatic process. If a parcel of air at p, T, w is considered (not at saturation), 
its 0,u is found by following up the dry adiabatic, through the point until the con- 
densation-level temperature is reached. Thus, for any parcel of air, its pseudo-wet- 
bulb potential temperature is found by determining the wet adiabatic through the 
condensation-level temperature and pressure. 

The pscudo-wet-bulb potential temperature, 0,,,, is shown by point 7 in Fig. 30. 
The usefulness of 0,„is in (1) identification of air masses and (2) stability investigations 
when layers of air are lifted as by a front or orographically. 

Wet-bulb Potential Temperature. The wet-bulb potential temperature is the 
temperature at the intersection of the 1,000-mb isobar and the wet adiabatic through 
the wet-bulb temperature. Since we have noted previously that 7’„ > 7’,,, it follows 
that 0«, > 0„«. 0„, is shown as point 8 on Fig. 30. Since the wet-bulb and pseudo-wet- 

bulb temperatures are approximately the same numerically, the same may be said 
of their potential temperatures. The approximation is so good that except for the 
most accurate work the two temperatures may be taken to be equal numerically. 

Pseudo-equivalent Potential Temperature. The pseudo-equivalent potential 
temperature is defined to be the temperature a parrel of air will attain if it ascends 
pseudoadiabatically until all its water vapor has been condensed out and then descends 
along a dry adiabatic to the l,0(X)-mb isobar. The temperature is designated by 0„. 
From Eq. (213), we have 


Coin ■ 


— ifaln 


1,000 - e 0, 


-^=0 


( 214 ) 


where T' and p' are the temperature and pressure at the level where the parcel has 
lost all its vapor. Since the parcel descends dry-adiabatically, we have 


R 



( 215 ) 
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On elimination between the two erjuations it is found that 

„ ^ ( xdL , Rnt \ 

®" = «.»exP + i^ooQc'J 

or, approximately, on expanding in series 



(216) 


where w and L arc the saturation mixing ratio and latent heat of vaporization, respec- 
tively, at 9,k. Cp is the specific heat of dry air at constant pressure. 

It may be noted that and 8„ are each uniquely determined by the same wet 
adiabatic. The former is the temperature at the intersection of the wet adiabatic 
with the 1,000-mb isobar. Ihe latter is the temperature at the intersection of the 
1,000-mb isobar with that dry adiabatie which is asymptotic to the wet adiabatic. 



Since is easier to determine graphically on the pseudoadiubatie diagram, it is often 
preferred. On the other hand, is more useful in some theoretical equations so far 
as simplicity is concerned. The pscudoequivalcnt potential temperature is shown as 
point 9 on Tig. 30. 

The relation between 8„ and the partial potential temperature is given hy Ilossby .*> 
This is 

8.. = Si exp (217) 

whore exp means the base of the natural logarithms. The other terms are 
6j = partial potential temperature 
Tr “■ condensation-level temperature of the parcel 
L = latent heat of vaporization at Tc 
w = mixing ratio of the parcel 
Cp -= bpcoifio heat of dry air at constant pressure 
Equations (216) and (217) provide relatively easy means of finding 8,, in terms of 
quantities that may be found directly from the psciidoadiabatic diagram. 

Pseudo-equivalent Temperature. The pseudo-equivalent temperature is defined 
to be the temperature a parcel of air will attain if it ascends pscudoadiabatically until 
it loses all its vapor, and then descends dry-adiabatically to its original pressure level. 
The process is illustrated in Fig. 31. The pseudo-equivalent temperatuix! is shown by 
point 10. From the definition and the equations for the adiabatics, it may be shown 
following Rossby’* that approximately 

r..-Texp(g^J 


( 218 ) 
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where T,, = pseudo-equivalent temperature 
T — initial temperature of the air 
To = condensation-level temperature 
to = initial mixing ratio of the air 
L == latent heat of vaporization at T 
Cp = specific heat of dry air at constant pressure 
Equivalent Temperature. The equivalent temperature according to the original 
definition of Robitzsch is the temperature that the humid air would attain if all its 
water vapor were condensed out at constant pressure and the heat released (latent 
heat of vaporization) used to warm the air. A.s Rossby“ has pointed out, it is impos- 
sible to visualize this process physically. It i» preferred here to define the equivalent 
temperature by the equation (see Petterssen''/ 


T, 


3 ’» 



(219) 


where T, = equivalent temperature 
T„ = wet-bulb temperature 
u’' = mixing ratio at saturation at Tv 
L = latent hear of vaporization at Tv 
Cp = specific heat of dry air at constant pressure 
The equivalent temperature may be calculated from Kq. (219) or determined from 
a nomogram (see Kiefer’s hygromctric chart for one form). Te as defined hyEq. 
(219) is sometimes known as the iaaharic equivalerd temperature. 

Following Bleeker,” it may be shown that the relation between the equivalent 
temperature and the pseudo-equivalent tem- 
perature is given to an excellent approximation 
by 

T.. - r. = — (220) 

Cp 

where A' is the energy in joules per gram 
represented by the area shown by hatching 
in Fig. 32. It vnll be noUd by refetenex to any 
particular case and with the use of any thermody- 
namic diagram that T,c — T, is a quantity too 
large to be neglected, i.e., we may not use the 
equivalent temperature for the pseudo-equivalent 
temperature, or conversely. 

The order of magnitude of the difference 
between T,e and T, is shown must easily 
by subtracting T, as given in Eq. (219) from T„ as given in Eq. (218). On expanding 
the latter in series, it is found that 

T.. - r. = r (i -I- -Tv-— (221) 

On substituting for T — Tv from Eq. (207), it is found approximately 



Fig. 32. — Hatched area proportional 
to (r.. - T,). 


T.. - T. 



( 222 ) 


whore it is assumed L is the same for both Tt and Tv. T, Tc, and w arc the tempera- 
ture, condensation-level temperature, and mixing ratio, respectively, for the original 
air for which the difference T„ — T, is desired. 
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Rowiby’s Equivalent Temperature. Rossby** defines the equivalent temperature 
to be that temperature attained in the pseudoadiabatic cycle when the parcel returns 
to its original partial pressure, not to its original total pressure. Making this 
adjustment it is seen that the equivalent temperature of Rossby is exactly 

This expression when expanded becomes to an excellent approximation equal to the 
right-hand side of Eq. (219). [To see this, replace T„ in terms of temperature and 
mixing ratios from Eq. (207).] Thus Rossby ’s equivalent temperature is almost 
exactly equal to Robitzsch’s isobaric equivalent temperature. The small difference 
between them will be given by the right-hand side of Eq. (222). The isobaric equiva- 
lent temperature is never greater than Rossby’ s equivalent temperature. 

Equivalent Potential Temperature. The equivalent potential temperature is the 
temperature attained by a parcel of air that follows the dry adiabatic through the 
equivalent temperature to the 1,000-mb isobar. Since 7’.« > 7’c, the same may be 
said for their potential temperatures. $, is shown by point 10 in Pig. 30. The 
equivalent temperatures are now little used in comparison with the pseudo-equivalent 
temperatures. 

Virtual Temperature. The virtual temperature T, was introduced by Eq. (126) 
and used in gcopotential determinations on the thermodynamic diagrams. It is 
unnecessary to think of any physical processes by which a parcel of air may be changed 
over into another state where p, T, w go into p, 0. The defining equation T,Ra 
— Tfi is sufficient to describe it and its practical use sufficient to justify it. One may 
of course think of the parcel of humid air as having been replaced by a parcel of dry 
air at the higher temperature. The virtual temperature is given to an excellent 
approximation by T, ■= r(l -b 0.61w) where T is the actual temperature, and w is 
the mixing ratio of the air in grams per gram. 

Virtual Potential Temperature and Potential Virtual Temperature. Montgomery 
and Spilhaus'^ define the virtual-potential temperature by 


9. = n 



and the potential virtual temperature by 


,e = 



where the symbols have their usual meanings. These temperatures were introduced 
in a paper suggesting various modifications in upper-air analysis. In particular, 
it was suggested that isentropic analysis should be performed on one of these surfaces 
rather than on a surface of constant potential temperature. 


MISCELLAEEOnS THERMODYEAMIC CHARTS AND PROCESSES 

Rossby Diagram. The Rossby diagram” is constructed with mixing ratio on a 
horizontal linear scale and partial potential temperature on a vertical logarithmic scale 
(see Fig. 33). On the diagram are drawn isopleths of equivalent potential temperature 
according to Eq. (217)'. This temperature is called equivalent potential temperature 
after Rossby. Also shown on the diagram are isopleths of condensation-level tem- 
perature and condensation-level partial pressure (Tr and pej, respectively). It is 
easy to see that each of these quantities is uniquely determined by flj and w (see any 
thermodynamic diagram). 
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The Bossby diagram is particularly useful in the study of air masses, especially in 
such studies as pertain to their identification. Since the basic coordinates are 
and w, we see that a thoroughly stirred humid air mass will be represented by a point 
on the diagram. This is so because neither the partial potential temperature nor the 
mixing ratio is changed by dry-adiabatic processes. When saturation is reached, 
however, the mixing ratio and the partial potential temperature will both change for 
any further ascent. Thus a very thin stratum of air in whi'-'h w changes rapidly will 
occupy a line on the diagram, while a thick layer of stirred humid air will occupy only 
a point. Curves drawn on the diagram for well-defined air masses are known as 
characterisiic curves of those air masses. The diagram is also very useful in distinguish- 



Worter vapor con-tenf.W.grams per kilogram 
Fio. 33. — Equivalent potential-tempernture diagram. {After Rneehy.) 


ing different types of inversions in the upper air. Thus a frontal inversion in which 
the mixing ratio may increase with elevation will stand out from a subsidence inver- 
sion in which the mixing ratio decreases rapidly with elevation. 

Multipressure Hygrometric Chart. Kiefer's multipressure hygrometric chart 
contains facilities from which certain elements may be more readily obtained than 
from the thermodynamic diagram (see Fig. 34). The right-hand side of the diagram 
is drawn to basic coordinates of temperature and vapor pressure, both on a linear 
scale. The 100 per cent relative-humidity Ime shows the saturation vapor pressure 
at the temperature desired. Relative-humidity lines of less than 100 per cent are 
drawn using the equation e -■ fe, where f is relative humidity and c. is the saturation 
vapor pressure. Dry-adiabatic lines for the vapor pressure are drawn using Poisson’s 
equation 

R 



— = 0.286 
Cp 


These lines slope down and to the right on the diagram. 


1223) 
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The wet-bulb temperature may be determined graphically for any pressure because 
of the following relation: 

(224) 

e — e p 

which is obtained by replacing te and u>' in terms of e and e’ in the right-hand side of 
Eq. (207) and making the usual approximations. Thus the ratio of the change in 
temperature (from original air temperature to wet-bulb temperature) to the change 
in vapor pressure is a function of total pressure and temperature (implicitly through 
the latent heat of vaporization L). The sloping lines of the rosettes on the chart 
are drawn from Eq. (224) or its equivalent, according to the value of L at the tem- 
perature from which the lines radiate. 



Fig. 36. — Skeleton muliipressure Isygrometric chart showing manner of use. 


The left-hand side of the chart has scales for mixing ratio and specific humidity. 
These are determined by entering with vapor pressure and crossing over to the appro- 
priate pressure line. The pressure lines on the left-hand side are drawn from the 
equation w = 0.622e/(p — c) where the symbols have their usual meaning. At the top 
of the left-hand side of the chart is a nomogram for the determination of the 
virtual-temperature difference. This nomogram may be constructed using the rela- 
tion T, — T = O.eiicr. The enthalpy of the humid air and the enthalpy of dry air 
at p, T, w are shown by appropriate scales {h = c,(< -f- 73) + wL]. The manner of 
determination of the desired elements is shown in the skeleton diagram of Fig. 35. 

Amount of Precipitable Water. The total amount of precipitable water vapor in 
a column of air may be determined graphically when a sounding is available. It is 
also useful to investigate the total precipitable water vapor in a saturated column (at a 
particular value of 6,„) from the surface to great heights. Solof’has given an analysis 
that is straightforward and as accurate as one may wish. He proceeds as follows; 
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Thp total mass of wator vapor in a small dement of humid air of 1 cm* cross section 
and dz thickness is wpa dz. Introducing the equation of hydrostatic equilibrium 

and making changes of units as necessary, it is found that the linear thickness of liquid 
water that would be precipitated if all were precipitated is 


0.0004 [ tedp in. 

(225) 

li 

/, <‘tn 

(226) 


if the column extends from pi to pj in millibars. The mixing ratio w is to be expressed 
in grams per kilogram. Tht* value of w in an actual sounding is taken from the radio- 
sonde or aerograph record. If one wants the iippiT limit to the amount of precipitablc 
water, oii/“ picks off «i, for the appropriate ?.«, from a thermodynamic diagram. One 
may of course construct isopleths on aspo<-ial chart plotting u), against p for various 
values of (see Sec. I). The thickneas of water in inchi's or centimeters is deter- 
mined by numerical integration of either of the above equations. 

Rates of Preeipitatian. Kulks*^ has shown that 

r = ' (227) 

where r = iiim/hr of precipitation from a 100-m thick saturated layer having an 
ascensional rate of 1 mps 
a = wet iidiubatic lapse rate, °('/i00 m 

b = -^1,1 mh f"C 
<iJ 

T = uhsohile temperature 
f = saturstion vuiior pres.sure at T 

Kquiition (2271 i.s derived on (he fiindameutal a.asumption tlinl the weight of dry air 
in (lie ascending layer remums eonstnnt. Thus, taking a layer All m thickness with an 
average density tlie water vapor present is u'pa AA. The rate of precipitation is 
immcrically equal to the rate of change of water vapor present in the eh'ment (pro- 
vided that precipitation is instantaneous with condensation). Then r = po Ish{dw/dt). 
On making certain minor apjiroxiniatious and introducing the relations for mixing 
ratio in terms of pressure, etc., Kq. (227) results. 

IsoiiletliN calculuti'd from hkj. (227) .are plotted on the Kniagram for 0.3 ^ r ^ 1.0 
(si'c Fig. 20). When the rate of precipitation is desired from layers of thickness othiT 
than 100 m, or with different rates of nsi'ension, the value of r as read from the diagram 
is multiplied by the iictmil velocity in meters pi>r .si'cond and thickness m hundreds of 
meters. Or one picks a mean value of r for each 100 m thick layer and adds the results 
to get the rate of precipitation from the total thickness. 

The precipitation rate in any actual case must elearlj- take account of the diver- 
gence of the flow. Progress jias been made in the .solution of particular problem.s by 
private investigators. lOach case must be solved according to the structure (frontal, 
orograiihic, or otherwise) (hat causes the air to ascend. 'J’urbulencc will evidently 
coinplieato the problem still further. 

Isobaric Cooling of Saturated Air (Formation of Fog). Supixisc a parcel of air at 
saturation loses heat to its surroundings, t’ondcnsalioii will begin immediately 
except in tlio rare instance that no eondensation nuclei are present. The energy 
equation for the process assumed isobaric is 


dq =» r,, dT -b </(irA) 


(228) 
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If we approximate by assuming the latent beat of vaporization to be constant and use 
Clapeyron’s equation, de/dT =■ LrlR,T*, in terms of finite differences, we obtain 


Ag - 


(229) 

Ag - 


(230) 


where Ag = heat lost from parcel, joules/gram 

Cf = specific heat of the humid air at constant pressure 
L = latent heat of vaporization 

t = ^ = 0.622 

e = saturation vapor pressure at T, mb 
T = absolute temperature (mean between initial and final) 
p = total pressure, mb 

R, = gas constant for water vapor = 0.461 joules/gram °K 
losing Eq. (229), one may obtain a good approximation to the temperature drop 
accompanying a loss of heat &g) using E(|. (230) one may obtain a good approximation 
to the change in vapor proasurc arcompanying a loss of heat Ag. If thr rale at which 
heal is lost (dg/dl) is known from other considerations (observation and radiation equations, 
fur example), the rale at which temperature will decrease maj/ be determined. The equa- 
tions arc so insensitive to small chiuiges in T that the initial temperature may be used 
inside the brackets without introducing appreciable error. 

If none of the condensate is precipitated out of the air, the water droplets remaining 
will eventually cause a reduction in visibility and fog. The concentration of droplets 
in grams per cubic meter will be given by Atop, where Ate is the condensate* in grams per 
kilogram and p the density of the air in kilograms per cubic meter. Introdueing llie 
equation of state and ('lapeyron’s equation, it is found to a good approximation that 

Concentration of droplets in grams/m’ •“ A7’ (?3I) 

where A7' is the cooling below saturation, L is the latent heat of vaporization, and 
c and T are average values for the saturation vapor pressure in millibars and tlie 
temperature in degrees Kelvin between the initial and final states. These average 
values may be estimated accurately cnougli since the result is insensitive to small 
changes in T (in the denominator), and since c is a smooth function of T. ('oiidhiiing 
Kqs. (231) and (229), expressed as a time rate of heat loss, one may preilict the time 
of onset of radiation fog, provided that one knows (1) the droplet concentration 
r(*quircd to produce fog, and (2) the rate of heat loss dq/dt. These items depend 
enlirel]) upon local conditions. 

Fog-prediction diagrams may be constructed using the above results. Isoplcths 
are drawn on the multiprcssure hygromctric chart or on other charts for different 
droplet concentrations. The isopleths may be calculated from Eq. (231) or some 
equivalent equation. A useful form is given by PctU*rsson“ (see Fig. 36). Other 
forms of fog-prediction diagram may he. construrted for particular stations when the 
rate of cooling is known under certain synoptic situations (see Fig. 37). Such dia- 
grams are particularly useful in the forecasting of radiation fog. It must be emphasized 
that such a diagram prepared for one statiort will not (generally speaking) work for any 
other station where radiation redes are different. 

It is interesting to note that the end result of cooling below saturation is the same 
whether the condensation occurs uniformly as the temperature is lowered or “all at 
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once’' after a state of supersaturation is reached. In the latter case, the change in 
temperature down to the state of greati'st supersaturntinn is given by AT = Ag. 
When condensation occurs, an amount of heat (u>, — tt/)L is used in warming the air. 
With reference to Fig. 38, where the notation is self-explanatory, we have 

it — e/ p 

Hut Eq. (232) gives the slope of the pressure lines in the rosettes on Kiefer’s multi- 
pressure hygrometric chart. Therefore, by using this chart , one- may find the final 


Temperature 

I'ki. so. — l''og-prcdi<-tion diagram. (From l‘rtltr men, “ Wcalher Anaiyata and Forecaatitig.") 

tomperafurc graphically as indicated in Fig. 38. This procedure is based on the 
assumption that the heat transfer is known. 

By an obvious extension of the above one may rorni)uf c the amount of condensate 
from an engine exhaust in the free atmosphere when the engine eharacteristics are 
known. Such computations permit the designation of flight levels where “condensa- 
tion trails’’ will not form. 

Mixing of Two or More Air Masses. Consider for simplicity the mixing of two 
different masses of air. Ijct M, T, w, S, and p with subscript 1 or 2 refer to mass, 
temperature, mixing ratio, potential temperature, and pressuri' of the first and second 
air, respectively. Assume that the mixing ratios are such that condensation due to 
the mixing will not occur. Let the two parcels of air that are to be mixed be repre- 
sented by points 1 and 2 on the thcrmodyuainic diagram of Fig. 39. Ixtt each moss 
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30' 40* 50* 60“ TO* 60* 

AJR TEMPERATURE 

Fig. A7. -Ta,v)or'.s fog-prediptioii iliaeraiii for Kcw on I'lilni, cOinii' ni<i))ts. Tlip "fo*- 
prcdictioii linen" luay conveniently lie plotted on Fig. 30. (From l‘ftlirii»rH, “ Wvathir 
Analysia and Fnraxutins") 



pressure line in rosette 

Fig. 38. — Temperature attained after auperaaturation and Hubneguent condenBatioii to 

aaturatiun. 

come to an arbitrary pressure p' along a dry adiabatic. The new temperatures will 
be given by 



Now let the masses mix isobaricnlly. The system is assumed to be isolated from its 
surroundings so that the heat given up by one mass in cooling is absorbed by the other 
in warming. Then Qi = MiCpi(T — Ti) ^ Qt = M tri,t(Tt — T) where 7' is the 


Sec. V| 


MiaCELLANEOVa CHARTS AND PROCEaSES 


397 


final temperature of the mixture. If the inaMaes have the same constitution so that 
Gpi = Cpj, yre obtain by rearranKcmciit 


or 


„ ^7'.' + 


Ma 


T = 




Al, + il/. 


The final potential temperature is obtained by noting that 

R R R 



wlirncc with the above 


_ Af 10| ifii 

Ml + Ml 


(233) 


(234) 


Since tlic cntmiiy of the mixture is given by s = Cj, In 9 + const per unit mnas, it niuy 
be noted that s ^ {M iHi + Mi‘Xm)/iM i + .!/•) wheresi and are thespeeifie eiitropii-s 
of the original masses. It may lie stiowii by evpansion of the terms in convergent 



series that » > (.l/iSi + M’X:)'{Mi + .t/ib This result in words is that thespeeifie 
entropy of the total mass after mixing is gn-ater than the average specific entropy of 
the total masses before mixing. Such a result is expected, of eourse, because the 
mixing is essentially a noiireversihle (ami hence nonisentropie) process. 

It Ilia}’' .siniilarly be shown tliul the final mixing ratio is given by 


HI 


AfiWi + .If»l/’2 
All + Afz 


(235) 


provided that comli'iisation does not occur. Introducing the relation between the 
mixing ratio and the vapor pn'ssure, it is found that approximately 


Af ici d- MiCi 
' At, + M\ ' 


(236) 


for the vapor pressure in tlie final inixtun'. 

The vapor pressure ns given by Kti. (236) may be in excess of the saturation vapor 
pri'SHiire for the final teniperiitiire as given by Kq. (233), even wlieii neither one of the 
masses was originally at saturation. Thus in Fig. 40 the straiglit line coiineeting the 
two points representing the initial conditions on the hygroinetrie chart may liave a 
portion of its length falling at humidities greater than 100 per cent. Hut it is recalled 
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that Eq. (233) is valid only when condensation does not occur. When account of the 
rondensinx vapor is taken, one finds a final temperature that is higher than that given 
by Eq. (233). This final temperature will be found on the hygrometric chart at 
the intersection of the 100 per cent humidity curve with the extension of the wet-bulb 
line in the nearest rosette (at the appropriate pressure) running through the point 
T,e given by solving Kqs. (233) and (236). S€>e T/ in Fig. 40. 

It appears at first thought that the mixing of two masses neither of which is at 
saturation might give a resulting mass witli fog present. If the amount of condensate 
is invisitigated, however, it is found that the greatest amount possible is not sufficient 
to produce fog unaided The irureate m relative humidity due to the masses mixing may, 




Fio. 41. — Thoioughlv atiiied btiutum ix-tween pi and pi. 


on the otfuT hami, be surh that a relatively small amount of radialim or other cooling will 
produce fog. Thes<’ facts follow from the relatively small curvature of the saturation- 
vapor-presBure curve. 

Thorough Stfiring of a Bounded Stratum, ('(insider a stratum of air bounded by 
pressures pi and p%. By bounded is meant that there is no interchange of properties 
between this stratum and the rest of the atmosphere, a situation that occurs frequently 
when there is a strong inversion aloft with fair winds under the inversion (see Fig. 41). 
When two elements of mass are mixed, their potential tempc’rature becomes 0 = 
(01 dMi 02 dM i)/[dMi -f rfjl/j) where 0i and 02 were their initial b'mperatures (pro- 
vided that condensation does not occur). When the entire stratum is thoroughly 
stirred (I'.e., mixed), its potential temperature is constant and equal to 


j ^ / 0 dM ^ f 0 dp 

M Pi — Pi 


( 237 ) 
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Similarly, tho mixing ratio attains a uaiform value of 

f w dAf f w dp 

^ - If = - — 

Al pi — pi 


(238) 


throughout the layer. The eoiulitionn may he represenleil l>y the (>qnationR 
39 3u> _ 

P‘<P <P’- (239) 


The relative humidity inereaHea upward through the layer. This conclusion is 
almost obvious. One may demonstrate the feid rigorously by taking the derivative 
of the relative humidity (J = e/e,), and intm'lueing the facts that w = const and 
dr/dT = Le/R,T* by Clapeyron’a equation, it is found that 

7^ ” t[w,7' “/l] 

The above results are valid so long as there is no condensation. Equation (240) 
also shows that, when eond(>nsutiun is reached in a previously unsaturated laver, the 
relative humidity becomes 100 iier cent first in the topmost part of the layer. Such a 
result would occur, for example, if a thoroughly stirred layer were cooled (either from 
the top or from the bottom). If the cooling continues, the saturated layer will build 
down from the top of the stirred stratum. Kvcntually stratus clouds will form, build- 
ing from the lop down. 

Uossby” has treated in detail the case in which thorough mixing occurs in a 
bounded layer that is initially cold enough (for the amount of water vapor present) to 
cause saturation and subsequent condensation at the top. He concludes that “thor- 
oughly stirred strata, regardless of their degree of saturation, necessarily are chiira<“- 
teri/ed by a fairly constant equivalent potential temperature (9i).” The conditions 
of Eq. (239) maj' then be replaced by the more general ones 


f)6,t 39,v 

Bz Bz 


(241) 


for n thoroughly stirred layer, regardlc.s.s of the water vapor present. It may iw 
enncliided ronweraely that, if Kqa. (241) do not hold true in a stratum, then the layer ts not 
/horoughh/ stirred. The most I'oiiimon soiiiiding will show dB,„ /Bz > 0 e\’eii when the 
humidities are reported at 100 [mt cent by the railiosoiide or aerograph, just as in 
most soundings in huiniil air BBjBz >0. In other words, the phenomenon of complete 
ihnrough stirring is not ei’idetii in the usual air mass. 

It may be noted that, when a stratum of air is thoroughly stirred, the aildition of 
heat at any one level will warm the entire stratum almost uniformly. Thus the 
potential temperature will increase by a finite amount, A9 at all levels. Similarly the 
loss of heat will cool the entire stratum uniformly. 'I'hus one must take into account 
the thickness of the thoroughly stirred layer in forecasting surface temperatures based 
on expected diurnal surface heating (or cooling). Thi Ihirker On layer the smaller will 
he the diurnal ehangr in temperature (protiided that thi layer remains thoroughly stirred). 

Cloud Height above Thoroughly {itirred Stratum. When there is sufficient moistuix* 
in the lower layers to cause condensation after thoTough stirring, stratus-type clouds 
will appear at the top of the layer under the inversion. The sounding under the 
clouds will be dry-adiabatic. The height of the base of the clouds miiv be estimated 
when the surface temperature and surface dew-point temperature are known. The 
approximate formula is 
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Height of base of clouds = 120(J’o — Tju) “C, m 
Height of base of clouds = 200(7'o — Tm) °F, ft 

where To and Tjo are surface temperature and dew-poini Iriupertiture, respectively. 
The difference To — 7'iio is generally known us spread. 

The above formulas are derived on the assumption that the sounding is dry- 
adiabatic and that the base of the clouds is at the level where the temperature is equal 
to the dew-point temperature. The mean temperature in the layer is assumed to he 
280°K; if the mean temperature is different, the constants in the above equations will 
be slightly different. 

Synoptieally the height of the base of the clouds will be given by the above for- 
mulas to sufficient accuracy for most purposes when either (1) stratus appear at the 
top of a well-mixed layer, the mixing being due to moderate to strong winds under a 
pronounced inversion, or (2) cumulus appear above a layer through whieh the Miiind- 
ing is dry-adiabatie (in a warm sector or liehtnd (he cold front with moderate to 
strong winds). 

Conservative Properties and Air-maas Identification. Any attribute or property 
of an air mass that changes relatively little from liay to day us the air eontimies m its 
path is said to be eonaervtUwe, No property ns yet discovered is strictly constant 
lor an air mass, nor is one likely to exist. Not only do heating, condensation, and 
evaporation change the thermodynamic properties of the air, but turbulent exchange 
of the very particles of the air will completely alter the original eonstitiition of the air 
mass in time. Yet certain propertii's arc so nearly constant through short periods of 
time and for the processes most likely to occur in nature that it is worth while to 
consider the various elements and the conditions under which they mav lie expeeted 
to be conservative. When a property is found to be almost conservative, it will be 
called tiuast-eonservalive. 

Dry-adiabatie temperature ehangcb bear the eonstrainl that no heat is gained 
or lost by the individual parcels of air, and that no W'atcr vapor is gained or lost . 'rhiis 
for all possible movements (under this constraint), the parcel of air ronxidered will 
remain on a potential-temperature surface in space (on a potential-temperature 
isopleth on a therniodynaniie diagrum). Moist-adiabatie (or wet-ndiabutie) tem- 
perature changes b<-ar the constraint that the only h<-at availahie for vaporization 
must be supplied by the air and that when condensation oeeurs heat is added to the 
air, i.e., for the thermodynnmie system as a whole (dry air plus water vapor and/or 
liquid water), the processes are adiabatic and the heat transfer is zero. Then, for all 
possible movements (under this eoiistraint), (he parcel of air considered while satu- 
rated will remain on a pscudo-wot-bulb-potential-tempcruturc surface in space (and 
on a wet adiabatic on the thermodynamic diagram). / n brtif, any adiabatic movrtmnls 
of the air in spare voiU appear on the adiabaiirs when shown on the thermodynamic 
diagram. , 

Nonadiabatic temperature ehanges bear the constraint that heat may be added 
to or lost by the parcels of air under consideration as they move about in space. The 
heat may be transferred by radiation or conduction. In such a case, dg ^ 0 in the 
first law of thermodynamics. The parcel will not remain on a potential-temperature 
surface in space or on a potential-temperature isopleth (either wet or dry) on the 
thermodynamic diagram. If heat is added so that the temperature may rise, the 
water vapor may remain constant or even increase. If heat is lost and the parcel 
cooled below saturation, water vapor will condense out, and the mixing ratio will 
decrease. 

The process of evaporation from falling rain is assumed to bear the constraint that 
the heat of vaporization is supplied by the air. In such a ease, for example, the 
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w«?t-bulb tpinporatums will roinuin constant thrniiKhout the process because it coin- 
rides with their defining prueeas. Similarly the crinivident temperatures will be con- 
stant for evaporation from falling ruin. 

The important results art' suininuriznl in Table 5 following Petterssen. Each of 
the conehisions may be rearbetl by eoinbining the definitions of the appropriate 
proeess(es) with the tlefinitions of (he element under consideration. 


Tabi.k 5* 



Conservative with respeet to 

Humidity element 

Drv-adia- 

-Moisl-adia- 

Nonadia- 

Evapora- 

batie teni- 

batie tom- 1 

liatie tern- 

tion from 


perature 

perature 

perature 

falling 

1 

ehnnges 

^ ehanges 

changes 

rain 

Ilelative humidity 

No 

! 

1 

No 

No 

Mixing ratio . . 

Yea 

No 

Yea 

No 

iSpei'ific humidit v 

Ye.s 

t No i 

Yes 

No 

Dew-point teinperat ure 

t)unsi-eon- 

wrvative 

' No 

1 

Yes 1 

No 

Wet-bulb temperature 

No 

i No 

' No 

, ^*os 

Kquivalent temiieralure 

No 

No 

No 

Yes 

Pseudo-wet-bulb tempeiature 

No 

No 

No 

Quasi-con- 

servative 

Pseuilo-oqtiivah'iit temperature 

No 

No 

\o 

Quasi-con- 

servative 

Wet-btill) potential temperature 

<^u!iai-eoii- 

servative 

Q\iasNooi)> 

sorvutivo 

No 

Y'os 

K<)uivalenf potential temperature 

Psi'udo-wet-bulh potential tern- 

t^nasi-cori- 
ser\ alive 

(iuiisi-eon- 

scrvutive 

No 

Yes 

1 

peral ure 

Pseiulo-equivalent potential ti'm- 

Yes 

Y'es 

No 

l^iasi-con- 

servativc 

peral lire 

VS 

OS 

No 1 

1 

Qua.si-eoii- 

servative 

Pol eti t ill 1 t en 1 pern t u re 

^'I'S 

So 

.No j 

No 


* From I’l’IlciBsen 


Kiefer has introdiieeil a new element known as the sigma function, which has 
certain merits in air-niass analysis.'^ Hy definition, the sigma function is 

<r = <!■ -h c,(t + 73) + wL (242) 

where 4> = geopotential, joulcs/gram 
I = “(’ 

IV = mixing ratio, grains/grain 
L = latent heat of vaporization, jouli's/gram 
Cf = specific heat of dry air at constant pressure 
This may be written as a = ik + wL where is the stream function by definition 
(also called tht' acceleration potential,' see Montgomery and Spilhaus).®* Xote that the 
units chosen for “sigma” are joules pi-r gram, rather than mega-ergs per gram as 
transmitted by the I'.S. Weather Uureau for stream function. 

The definition of tlu* sigma function arises out of the following considerations: The 
equation of meehanioal equilibrium is combinwl with the equation for the wet adia- 





402 


THERMODYNAMICS AND STATICS 


[Sec. V 


batips. We have, to a very Rood approxiinotion 


and 


rf7’ ,, lipj , , wL 
g dz + V dp + It dll =0 


0 


whenoo on combining we find to a good approximation 


or 


CpdT + g dz + u du + d{wL) = 0 

ff + ^ = const 


(243) 


The bigma function is tabulated in joules per grain from a base point 200°K and 
sea level In terms of the units chosen, the contribution of velocity in Kq. (243) is 
so small that it may he neglected for air-mass analysib. 

TvBliB (5— Sif.MA roNCTION AT 1 Km !'« SotmeE IlEniON 


Air mass 

T°C 

«>, 

griims/kg 

0.u‘ K 

! 

1 joulcs/griiiii 

A, winter 

-30 

0 2 

2r>3 

54 

A, summer 


4 0 

278 

94 

eP, winter 


0 5 

259 

(>4 

cP, summer 

15 

6 0 

284 

114 



4 0 

278 

94 

mP, summer 


6 0 

273 

108 

cT, summer 

16 

9 0 

290 

132 

mT, eumnu'r 

25 

15 0 

297 

145 


It is observed from its definition that the sigma funetion for nil air mass may be 
expected to show about the same degree of conservatism that is shown by the pseudo- 
potential temperatures. In particular, it will be consiTvative for adiabatic proeessi s 
and for evaporation from falling ram. The sigma function will not be conservative 
for nonadiabatic processes. From this point of view, the sigma funetion has no 
advantage over the proper potential temperatur**s. On the other hand, it does give, 
ID joules per gram, the actual present energy of the parcel, and its ehaiiges fniiii day 
to day may then be eorrelated with the heating that has occurred (at least for strcani- 
line flow). 

Stability and Instability. Some aspects of the mechanical stability of the atmos- 
phere are considered here. Se<‘ Sec X for a more detailed anaivsis from a diffet- 
ent point of view. Assume the atmosphere to be in a steady slate with a known 
temperature-height curve (obtained from a radiosonde flight). Consider the effeetb 
of making a small virtual displacement of a “test parcel” of the atmosphere Two 
assumptions are made about the displacement: (1) that the test parcel follows an 
adiabatic, isopleth on the thermodynamic diagram, and (2) that the displacement 
introduces no change m the environment. Thete assumptions mil be exrellenl approxi- 
mations to truth for small dtsplacemerUs. 

If the result of the displaeemcnt is such that forces are generated that tend to 
increase the displacement, the parcel is said to be in unstable equilibrium. If the 
result of the displacement is such that forces are generated that tend to restore the 
parcel to its original position, the parrel is said to have been in stable equilibrium in 
its environment. And finally, if the displacement generates no forces on the parcel, 
it is said to have been in neutral (or indifferent) equilibrium in its environment. 
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From an energy point of view, the parcel is in unstable, stable, or neutral equilib- 
rium according as the displaccmetit increases, decreases, or leaves unchanged its 
kinetic energy. Thus consider two parallel streams of flow in the atmosphere. I^et 
the isobaric surfaces coincide with the geupotential surfaces initially. The equation 
of mechanical equilibrium may be writtcui from Eq. (11) as 

Ml dui + Vi dpi + g dzi =0 

Ml dUi -t- Vi dpi -f g dZi =■ 0 (244) 

where subscripts 1 and 2 refer to adjacent streams. Since the isobaric surfaces arc 
assumed to coincide with the geopotential suifaces. we have pi = pi when zi = Zi. 
On subtracting the first from the second rquati.m above, we have then 

d ^ -h — i/i)c/p ■= 0 (245) 

for any pressure p. The variation in kinetic energj’ due to the displacement may be 
written from the above and the equation of state to be 

«(K.K.) = if„(7’,. - r.i) (246) 

where Tn and Tn are the virtual temperatures in the two streams. Equation (246) 
is a general result applicable whether either Imth or only one of the streams is in 
motion relative to the earth. 

The usual criteria for stability are derived from Kq. (246) by assuming one of the 
streams (say 2) to be at rest relative to the earth while the other is displaced slightly 
from rest. The left-hand side of Rq. (246) then gives the kinetic energy attained by 
the parcel due to the displacement. In terms of linear displacement in the z-direction 
(up), we have 

-S(K.K.) = IUT,i - r.,) (247) 

From this equation, it is clear that the atmosphere at the point considered is in 
unstable, stable, or neutral equihbriuni according as the right-hand side of lOq. (247) 
is negative, positive, or zero. The result may be expressed in terms of (he actual 
lapse rate in the atmosphen' and of the adiahiitie lapse rate by writing 

W,7’, = 7f .(T-, - y, dz) (248) 

KiT. = Ki(T„ - y dz) 


for dry or humid air (replace ■y^by ym for wet air). From the .above, the final criteria 
for stability arc 

7'„(77i — 77j) -b (yRi — y^Ri) > 0 unstable 

To(Hi - Ri) -b {yRi - yjRi) < 0 stable (210) 

T„{Ri - if j) -b {yRi — vsifi) = 0 neutral 

where To =• temperaturt' at the point considered 

Ri = gas constant at z in the environment (the same as the gas constant in the 
ascending parcel) 

Ri “ gas constant at z -b dz in the environment 
y = actual lapse rate in the environment at z 

yj = lapse rate along the adiabatic (replace yjby y™ if the air is saturated) 
When the variation of the water vapor with elevation is neglected, as is usually 
done, we have from the above that Ri = Ri and 
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T > 7s(or unstable 



y < ydfor 7 „) stable 

(250) 


7 = 7 d(or 7 ii.) neutral 



according to whether the air iii hnniid (or dry) or saliiriiiecJ, roapcetivcly. From the 
definitions of tiie potential 1emp<'riit«ri>H, it follows that the pared is in miatahle, 
stable, or neutral equilibrium according ns the derivatives clff/fte and are nega- 



0-J= Condifionai mstabi/ity 

J'jG, 42 . — Clastoificulion i>f pared htaliilitj* for small displaecinoJil actsirding to lapse rate. 

tive, positive, or zero for humid (ortlry) orHalurattsl nir, reK(M‘ctivdy. For pcrtiirbii- 
tions that push the parcel down, the temperature chitiigt' will follow along a dry 
adiabatic in any ease (humid or saturated) (*> long as the iitmosphert- has iio liijunl 
water present to vaporize. 

The above criteria are accurate but of limited use, since thev apply strietly only 
for small displacements of a parcel. // if i» assuimd that the parcel rimliniiis to fnllnw 



an adiabatic isopleth for finite dieplarements, arul that the environment is still unchanged, 
the results may be extended. It is easy to see (hat the right-hand side of Kq. (24fi) 
represents the area on the Kmagram that lies between the adiabatic path of a pared 
and the original sounding in the environment. This quantity will also approximately 
represent the corresponding area on a pseudoadiabatic diagram. For upward dis- 
placements, the energy is positive or negative according as the environment is colder 
or warmer than the ascending parcel. Fositive area contributes to instability, and 
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negative area contributes to stability. Tlio stability of the atmosphere must be 
investigated for every significant level along the sounding. Three general types of 
stability are recognized for this case where finiti* displacements ajv permitted: (1) 
absolute instability, (2) absolute stability, and (3) conditional instability. Condi- 
tional instability is divided into the snbclBsses of (a) stable typi*, (b) psmido-latent 
instability, and (c) real latent instability. Soundings exhibiting each type of stability 
are given in Figs. 42 to 4.5. .\ summary of the criteria is given in Table 7 from 

I’ettcrssen.*’ 



Fia. 44.- C'oii<liti<iiiul instability of the real latent type for a parcel. 



I'm. 45. — Cunditional instability of the jiseudo-latent tj pe foi a parcel. 

It may be noteil that the assumptions made in deriving the above criteria are too 
far from the trutli to make the conelusions eertnin in borderline eases. When th<' 
ari'u method inilieates .strong stability or strong instability, the rriteri:i are generally 
valid. Otherwise the more refined methods provided by the circulation theorem 
should he used (see S(*c. X). 

Ascent or Descent of a Layer and Effect on Lapse Rate (Convective Stability). 

Consider the effects on the lapse rate in a stratum of air that is lifted l)odil 3 ’ (as by a 
front or orogrnphieally). Two eases are considered. 

f. The entire layer is and renmins unsaluratrd. The quantity (l/4)/(59/5p) is 
invariant with respect to the motion, since 6 is constant at every point (the lifting is 
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Tablx 7. — Cbiteria or Stability and Instability Deduced on the Assumption 
or AN Undisturbed PJNViBONMeNT (the Parcel Method) 


Absolute stability 


Indifferent state 


Absolute instability 


Nonsaturated sir: dis* 
|pla<‘(‘d parcel not becoming 
saturat'd 


y <1i or ^ 


se 

Y = 7<i or ® 


Y > YJ or < c 

az 


Saturated air: displaced parcel 
roniainiiig saturated 


Y < Y». or 


dz 

Y = Yi» 

_ M’.. 
dz 

Y > Y« 


< Ym 
or 

‘ Y». 
or 


d2’,„ ^ 


se„ 

az 

or 

99.. 

dz 

or 

az 

or 


> 0 


ae„ 


or 


> 0 


az 

= 0 or 

a6,„ _ 

az 

<0 or 


Nonsaturated air: displaced parcel beconiiiig saturated 


Absolute stability. 
Conditional insta- 
bility: 

Stable type 

Pseudo-latent 


Heal latent 


.Absolute instability 


7 < Y" 


Ym < 7 < 7.1 and also no potential pseudo-wet-bulb ti'inperii- 
ture line interseeting the ascent curve* 

7 „ < 7 < Yd and also sonic of thi* potential pseudo-Met bulb 
temjierature lines intersecting the ascent curve, 
and the positive area smaller than the negative 
area 

Ym < Y < Yrf and also some of the potential pseudo-wet-bulb 
temperature lines intcnsecting the jisi*cnt ciiri c, 
and the positive area larger than the negative 
area 

a$ 


7 > yj 


az 


< 0 


assumed to occur adiabaticully), and Ap remains the sanie provided that there is zero 
horizontal divergence. Then, using Kq. (204) it is found that 


or 


i ^ « 1 2? f!. = T-T ■>'<' (■o'.i , 

tap ttzdp ffpT ^ ’ 

= const (2.’)2) 

P 


In other words, the difference between the lapse rate and the dry-adiabatic lapse rate is 
proportional to the pressure (whet)ier the layer is lifted or lowered). Ascent will 
cause the actual lapse rate to approach yj, and descent will cause it to depart from yj 
If account is taken of horizontal divergence when it is nonzero, it is found that 
similarly 


T — Y<i 
Ap 


const 


(253) 


w here A is the cross-sectional area of the layer. This area will change with the move- 
ment of the stratum. 
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Thp above result may be shown with ease on any thermodynamic diagram. Sup- 
pose both top and bottom points representing a stratum of air are lifted along an 
adiabatic, and assume that the straight line connecting the two points continues to 
represent the sounding through the lifted layer. The above conclusions follow 
(lualitatively, as seen in Fig. 46. 

IT. Part of the layer becomes seUuraied owing to lifting. This case does not bear a 
simple mathematical treatment as docs case I. An investigation may be made on 
a thermodynamic diagram, however. Consider the sounding to be known through a 
given layer. It is found that if the layer is dry aliove and moist below-, lifting will 
produce instability. If the layer is wet above and dry below, lifting tends to produce 



r — ► 

Flo. 46. — Dry stratum before and after lifting with seio divergence. Lopse rate inci eases 

as stratum asei-nds. 

stability. 7’he two cuscs un> clearly shown in Figs. 47 and 48. It is assumed in both 
illustrations that the horizontal divergence of flow i.s zero. 

('onsidering infinitely thin layers, it iiiuy Is* shown by use of the thermodynamic 
diagram that, for lifting with zero divergence, we have 

< 0 unstable 

d2 

> 0 stable 

-f'" = 0 neutral 

a! 

The derivatives may be evaluatisl approximately between any two levels in the sound- 
ing. The entire layer is said to !«’ convt'cf ively unstable, stable, or neutral aeeording 
to the value of the di-rivative. 

If the amount of divergenee is know-n (positive or negative) from eongidorations 
of tlip flow pattern, its effeet may be estimated on the thcrinodynamie diagram. 
Thus assume that a layer 100 mb in tliickness is raised from a lower level to a higher 
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results of an increase in entropy and of turbulence n>main to bn given. The general 
case is perhaps impossible of treatment. Special cases have been solved for simple 
boundary conditions. These special eases do not concern us particularly in a meteoro- 
logical analysis and are nut discussed here. 
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SECTION VI 

KINEMATICS AND DYNAMICS OF FLUID FLOW 

By H. J. Stewaiit 

1. Introduction. The scieiire of nieteoroloK.v Ih enseiitiiilly a l)riinch of fluid 
mechanicB; however, it ia in eertnin rea|ioetH <ine of the nioat difneiilt branches. From 
an analytical aland poitit, this is eiiuwd by the fact that those phnM-a of (laid inerhaiiiea 
such as heat transfer, turbulence, and the staiiility of fluid motions wliieh are of the 
utmost importance in any eoinprehensive theory of the neneral circulation of the 
atniiMphere are phases for which the basic niatheinatic.'il tecliniques l■ither are not yet 
available or are extremely complex. Jn addition, the exfierinienfal data for the aretie 
regions and the stratosphere are rather ineagiT; so t here is ns yet no general ugreeim-nt 
as to the experimental facts of the motions of the atmosphere in these regions. In 
contrast to the majority of the physical sidences, the investigation of controlled 
laboratory experiments is seldom possible in ineteorologieiil problimis, for the large 
scale of the atmospheric motions is often an essential feature. For these reasons, 
there does not exist at the present time any eomplele and eoheri'iit tlieory of the 
general atmoapherie eireulation. One of the earhost atteinjits at the devi’lopnx'nt of 
such a theory was made in 1888 by Ilelmholz,' who to a certain extent nntieipated the 
modem polar-front theories, whicli were formulated primarily by the Norwegian school 
of meteorologists headed by V. Bjerknes during the First \torltl Itar.*"’* 'The 
impossibility of an axially symmetric meridional eireulation was pointed out by Kxnor* 
and Jeffreys.' 'The effect of the instability of the shearing zones near the bells of 
westerlies in determining the resulting eeUiilar motion of the atm(>s))liere has been 
diseus.sed by Stewart.’-' 'Tlie role of high-level isentropie mixing ha.s been ili.seus.sed 
by Hossby,* who has also diaeiissed the effects of wave distiirbanres in the weatei lich.*'’ 

Sinec these investigations have dealt primarily with sia-eial features of the motion 
of the atmo.sphere, it is often difficult to w-parate cause and effect in iipplviiig them to 
the. larger problem. It is obx'ious that the development of a mure complete theory of 
the general atmosplierie eireulation would be of great iinporlnnee, not only for theoreti- 
cal purposes, but particularly for the development of improved weather-foreeustiiig 
techniques. 

Although the general theory is still not complete, most of the iletiiils of the atmos- 
pheric motions are well understood and ran be investigated siieeessfully by means of 
the standard techniques of fluid mechanics. Some of the simpler {irohlems will bo 
discussed by purely kinematiral methods; however, u eottiplete consideration of the 
forces involved is necessary in most eases. 

The essential property that characterizes a fluid is the fart that a fluid will not 
withstand any shear stress, however small it may be, without yielding to it. It is 
obvious that a fluid in motion may experience shear strt'sses, and under these e.ondi- 
tions the fluid elements are continuously deformed. In many eases, the influence 
of these shearing stressi's is small, and sutisfnetory approximations may be obtained 
without considering them. It will be assumed throughout that the atmosphere may 
be treated as a fluid continuum. 

There are two general methods of describing fluid motions. Theso methods are 
generally referred to as the Lagrangian and the Eulrrian methods, although both 
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methods were used by Euler. In the I^igranglaji method, the trajectories of the fluid 
elements are described. If the oriKinal coordinates of a fluid element are (a,b,c) and 
its coordinates at any other time t arc (r,y,r), then the fluid motion is described in the 
Lagrangian method by the following eqmitions: 

X = x(a,b,r,t) 

y = y(^a,h, c,l) (1.1) 

z = z(a,b,r,t) 

For a given fluid element, a, b, and r are lixwl, and Eq. (1.1) obviously describes the 
trajectory of the fluid element, The velocities and accelerations of the element can 
be obtained by partial differentiations with respect to time. Similarly, the fluid 
characteristics pressure, temperature, and densitv are described in terms of the element 
coordinates and the time. 

In the Eulerian system, the velocity field is described in terms of the spatial 
coordinates and time. If (u,t),«c) are the velocity components in the {x,y,z) direc- 
tions, respectively, in a system of rectangular i oordinates, then the velocity field is 
described by the following system of equations: 


u = u(T,y,z,t) 

V = v(x,y,z,t) (1.2) 

v> = w(T,y.z,t) 


Similar expre.ssions are also used for the praasurc, temper.iturp, and density fiehls. 
The Lugrangiuti equations can be considered as integrals of the Eulerian equations. 
The oid.v modern writers who have U8<’d the l-agrangian method extensively are 
V. Hjcrknca and his collaliorators “ For the solution of most problems, the Eulerian 
method is somewhat easier, and for that reason it is almost always used. The Eulerian 
method will be used throughout the present work. 

It is often necessary to consider the \ uriatioii with time of some property of a given 
fluid element. In the Lagninginn notation, this is given by the partial derivative 
with respect to time; however, it i-. more complex in the Eulerian s.vstem, for in general 
all four coordinates of a given fluid element change with time. If a particle at time I 
is at the point (x,y,zl, a short tune <// later if will Iw at the point (x -h u rft, y -f- » </l, z 
-h w lit). The change in aii.v qiuiiitit.v F(t,ii,z,I) is thus 



ilf OF !>t , i>F\ , 

Ot ctx Oy dz / 


(1.3) 


'Phe quantity in parenthese.s is thus the time rate of change of F for the fluid 
element. Because of its frequent reciirnmee, it is given the speeial nutation DF/Dt, 
which was first introduced bv iStokes. Thus 


PF 

lit 


HF , ilF , OF , OF 


(1.4) 


2. FrontogenesU and Frontolyaia. In genend, the characteristics of the atmos- 
phere vary rather slowl.v from point to point, however, a large portion of the extru- 
tropicul we.ather is intinmtel.v iissociatisl with the existence of narrow zones where 
the charaetoristies vary rapidl.v. These transition zones are gener-ally thought of us 
surfaces of discontiiuiit.v or frontal surfaces which separate two dissimilar air masses. 
One of the fundamental atniospherie proei-sses tliivt must be discussed is the process 
h.v which such atmosphorie iliseontinuifies are produced. This process is called 
frorUogenesis. Negative frontogenesis, i.c., the destruction of atmospheric discon- 
tinuities, is callcil froniolysis. Kineniatieal stuilies of this problem have been made 
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by Bergeron,** Bjerknes,** and Petterssen.** The present study will follow the 
method outlined by PetterBsen. 

Since the problem involves the change with time of the gradients of fluid prop- 
erties, it is neeessaiy to consider in some detail the deformation of the elements in a 
fluid flow. The nature of the flow in the neighborhood of a point will thus be investi- 
gated. In order to simplify the analysis, the 
velocity field in a plane surface will be considered 
rather than the more general three-dimensional 
field. If u and v are the x-and y-components of 
the velocity at the point (z,y) as shown in Fig. 1, 
these velocity fields may be expanded in a Taylor 
scries about the origin 



u = « -t- 


So + 


X + 


(S)/+(SX*' 


dy}« 


y + 


( 2 . 1 ) 


and for small enough values of x and y, the high(‘r 
order terms may be neglected. 

The significance of some of the various velocity derivatives may be shown hy 
considering their change from one coordinate system to another. Lot the r, y-coordi- 



nate. system be rotated through uu angle 9 to forni the coordinate system z', y', as in 
Fig. 2. Then 

u = «' cos 9 — v' sin 9 

0 = «' sin 6 -f e' cos 9 I ■ / 

and ' z' = * cos 9 -t- y sin 9 y' = — z sin 9 + y cos 9 (2.3) 

From this 


and 


dx V Sx' dz'/ V dy' ity' J 

du • - / o a ^'\ , - / « 9u' . 9v'\ 

dy V dx' dx'f V 91/ 9y / 


(2.4) 

(2.5) 


If these expressions are subtracted, it is seen that 
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The quantity 


dv ^ 
dx dy 


(2.7) 


in thus seen to be independent of the orientation of the coordinate axes and must 
represent some pliysieal charnetf'ristic of the fluid motion. Its siKnifieance ran be 
determined from ii study of the motion of two infinitesimal lines of fluid particles which 
at the initial instant lie alonf; the x- and 2 /-eoordinute ax:s, us shown in Fig. 3. An 
infinitesimal time dt later, the position of thrae partirli>s is also shown. It may be 
seen that each row is subjected to a translation, a rotation, and a stretching. The 



clongiition of the lines of particles is a second-oriler effect and inny bo neglected. 
Froni this, the angular velocity ui of the particles urigmall>' on the x-axis is 

«i = (2.8) 


iSiiiiilarly the angular veloeit.v u,. of the particles originally on the y axis is 


Oil 

oiz = ~ 


(2.S» 


('ouiiterelockwi.se rotiitions have been assumeil to be positive. From this 

c — '^twi + 

and r is st'en to be the average rati* of rotation of the fluid element. 
Similarly 


and 


Ou 

Ox 

dv 

djt 


/ Ou' . Op'\ . „0u' . ,0v'\ 

cos e (^coa e - sin » j - xm 6 (^cos 9 - sm 9 — , j 

/ Ou' Oe'\ . / . . dw' „ Ov'\ 

sin 9 ^siii 9 + cos « j + cos 9 ^sm 9 + cos 9 — , j 


( 2 . 10 ) 

( 2 . 11 ) 

( 2 . 12 ) 


If those are added it is seen that 


Ox 9j/ ” Ox' 0]/' 


(2.13) 
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Su , &» 
dx dy 


(2.14) 


is alao seen to be independent of the orientation of the coordinate system. If {du/dx) 
+ (dv/dy) is integrated over the area S enclosed by a contour C (sec Fig. 4), then, by 

(ireen’s theorem for the plane 

y| 


The right-hand integral is the net volume of fluid 
(per \mit thickness i»v the r-diroclion) that flows out 
across the contour C in a unit time. The quantity 
(iiii/di) + (dv/Sy) ean thus he interpreted us the 
source strength per unit of area in tlie plane. The 
constant b will l)r culled the roefficirrU of horizontai 
divrrgejwe. 



I'lo. 4. 


If Kqs. (2.4) and (2.5) are added, it is seen that 


dv , Su f 

~ — h = cos 29 I - 
dx dy V.' 


dv' 9u‘ 
dx' dy 


:)-hsin29g-g;) (2.16) 


and if Eqs. (2.11) and (2.12) are subtracted, it s«‘en that 
du dv 


- - - , = cos 


dx dy 


„-fdii' dv'\ . , f>w'\ 

W - w) - (ax' + a7') 


From Kq. (2.16), the axes can always Ire placed so that (dt>/dx) (du/dy) = 0 and 
(du/dx) — (dv/dy) > 0. Such axes will be called principal axes. For principal 
axes, the field at motion may be represented by three roefficieuts 

“ “ 2Vai ~dyj 
1 ^ 1 

^^2[^ + di) 

1 / dv dil\ 

® “ 2 ^91 dy) 

Equation (2.1) may then be rewritten as 

. M = tto + <tc + bx — ry 

V = v„ — ay + by + cx 

'I'he field of motion has thus been split into four component parts that can be 
studied separately; however, it is more convenient to diseiiss them in terms of the fluid 
strcamlincB. A streamline is a line for which the tungimt at any point gives the direc- 
tion of the fluid motion at that point. If u is the velocity vector at a point and dr is 
an elepient of the streamline through that point 

u X dr = 0 (2.20) 

This may be considered as a set of differential equations defining the 8tre.amIincH 
for any given velocity field. For motion in a plane where z is coiistunt, this may be 


(2.18) 


(2.16) 
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written as 


or 


0 = vdx — udy 


( 2 . 21 ) 

( 2 . 22 ) 


U should be noted that the streamlines are not the paths of the fluid particles (often 
called aireah linra or trajertonea) unless the motion is steady. 

The first component of the field of motion, 
u = Mil and V = »o, is obviously a rectilinear 
fi('ld of motion and needs no further discussion. 

For the next component, u = ax and » = —ay, 
the equation of the streamlines is 

0 = —a(,y dx + X dy) (2.23) 
or xy = Cl (2.24) 


where Ti is a constant. The streamlines are 
th\i.s reetaiiftular hyperbtilas. The streamlines 
for a > 0 are shown in Fig. 5. This field of 
mot ion is called a deformation fieltl, and the 
i-axis is called the deformation axis. It must 
be remembered that the r-axi.s was ehosen so that 



Fn.. 5. — Defuriiiatiun field. 


+ r = « 

dx dy 




For the third compoiK’iit. u — hi and v = by, the equation of the streamlines is 


0 = b(y dx — X dy) (2.25) 

?( = Cj (2.26) 

X 


The streamlines arc radial lines from the origin and are shown in Fig. 6 for b > 0. 
Siich a flow with horizontal divergence is generally possible only if there is a vertical 






suhsideiice, and the flow in the rr-phine must )«■ of the type shown in Fig. 7. If b is 
negative, the direction of flow is everywhere ivversed, .•iml the flow shows horizontal 
convergence. 

The equation for the streamlines for the fourth component, u = —rj/ande = rx, is 


or 


0 = •■(J' dx + V dy) 
I' + !/* = 


(2.27) 

(2.28) 
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The atreamlines are circles about the origin, and the motion shown in Fig. 8 for c > 0 
corresponds to a rotation of the fluid about the origin with an angular velocity equal 
to r. 

These results show that the field of motion in the neighborhood of a point may be 
ronsidered as a uniform translation plus a deformation plus a divergence plus a rota- 
tion. This general result may easily be extended to three-dimensional motions. 

The magnitude of the horizontal temperature gradient is a convenient measure of 
the rate of variation of an air mass’ characteristics In order for the tendency toward 
the generation of a front (or frontogenesis) to exist, it is necessary that the fluid motion 



be such that these horizontal gradients increase in magnitude with time. For sim- 
plicity, we shall follow I’ettersscn and consider, instead of the temperature, any 
conservative property a = a{x,y,l). The function 

f' = §i l^“l (2.29) 


is a measure of the tendency toward frontogi-iiesis. If F is positive, froiitogeiiesis 
exists; if F is negative, frontolysis exists. F is called Vniy /ronlogrrieliral function. 

Now 



2lVaI ^ |V«| = ^ (Va)« 

(2.30) 

Since 

a is a ronsrrvjilivi* property 



Da — 



m 

(2.31) 

From the gradient of £q. (2.31), it is seen that 



^ Va -h V • Wa + Va • Vv ■= 0 

Ob 

(2.32) 

or 

J (Vo)» -1- V • V(V«)* = -2(Va) ■ (Va • Vv) 
ot 

(2.33) 

Thus 


(2.34) 

Since 

Va = lVal(i cos 6 -1- j sin ») 

(2.35) 


where S is the angle from the r-axis measured counterclockwise to the vector Va 
as in Fig. 9, the expression for the frontogenetical function is 
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F - -1V«1 [oo8« e + «in> fl J + sin fl cos 0 + g)] (2.36) 

If the *- and {/-axes arc principal axes, the velocity derivatives may be expressed in 
terms of the coefficients a, b, and c of Kq. (2.18), and 

F => — Ivalfa cos 29 + b) (2.37) 

It is apparent from this that only the deformation and horizontal divergence fields 
are important for problems of frontogencsis. Although it is also obvious from phvsic.al 
considerations, fiq. (2,37) shows that horizontal convergence, 6 < 0, produces fronto- 
genosis; however, the horizontal divergence or convergence in the atmosphere is 
generally very small; and a very good approximation can be obtained by neglecting 
the coefficient b. Since both lVa| and a are tmsitive, the frontogenetical function, 
with b = 0, will be positive if 43 deg < l9| < 13.) deg. This means that the lines of 
constant a must make an angle of less than 43 deg with the z-nxis (the deformation 
axis) in order for frontogenesis to exist. Horizontal convergence increases this angle; 
ami horizontal divergence decreases it. h’or a given deformation fieW, the fronto- 
genetieal effect is obviously strongest if the lines of constant a are parallel to the 
deformation axis ([91 = 90 deg). 

positive value of the frontogenetical function is certainly a necessary condition 
for the formation of a front, however, it is obviously not a sutiicient condition. If a 
front is to form, it is most likelv to form in tiie r<-gioti where F is the largest. A more 
complete disi'ussion of this prohlein is given in I’elterssMi’s original paper. 

The strongest frontogenetical region in the Xortheru Hemisphero is in the Pacific 
Ocean off tlie eastern Siberian coast. In this area, there is in the winter season a very 
strong temperature gradient between the cold land mass and the warm ocean; and 
the isotherms are therefore practienlly parallel to the coast line. In addition, the 
outflow of air from the continental anticyclone into the maritime air moss produces 
a strong deformation zone with its axis also praetically parallel to the coast line. 
Similar conditions and another strong froiitogcnetical zone exist off the eastern coast 
of North America. It is the frontal aysteins created in these regions that an- primarily 
responsible for the weather in western North Aincriea and in Kuropi'. 

3. KinematicaJ Analysis of the Pressure Field. The elassiciil method of u rather 
forecasting and one that has been used ever 
since the beginnings of technical meteorology 
involves the consideration of the past history of I 
miy given weather element or storm and, through 
extrapolation, the prediction of its future position 
and intensify. Although this qualitative idea is 
very old and has been widely used, the formal 
rigorous treatment of this method of forecasting 
has been given only fairly recently, primarily bj 
IVtterssen,'* who discussed the problem of the 
prediction of changes in the surface pressure field ' 

by purely kinematical methods and without Pio. jo. 

reference to the atmospheric forces involved. 

In order to develop these extrapolation methods, it is first necessary to calculate 
tlie time rate of change of any given quantity with respect to a moving point. Sup- 
pose a point is moving with a velocity c with Ci and Cy being the velocltv components 
in the x- and y-direetions, rospeetively, as in Mg. 10, then the time rate of change of 
any function F = F(x,y,t) for this point is 


y%> 
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at 
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The second time derivative witli respect to this moving point is then 


or 


£F 


ai® 


+ 2c 


s^F /a 
“ \a< 

■"f + -I 


+ C V 


c- VV^ 


\ ^ 
) u 


+ eVe]vF 


Now the acceleration of the moving point is 


A 


at 


and Eq. (3.3) may therefore be, rewritten as 


a^F 

61‘ 




(3.1) 

(3.2) 

(3.3) 

(3.4) 

(3.5) 


In a similar manner, expn'ssions for eoiiiputing all the higher order derivatives may be 
obtained. 

As an application of Pettersaen’s method, these formulas will be used to eompiite 
the velocity of an isobar. Suppose the point/* on the pu isobar in Fig. II is restricted 

to motions such that it remains on l«>th 
the x-nxia and the po isobar. Fur this 
point, c, 0, and 



Sp 

at 


^ =0 


at ^ ^ ax 


(3.0) 


*’X 


The velocity with which the point moves 
along the x-axis (and thus the velocity of 
the isobar) is 

t>p/3x 


(3.7) 


If the point F had been restricted to 
motion along the intersection of the pa 
isobar and the p-axis, then the velocity of the point would have been 


Fiu. 11. 


apjat 

ap/dy 


(3.8) 


Similarly if P had been restricted to motion along the normal to the isobar, its velocity 
in the normal direction would have bci-n 


ap/ai 
* ap/an 

(3.9) 

Since ^ ^ sec. fl = esc B 

an ax ay 

(3.10) 

the velocities have the relations 


c. = c, cos 9 = c, sin S 

(3.11) 


The significance of these relations may be seen easily by eonsidering the displacements 
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at the origin, 
as 


and 


Equation (3.13) may then be solved for the velocity of a pressure center 


ft^p/dx dl 

S*pl9y at 
B*p/dy* 


(3.16) 


In order to use these simplified expressions, principal axes as shown in Fig. 13 must be 
used. 
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For a eircular high, any axis is a principal axis, and it is convenient to take the 
z-axis perpendicular to the isallobar (T >“ dp/dt =■ const) through the pressure center 
as in Fig. 14. For this case, 9'p/dy SI and c, both vanish, and since S'‘pJSx > 0 
and a’p/fli’ < 0, it is seen that c* is positive. The eircular high thus moves in the 
direction of increasing pressure tendency. For an elliptic high with the x-axis the 
long axis of the ellipse, the velocity is no longer along the normal to the isallobars ns 
la»p/flx*| < jfl*p/ay*| but is rotated toward the long axis of the high, as shown in 
Fig. 15. Similar interpretations for Eq. (3.16) may easily be worked out for a low- 
pressure center or for a saddle point. 

It is a little more difficult to determine the property of the pressure field that 
characterizes a front. If a section (see Fig. 16) is taken through a normal frontal 
system, it is apparent that there must be a discontinuity in the pressure tendency at 
a front that is moving, since the surface pressure at a point is a measure of the mass of 
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air ia a unit column above the point, and the tendency at a point near a front is thus 
primarily a measure of the rate of change of thickness of the layer of cold air over the 
point, A front is thus characterized by discontinuities in the pressure derivatives; 
however, the pressure itself must be continuous, for the fluid elements would otherwise 
he subjected to infinitely large accelerations. This last fact can be used to develop a 
formula for computing the velocity of a front. I^et points 1 and 2 be neighboring 
points, as shown in Fig. 17, separated only by the front at the point P, and with point 
1 being in the warm air mass. Then if P is restricted to Uu- intersection of the z-axis 
and the front 


^ (Pj - Pi) “ 0 - ^ (p, - p,) + C. ^ (p, - pO 
The velocity of the front ia thus 

_ (Sp , '«) - (dp, /at) 

■* (dpi, dx) — (dpi/dx) 


( 8 . 17 ) 

(3.18) 


If the z-axis is set parallel to the warm sector isobars, the term dpi/dx = 0, and the 
enleulation is soniewlmt siniplihed. It may be noted that, if the point P is not at a 
front, both numerator and denoinitiator of Fq. (3.18J vanish, and, ns one might expect, 
the velocity is indeterminate; however, the 
teiuiimeies and pressure gradients are discon- 
tinuous at a front, and definite results are 
therefore obtained for this ease. 

Ill these three examples, ICq. (3.1) has been 
used to compute the instantaneous velocity of 
an isobar, a pressure center, and a front 
Similarly, Kq. (3.5) may bo used to compute 
the instantaneous aeeeleraf ions of these systems 
This will ho work<>d out explicitly for the 
aeeeh'ration of an isobar. Suppose the point I* of Fig. 1 1 is restricted to motion along 
the intersection of the r-axis and the po isobar. Then 



= d*P,-,£!P,j < 2 p 

sp ® OP ^ * dz at ' ex’- dz 


(3.19) 


for this point, and its accclcrutiou in the z-dirertion is thus 


A, 


d’p 

dp 




ap 

dx 


(3.20) 


where the velocity e, is given by Eq. (3.7). Similar expressions eould be worked out 
for the aceelcratiuiis of fronts or of pressure centers; however, it is apparent that they 
arc quite eoinplieuted. 

The application of these results to the problem of forecasting displacements ma>' 
be illustrated by eonsidcriiig the displacement of an isobar. If P = P(l) is the dia- 
plucement of the point P of Fig. 1 1 along the z-axis, then J) may be expanded in a 
'I’aylor series 

where (il)/{()g — r, and (4*IJ/4/*)o = At. There are thus two obvious limitations on 
the use of these methods to compute the displacements. The first involves the 
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accuracy with which any given term may bo romputed from the available experiiueiital 
data, and the second arises from the error involved in terminating the scries of Kq. 
(3.21) at any given point. 

The primary factor involved in the experimental error in determining the various 
terms is the calciilation of the time derivativr-s. I.*t us consider the barogram (see 
Fig. 18) at a station for which there is a warin-f rent passage at the time //, The actual 
rate of pressure change (Sp/M) is not reported; the actual pressure change for the 
previous 3-hr period is given. For example, at time I,, the pressun> change Api 
would be reported, and at time 0, the change Apa would be given. Hy inspection, 
Api is a fairly good approximation to dp/3t half a perioil earlier. On the other hand, 
Apj is a very poor approximation to dp/dl at time tj; in fact, it is even of the wmng 
sign. Since the pressure differences are reported to a tenth of a millibar pressure, the 
minimum probable error in 3p/dt is about ±0.1 mb per 3 hr except just behind a 



front where for all practical piirpose.s 3p/3l is not reported. Since must be 

computed by taking the difference in consecutive pressure chiuiges, its probable wror 
is about ±0.2 mb per (3 hr)®. 

The pressnra at a fixed jioint may lie written as 

It is thus seen that the probable error in computing the pressure .after 24 hr due to the 
term in 3p/3l is about ±0.8 mb. The error duo to the next term, however, is about 
±6.4 mb. 'riiis indicates that the velocity term nmy be computed fairly accurately; 
the acceleration term will probably be of the correct sign, but its accuracy is rather 
poor, and higher order terms cannot be computed. The use of this formula eorie- 
sponds to the problem of single-barometer forecasting. At a hxed point, weather is 
roughly periodic with the cycle from fair weather to storm to fair weather taking a 
period that is generally of the order of magnitude of 1 week. This indicates that tlie 
higher order terms cannot bo neglected for periods of much more than I day. Since 
they cannot be computed with any reasonable accuracy, this (single-barometer) 
method of forecasting is useful primarily for very short range forecasts with the upper 
limit bemg about 1 day. 

The diurnal variation of any quantity has, of course, a period of 1 day; and the 
higher order derivatives of this diurnal variation are therefore eomparativcly large. 
It is thus generally necessary to subtmet out the normal diurnal variation of any 
quantity, in particular the temperature for which the diurnal variation is often large, 
before attempting to extrapolate any quantity for a period of 1 or more days. 
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If the weather at a point that inovca with the pressure system, as in Kq. (3.21) or 
in eorrespundinK formulas for computinK the displacements of pressure centers or 
fronts, is considered, the hielier order derivatives are very much decreased in magni- 
tude, and the period for whi<'h the formulas are useful is consider.ibly extended. It 
is generally found that the use of only the first, or velocity, term in computing dis- 
placements of pressure systems gives satisfactory results for 6- or 12-hr forecasts. 
If the correction due to the acceleration term is included, satisfactory results can 
generally be obtained for 24-hr forecii-sts. In his original paper, PcttersBcn'* shows a 
number of examples, and the agreement hetwci-n the predicted and forecast 24-hr 
displacements of fronts, wedge lines, and pressure centers is generally satisfactory 
even for quite complex systems. 

4 . The Dynamical Principles. The problene; of frontogenesis and of extrapolating 
the surface pressure field arc purely geometrical, ami kincmatical methods were 
sufficient for their solution. In order to study the atinospliere as a three-dimensional 
fluid motion, it is (ie<'ea.sary to u.se the more powerful methods of fluid dynamics and 
to study the forees im'olved. Siiiee a fluid is e material system, all the principles of 
iiieclianies can be u.sed in th<‘ soliiti'in of these jiroblems. 

'I'he principles of eoiiservation of mass, conservation of 
momentum (Newton’s laws of motion), and conservation 
of energy will he used. The thermal e(|uation of state of 
the fluid provides an additional relation. These three 
scalar and one vector equations can then l>e .solved for the 
velocity vector and the pressure, temperature, and density 
of the fluid, subject to suitulilc bimndary conditions. It 
is first necessary to cxpn'ss these principles in the proper I'k,. i9. 

Kulerian notation. 

('onsaler an arbitrary fixetl surface .S in a fluid flow os in I''ig. 1!), with n lieing a 
unit vector that i.s aa I'xti'nial normal, v )H>iiig the fluid-velocity vector, and p being 
the fluid density. The rate of ma.ss flow out through the surface S is 

J a'VpdS (4.1) 

.s 

On the other hand, the rate of dci-rvase of mass within the surface is 

-///fdr (4.2) 

T 

where t is the volume enclosed by the surface .S'. Hy the principle of the eoiiservation 
of mass, the decreasi* of mass within the surface must be caused by a flux of mass 
through the surface, and therefore 

r S 

If th(* siirfiic« intogral is transf<tr?ii(»<l to « rohimo integral by Clrrcn's tlioorcm, it is 
seen that 

/// Ilf +V-(pv)] dr =0 (4.4) 

T 

Since the .surface <S’ was any arbitrarily chosen .surface, Kq. (4.4) can tie true in every 
I'asp only if the integrand vuni.shes, or 
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^ + V • (pv) = 0 (4.6) 

Ob 

Thifl is caJled the continuity equation and is the nialhcnmtiral reprosentation of the 
principle of eoiiaorvatiou of mass in a fluid flow. By dilTerentiating the product 
pT, the equation can also be written in the equivalent form 

+ = 0 (4.6) 

p iH 


From this, it is apparent that (he ccnitinuity equation has an pxtromely ainiple form 
for an incompreasible fluid for whirh Dp/Dt = 0. It ia then aimplv 

V • V = 0 (4.7i 


Before writing out the equations of motion, if is neeessary to consider (he state of 
dress in a fluid. In general, a fluid element will experieiice both normal and t angentiul 

stresses; however, in many easc-s, the influence 
of the tangential stresses is very small. For 
this reason, the consideration of the effects of 
the tangential stresses will be delayed until 
later. For the present it will he snppostsi that 
the stresses in a fluid are normal to the surface 
of the fluid elements. In this luise, the stress 
tensor is much simplifled. Consider the infini- 
tesimal tetrahedron OAKC shown in Fig. 20. 
Ijet p, be the normal stress at the center of the 
slant face that has an area rfiV,. Also let pr be 
the normal stress at the center of the x face of area dSx. C'omprrssion stresses are 



considered positive. 


The not force in the x direction is 
p, dS — p. dS. cos 9 


(4.8) 


plus higher order terms that arise from the variation of the stresses over their fares 
where 9 is the angle between the z-uxis and the external normal to the eluiit face. N ow 


dS, = ooB 9 dS. (4.9) 

and the expression (4.8) can theref(»re be written as 

(p. — p.)diSx (4.10) 

If the linear dimension of the fluid element is considered a first-order infinitesimal, the 
mass of the element is then a third-order infinitesimal. Since it is certainly necessary 
that the acceleration of the fluid element be finite, the net force acting on the fluid 
element mUst also be, at most, a third-order infinitesimal. The second-order term of 
expression (4.10) must thus be identically zero, or 


Pr = V. (4.11) 

in the limit as the size of the element approaches zero. Similar results can be obtained 
for the normal stresses .on the y and z faces of the element. It is thus seen that the 
normal stress at a point must be the same in all directions if there are no shear stresses. 
A single parameter, the pressure, thus completely specifies the state of stress in a 
nonviscous fluid. This result is generally called PaacaVt law. 

In order to express Newton’s laws of motion in the appropriate Kulerian form, 
consider a surface >S (see Fig. 21) that enrlosiw a ]iartieular mass of fluid of volume r. 
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Ah the fluid moves, this surface is carried with it and may be deformed, but it always 
encloses the same mass of fluid. The only forces acting on this body of fluid are the 
normal pressure force and a body force, t per unit of mass, which is due to gravity. 
The possibility of other body forces due to electric, or niagiictic fields, etc., and of 
viscous shear stresses will be neglected here. If a is the acceleration vector at any 
point, Newton's laws of motion require that 

///padr= -// npdS + j j j pj (It (4.12) 

T 5 T 


since the mass of any element of volume is p dt The two terms on the right are the 
pressure and gravif .v forces act ing on the l)ody. If the surface int(>gral is transformed 
to a volume integral by Oreen’s thcjorcm, it i.s seen that 


/// (fiA -f- Vp — pV)dr = 0 (4.13) 

r 

Since thie relation muHt hold for any given mass of fluid, 
the integrand must vanish, or 


a = _ i vp + F 
p 


(4.14) 



Fic.. 21. 


If the fluid-velocity vector v is inctisuMsl with respect to a .■>tationary coordinate sys- 
tem, the acceleration vector is obviously 


wi 


a 

Jll 


Ul 

IH 

- ^ Vp -I- F 


(4.15) 

(4.16) 




These arc the Kulcrinn equations of motion for a stationary coordinate system. 

For luetcorologloal purposes, it is most convenient to con- 
sider v<-loritics relative to the surface of the rotating earth, and 
it is thus necessary to use the aeeeleration as measured in these 
rotstiiig coordinates. For this purpose, it is eoiivi-nieiit to con- 
sider two coordinate systems, one fixed and the other rotating 
witli the earth. The origin of the two coordinate systems may 
he taken on the axis of rotation of the earth. I’he angular 
velocity of the earth may be considered as constant and is a 
positive righthand rotation with respeet to the north polar axis. 
The magnitude of the angular velocity of the earth u is 



u = “ 7.292 X 10- 

Hidereal day 


(4.17) 


Fia. 22. 


Suppose a point /' (see Fig. 22) moves to the point /" in time 
rff, as observed in the fixed coordinate system. Iiet r he the vector distance from the 
eonimon origin of the two coordinate systems. Then 


PP' . dr (4.18) 

Now in time dt the point F. as observed in the rotating system, would have shifted to 
the point Q where 
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PQ^i^Xtdl 

The apparent change in r, du, as obw-rveil in the relating system, is tlius QJ , er 

dt = </r, + u X r dt 

It is appftrf'nfc that siiniiHr n'auffH hi>ltJ for /iiiy vot’tor qiiHiifity (hftf I)i* r(*]jn‘- 
aented by a directed lino clement, and thus for any vector quaiitit}'^ A 


dA ^ /dA\ 

dt \ dt /a 


+ w X A 


\\ hero the suhacript a monna the rate of ^•hall^^o «h f)l)servcd in tlie rotalinff system. 

If q is the absolute velocity of the point and v is its velocity relative to the Hurfnee 
of the earth 

q * V 4- w X r (4.23) 

by (4.21). Also a = and therefore 

a = + 2.* X V + u X f«o X r) (4.24) 


The angular velocity has lieon treated as eonslaiit in (his difforentialion. Kow (he 
first term on tho right of Kq. (4.24) is o()vioubly (lie apparent or rrlatire arnleralinn: the 
second (enn is called tho Coriolis acceleration; and (he third term is the cenlnpctal 
acceleration. 



T 
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force 

if ^^\sc/r/irce 
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Consider a particle that is at rest on the surface of a spherical earth. Then, 
since v = 0, it is aceelerated toward the polar axis as in Fig. 23; and, in order to keep 
this mass stationary with respect to tho rotating earth, a force suflicient to pniduce 
this acceleration must be applied. The gravitational force of mass attraction can 
supply the normal force; however, it cannot supply the tangential component. If 
the earth were a sphere, then, since even the earth's crust is slightly fluid, this tan- 
gential force would not be supplied, and the surface elements would slide toward the 
equator. Instead of a real centripetal acceleration, it is convenient to reverse its sign 
and to conader it as an apparent force, the centrifugal force. The earth’s surface 
yields until the resultant of the centrifugal and gravity forces is normal to the surface, 
as shown in Fig. 24. Hy this process, the normal to (he surface is n)tated through the 
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anftle e, which is quite Binall, haviiiR a maximum value of 700" at 45° latitude, either 
north or south. The resultant of these two forces that acts normal to the earth’s 
surface is the apparent force of gravity. The apparent acceleration due to gravity g 
is 

g =" '.)80.621{1 — 0.00264 cos 2^) cm/sec’ (4.25) 

where ^ is the latitude angle. 

Since the centripetal acrelpTation is included in the apparent acceleration due to 
gravity, the Kulerian equations of motion for a coordinate system that is fixed with 
respect to the earth’s surface are 

] I 

+ 2m X V ^ + F (4.26) 

Kor a perfect ga.s, the theriiml equation of stj.te is 

/ =p«r (4.27) 

whi-re H = 8.3136 X 10’ ergs jjcr mol • °K i-- the, universal gas constant and T ii the 
ahsoliitc teiupcriiture face S<‘e. Vj. For moat purposes, the atmosphere may he treated 
as a perfect gas; although, in certain problems involving evaporation or condensation 
of water, this approximation is not valid. 

The energy erpnition for a fluhl can <-onvenientIy be workr-d out hj- considering the 
motion of a particular volume of fluid, as in Fig. 21. If the principle of conservation 
of energy is apiilied to (he mass of fluid within the surface X, it is seen that 

// / If I '’ 72 ('’ + + 1 (‘‘• 28 ) 

T T S 

where q is th(“ h<‘Ut added per unit of maas, c is the internal energy per unit of mass,*' 
and r is the gravitational potential energy jwr unit of ntiiss. The volume integral 
on the right-hand side repre.seiits the ixirt of the added energy that remain.s trithin the 
(luid mass, and the surface integral n'preseiits the energy transfi-rred outside by work 
against the mirinal pressure Ntre.s,sea. For a viaeous fluid, an additional surfaee 
integral must be added that give,s the work done against viscous streases. If the 
surface integral is t rausformed to a volume integral by ( Ireen’s theorem, it is seen that 

f j j \ " lit ~ ~ ^ ~ ~ ^ ° 

r 

Since the fluid mass was arhitrarily eliosim, the integrand must vanish, and therefore 

This may be taken as the energy equation for a ncaiviseoiis fluid; however, a niueli 
more familiar form may be obtuiiusl by combining this with the continuity equation 
juid the i'quations of motion. If the scalar product of the velocity vector and F.q. 
(.4.2(1) is computed, it is seen that 

Since F = —W and SV /SI =■ 0, this can be written as 

* It is aasuined thut mc^rhanical onergy uuita arr uwl to exprew q and «. 


(4.32) 
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If this is subtracted from Eq. (4.30), it is seen that 


Dq _ De 

Di ~Dt 


+ - V • V 


From the continuity equation 


1 

p 


V 


V 


7>p 7) /1\ 

in “ in Vp/ 


(4.33) 


(4.34) 


so that the energy equation can finally he written in its most familiar form as 


T)q 

Dl 


Df 


D 


1^ + Pd, 



(4.35) 


For a viscous fluid, additional terms must be addcil to the right-hand side of Eqs. 
(4.35), (4.33), and (4.30) to take into account the energy transferreil by the viscous 
stresses.** ** 

In the free atmosphere, heat is added to the fluid elements Ivy radiation and con- 
duction, and both are rather slow processes. For many fluid motions, this heat 
transfer may be neglected and Dq/Dt = 0. In this case, the temperature may be 
eliminated between the energy equation and the equation of state, and it is seen that 
the fluid elements follow an isentropic or reversible adiabatic process that may be 
written 

^ (pp-*) = 0 (4.3(i) 


where k •= c,/c, = 1.40 for air. 

A simple integral of the equations of motion can be obtained for the case of stead.t - 
state motion by considering the « component of K(|. 
(i 26), which is parallel to the streamline at any given 
point, as in Fig. 25. This is 



Fig. 25. 


' dn 


p ds 




(4.3V) 


where v is the magnitude of the velocity vector at this point. This can be integrated 
if the density is a function only of the pressure to give 


^v^+V + 


I 


dp 


■' const, along the streamline 


(4.38) 


For a fluid of constant density, this gives the well-known Bernoulli equation 

(4 39) 

For a perfect gas that is carrying out the isentropic process of Eq. (4.36), this gives 

-h V -b c,T = const along a streamline (4.40) 


s P* + F +- = const along a streamline 

A P 


This may be called a generalized form of Bernoulli’s equation. 

The generalized Bernoulli equation (4.40) shows that, unless there are large changes 
in elevation, the temperature variation along a streamline for a fluid that moves 
adiabatically is quite small; in fact, a change in speed of air from 0 to 30 mps produces 
a temperature change of 0.4°C if there is no change in F. With the help of the 
equation of state, the adiabatic equation can be written as 
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dfi _ 1 dT 

fi “ * - 1 T 


(4.41) 


For this case, where the variation of the t€'mperature is of the order ot 0.4/300, it is 
seen that the variation in density is about per rent for normal atmospheric con- 
ditions. This shows that, if the heat transfer between fluid elements is not important 
aud if the changes in speed or elevation along the streamline are not large, the fluid 
may be considered as incompressible with a high degree '>f accuracy. 

6. Circulation and Vorticity. If dt is an element of a contour C, as in Fig. 26, the 
circulation around the contour is defined as 

r = ^ T . /fr (5.1) 

c 

By Stokes’ theorem , this may also be written ns 

r =- ( f n {V X v)dS (5.2; 

S Fig. 26. 



when' S is any surface that caps the contour C and n is a unit noi mal to the burface 
on the positive side as given by the riglit-huiid rule. The quantity 

O = V X V (5.3) 

is called the vorticity. The interpwtation of the voiticity vector is most easily 
obtained by consiilcring the motion of a solid body. For such a body rotating with 
an angular velocity <■» about an axi.s, the veloidtj’ at any point is 

V = V. -t- « X r (5.4) 

where r is the distance from the origin which s on the axis of rotation and v„ is the 
velocity of the origin. From this 

rxv = VX(»Xr) =2a (5.5) 


For a solid body’s motion, the vorticit.v vector is thus seen to be- twice the angular 
velocity vector. A similar interpretation can be obtained by expanding thi- vorticity 
in terms of tlie velocity components in a right-hand cartesian coordinate system. If 
the unit vectors in the r-, i/-, and z-dircctions arc i, j, and k respectively, niid the 
velocity compoTicnts arc v, v, and w, the vorticity is 


O = 


‘( 


fill’ 




dy) 


(5.6) 


From Kqs. (2.7) and (2.10), the r-component of the vorticity is seen to be twice the 
angular velocity about the t-axis. Kimilar interpretations can also lie made for the 
other eompoiu'nts. 

An important theorem can he obtained by considering the rate of change of ciienla- 
tion about u contour that is composed of a particular set of fluid elements. As the 
fluid elements move, the contour is carried with them. Since both v and di vary 


Now {D/Dt){dx) 


I)V 

Dt 


dv; so 


f 


Dx , , 



D . 

■jJiW 


f 


V 


_n 

Dt 


{dr) 



(5.7) 


0 


(5.8) 
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In the first integrul, the apparent aeeeleration can be expressed by means of the equa^ 
tions of motioti. Thus, for a nonviseous fluid 


Bt 


= — 2^uXv- dr — (vp) • <ir + ^ F • dr 


(5.9) 


Since F = —VT where T is the gravitational jKitential that is a single-valued funetion 

(5.10) 


Also 


F - dr = - ^ dr = 0 

L(Tp)dr=f^ 

c 


Not the vector area of a surfnee rapping the contour is 


A = y r X dr 

c 


(5.11) 


(5.12) 


where r is the radius vector from some origin, and thus 

■^=^^vxdr-t-i^rxdv (5.13) 

c c 

If the second term is integrated by parts, it is soon that 

^ = ^v X dr (.5.H) 

c 

Since the dot and the cross cun bo interchanged in a triple scalar proilurf and since 
u is a constant, Kq. (5.i)) bceoiues 

£<I'+2“-A) “ (5.1.5J 


This result is somewhat simplified if one conBiders, instead of the contour its 
projection C' on the ecpiatorial pliine. Then, if the integration is carrletl around C' 
in a countcreloekwise nituiiier £us viewed from the North Polo, Kq. may be 

writt<*u as 

(r -b 2a,A) = - (.5.10) 

c 

where A is the area cnclo.sed by the pr«jeete<l cfuitour C. ^^lis is hiiown as the 
Bjerknes eirculation theorem^'' 'I'his th)>orem is extremely u.sefiil for the ipialitative 
interpretation of motions that are produeetl by difTerentiul heating. It must })P 
remembered that viscous stresses were neglo'tetl in tbis development. 

From Eq. (5.1), it is apparent thut the circulation around a eont(i\ir may be con- 
sidered as being the length of the contour inidtiplied by the mean tangential velocity. 
If one considers a square contour 1 km on a side, then the eireuiiifereiiee is 4 km and 
the maximum projected area is 1 km*. It is then seen that the 2uA term corresponds 
to a mean tangential velocity that is at most 4 cm jier sec. The term 2uA , which gives 
the effect of the rotation of the earth, is thus seen to be negligibly small unless very 
large contours or very small velocity gradients are eonsidered. 
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The phenomena of fhe orean hrce,ze fhat ia generally found on any warn summer 
afternoon near n eoast line is one that ran he diseussed very simply in forms of the 
Bjerknes circulation theorem. Suppose that an air mass is stationary over a roast 
line and that the land surface is warmer (lian the sea surface as a result of radiation 
hratinK, as in Fif?. 27. In this section the isohars, />o and p_,, would be nearly hori- 
zontal; however, the isoatcric surfaces sound «i(« = l/p) would be inclined ns .shown, 
owing to the differential he.nting at the surface. If one considers the contour ABCDA 

^ Blip = -(p, - p - «ii) (5.171 

C 

Thus ~ ~ f*-*^^*' “ *") (5.181 


Since the height to which the differential dtuniid heating is important is small, the, 
influence of the Coriolis term may he neglected, and it is seen that the circulation 
around the contour A BCDA increases with time. This effect obviously produces an 
onshore breeze at the surface and an outwird drift aloft. 

At night, the radiation cooling of th»‘ land is greater than that of the sea: and late 
at night the horizontal teinperatun' gradient is therefore normally reversed. This 
produces the offshore breeze, which reaches 
its maxinium about dawn. 

It may he noted that the eirculation that 
is developed tends to rotate the isosteric 
surfaces toward the isobarie surlaccs in the 
direction that places the lighter fluid almve 
the heavier fluid. The eirciiliifioii Iheoitau 
is not too well suited for the aetual calcula- 
tion of velocitii-s, siiiec it really is a diller- 
entiid equation specifying the rate of cli.aiige 
of vorticity, and this wouhl be rather diffi- 
cult to integrate. It is, however, of great value for qualitative discussion of small- 
scale motiui's produced by differential healing such a.i the laud and sea breezes 
diseuswd above or niomitaiu and valley breezes. 

In the previous I'xiiiiiple, circnlation.s developed because the iso^t(‘lie Mirfaccs cut 
across the isoharic surfaces to form contours liki- ,1 B('l>.\ . These contours are called 
tolenoids by Bjerknes. It would seem that, if the isobarie surfaces arc al.so isosteric 
surfaces, I'.c., if p = p(p), then no solenoids noiihl be formed and no circulutioiis would 
develop. Consider 



7 * = 


fVllp 
Jp« P 


( 5 . 19 ) 


where p^ is some standard pressure Then P i.s a s.nglc-vulued function of the pres- 
sure. Furthermore 


so that 



p 


^ ^ ^ dZ> = 0 


(5.20) 

(5.21) 


If the density iw not a function of the prc*<siir<» nlonc, then Kq. (.'i.20^ is iu> longer tnn*, 
and thus Kq. (5.21) is alno no longer tnio. 

The effwts of the (V>riolis t<*nn in tin* Itjerlviu's nrrulntion tluvrcm cjin he seen 
hy considering its application to Inrge-fwnle niotiuns on tljc carlli. In order t<i use 
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th<- theorem as stated in Kq. (5.16), it is necessary to integrate around 
so that the projection of the contour in the equatorial plane is de^Tibed m “ counter- 
clockwise manner as viewed from the North Pole; consequently the weulation ter a 
contour that encloses a cyclone ia positive for la>lh the Northern and Southern He 
spheres. Similarly a contour that rticlow-s an anticyclone has a negative circulation. 
If a Northern Hemisphere anticyclone moves southward, its projected area A dimui- 
islies- the circulation must therefore increase algt>hraically, and the intensity of the 
anticyclone must approach sero. Similarly a southward displacement of a cyclone 
causes its intensification. Northward displacements reverse these eflFecIs. Only the 
(kiriolis term in the circulation theorem was considered in reaching these conclusions; 
the equally important pressure integral on the right-hand side and the eff<*C‘ts of 
viscous terms superimpose additional effects. 

An important application of the circulation theorem is to an infinitesimal contour 
C in an isentropic surface at lutitud <». In such a surface, the pressure and density 
arc connected by the adiabatic equation 

pp-* = B (5.22) 

wheie B is a constant. Also the circulation around the contour is f dS where f ia the 
component of the vorticity normal to the isentropic surface and dB is the area enclosed 
by the contour. Since the isentropic surfaces in the atmosphere arc nearly hori- 
zontal, the area of the projection on the equatorial plane is sin ip dS. Thus 


[(f + 2w sin v)dli\ 


0 


(5.23) 


The heat-transfer proeesscs in the free atinospliere are slow enough so that the 
fluid elements follow closely the adiabatic equation, Kq. (4.36). This incuns that the 
^ fluid elements remain in the same isentropic 

surfaces. 

If the contour C is in the isentropic surface 
for which the potential temperature is 9o, con- 
sider the small cylinder of fluid bouiideri liy the 
contour C and extending from the So to the 9i 
isentropic surface as in Fig. 28. The mass of 
this element is 



M = ph dS 


(5.24) 


Since the pressure change Ap lietween the surfaces and 9^ is the weight of a unit 
column of the fluid between these surfaces (neglecting vertical accelerations) 


M 


Ap dS 


(5.25) 


0 


(5.26) 


As the mass of the fluid element is conserved, the area dS is thus seen to be inversely 
proportional to the pressure differential Ap, and Kq. (5.23) becomes 

D /f 2« sin e>\ 

Dl\ Ap ~ / 

The bracketed term is thus seen to be a conservative quantity as long as the motion 
ia isentropic. If the fluid element is carried to a standard latitude ip, and then 
stretched (or compressed) to a standard pressure differential Ap„ the vorticity f, for 
that condition is given by 

r. + 2 m sin ip , ^ f -f 2i<^8in ^ 

Ap. Ap 


(5.27) 
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The quantity f,, called the potential vorticity, is also a conservative quantity, and it 
lias been used by Starr and Neiburger** to trace the movements of fluid elements in 
an iscntropic surface. Because of the inaccuracies in the observations of the winds 
aloft, there are, of course, fairly large experimental errors involved in the determina- 
tion of the potential vorticity. 

6, Atmospheric Wind Systems. There are several general mi'tliods by which the 
atmospheric winds may be investigated. The 
simplest method is to specify a velocity field 
and to calculate from this the corresponding 
pressure field. Since the atmospheric winds 
are on the average nearly horizontal, the 
restriction to horizontal motion will be made. 

Furthermore it must be remembered that, 
since the viscous stresses are being neglected, 
the pressure-velocity fields computed here do 
nut apply in the lowest levels of the atmos- 
phere (roughly the first kilometer) where 
viscous stresses are important. 

If a fixed coordinate system on the earth’s 
surface is used in which the z-axis is normal to the earth’s surface, the r-axia point.s 
cast, and the ?/-axis points north, as in Fig. 29, then the equations of motion are 
[from Eq. (4.26)] 



-f 2a(w cos If — V sin if) 


IJv 

Jit 

J)w 

JJt 


*4- 2uiu sin If 
— 2 (i)U COB If 


1 ^ 
f Oz 

p i>y 
1 ^ 
p Oe 


( 6 . 1 ) 


where y is the latitude angle. The small difference between the latitude angle and 
the angle between the z-axis and the equatorial plane has l>een neglected. If only 
horizontal motion is considered, te is zero, and the first two equations of motion are 


where 


Dt ~ 

1)1 + ^” = - 
X = 2u sin 


( 6 . 2 ) 

(6.3) 


It may be noted that, with the restriction to horizontal motion, the r-axis may be 
arbitrarily oriented in the horizontal plane without changing the form of Eq. (6.2). 
If the second of tliesi' ec|untions is multiplied through by i = \/ — 1 and the two .are 
added, a single equation 

^(«+m)-biX(«+m) = -;-(g + ig) (0.4) 

for the horizontal wind vector, u -1- iv, is obtained. It is often simpler to use this 
single equation involving the complex wind vcortor than to use the two equations 
involving the wind components. 

The simplest possible wind system is the case in which the wind blows in straight 
parallel horizontal lines with a constant velocity. * The acceleration of the air parti- 

* Htiiotl.v, flome curvature of the path of the air particles is necessary because uf the cuivature of 
the eaith’s surface; however, ttiat factor is nezlected here. 
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cles relative to the earth’s surface is then spro, and 

* /<)/> . .ap\ 


V + 


(6.S) 


The velocity vector is thus seen to be perpend ieiiliir to the horizontal pressure gradi- 
ent, or the isobars are parnihd to tlie streamlines. Rinee 11»p orientation of the axes 
is arbitrarv, tlx'y may be plnce<\ so that » is zero and u positive. For this case, the 

Isobars are parallel to the r-axis, and 






1 dp 
Xp dy 


( 6 . 6 ) 


Fio. 30. 


The flow and pressure patterns for the Northern 
Hemisphere are shown in Fig. 30. 

In middle latitudes, the relative aeeelcration of 
the air is generally small when eompared with the 
Coriolis acceleration. Equation (6.5) or (6.6) ran 
thus be considered as a first ap))ro\-iiuation to the eqiiilihriiim wind for any given 
pressure distribution. This first approximation is called the groelrophir wind, and 
Eq. (6.5) or (6.6) is called the groatrnpkic wind eoiiatiori. 

It is frequently observed that, as an air mass moves along, its speed is nearly con- 
stant while its direction changes grcntly. For a steady flow with no tangential 
acceleration 


:g(«-(-m) 


.»/* 


(6.7) 


where the axes have been placed so that a = 0 and « > 0 and r is the r.tdius of curva- 
ture of the trajectory as shown in Fig. 31. The radius of .y 

curvature is eonhidered positive when the curvature is positive 
as in Fig. 31. For the, fluid element at the origin 


. 11 


+"“--KS+*g) 


V. 


\ 




From this dp/di = 0; and the isobars are therefore parallel to ^ ^ 

the streamlines in this ease also. Tf the pressure gradient Fio. 31. 

is replaced by the geostropliie wind v, = -(1/Xp) {.Op/dy), this may be wrltteu 


and 


u’ 

i- X(tt — u,) = 0 


(6.9) 

(6.10) 


Since the wind veloeity inust approach u, for large values of the radius of curvature, 
the positive sign must be used: therefore 


» =^(-1 + Vl +^") ( 6 . 11 ) 

The significaiico of the other root, wliieli eorresponds to the negative sign, will be 
discubsed later. The wind velocity ciilenlatcd from hiij. (6.11) is railed the gradient 
mind. 

In the Northern Hemisphere X > 0, iuid the gradient wind is therefore less than 
the geostrophic wind if r is positive (i.c., ejehmie curvature). This is shown by 
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Eq. (6.9). Similarly, the Kradipnt wind is Rrcater than thp Rcostrophic wind if r is 
negative anticycloniu curvature]. 

Additional light is shed on tliia problem by eonsideriiig the wind motion for the 
ease in which there are no external appli<>d forces. J’or this case, the geostrophic 
wind is zero, and Eq. (6.9) can be written 


r.= - I ( 6 . 12 ) 

where is the radius of curvature (or this critical ease. I'or this case, equilibrium is 
possible in the Northern Heiriispliere only if r, is negative. At 4.'>°.N latitude, X = 
1.03 X I0“* sec~'; therefore r» = —97 km if u is 10 nips. For this radius of curva- 
ture, the centripetal and Coriolis accelerations are eejuat and ojipositc. From this, 
it is seen that in the Northern llciniaphert- there are two types of motion witli a clock- 
wise rotation. In the first type, the magnitude of the radius of curvature is greater 
than that of r,, and the Coriolis acceleration is larger than the centriiietal acceliTiition. 
In order to produce this aeeeh'ration, the pressure niu.st deerease to the left ol the 
velocity, or (Dp/ftiy) < 0 in Eq. (6.8). In the second type, tlie magnitude of the 
radius of curvature is leas than that of Tr, and the Coriolis acceleration is simdh'r than 
till' eentrip<'tal acceleration. For this ea.se, the pressure must uierease to the left of 
the velocity, or (Hii/Oij) > 0 in Kq. (6.8]. 

If the air is dewing in closed paths and the equilibrium is of the first type diseussed 
above, the pressure must he a maximum in the <fnter. This is the type of equildiriiim 
found in all the large-scale systems in the Northern ITemisphero that rotate in a clock- 
wise manner. Since thes<‘ system.^ with high pressurt- in their eerifer arc called 
andri/clanes, clockwise rotation in the Northern Hemisphere is often refern-d foasnntf- 
ryclonic roUtUmi. The equilibrium velocity for this ease is the gradient wind, whieli 
is given in Eq. (6.1 11. 

It is of eonsideralile interest to note that, for anlicyclonie motion, the quantity 
in parenthescH m Eq. (6.1 1) varies from — lforM,/Xr = — ^^toOforaj =0orr = w. 
'riuis the minimum value of ii/r is 

(-\ = - lx = -u) sin (6.13) 

\f’/ mm « 

and this is equal but of opposite sign to the rate of rotation of tiie earth about an axis 
iioriiial to the surface. This sliow.s tliat, although an aiitieyeloiie rotati's in a clock- 
wise sense relative to the earth’s .surface, its absolute rotation is in the opiKisite sense. 

For very smull scale systems, otpiilibrium of the s<H-ond type with lou pre.ssure m 
the center of a eloekwise-nitating system is possible; ho\\«-ver, such aystians are of 
very little importnnec from the viewp<iiut of tlie meteorologist because of their small 
scale. The neglected root of Eip (6.10J that corresponds to the negative sign gives 
tlic equilibrium velocity for tliis ease. 

If a system hi tlie Xortlii'ni Ileinisphero rotates in a eounfereloekwise sense, it 
must, by Eq. (6.8), liave a low pressure in its center. Since tins is tlie type of motion 
observed in the middle-latitude cyclones, eountereloekwise rotation i- often referred 
to as eyclonic rotation. For eyelonie rotation, the, equilibrium velocity is also given 
by Kq. (6.11). 

It may be noted that, for both eyelonie and antieyelonie motion, the fluid moves 
along the isobars with the low pressure on flu- left. This is in aceoidnnce with the 
rule first enuncinted by the Diileh metwrologi.st Buys Ballot. In iiiiddle latitudes, 
the oViHi'rved winds hax'e large enough radii of curvature so that the eentnpelal term 
in Eq. (6.81 is generally small eompured with the Coriolis term. This means that the 
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geoBtrophic wind is generally a fairly good approximation for these latitudes. In the 
equatorial regions, the Coriolis parameter is very small; therefore the gcostrophic 
wind is not a satistaotory approximation in these regions. Furthermore, the small 
value of the Coriolis parameter makes the antieyclonic type of equilibrium with high 
pressure in the center of the system impossible in equatorial regions. 

In the Southern Hemisphere, the Oiriolis parameter X is negative. All the eon- 
elusions reached above for the hiorthern Hemisphere can l>e repeated, but the direction 
of the rotation must be reversed. Thus, in the Southern Hemisphere, cyclones rotate 
in a clockwise sense; anticyclones rotate in a counterclockwise sense; and the wind 
blows with low pressuit* on its riglit. 

The conditions under which the gradient-wind equation is valid are that (1) there 
arc no viscous forces, (2) there are no tangential accelerations, and (3) the motion is 
steady. The first of these is satisfied everywhere except close to the earth’s surface; 
and the second is also generally nearly satisfied; however, in many situations the 
motion is far from steady. Some indication of the effect of a changing pressure field 
can be seen by considering an initially flat pressure field that builds up to a steady 
gradient. Suppose 

where u, is the final steady-state geostrophie wind and k is a constant, and suppose 
that the fluid is initially stationary. Then, from Eq. (6.4) 

^ (« + to) «x(« + iv) = »X«,(1 — c-*') (fi.I.'j) 

and a -f m •= 0 for < = 0. The solution of this equation that satisfies this boundary 
condition is 

u + iv= V, (l - + u, (0.]r.) 

If the wind vector at each instant were the gcostrophic wind corresponding to t he 
pressure gradient, it would be u, -f- iv, where 

u. + iv. = it,(l - e-‘') (6.] 7 ) 

This might be caUed the “stationary” wind velocity. The difference between these 
two 

(u + iv) — (ti, -h iv.) = u, — c-*') (6.18) 

is the component caused by the changing pressure gradient. This shows an oscillat- 
ing component with a period 2v/X that does not damp out and a second component 
that does damp out. At 30°N latitude, this period 2ir/X is 1 day. If fc = x so that 
the pressure gradient would reach 95 per cent of its final value in 12 hr, the magnitude 
of the oscillating component would be 0.71«,. From 1 his, it is apparent that the wind 
velocity in a changing pressure field may vary considerably from the wind velocity 
for stationary (‘quilibrium. 

A different method of approach to this problem was given by Brunt and Douglas.” 
Equation (6.4) may bo written as 


U + iv 


Xp \dx ^ dy 


y) X in (“ 


-I- iv) 


dt 




xp \dx at ' ^ ^atj ^ X ai Si 


From this 


(6.19) 

( 6 . 20 ) 
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if the variation of density is negipcted. If this result is substituted in the last term of 
Eq. (0.10), it becomes 


u + iv 


i- 

\p 


+ i 


dp\ 

^y) 


x*p \ax at 


+ 


»’P_^ 


ayaij 


+ 






Brunt and Douglas suggest that the last two terms may be neglected in most cases, 
and their final result is that 


u + iv 


f Zap 1 / a»p 

Xp \ax ayj x»p V’ftc 


+ i 

^ Oy at) 


(6.221 


The first term is the gcostrophic wind, and the second is thus the component caused by 
the changing pressure field. This component blows perpendicular to the isallobars 
(lines of constant pressure tendency, ap/ai) and is called the isalkibaric romponmt 
by Brunt and Douglas. It is obvious that this is only an approximation, since the 
isallobaric wind will in general have a component normal to the isobars; and for this 
condition the neglect<‘d t(<rms in Eq. (6.21) cannot vanish except in very special cir- 
cumstances. The isallobaric w'iiid component apparently docs, however, give an 
idea of the. order of magnitude of the deviation of the wind from the gcostrophic (or 
gradient) wind. 

A similar method of approach is to consider the gcostrophic wind as a first approxi- 
mation to the wind velocity. I’hia corresponds to neglecting the last term in Eq. 
(6.19). Then this first approximation can be used to evaluate the neglected term and 
to obtain in this manner a second Hppn)xnnation. This may be considered as a 
first step in an iterative process for determining the wind velocity for a given pressure 
field. This method was iiulicated by Van Mieghem;*" however, no discussion of the 
convergence of this met hod has been given. 

It is often of interest to determine the variation of the wind with height. For the 
cases in which the gcostrophic wind is a satisfactory approximation, a very simple 
solution to this problem can be given; however, it is convenient to consider first the 
law of variation of pressure in the vertical. For horizontal motion, the equation for 
vertical equilibrium [see Eq. (6.1)] is 

— 2uh cos V = — — g (6.23) 

p dZ 


For any normal velocity, the left-hand tenn is extremely small. For example, if 
■u = 10-’ cm per si-c and ^ = 30°.N, 2aii eon <p = 0,1 cm* per nee. Since this term is 
only alxiut one ten-thousandth of the acceler- 
ation due to gravity, its iiifluenee on the vertical 
pressure gradient is negligible, and, with sufficient 
aecurncy 

ap 

Oz 


± = -ffp 


(6.24) 



This is the well-known hydrostatic equation. 

A very simple explanation of the variation of 
wind with height eim be obtained by eoiisidering 

the slopes of the isobaric surfaces. If at a given point the i-iixis is taken parallel to 
the wind at that point, ns in Eq. (6.6), the isobars in the ^z-plane are as shown in 
Fig. 32. The slope of the isobaric surface through the origin is 


tan a = 


^ ap/ay 

op/az 


(6.25) 



440 


K1NBMA.TICS AND DYNAMICS OF FLUID FLOW 


ISec. VI 


From Eqs. (0.24) and (6.6), this is 

tan a u (6.26) 

g 

where v is the geostrophic wind at the origin. The geostrophio wind is thus a measure 
of the steepness of the isobaric surfac-c. From Kq. (6.24), the distaneo between 
eonaecutive surfaces is determined by the density; therefore, if the surfaces p,, and p_i 
are to be parallel, eanh isobar must also be an isosteric and thus an isothermal line. 
For this condition witli jjarallel is«)baric surfaces, the gc-oslrophic wind would not 
vary with height. 'Phis condition ^^K8 first given by Dines.** If the temperature 
increased to the right along the pn isobar, tlwn the surface p_i would be steeper than 
the surface po, and the geostropliic wind would increase with elevation. C'onvcrst'ly, 
if the temper.ature decreased to the right along the pt isobar, the geostrophic wind 
would decrease with elevation. 

Analytic, formulas for computing the variation of the geostrophic wind with 
elevation will now be developed. If the density is eliminated from Kq. (6.5) by the 
equation of state, the gcostrophic-wind equation may be written 



(ii + iv) .Rfa.. . () , \ 

(6.27) 

and the liydrostatic 

equation may be written 



a , g 

^.lo«p= 

(6.28) 

F’rom Eq. (6.27) 



a 

<9z 

fu + iv\ iK f a* , . , \ 

(6.29) 


If the pressure is eliiuiuat<‘d by means of the hydrostatic equation, thi.s becomes 



If this is integrated with respect to z from a level Zi> to a higher level z,it is .seen that 

n + iv = («„ + iv„) Y„ + ‘i Y‘ (tj 

where the subscript 0 refers to conditions at the height z,,. The geostrophic wind 
thus has one component that is proportional to the absolute temperature and a 
second that depends on the horizontal teniiwraturc gradient. The second component 
is called the thermal wind. 

If the temperature does not vary with height, Eq. (6.31) may be evaluated very 
simply, for the horizontal temperature gradient is in tliis case also independent of 
height. Thus 

*1 + m = a„ + (g- + f (,i.32) 

The thermal wind is seen to blow pondlel to the iHothorms, and, in flic Northern 
Hemisphere, it moves with the low temperature on the left. It is thus seen that, as 
the altitude increases, the wind changes so as to approach the direction of the hori- 
zontal isotherms. P'or more complex temperature distributions, the evaluation of 
t he thermal wind woxdd be more difficult; however, the interpretation would, of course; 
be similar. 
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In middle latitudes and at fairly low elevations, the ratio (ATlAp) is much greater 
for horizontal north-south variations than for vertical variiilions. This means that 
the velocity of the westerlies must incrcaHc with elevation. -Vt high altitudes, in the 
lower regions of the stratosphere, tlie temperature gradii-nt along the isoharie surfaces 
is reversed, and the westerly wind then diminishes with height. The m.iximum 
velocity of the westerlies is normally found near the base of the stralosphere. 

These results also show an important difference between the migratory anticyclones 
of the middle latitudes and the semipe-rmanent anticyclones such a.s the Azores or 
Pacific highs. The former are cold-air oulbn-aks from the pohr regions; consequently, 
their thermal-wind eomponent is opposeel to the surface geostrophie (or gradient) 
wind. These systems are thus quite shallow. The semipermanent anticyclones are 
characterizcfl by warm .subsiding air in the core, and the wind therefore increases 
with elevation up to great heights in these sj'stenis. 

7. Surfaces of Discontinuity. Since much of the weather of the middle latitudes 
is associated with the polar front, the equilibrium of the air niaases in the nc-iglibor- 
hood of thcMi' atmospheric discontinuity surfaces is a problem of con.siderablc nictc- 
orologiciil importance. Helmholtz* gave the earliest demonstration, that such a 
discontinuity surface would be in equilibrium, provided that certain discontinuities 
exist in the density and velocity fields at the fnnilid surface. There arc. of c’oursc, no 
real discontinuities of this sort in the at iiio.sphere ; however, thi’ fluid-property gra- 
dients are so large in the frontal zones and Ihest' zones are narrow enough so that their 
thickness is practically negligible in any synoptic problem. 

Krom the equations of motion, it i.s 
apparent that the atmospheric pressure 
field must bo a coiitiiiuoiis function, for 
there would otherwise lie regions ofintiiiife 
acceleration in the fluid. This fart can be 
used to e.stablish the conditions for equi- 
librium of II frontal surface. The problem 
is, of course, verj' coinplieated in general; 
however, very simple solutions can be 
given for a few eases. Siqiiiose a frontal iV' 
surfaec separates two fluid niassi'a, as in ]-u.. 

Fig. 33. 'I’lien, since the preasure must be 

a eonlinuous function, the pressure derivatives in the direction parallel to the frontal 
surface must be the same in both air mnifiies. Thus 



dpi dpi . dpa dp2 . 

cos « -1 — ^ sm or = cos 111 -b sm , 
<11/ 0: dy di 


(7.1) 



where the subscript 1 refers to the left-hand fluid 
and the subscript 2 refers to the right-hand fluid. 
Fnuii this 


Ian a = — 


(dpi ay) — (dp. 'Oy) 

(dpi az) — [Ops/Oz) 


(7.2) 


.V similar expression c mid be written for the slope 
of the frontal surface in the r-ibrection. 

The ainiplest casi' is that of a plane front with 
the air in each air mass moving in straight hori- 
zontal paths parallel to the front. In this case, the front traces a straight line in any 
horizontal plane, and it is convenient to take the r-axis along the front so that 
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V - w - 0. If the »-axie makes an angle with the eastward direction, as in Pig. 
-94, the equations of motion are [from Eq. (4.26)] 


■j^ + 2u(to cos ^ coa fi — V sin 
Tin 

+ 2a}(—w cos ^ sin h + « sin f) 

Jyt 

— 2u cos ^(« COB f( — n sin fi) 


J £p 
p Ox 
1^ 
p <ij/ 

192 

p 


(7.3) 


Since the relative accelerations arc zero, the pressure gradients are 

^ = 0 
Sx 


92 

By 

92 

dz 


— 2upu sin Ip 

—gp -h 2wpu cos ip cos ^ 


(7.4) 


The condition that the frontal intersection in the zz-plane he horizontal is that 


Bpi __ Spi ^ 

dz Sx 


(7.5) 


This condition is obviously satisfied. The slope of the front in the yz-plane is, from 
Eq. (7.2) 

2m sin t»(piUi - ptVt) g, 

* ^ g(j>i — Pi) — 2m cos Ip cos d(pi«i — piUt) '' ■ •' 


It is of interest to consider the special case in w hich both air masses have the same 
density but different velocities. For tliis ease 

tan a = tan ip sec S (7.7) 

I'hus, (or an east-west front, a = p, and for a north-south front, a =- ■ir/2 These 
are special cases of a more general result that is obtained by noting that, in these 
coordinates 

u = M(coa ip hill ^Ji cos cos Si h sin ipk) (7.8) 

and n = — .sin orj -f- cos ak (7.9) 

where n is a unit normal to the frontal surface. Prom these results, it is seen that 

u • n = u( — cos Ip coh 0 am « -(- sin ip cos n) (7. 10) 

By Eq. (7.7), the right-hand side of Eq. (7.10' is zero, so that n is perpendicular to u. 
This proves that such a frontal surface having the same density on both sides must be 
parallel to the polar axis. 

A second special case that can be coiisidereil is the case in which both air nmsses 
have the same velocity but have different densities. If u = ui = us, the slope of the 
front for this case is 

. 2Ma sin ^ , 

tan a = — s (7.11) 

g — 2au cos ^ cos 0 ' 


The second term in the denominator can be neglected, since, for u = 10’ cm per sec, 
the product mu “ 7.29 X 10~* cm per see*. The second term is thus less than a 
thousandth of g for any possible wind velocity. Furthermore, since mm is so much 
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Htnaller than g, the slope of the front shown hy Kq. (7.1 1) is very small, and the front 
■s practically horizontal. 

For the special case of equal densities, the first term in the denominator of Kq. 
(7.6) vanished, and only the second term was loft : however, it is easily seen that, if 
the temperature difference between the air luatMCH is as much as 1°C, the first term is 
many hundreds of time as large as the second. K satisfactory approximation for 
all normal eases can thus be obtained hy neglecting the second term. Thus, with 
sufficient areuraey 

tan o ~ ^ (7.12) 

g {pi - Pi) 


Since the temperatures, but not the densities, are directly ob.ser\'ed, it is convenient 
to express this result in t(‘rins of the temperatures. Since the pressure at neighboring 
points separated by the front must be the same, piT’, = pj7’s, and 



1 X T’jMi 

tan a ■» — 

g 7» 

— Tttti 

- 7’i ' 

(7.13) 

Ia*t 

Ti = Ti + AT 



and 

Uj " iti -b Au 


(7.14) 

Then 

. X7'i /All 

t“ “ - -7- {jf 

T.J 

(7.15) 


Furthermore, the second term in the braeket is normally very much smaller than the 
first, since AT/7' is of the order of O.do while Au is generally of the .same ordiT as ui. 
The final approximate formula fur the slope of the frontal surface is thus 

fan a = — - (7.16) 

g AI 

At latitude 30°X with 7'i = 280°K, aT = lO'K and Au = 10' cm per sei-, this gives 
tan a = 0.0021. The slope of frontal surfaces may thus be expected to be of this 
geiK'Tal order of magnitwlo. 

If the r-axis is placed along the front with the cold air on the left, AT is always 
positive. Thus if Ait is also positive (in the Northern HeinisphercJ, tan a is small and 
positive, and or is a small p<isitive angle. For this ease, the a arm air would lie on fop 
of the cold air. This is the condition normally found at the polar front. For the 
other case, with .in negative, the cold air would lie on top of the warm air, for nt would 
be .slightly less than v. These formulas hiixe considered only the possibility of static 
equilibrium; the stability of the motions was not eoiisideri'd. It will later be shown 
that this condition with the cold air on top of the warm is unstable and would soon 
break down, and the air masses would mix. The eonditiun with warm air on top of 
the cold will be seen to be comparatively stable. 

This indicates that the fniiit lictween a westerly current and an easterly current 
to the south (in the Northern Hemisphere) is unstable. This is undoubtedly one of 
the reasons why the sharp and well-defined frontal systems that are generally found 
on the polar aide of the belt of westerlies are not also observed on the equatorial aide 
between the westerlies and the traile winds. 

These formulas were developed on the assumption that the Hceeleration of the 
fluid elements relative to the earth’s surface was negligible when compared with the 
(loriolis acceleration. 'This approximation and ICq. t7.16) are satisfactory for the 
nascent eyelone and also in general for the warm front of a fully developed eyclone, 
for the horizontal velocity component parallel to the front is noi-mally much larget 
than the upgiide velocity components in these cases. On the other hand, the 
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velocities of a cold front nre more often ne.arl.v in <1 plane perpf'ndirular to the surface 
frontal line, for this c.ise, the (’oriolis acn-Icrutwns are generully nenJigible in 
comparifion with the rciiifive iiceelenitioiiH, ami the pn'Bsuro f^nidients are entirely 
different from those pretheted liy Kq. (7.4). A complete solution of this cold-front 
problem cannot be given; however, von KiSrmitn” tins shown for the case in which the 
motion is in the plane perpcndiciiliir to the surface frontal line that the' initial slope, 
near the ground, must be aliout GO deg. A complete solution of this problem has not 
yet been found. 


y 



if a coordinaic systern is used in which the cold air innss is stationary, the flow is 
a steady-.'itate flow with the warm air mass approaching and flowing up and over the 
cold air mass, as in fig, 3."i. In each fluid, the density will be treated as a constant. 
In the stationary cold mass, the pressure is 


Pi = Pi> ~ gp\y (7.171 

where is the snrfai'o pressure in the cold mass, Since the motion is steady, the 
Bernoulli equation, l(q. (4.3fl), can !k‘ used to compute the presKiire, and the Benioitlli 
constant will be the same for every streiimliue if it is assumed that the warm air mass 
for large values of x has a constant velocity U. Thus 


Pi = +t>V - gpiP + O (7.1«i 

At the origin, where the velocity Ls zero, the pressure must be po; thus (’ = pn; and 


vi = Pi - gpa - + »’’) 


(7.11)1 


Since the pre.ssure must bo continuous across the fnmtnl surface, the boiiridiiry con- 
dition there is that pi = p.j, or 


?/ 


Pi "LiJ"! 

Pi ~ PI 2 (/ 


(7.20) 


Since the fluid 1ms no upp<T boundary, the speerl of the warm air far dow nstnuim may 
be expected to be again C, and the depth of the cold muss there, ij„, is tlicrcfore 


yi 


Pt 

Pi ~ Pi 


X 


I'l 

29 


Since the fluid flow is two-dimensional, the continuity equation is 


(7.21) 


dx dy 

This shows that 

= —vdx + u dy 


(7.22) 

(7.23) 


must be a perfect differential. The signifleanee of the function ^ is easily secnj for, 
in the fp-plane on the lines for which if/ is constant, dtp = 0; or 


0 ■= —vdx + tt dy 


(7.24) 
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from £q. (7.23). The lines of constant ^ arc thus streamlines [see £lq. (2.22)], and 
<i> is for this reason called the »treani function. The velocity components may be 
obtained from the stream function by differentiating, and, from Eq. (7.23) 


and 


u 


V 


Oil 


(7.23) 


It may be noted that the x’elocity conipoiient in any given direction is the derivative 
of the stream function tJO deg to the left of that direction. 



Elo. 30. — "Tfic Black Blizsard" of Apr. 14, 193.5, near Lamar, Colo. (Phntograph from 
C.iS. Soil CowurealioH Srriiri.) 


Far ahead of the front, if viscous efTects are neglected, the warm .air moves with a 
uniform velocity; it.s viirticity lu-re is therefore zero. Since the density is a.ssumed to 
be constant and the scale of tlie motion i.s small enough .so that the ( 'orioli.s terms may 
be m'glocted, Hjerknes' circulation theorem shows that the vorticity will remain zero. 
'I'hus 


Ov Ou 
Ox Oy 


(7.20) 


If the velocity components are ehniinated by use of the stream function, it is seen 
that 


4.^ - n 
Ox- Oy’ 


(7.271 


For this problem, it is more convenient to use polar coordinates r = \/r* + y* and 
9 = tan”* (y/j). In these coordinates, the eiiiiation for the stream function is 


tiy 1 a-i 

fir* r Or r* 09- 


(7.28) 


A solution of this equation is 


i = Or" sin nff 


(7.29) 
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where C and » are constants It may be noted that the streamline 0, which 
extends along the hue tf - 0, is continued past the origin on the line 9 - r/n The 
radial velocity at any point is 

^ _ 1 ^ cos n9 (7 30) 

' t 69 

and, along the streamline 9 = ir/n, there is no t ingential velocity component, and 

Ur = nCr" * {7 31) 

If the flow near the origin is to oht-v the boundary condition, Eq (7 20), it is apparent 
that the velocity must vary like *he square root of the distance from the origin 
From Pjq (7 30), this is possible, provided that n = ^2 and r/n is thus 2ir/J The 
cold front thus makes an angle of r/Z or 60 deg with the surface, at least near the origin, 
as shown in Fig 35 Irutioiial (ffeits on a moving cold air mass cause the nose to 
be rounded off near the ground, but this steep frontal surface is qmte characteristic 
of those cold fronts in which the fluid flow u. nearh two-dimensional Figure 36 is a 
photograph of a dust storm that shows this typical shape This very steep surface 
IB also responsible for the lerv narrow band of storm activity associated with a line 
squall 

Of these two special solutions, the first was characterized by a horizontal flow 
parallel to the frontal surface with neghgible relative accelerations, and the second 
was characterized bv a two-dimensional flow in a plane perpendicular to the surface 
frontal hne and large relative ac c elerations In the first case, the front was very flat, 
and, in the latter case, the front was quite steep The atmospheric fronts arc inter- 
mediate types with the warm fronts generally closely resembling the first type and 
the cold fronts resembhng the second 

8. General Effects of Viscosity. In all the previous calculations, it was assumed 
that the shear stresses ac tmg m the fluid were negligibly small In the upper levels 
of the atmosphere, this is generally a satisfacton approximation, however, the shear 
stresses are of great importance m the layer, about 1 km deep, just above the earth’s 
surface The existence of these shear stresses is the phenomenon of viscosity or fluid 
fnction In the present appbcation, the fluid will be treated as ini oinpn ssiblc 1 he 
more general case in which compressibility is conHiderc*d is discussed !>> I/amh 

The simplest fluid flow in which the viscous stresses arc of primary importance is 
that of a fluid between two parallel walls a distance h apart with one wall stationary 

and the other moving parallel to it with a con- 
stant vcloeity U For this case, it is obsei ved that 
the fluid elements next to the boundarii s move at 
the same velcHity as the boundaries 'I his con- 
clitjun of DO slipping past solid boundaries is 
c haractcnstic of all yiscous-fluid motions except 
motions of a gns at very low pressures where the 
mean free path of the molecule's is of the same 
order as the other geometric distances involved * 

If the velocity V and spacing h are not too large, 
the fluid vc locity between the parallel walls is found to vary linearly with the distance 
from the fixed wall, and the vclocitj distribution is as shown in Iig 37 It is also 
found that a shearing stress r which tends to prevent the relative motion is exerted 
on both walls This shearing stress is found to be proportional to the ratio L /h, or 

T = |I ^ (81) 

* A cntical diacusBion of thia bouncUiy condition is Ri>t.n in S CjoMetun. Modern Devel<)pment§ in 
Fluid Di naoucB* Oxford Loudon 




u 




Fiq. 37 
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where ii ifl the constant of proportionality. The coefficient n is called the viscosity 
coeffieierU. 

This experiment would be rather impractical to duplicate in practice; however, 
it is closely approximated by the flow between two concentric cylinders, one fixed 
and the other rotating, as long as the radii of the cylinders are large compared t<} the 
distance separating them. The latter t)rpe of flow is generally called Cmette flow. 

The viscosity coefficient of air is found experimentaiV to be almost independent 
of the air density (Maxwell’s law) and to increase with temperature. .\n empirical 
formula” for this case is 


M = 0.0001702(1 + 0.00329< + 0.000007{‘) dyne sec/cm* 


( 8 . 2 ) 


where t is the temperature in degrees centigrade. For liquids, the viscosity coefficient 
is found to decrease with temperature. For water 


0.01779 j , _ , 

" “ 1 + 0.03368/ + 0.00022/* sec /cm 


(8.3) 


This result was obtained by Helmholtz** from Poiseuille’s observations. 

The shear stress on any plane in the fluid that is parallel to the wall must be the 
same us that on the walls in the fluid flow considered above, and this can be expressial 
in a mure useful manner as 

r-,% (8.4) 

since the ^-elocify profile is linear. This expression was introduced by Xewton and 
is generally called the NiniUmmn friction law. This simple law cun be used to calcu- 
late the shear stress in any case for which the fluid flo\\s in ]>HrallcI sheets. As an 
example, it will be used to calculate the flow 
ill a cylindrical tube. 

('onsider a circular cylinder of radius a 
with X being the distance along the axis and 
r being the distance from the axis, as in Fig. 

38. Since the flow is in sheets parallel to 
the axis, the pressure in any plane perpen- 
dicular to the axis, such as sections 1 or 2 in 
Fig. 38, must be constant. For steady flow- 
through this tube, the fluid cylinder of 
radius r must have no net force acting on 
it in the i-direction. The pressure forces 

on the ends of the cylinder and the viscous stresses on the side must thus balance, or 



I* f 1 

Sec./ 5ec.2 

l-'iu. 38. 


du 

'dr 


2irrl -1- (pi — Pj)xt* 


Gravity forces have, of course, been omitted. From this 

du P i — Pi 

dr ■ 2„l 

The velocity must vanish at the wall where r = a. Thus 


(8.5) 


( 8 . 6 ) 


(8.7) 


and 


( 8 . 8 ) 
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The velocity distribution is thus seen to bo parabolie, is pr<ijK)rtional to the premiirt 
gradient along the axis of the tiib<>, and is inverseJy proportional to the viscosity of 
the Sjiidr For this case, the volume of fluid flowing tlirough the tube in ti unit time is 


or 


F = / 2rru dr 

Jo 

r = ^P' " P-\t 

' RtI “ 


(S.9) 

(8.10) 


This fourth-power law for the fluid flow was aeeuralely verified in an extensive series 
of tests by Poiseuille, and this flow is usually railed Poisrtiillc flow, Siiier the rule 
of fluid flow through a tube and the pressure gradient along it ean lie aeeurately 
measured, this gives a very good experimeiitaJ method of detennining the viscosity 
of a fluid. 



In order to investigate more couiplirated three-dimensional flows, it is neroasary to 
generalise the simple friction law given by Eq. (8 4 ). The general iiotation for the 
viscous stresses on the surfaces of a fluid element is shown in Tig, 3t). On the reverse 

side of the eleiuent, the direction of positiw* 
siressi-H is reversed. It may he noted that 
teiision stresses are takcui as po.sitive. The 
doublc-subsiript notation is usi'd, with the first 
suWript giving the fare on whieh the stress acts 
and the M*eond subscript giving tlic direction in 
which the stiess is acting. Tims t,, is a stress in 
the J! face; whicli is directed in tlie .v-dirf>etioa. 

Those nini! stress cuiiiponents arc not all 
independent. This can easily be seen by con- 
sidering the mouients acting on an infinilesiinal 
element, as in Fig. 40. 'I'he moment tending 
to rotate the element about the z-axis is thus 
(ri, — T,t)dx dn dz plus higher order terms. 'I'his 
tnoment is a third-oriler infinitesimal unless 
= T„i. On the other hand, the moment of inertia of the element about this axis 
is a fifth-order infinitesimal. The angular acceleration of the rlrmnut would there- 
fore be infinite unless ti, = r,,. Since the angular accelerations of the fluid 
elements must be finite 



and similarly 
and 


Tj>|, « Tpr 
Tf/g Tgn 

^ Tz§ 


( 8 . 11 ) 
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By this result, the nuniher of in(lepen<lei)t viscouH stress romponents ia reduced to 
six. It is of iiiteresl to note thiit, l>eeiuise of this result, the order in which the sub- 
scripts are wrilleii is a matter of no eonseipienee. 

The elementary friction law, h.q. (8.4], .shows that in this case the viscous stresb 
IS a linear function of the rate of distortion of the fluid elements. If a similar law is 
to hold for three-dinienHional flows, then 


= 

Ti, = 

etc. 


;tx 

(■)« 


"II 

till 


"h Saa - “h 
rtr ^ ily ^ 


1 e" I ' 
+ “e« -r- + a-n ■ 

oy 


( 8 . 12 , 


wli(‘re an, <iia, etc., are viscosity coefficients Similar expressions could be written 
for the other stress eomponeiits. Xow thi>se visco.sity eoidlicients must be the same 
for any orientation of the coonlinute sj’stem, and for parallel flows Kq. (8.12) must 
reduce to hlq. (8.4 j. For exaniph*, if r = u) .>0, then Oia >= fi. By this means and 
by a rotation of the coordinate system, all the viseosity coefficients cun be evaluated. 



dry; 

dy 


■dy 


and it i.s found that the viscous stresses arc (jiven by the followini; expressions for an 
incompressible fluid: 


TfW = ( 

'flu fl»\ 

,flj] fli-/ 

= Ty, 


T„. - y 

'flt> flu'N 
Jdz fljt / 



T.x = a ^ 

'fltr flM\ 

,ai dz ) 

1 = r,. 

(8.13) 

<lu 

"" - to 




r,, = 2n 


dxp 

dz 


The alRebrnic details of this calculation are rather involved and will not be duplicated 
here. 'I'he detaihal euleulntioiis are ((iven by Lanib.^‘ 

The eciuntious of motion for a viwous fluid can be obtained by eorrecting the 
dynamical equation, Eq. (4.14) or (4.26), for the viscous stresses, (’onsider an 
clement as in F'ig. 41 in which all the stress components acting in the r-diroction are 
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Bhown. From this, it is apparent that the net force in the a!-direotion per unit of 
volume due to these viscous stresses is 


0 .a , a 

Correflponding (»xprt"HHions for tho forces in the y- and z-direetions can be written from 
symmetry. The equations of motion corrt'Bponding to Kq. (4.14) arc then as follows; 


a* * 
o„ = 


1 dp, 1/5 5 5 \ p 

fi dz f>\dz Hy Bz / 

1 dp, 1/5 ,5 B \ ip 

pBz p By Bz } 


(8.14) 


If the shear stresses arc expressed in terms of the velocity components by Kq. (8.13), 
the equations of motion can be conveniently expressed in the vector form 


a = - ivp + F +^!v’v (8.15) 

p P 

The variation of tho viscosity coefficient has been neglected. These dynamical equa- 
tions were first obtained by Navier.** The method of development is due to Stokes,'* 
and Eqs. (8.15) are called the NavirrSiohes equations. The ratio v = p/p, whieh 
occurs in the Xavier-Stokes equations is called the kinemnUe visrosity cotffinml. 

An important feature of the Navier-Stokes eqimtions is seen if they are written 
in a dimensionless form. If in any given flow a rbnrocteristic velocity and length 
are U and d, respectively, dimensionless variables may he introdueed by writing 
T Cl £/v', t — (d/L')l', p «= pV*p', a =« iC*/d)n.', x — di’, y * dy', and z = dz'. 
The primed quantities are then the dimensionless variables. The Navier-Stokes 
equations then become (if the gravity forces are omitted) 


a'=-Vp'+ivV (8.16) 

where R = pUd/it, and the distance d has been taken as the unit of length. R is 
railed tho Reynolds number after Oshom Reynolds, who first pointed out the impor- 
tance of this dimensionless ratio.” It is apparent from lOq. (8.16) that, if two flows 
have geometrically similar boundary ronditions, then Kq. (8.16) will be the same and 
the flows will be geometrically similar, provideil that the Reynolils number is the 
same for the two cases. I’he Reynolds number is thus a hydrodynKinical measure 
of the scale of a fluid motion. 

It would be possible to develop special solutions of the Navier-Stokca equations; 
however, tliese solutions are of little meteorological inU'rest; for tin* atniosplieri<‘ 
motions are almost invariably rom plicated by the phenomenon of turbulence. This 
phenomenon was first clearly discussed by Reynolds, who investigated the flow in a 
tube by injecting streamers of dye into the fluid. At low speeds, the fluid flowed 
smoothly in parallel layers, and this type of flow is tor this reason called laminar flow. 
At high speeds, however, the flow was not smooth hut turbulent with the fluid being 
thoroughly mixed. The latter type of flow is called turbulent flow. The critical 
Reynolds number (based on the mean velocity in the tulw and the tube diameter) 
above whieh the flow was turbulent was found to he almut 2,000. By taking great 
care to see that the fluid entered the pipe smoothly and with no critical disturbances, 
Kkman*' was able to obtain laminar flows with Reynolds numbers as high as 24,000. 
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For laminary flow, the* velocity diatribution and shearing stresses arc those given 
by Kqs. (8.8) and (8.4); however, in turbulent flow the velocity gradients in the center 
of the tube arc much smaller and those near the wall are much larger than those for 
laminar flow with the same total discharge. Typical velocity profiles are shown in 
Fig. 42. The shearing stresses on the wall are 
also much higher for the turbulent flow. It 
thus appears that the Navier-Stokes equations 
will provide the proper solution for the case of 
laminar motion but not for turbulent motion. 

The name result is found in all other cases, 
rnfortunately, the scale of atmospheric motions 
(and thus their Ueynolds numlwrs) is large 
enough so that thtsie motions are almost invariably turbulent. 

As an explanation of this difficulty, Reynolds suggestccl that the Navier-Stt)ke.s 
equations still apply, provided that they are applied to the instantaneous and rapidly 
varying turbulent velocities rather than to the mean velocity that is observed by nor- 
mal instruments. This conjecture uppt^ars to be completely verified, although the 
general theory of turbulent motion is at pn'sent not complete. If the Navicr-Stokes 
equations are to be used for turbulent-flow problems, it is thus necessary to express 
them in terms of the observed nii-an velocity components instead of the instantmicsrus 
velocities. This will be carried out in detail for the equation for equilibrium in the 
»-directioii. 

From Kq. (4.2fl) 

pa, — P~f^ 2p(wyU) — a>,») (8.17) 

The continuity equution can be written as 

” = " '? + " h + " ay 

If these arc add<*d, it us sciui that 

pa, = {piO + ipu-) -1- ^ (pur) -I- ^ [puw) -b 2p(u,U) - eii,») (8.19) 

bet the velocity components and the pressuri' b«' written as 

« = tJ + u’ 

V f + v' (8.20) 

w = w + w' 
p = p + p’ 

where u, v, w, and f are the mean values over a period i which is of the order of a few 
hundredths of a second so that these means are the quantities normally observed. 
The primed quantities are thus the turbulent fluctuations which average out to zero 
in the time 5. Those turbulent coinponeiits can be measured directly onlj' by means 
of instruments, such as the hot-wire anemometer,*' that react extremely rapidly to 
velocity fluctuations. For the Inrge-scale turbulent motions occurring in the atmos- 
phere, the appropriate value for S may be much increased. Now take the mean value 
of Kq. (8.19) over the period S. The averaging pnicess of taking the mean and the 
processes of differentiation can obviously Ih' interchanged. Now 

pii = pH -b pu’ “= pii -b pu' = pa 




Laminar 





*/ Turbu/enr 
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Similarly ' 

pW® — flUlt pu*u* 

p«» = par + p«'i»' (8.22) 

puw = p«i5 + pu'w' 

It ahould bp noted that the density Iihh Imtu treiitc'd its constant. Vor the terms that 
are linear in the velocity components, it is wh'ii that the instuntaneous velocity is 
merely leplaced by its menu value in this averagin); proreas. On the other hand, the 
terms in which the velocitj' is quadratic have additional terms introduced that depend 
on the mean value of products of the turbulent components. The mean value of 
Kq. (8.19) is thus 

^ S “*■ ^ ^ + I'- t”''”'') 

-f" 2p(uj/tP — U/V) (Sm23) 

Now the coiitmuity equation is linear in the velooitj' eoinponenls, and its form is 
therefore unchanged by the averaging pr<M*<»ss. It can thus be mnhiplu»<l through by 
u, as in Eq. (8,18), and then lie siihtraeled imin Kq. (8.23). T)ic fijial re.sult is 

prt. “P-TT+pu — + pt>-^ + />»r— H- — 6)*r) -f - - (pu u') + -- (pwV) 

ai ax ay tfz (fz ay 

+ j' fp«'»-') (S.24) 

The effect of the turbulent velocity laimponents appears only in the last three terms 
Since the viscous stn-sses are linear in the velocity eomponi’nls, no inlditional terms 
are introilueed on th<- right-hand side of Kq. (8.14). The equations of motion in 
terms of the mean velocities ean thus la* written as follows: 


dii , , dii , ^ flu , ^ flu , „ 

—7- -f- H € — — “h — ~f~ 2 (UulF 

at dx dy az ' ‘ 


— ^ -I- F\ 

p dx 




Off dii I , its 1 Op , „ 

at ax ay oz p ay 


■ I [ai + az 


- PC’s-') ] 


ate , _ aie , „ aiii , _ ate , . .. 1 aa , „ 


In these equations, t „ = 211(611/61), etc., as in Kq. (8.13). 

It is to be noted that these dynamical equations written in terms of the mean 
velocities are of exactly the same form as the Navier-Stokes equations except for the 
additional terms involving the mean values of the products of the turbulent vdocitics 
which appear on the right-hand side. These additional terms appear in the equations 
as though they were streases, and they are for this reason generally called apparmt 
stresses. It is these apparent stresses that cause the marked differeneea in the velocity 
distributions for laminar and turbulent flows. For atmospheric mot ions, it is generally 
fouml that the apparent stresses —pu'v', etc., are many thousands of times as large 
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118 the laminar type Htressps, tx«, etc., and the laminar-type stresses can bn neglected 
except in a very few eases. 

Ueynolds’ introduction of the apparent stresses shows clearly the reason for the 
differences in lainiiinr and turbulent flows; however, it does not permit the solution of 
turbulent,-flow problems; for the apparent strestties appear as six new iinknoun quanti- 
ties. The critical problem in turbident motion is to express these apparent stresses in 
terms of the mean velocity components, and no general solution of this problem has 
yet been obtained. Since the turbulent velocities at any given j)oint generally are 
caused by conditions some distiuiee away, the complete theory will undoubtedly 
involve integral ndations; however, inan 3 ' extremely useful results have been obtained 
by more or less intuitive methods that involve onl.v differential relations. 

If the phenomenon of viscosity in a laminar flow is considered from a molecular 
viewpoint, the viscous stresses appear ns a transfer of momentum due to the random 
motion of the molecules.’" It thus seems plausible to consider the turbulent motions 
as a macroscopic parallel to the rtinclom motiuii of the molecules. The stresses in a 
turbulent flow emild then be given by a fonnula similar to the Newtonian friction 
law |l'Iq. (8.4) or the more general Kq. (8.13;]. For example, one could write, cor- 
responding to Eq. (8.4) 

T., = A'p^ (8.26) 


where is the total stress and K is an effwtive kinematic viscositj’ coefficient or, 
as it is more gencndlj- called, an exchange ccM-fficient. 'I'his method was first used by 
Uoussinesq.'* This as.sumj)tioii, of <*<nirs<“, givc'S no information regarding the 
magnitude' of the exchange coetficii'iit, and this must be deterininod by experiment 
for anj’ given t,vpe of problem. If the turlndence was not isotropic, ns in a stably 
stratified atmosphere, it wouhl be necesajiry to use a different exchange coefficient 
for mixing in the various directions. This has been done in the case of high-level 
isentropic mixing in the atmosphere by (irimmingi'r” ami Hoasby.* 

'I’he exchange coefficient can also be used to calcidate the turbulent transport and 
diffusion not onij’of iiionientuiii but idsouf ilust, moisture, heat, or any other propert}'. 
The apidicatiou of this j)rinciplc to nictcondogical problems has been made by \t'il- 
helin Si'limidt"'' and niaiij' others. An excellent .survey of the effects of turbulence 
on the motions of the atmo.sphere was given recently by Ix^ttau.” 

9. The Wind Structure and Turbulence near the Earth’s Surface. In the lower 
levels of the atmrisphere. where the, viscous stresses are significaiit , the wind nuiy l«* 
con.sidered as horizontal, and in adrlition the variation of the viscous stresses in the 
horizontal directions is so small that onl.v the vertical variations need he eoiisideri'd. 
If it is n.ssiinied that the wind in aiiv given horizontal plane is a uniform rectilinear flow, 
then the acceleration of the fluid elements relative to the earth’s surface is also neg- 
ligible. This is generally a satisfactory' approximation. Thu equations of motion 
for this ease arc 


= -Tx^Tz'^” 
v- ap , a 
= "oF + er-" 


( 9 . 1 ) 


where and Ty, are the total viscous stresses. In this rase, it is again conveuiciit 
to express those as a single complex equation 

fXp(.; + iv) = - g -I- f g) + (r„ + ir..) 


( 9 . 2 ) 



454 


KINEMATICS AND DYNAMICS OK FLUID FLOW 


[Sec. VI 


In terms of the exchange coefficient K 


+ ir.y 


Kp ^ (« + tS) 


(9.3) 


If the exchange roefllrient ie treated as a constant, for a first approximation, 
Eq. (9.2) can be written 

iXp(i 2 + iS) ^11 + ,• + A'p ~ (It + f«) ( 9 . 4 > 

Suppose the r-axis is placed along the surface isobar, so that the gi>ostrophic wind is 
«, where n, is positive. For the comparatively shallow layer in which the viscous 
effects are important, the horizontal pressure gradient and the density and thus u, 
can be considered as constant. Equation (9.4) then becomes 

(il + tP - H„) — i ^ (tf + iv — u,) = 0 (9.5) 


This is to be solved with the boundary conditions that i7 + ip = 0 at the surface, 
z = 0, and that « + iB = u, at high levels. The general solution of Kq. (9.5) is 


where 


u 


+ iv — tij = Cic"'*"*'’"* 


a =■ 



4 * 


(9.6) 

(9.7) 


From the boundary condition, it is seen that Ca == 0 and Ci = —u,; therefore 


iJ + »B = «,(X - e-a+OM] (0,8) 

If the velocity vectors are plotted for various elevations, it is seen that their end points 
lie on an equiangular spiral that has the gcostrophic wind for its limit point, as in 
Fig, 43. Since this snlution was first obtained by Kkinan, who applied it to the ocean 
currents produced by surface stresses,’' this figure is called the Ekman vyiral. Its 
application to atmospheric motions was first made by Akcrblom. "■ 



The. results of this solution show that the viscous stresses cause the wind to blow 
across the isobars into the low-pressure zone. The maximum angle with which the 
wind blows across the isobars is 45 deg, and this occurs at the surface. In addition, 
it is seen that the deviation of the wind from the gcostrophic wind and the viscous 
stresses diminish upward in an exponential manner. 

If the Ekman spiral is used to analyze experimentally obtained wind distributions, 
the magnitudes of the exchange coefficient and the viscous stresses can be obtained! 
The most convenient experimental quantity for this purpose is the height H at which 
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the wind blows parallel to the isobars. From Flq. (9.8), this occurs for a// ^ if, 
therefore 

From Kq. (9.3), the horizontal-shear-stress vector at any level is 


r,j + “• 

and the magnitude of the shearing stress at the surface m is therefore 

XpHug 
rii = — _ 

«• V2 


(9.10) 

( 9 . 1 1 ) 


Observations of the height II tor \arious geostrophie winds were made by Dobson,” 
and the results are shown in Table 1. 


Tvbi.k 1 


cm -cc 

400 

910 

; 1,560 

n, cm 

(i y 10* 

8 X 10* 

9 X 10* 

pA', Jil i ll's 'fin m*<* 

2.3 

43 

.54 

A’, cm- M’c 

2.0 X It)' 

3 7 X 10* 

4 7 X 10* 

TO, dynes em“ . 

0 H 

1 

2 2 

4 2 


In these calculations, it was assunied that X = 1,14 X I0“* see"' and that p = 1.15 
X 10 ' gram per cm’, 'rhese rcMilts give at least the order of inagiiitie'e of K and 
Tn. It is of interest to note that the value of pA'/a is of the order of 10“ .>'eforc the 
stresses due to turbulent mixing are tivorwhclmingly large when compared with the 
laniiiiar-typo stre.snes. 

Although the Mkiiiaii-spiral solution gives the general features of the wind in the 
friction layer, it eiui, <if course, give no iiifonnation on the variation of the exchange 
coelheient with altitude. This infomintinn can be obtained from the analysis of 
hounding-ballooii data. The .••heal stresM“s can be computed by Kq. (9 1), and the 
exchange eoeflieients can then be computed by Kq, (0,2). Calculations of this sort 
have been niiide by Mihliier Ilis obseivutunis of the exchange eoeffieient which 
were obtained as the mean of 28 balloon runs on an October day near Leipzig show the 
results in Table 2. 


Tibi.k 2 


Height, 111 

1 80 

' 13.5 

^ 190 

^ 240 

1 1 

295 1 

405 

4f50 

510 

pA', granis/cni m'c 

125 

[ 270 ' 

1 1 

' 310 1 

1 1 

1 500 

1 

' 246 

i 

' 117 

1 

70 

70 


This shows a linear variation of the exchange eoeffieient with altitude in the first 250 m 
and then a rapid decrease to a more or leas eoiistant value aloft. 

If an atmosphere is initially stable, turbulent mixing tends to produce a condition 
of neutral stability throughout the layer that is mixed. This produces a very stable 
layer just at the top of the turbulent layer, as shown in Fig. 44, in which the potential 
teniperatiire is plotted agiiiiist altitude. This very stable layer would suppress the 
turbulence and slow down the growth of the turbulent layer. Such a condition may 
have eausi'd the great decrease in the exchange coefficient observed by Mildnc' 
between 240 and 295 ni, for the air mass in which his obsi-rvations were made had a 
fairly stable lapse rate of about 6.5‘’C per km. 
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The most obvious weaJcness of the Kkninn-spir/ii solution is the assumption that 
tie exchange coefficient is the same at all levels. Iliis is partieiifarly so in tlie first 
few meters from the surfaee where the exchange co(*fficient must become small, 
A solution that is valid near the surface can be obtained by means of the mixing- 

length" hypolliesis, which was introduced by 
Prandfl.-" Let us eonsitler a layer next to the 
surface that is thin enouKb so that the shear 
stress may be eonsitlered as eonstani. In this 
ftmund layer, place the r-axis parallel to the 
wind. The shear stress in this layer is thus 
the shear stress at the (ground m, or 

To = —pu'w' (0.12) 

Q where the laminar-type stresaes have been 
ncfrlected. In neeordanee with the exchange- 
eoefTieient hypothesis, it seems rcasonahle to 
siippuse that ii' is proportional to Ou/Oz, and if the layer of air is neutrally stable, 

«' and w' should be proportional. Kquation (9.12) eun thus he written as 

= (0.13) 

where 1* is the constant of proportionality. The quantity / has the rliniensions of a 
loiiKth and is called the miring length. In terms of the mixiuc length, the exelmiige 
coefficient is given by 

,, dfi, 

A -f* 15^1 (9.14) 

where the magnitude of cHi/Oz is used, since both K and I’ are esaentially positive. 

The introduction of the mixing length does not in itself solve the turbulent-flow 
problem, for it merely replaces one unknown quality, the exchange coelheient, by 
another, the mixing length; however, it is generally toimd to l«> iiiiieh easier to make 
suitable estimates of the mixing length than of the exchange coetfieient. 

An elegant method of estimating the mixing length in any given turbulent How is 
provided by the principle of mechanical similarity, which vva.s pri>|>n.seil by von Kdr- 
niAn." He suggested that, in any fully developed turbulent flow, llie velocity field 
in the neighborhood of any two given points must be geoinetrirally similar but may 
have a different scale. Since this scale must be independent of the magnitude of 

the velocity, the simplest length that can provide such a scale is I— I. other 

lengths such as could also be formed from the velocity derivatives; but, if 

the similarity principle holds, they must all be proportional to the first; and the mix- 
ing length also must be proportional to this scale length. Thus 



1 = t 

d*fi/az* 


( 9 . 16 ) 


where k is a universal constant. 

By means of this expression for the mixing length, Kq. (9.13) can be written as 


\az / az* 


( 9 . 16 ) 
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The negative square root was used, siiiec is negative in tlie case under con- 

sideration. This may be integrated to ubtaui 



k 

vVii/p 


(2 + 2«) 


(9.17) 


where is an integration rnn.stant and z is supposed to I>e small enough so that the 
variation of to is negligibh^. h'rom this 


2? = 1 f 

dz k ^ fi z + zt 

If this result is compared with Kq. (9.13), it 's Be<‘n that 

Z =« -I- *,,) 

Since z is measured from the surface of the earth, kzo is thus seen to be the mixing 
length at the surface; and z,, must 1 h' a measuie of the roughness of the surface and is 
called the roughrwsa roefficirnl. If the aurfai-e is tpiite smooth, there may be a very 
thin layer with himinar fUjw n«’Xt to the surface, and Kq. (9.19) caiinut be assumed to 
hold ilown to the surface but will hohl ont}' to the outer limit of the laminar sublayer. 
'Phe cfTeets of this laminar sublayer have been considered by von K4rmdn.^^ Such 
laminar sublayers exist in the utmosplicrc at smooth-water surfai-cs, and Ilossby** 
has iipplied von Kdrniiin's results in Ids study of the momentum transfer at the sea 
surface. 

If the possibility of the existence of a laminar aublaypr is neglected, then Zo is a 
measure of the roughness, and K(j. (9.18) holds down to the surface where iZ = 0. 
If Kq. (9.18) is integrated from z = 0 to a height z, it is thus seen that 

u=jV^log(l +1) (9.20) 

This result was given by Prundtl.** for this ease, the exehange coefficient is given by 

K ^ k^p^^+ Zo) (9.21) 

P 

I.C., tile exchange coefficient varies lincarlj' with the distance from the surface. This 
is in agreement with Mildner’s oliacr\'ations. This logarithmic velocity distribution 
is found to apply to tlie flow near any rough wall. 


T.\bi.f. 3 


Surface condition 

2o, cm 

Observer 

Smooth lawn 

0..15 

Hellmann" 

Open fields 

3.2 

Shaw** 

Sea surface (sw(‘lls— no breakers) 

4.0 

Wiist*’ 


(9.18) 

(9.19) 


This solution contains two arbitrary constants, k and Zn, which can be adjusted 
to give the best results. I’he best expc'rimeiital ilata show that k = 0.40. As a 
result of ehnnncl tests with sand grains for the surface-roughness elements, Frandtl 
suggests that 

“ TO 


(9.22) 
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where e is the actual height of the roughness element. This is in rough agreement with 
the results found from the analysis of meteorological observations. Several values of 
the roughness coefficient as reduced by Tlossby and Montgomery** from observations 
by various observers are given in Table 3. 

Similar roughness euefficieiits have been given by I’acachkc.** His results are 
given in Table 4. 

Tabue 4 


Surface Condition 2 o, cm 

Smooth snow 0 .5 

Fallow field 2.1 

Low grass 3 2 

High grass 3.9 

Wheat field 4.5 


If Kq. (9.20) is solved for the shear stress tu, it is seen that 

{log II +117^']} 

so that the shear stress varies as t he square of the wind velocity at any fixed level in 
the logarithmic, layer. T'lxis is in agreeineiit with an empirical law 

To = py’d‘ (fi-24) 

wluoh had been proposed by (1. I. Taylor** as a result of his analysis of Dobson’s” 
observations. Taylor’s results showed y = 0.05. As the wind obst'rvations were 
made at a height of 30 m, this corresponds to a roughness coefficient of ri, = 1 .0 cm. 

The logarithmic wind distribution fits tbe observetl wind distribution in the layer 
next to the surfnee with a high degree of accuracy as long ns the air is in a condition 
of neutral stability. For very light winds, the turlndent mixing is frequently too 
weak to establish a neutrally stable layer. The gravitational stability in this ease 
reduces the intensity of vertical mixing, and thus the wind will inereaBe, faster with 
altitude for a given shear stress. A dimensionless quantity that measures this cft'wt 

is the Hichardson number J where f is the {jotentinl temperature. The 

first theoretieal investigation of this problem wa.s made by I'ixiier;*" however, liis 
results were not satisfactory. Since then this problem has been treated more suc- 
cessfully by Rossby and Montgomery** and by Sverdrup.” 

Although the logarithmic velocity distribution fits the obserwl wind close to the 
surface very well, it eontuina the sliear stress ro as an undetermined parameter. .\ 
more complete theory can be built up by combining the logarithmic solution with a 
wind spiral. If there is to be continuity in the wind velocity and in the shear, the 
bounds.^ condition at the bottom of tbe spiral regime i.s that 

1 * + tC = C £ (fi -h is) (9.25) 

where C is a real constant. This condition is required since the W'ind velocity and 
shear in the logarithmic layer are in the same direction. The other boundary con- 
dition is that tbe wind must approach the geostrophic wind at high levels. 

If the exchange coefficient is treated as constant throughout the wind spiral, I'Jqs. 
(9.5) and (9.6) still apply. Since tl iS — u, = 0 for large values of z, Ca = 0. 
If the wind at the bottom of tbe wind spind (z == 0) is 


(tl -b i8)» = fV' 


(9.26) 
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bO that a IS the angle at which ttie wind crosses the isobars at the ground, then 



u + iS = Uy + (CoC*® — tiJe-ii-'-Oiir 

(9.27) 

If this ia auhatituted m 

the boundary loiidition (9 25), it is seen that 



(’a = Mo(eoB or — Sill or) 

(9.28) 

and that 

C = ^ (<ot or - 1) 

(9.29) 


With thib value of Cu, Kq. (9 27) can he written 

— (H-t)ozH 

il + iS = Uj + ■\/2Ui, sin a e V 4 / (9.30) 

'I lie slioiir stress at the bottom of this lujcr is 

Ttj -h iTty — Kp — (m 4- ir)[*-i) — Kp-^^ (9 311 

The magnitude of this shear stiess niiist ec|unl the shear stress at the ground , therefore 

ri = pii I sin a V'2\A' (9.32) 

Tins solution of the w ind-spiral equtilioii w IS gii on In (! 1 Tavlor •’ 

If tins wind spiril is to be fitted together with the lugunthmie solution to obtain 
a eoniplete solution tlion the sbeiii stiess tii of 1 q (9 32) must be used through the 
lower layer II the wind is to be eontiiiuous 


u„ « os o - sill «1 = } log '' (9.33) 

where h is the depth of the lowei later The exihiinge eoetheieiit must also be con- 
tinuous,' thcroforu 

K = k (h + :,) (9 34) 

’ p 

Riliec the wind teha itv, the sheiiing stress, and the i Mleinge roeflieient are eontinii- 
oiis, the wind slieiir is also i ontiiinoiis || r, and h .lie ehiiiiiiiited between J qs fU 32) 
to (1) 34), nil expiessioii is obtained that deteriiiiiies the angle « This is 

/. V», (1 OS „ - sin or) ^ A ggj 

(2aA )'i \ sin « Ajo ^ II, sill or (2X)'< 

This solution can be used in tlie s,uiie iiiiiiiner ns the 1 kiieiii spiral to niialvze 
obhorved wind distiibiitions l'’oi tins purpose, Dobson's obsert 'itioiis will again be 
used It IS hrsi neiessait to deteiniine the tlnKiirtn al height .it whidi the wind is 
in the gradient diieetioii bet this height II be written 

U = h + II' (') 36) 


where h is the thickness of the login it liniir liivei and //' is the thickness of the spiial 
layer. From Kq. (U30), the cross wind n will vanish at the height IT if 


II’ 



(9.37) 
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Also, from Kqs. (9 34) and (9.32) 
h + zo 


k y/ u„ sin a (2X)'i 


(9.33) 


Since Zii is negligibly small when eompareil with ?l, the sum of these two gives H. 
In the ealeulations, it is pri'feriible to use dimeimionh'ss forms. l.iet 


A', 


2 ^ 


80 that ATi is a dimensioBlcas exchange coefficient. Then 






12 + 


.V.jt 


2k V sin ct 


A second dimensionless paranictcr is 


(9.39) 


(9.40) 


•V = 


1 '" 


(9.41) 


In terms of these two dimensionless pammelcrs, the cqiiiition for a becomes 

t (eos a — Bin a) _ , V Vi’t 
A(iM "s/ Hill a ^ 2k \/ sm a 

If N and kll /«„ arc given, Kqs. (0.42) and (9.40) can bp solved simultaneously for the 
values of a and N,. I'lien, from Kq. (9.32), the sliear stress can be lound, for 

r„ = pu*„ sin a iV.W (0.43) 

The depth of the logarithmic layer is given by 

^ = 1 ^ 1 + 2k ^ -v/sin aiVi ‘ (9.44) 

In reducing Dobhon’s data, it was assumed that X = 1 1 1 X 10 ^.sec"', = 1.0 cm 

and p = 1.15 X 10 ‘ gram per cm-*. The details are giv'cii in 'I’liblc !i. 


\BLiiij 5 


cm /sec 

H, m .. 
a°(observpd ) 

N 

X// 

460 

600 

13 

4.03 X 10" 

910 

800 

21 

7.98 X 10" 

1560 

900 

20 

13.7 X 10“ 

u„ 

0 0135.5 

0 01003 

0 00658 

JVi 

a° (computed) 

2.93 X 10-" 
13 

1.24 X 10'" 
17 

5.49 X 10'« 

21 

H 

0 068 

0 043 

0 037 

JV.AfH 

To, dynes /cm' 

K, cm', sec 

1 2.37 X 10" 

0 32 

2.72 X 10" 

2 80 X 10" 

1 1 04 

4.51 X 10* 

2.79 X 10" 

2 35 

5.38 X 10* 


It may be observed that this corrected theory predicts the angle Ihiit the wind 
blows across the isobars with a fairly high degree of accuracy. The thickness of the 
logarithmic layer is seen to Ire about 40 m. The shearing stress at the ground is seen 


S«c. VI] 


DIFFUSION OF PB0PXBTIN8 


461 


fo be somewhat smaller than that computed by the simple Kkman spiral, and the 
exchaiiKe cocflicieiit is somewhat larger. It may further be observed that the exchange 
coefficient varies roughly with the square root of the velocity, and the shear stress 
varies roughly with the three-halves power of the velocity. 

This solution to the problem of the wind distribution in the friction layer is com- 
pletely defern/ined by X, Zu, p, and K. Krom the.se quantities may be fontied the 
two dimensionless parameters N and Nt. Of thi-se two, *he first, N, is composed of 
u„ X, an<l Zii, which are all external parameters that determine the ■wind <Iiatribution. 
On the other hand, Ni contains K, the exchange coefficient. Since the exchange 
coefficient is a measure of the turbulent mixing, it is an inteniul parameter determined 
by the fluid motion. For this reason, one would expect to find a functional relation- 
ship of the form 

JVi = N,{N) (9.45) 

From the analysis of Dobson's dat,s, it appears that this jnay roughly be written as 

Ni = 2.0 X (9.40) 

T’nfortunately, this formula cannot be considered as generally applicable, for there 
are s<-veral additional factors that have not been considered. Probably the most 
important of these is the effect of gravitational stability. Xext is the fact that the 
surface roughness is far from hoiuugeneous; and, although the roughness in the 
immediate neighborhood determines the wind distribution in the logarithmic layer, 
the turbulent mixing in the wind spiral must be determined by the mean roughness a 
considerable distance upwind. 

In this wind-spiral solution, the exchange coefficient was considered as constant. 
Since the wind shear was found to dwrease exponentially, this solution involves a 
mixing length that inereases exponentially w^ith altitude. A solution of tlie wind 
spiral that avoids this difficulty lias been given by Itossby,''* who used a generalization 
of von KArnuln’s .similarity principle to compute tin- iiiixiiig length. In a later paper, 
Rossby and Montgomery" combined this wind spiral ivith a logiiritliiiiic layer near 
the ground in order to obtain a complete solution. The general results of their 
analysis are similar to the soiiiewhat simpler theor)' given here, w'hich uses G. 1. 
Taylor’s solution of the -wind spiral. 

10. Diffusion of Properties by Eddies. It was pointed out th.at the laminar 
stresses, if viewial on a molecular scale, arist' from the transport of moiiientuin by the 
random mol ion of the moU-cules. In exactly the same 
manner, the apparent stresses arc caused by the 
turbulent transport of momentum. Consider a sur- 
face elcmenf of area dS in the ry-plane, as in Fig. 45. 

Then the volume of fluid carried up through this 
surface by the turbulent motions in time dt is w' dS dt. 

Now this fluid has a iiionientum in flic ai-direction of 
an amount pu per unit volume. Thus the amount of x 
momentum transported in the z-direetion is pvw'dS dt. 

If this is averaged over the time 5, it is thus seen that 
pii'w' is the net turbulent transport of x momentum in the z-directiou per unit time 
and area. This will be written as 

Tsipii) = pu'w' = — T,, (10.1) 

Similar interpretations can be jilnced np«m the other apparent shear stresses. 
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In order to simplify the following discussion, let us consider a motion with S — 
w = 0 and u ■= «(z), as in Kg. 46. If it is supposed that the turbulent transfer arises 
from eddies of fluid that arc initially in equilibrium with their surroundings and are 
then movi-d across the flow to some now position where they 
mix, then, in any given plane, z = const 



oz 


( 10 . 2 ) 


where I' is the distance below the plane where the turbulent 
eddy vaa formed. This is, of course, only the first term of 
a 'I’aylor series. Substituting this result in Kq. (10.1), it i,s 
seen that 


r.(e«) = -r.. = -pic't' 


(10.3) 


In other words, the exchange coefheient K is 


A' = vn' (10.4) 

The turbulent transport of any other fluid property imiy be diacusaed in a similar 
manner. In order to make the problem more siiecifie, the transport of moisture will 
be considered. Ix:t q be the specific humidity, so that pq is the mass of W'atcr per unit 
volume. Then 

9=9+9' (10.5) 

where q' is the turbulent fluctuation of the sp<>eific humidity and q is its mean value. 
Then, again, the volume of fluid carried up through the Furfaco d.S'' of Fig. 10,1 in 
time dt is v/ <1S dt, and this fluid has nioistiin per unit t'oJume equal to pq. 'I'hus 
pqw' dS dt ia the turbulent transport of moisture through this element in time dt. 
If this is averaged over the time S, it is seen that 


Also, if 3 = 3 ( 2 ), we can assume 

TApq) 

= pw'q' 

(10.6) 


s' = 

i\z 

(10.7) 

so tliat 

T,(.pq) = 

-KpV^ 

HZ 

(10.8) 

where K is given by Eq. (10.4). 





If the turbulent motion is isotropic, the exchange coefficient is the same for the 
transport in any direction. On the other hand, if tlie turbulent motion is not iso- 
tropic as is the case in a fluid with a stable stratification it would be necessary to use 
a different exchange coefficient for each direction in wliich the turbuhnit transport 
was computed. * As the mixing length I' depends on the rate at W'hich the fluid proper- 

* This idea may be fonnuIaUnl mure preeiwlv by of tioinor quantitiert. In tho notation of 
cartesian tonsois,*^ the shear stiess m h eocond^mler t^'nnor, und if it is asHumed that the shear atresa 
is a linear-tenaor function of the fluid*drf(irinatiou tcnwi thra 

T./ (A) 

where the excimiiRe cwfficients A\,hB aro the couiponeiita of a fonrth-di'Rrpc tensor that has 3^, or 81. 
ooffiponents. tSinro r,; = t,u those aio reduced to .54 diNthiet compononts If the turbulent luixing la 
isotropic and the fluid is iiicnnipiesaible, this m,iy be fuithoj roducod to u single cutchunge coefficient K, 
and 

» /diit , 

r„ . ,/f 

This corresponds exactly to the laminar strassae as given by Eq. <8.1.3). For nonisotropio turbulent 
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ties are transferred to and from the turbulent eddies, it might also be expected that 
the exchange coefficients would vary from one property to another. This effect has 
been noticed; however, Sverdrup’s observations^^ indicated that exchange coefficients 
for heat and momentum were practically the same in the atmosphere. On the other 
hand, he found considerable difference in the exchange coefficients of different proper- 
ties in the ocean, where the stability is fairly high. 

This method of developing the formulas for the tui'bulent stresses [Eq. (10.3)] 
and the exchange coefficient [Kq. (10.4)1 is due to G. I. Taylor.“ Since it involves the 
assumption that momentum is transported unchangtxl by the turbulent eddies 
through the distance I', these theories are generally classed as momentum-transfer 
theories. The assumption that momentum is transferred in this manner assumes 
that the turbulent-pressure fluctuations have no net effect on the momentum transfer. 
Taylor has shown that, if a motion (both the mean and the turbulent components) 
is strictly two-dimensional, the momentum is not conserved in the eddy-transfer 
process but the vorticity is. Taylor was thus led to develop his vorticity-transfer 



theory. It can easily be shown that the vorticity-transfer theory cannot apply to 
turbulent flow near a wall, anil for this case the momenfiim-transfer theory which 
gives the logarithmic velocity distribution gives a satisfactory solution. For certain 
other cases such as the flow in the wake behind a long rod, the vorticity-transfer theory 
can be applied quite successfully. 

The turbulent transport as given by Eq, (10.8) can be used to develop the equation 
for turbulent diffusion. For this purpose, the laminar-diffusion terms will be omitted 
in order to simplify the calculations. Consider a volume clement as in Fig. 47. 
Then the turbulent traitsport of water per unit of time into the element from below is 


mixing, the reduction from 54 exchange coefficients to one is no longer possible, although many may be 
dlKiwn to VttJiisli, 

In coinpariRon with this restiU, the turbulent transport of a scalar quantity such as the mnisturs 
Pt, is a first-urder tensor Tt (P 4 ), which may be assumed to be a lincar>teiisor function of the Bi»eciAc> 
humidity gradient dq/dxi. Thus 

r.(,«) - ~,K„ ^ (C) 

h'ur this ease, the excltangc Icnsor A'u is h s(*C(ind-order teiisni having or 9, cuiuponoiits. If the 
turbulent mixing U isotropic, the exchange tensor is again reduced to a single exchange coefliciciit K 
where 

r.(M) - -pK ^ (D) 

This is the tensor form equivalent to Eq. (1U.8). For tlie nonisotropic case, the nonvanishing compo* 
nents of Ki, may be identified with certain of the uonvanishing components of Xt|im. 
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—Kp{S^/Bz)dx dy. Similarly, the transport out of the top is — \Kp{dq/dt) + (d/to) 
[iCp(ag/to)]cJz) dxdy. Thus is the net transport per unit volume and 

time into this volume element due to the turbulent mixing in the jKlireetion. Similar 
expressions give the effects due to mixing in the x- and y-dircetions. This net influx 
is of course equal to the rate of increase of water within the element, or 

'M-l ('''■ ■i)+r, ('•'= 3) + 5 (''' 2) <'“« 

This is the turbulent-diffusion equation for isotropic turbulent mixing. In most 
cases, the density may be considered constant and eliminated from the eiiuation. 
Since 

= I (p?) + V • (p 5V) - 5 [1^ + V - (pv)] (10.10) 


and the bracketed term is identically zero by the equation of continuity, the diffusion 
equation, Kq. (10.9), can be written as 

I (p5) + V ■ (p5V - pA' vg) = 0 (10.11) 


In this form the advective transport pgV ean be more easily compared with the 
turbulent transport — pA" Vq. 

These results will first be used to discuss the prohhmi of evaporation into n steady 
wind. In order to simplify the ealeulations, it will be assumed that the motion is two- 
dimensional in the xz-plane, and furthermore the variation of the wind velocity, 
density, and exchange coeflieient with elevation will he neglected. These assuinp- 
tions completely neglect the wind structure of the lower alinosphere; therefore only 
qualitative results can thus bo ohtaini'd. Since the horizontal turbulent transport 
is normally very siimll compared with the horizontal advective transport, thi' hori- 
zontal-turbulent-transport terms will be neglected. With tliese approximations, 
the diffusion equation becomes 


_ « dg _ Q 
to’ K to 


( 10 . 12 ) 


Suppose the air is initially dry so that Q 


0, and at jr = 0 it passes over a moist 
surface where the saturation humidity 
is eoiistaiit and equal to gn. Since 
the horizontal turbulent transport is 
neglected, the air must still he dry for 
the line jr ■= 0. The boundary eon- 
ditinns that the humidity must satisfy 
are thus g = 0 for i *= 0, and g = go 
for z = 0. The solution is to cover the 
quadrant in which both x and z are 
positive, as shown in Kg. 48. 

This problem can be solved hy the similarity method. Assume g “ g(ij) where 
I) = bzxF and b and a are constants. Then 



and 



Xdr, 

(10.13) 

_ 6 .^.. ill 

dz> ° ® dn* 

(10.14) 


au dd ^ 

(10.15) 



Trom this 
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It may be observed that, 
i|. Furthermore, let 6* = 


if a = — this reduces to a function of the single variable 

> u/^K] BO 



(10.16) 


Then Eq. (10.15) becomes 


0 +^ 5 -“ 


(10.17) 


The boiindary conditions are ^ = 0 for ii = * and j = fli, for i| = 0. Xow an inte- 
grating factor for Eq. (10.17) ia c’’; therefore, this may be integrated to 

= Ce-t* (10.18) 


whoro C Ik a conHtant of iniogralioit. The inicf^ral of this that makes g vanibh nt 

ij — 0© is 

-C jj" c-'‘ dt (10.19) 

From the other houndarj’ condition, it is seen that 

qo C e-^dt r ^ (10.20) 

Thus 5*9" ( e~“ dt (10.21) 

\ r Jn 


This result may be conveniently CNpressed in terms of the error function 4>(x), which 
ih tubulated in many convenient refcrcnce.s.*' (See ulao Sl'C. 1.) Since 


Eq. ( 10.21 ) may be written 


2 f’T 

*{r) — , I r~’'(ll 

V ir J" 

q = 9 " [1 — Mz \/ 17 M/fx)] 


( 10 . 22 ) 

(10.23) 


This solution of the turbnleiit-difTusion problem was given by .Jeffreys. ** In this 
approximation, the specific humidity ia eoii.staut along the curves for which tj is con- 
slant, 1 . 1 . , along any parabola of the form x’ = kx. 

'I'liis solution may lie used to estimate the rale of evaporation from the Mirfaee. 
'I'his is 

r,(p</)|..o = ( 10 . 24 ) 


By tlie use of Eqs. (10.20), (10.18), and (10.16), this is 


7t(P9)|f-o — PQo 



(10.2.")) 


The total mass M of iviiter evaporated per unit time in a strip of unit width in the 
y-direction and of length I in the x-direetion is 

JIf - 7’.0»9 )!.-o dx (10.26) 

or M = 2p?„ (10.27) 

Since this solution treats the wind velocity and the exchange eocfHcient as being 
independent of the elevation, it seriously overestimates the total evaporation from 
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largr bodies of water. A more complete solution of this problem that considers some 
of the effects of the variation of the wind velocity and exchange coefficient with eleva- 
tion has been given by Sutton. “ More recent investigations of the evaporation from 
land and water surfaces which consider the linear variation of the exchange coeffi- 
cient for small elevations have been given by Thornthwaite and Holtzman*’ and by 
Montgomery.*” W. Schmidt*'- has considered the problem of evaporation from a moist 
surface of finite width. He used the same approximations as Jeffreys and obtained 
similar results. 

A similar analysis can be used to discuss the problem of the heating (or cooling) 
of an air mass that has moved onto a warm (or cold) surface. The turbulent^diffusion 
equation fRq. (10.9)] cannot be applied directly to the temperature field, for the 
temperature is not conserved during the eddy-mixing process. As the turbulent eddy 
is displaced from equilibrium, its temperature changes at the dry-adiabatic lapse rate; 
consequently, the heat transfer in the vertical is 


?'.(Q) = -A>,g + r) 


where T is the dry-adiabatic lapse rate of 9.86‘’C per kni. 'I’his sliou s that the turbu- 
lent transport of heat in a stable atmosphere is downward, and this heat transport 
tends to produce an air mass of neutral stability. The heat-diffusion equation is thus 




(10.29) 


if only the vertical turbulent transport of heat is considered. If the variation of A’p 
with elevation is neglected, this can be further simplified to 

Suppose an air mass has an initial temperature distribution given by 

T = T,-yz 

where y is the constant lapse rate. At time 1 = 0, this air mass arrives over ii surface 
for which the temperature is Ti. Then, if horisontal variiilions in temperature are 
neglected and A'p is assumed to be independent of the elevation 


S = 00-31) 

In order to calculate the final temperature distribution, it is preferable to calculate 
the change in temperature A7' where 

AT = 2' - (To - yt) (10.32) 

From Eq. (10.31) 

ft ( 50 - 33 ) 


I (AD = k£,(at) 


and the boundary conditions are AT = 0 for 1 = 0 and AT* = Ti — Tq for z = 0. 
This is mathematically identical with the previously discussed moisture-difiusion 
problem, with the following quantities corresponding; 


Heat diffusion A 2’ 

Moisture diffusion g 
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By meaJiB of these substitutions, the final solution can be written immediately as 

r ■= T*. - 7* + (T’l - n) j (10-34) 

Tliia solution was Riven by Taylor.** The term in brackets in this equation 
is unity for s — 0 and diminishes to a value of 0.1 foi z/-\/iKt = 1.2. Thus the 
<-ffeet of the ehutiRe in surfaee temperature is very small above this level. Taylor 
assumes that for all praetieal purposi-s this term has no effect above s/V'i/Ct — 1; 
therefore the height to which the effeet of the surface temperature change has pene- 
trated is 

z« = AKl (10.351 

Taylor’s observations of the virtual-temperature distribution over the Grand Banks 
of Newfoundland showed a marked inversion near the surfaee and neutrally stable 
air aloft. From the height of the inversion and the length of time the air mass had 
been over the rold sea surfnee, Taylor was able to estimate the magnitude of the 
exchange coefficient. Ilis results are as follows: 


Wind (Beaufort scale) 

1 

2 

3 

A, cm*, 'sec 

, 1,000 

2,000 

3.000 


It limy be noted (hat these values of the exchange coefficient are very much smaller 
than those computed from Dobson’s ilata. Tlie difference (a factor of 10; may be 
ascribed to stability in the surface inversion. 

Further calculations using Kq. (10.34) have been made by Schwerdtfeger,** who 
used the equation to estimate the rate of heating of an air muss that is over a warm 
surface. 

.\nother interesting application of the heat-diffusion equation is the problem of 
the diurnal temperature variation in the atmosphere. Suppose the air mass has a 
mean lapse rati y and that the mean temperature distribution is therefore given by 
Kq. (10.30). Then, if the variation of the exchange coefficient in the vertical direction 
is neglected, the diurnal variation is determined by Kq. (10.33). The boundary 
conditions are as follows; 

(a ) At 1 he ground (z = 0) 

AT = A cos W 

(h) Very high (z — «) 

AT = 0 

Note that the diurnal variation of the temperature at the surface has been approxi- 
mated by a single cosine term of amplitude A and fiequency e =■ 2 t (days)“*. This 
could be considered as one term of a Fourier series; however, the first term by itself 
fits (he surface conditions fairly well. Note that the time is zero at the maximum 
surface temperature condition, which generally occurs in the middle of the afternoon. 
Since the boundary condition (a) may lie written in an exponential form and Kq. 
(10.33) is linear with constant coefficients, the solution must also be of an exponential 
form. It may easily be verified that a solution of Kq. (10.33) that fits these boundary 
eonditions is 

AT “ Ae~" cos (r{ — oz) 



where 


a 


(10.36) 

(10.37) 
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From this result, it appears that the amplitude of the diurnal variation of the tem- 
perature diminishes exponentially with elevation and that the time of the maximum 
temperature varies linearly with elevation. The exehange coeflficient ran lie esti- 
mated from either the amplitude or the phase changes with elevation. 

Observations of the diurnal temperature variation on the Kiflel Tower have been 
given by Schmidt.““ His results are given in Table 6. 


Tabi.e 6 


Height, 

ni 

Amplitude^ 

1 

Time of 
imiximum 

(P.M.) 

1 8 

3 00 

2:30 

123 1 

2 09 

4:00 

196 7 

1.72 

4:30 

301 8 

1 29 

4:30 


The exehange eoeflieient ns coniputed from the first two amplitudes is 4.1 X 10* cm’ 
per see. The exchange eoeflieient computed from the last two is 4.9 X 10* cm’ per 
see. It may be observed that these exclmtige eoeffieieiits are of the same order of 
magnitude as those computed from Hobson's wind observations. 

The assumption that Kp is independent of the elevation must be very poor in the 
layer closest to tho surface in which the exchange coeffieietit must vary linearly. Tliis 
indicates that Schmidt’s simplified theorj' given above must uriderestimute the 
amplitude and phase change in the first layer and overestimate them aloft. This 
conclusion is supported by Schmidt’s experinn'iital data. 

Haurwitz’* has considered the diurnal variation of temperature in an atmosphere 
in which the exchange coefficient cartes linearly with height. For this case, the solu- 
tion can be cxpre.saed in terms of Bessel functions. 

An interesting applieutioii of the theory of turbulent mixing for nonisotropie 
turbulence has been mn<le by f Inmniinger.”* I’arr** laid suggested that, although 
the gravitational stability must suppress the verfi<>al mixing in the ocenii, the mixing 
ill the surfaces of constant density might lie on a large scale. This conjeetiiro is 
apparently verified. Kossby"* suggested that similar large-scale lateral mixing may 
lake place in the isentropic surfaces in the upper atmosphere, tirimminger applied 
this idea to the study of the lateral spread of the lines of constant speedic humidity 
in these isentropic surfaces. Ho neglected vertical mixing, and from his experimental 
data he found the coefficient of lateral mixing to be between K = 10® cm’ per sec and 
10‘"cm’ per sec. Since this is of the order of 10‘ times as large as the vertical exchange 
coefficient and since tho vertical-property gradients arc about 10* times as large as the 
horizontal gradients, the horizontal mixing is apparently much more important than 
the vertical mixing. Following this result, Kossby" has discussed the possible effects 
of this lateral mixing on the general circulation of the atmosphere. 

Another interesting and unusual application of the theory of turbulent diffusion 
has been made by Defant” and I^ettau’* and others. In this application, the migra- 
tory cyclones and anticyclones of the middle latitudes are treated as turbulent eddies 
in the general circulation of the atmosphere. I’or these eddies, the exchange coeffi- 
cient may be computed directly by Eq. (10.4). For this ease. A' is found to be of the 
order of 5 X 10” cm* per sec. This result was used to compute the meridional trans- 
port of heat in the earth’s atmosphere. 
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For all the problems considered here, the turbulent transport was computed by 
making certain assumptions regarding the nature of the exchange coefficient. Many 
attempts have been made to develop a more complete theory of turbulent motion by 
statistical methods that would eliminate the necessity for these simplifying assump- 
tions. The most important developments in these theories to date have been given 
by Taylor"* and liy von K^Jinliii.*" An execUont survey of the status of the statistical 
theories of turbulence has been given recently by Dryde.^.’* 

11. Energy Changes in Atmospheric Wind Systems, it has been shown that the 
viscous effects create surface stresses that tend to destroy the atmospheric motion, 
and the magnitude of this shear stress at the surface is about 1 dyne per cm*. Since 
the mass of air in a unit column extending from the surface to the outer limit of the 
atmosphere is about 1 kg per cm*, a stress of this magnitude must have rather large 
dissipative effects. These effects will now be studied in a little more detail. 

Suppose the z-axis is taken parallel to the isobars, then the equation for equilib- 
rium in the y-direction [see Kq. (9.1)] is 

-Xpf=^(T..) (11.1) 

If this is integrated with respect to z, it is swn that 

pAf dz = -r,j* (11.2) 

.\t high levels, the shear stress must vanish and at the ground t., = to cos a. Thus 
M — pf (/* = Til cos a (11.3) 


The integral is the total mass transport acruas the isobars. [It was assumed in Kq. 
(11.1) that the i.sobnrs Were parallel at all levels in the friction layer.) This mass 
flows across the isobars into the low-pressure region. Since the pressure at any point 
is a measure of the mass of air above that point, the mass transport must tenil to 
equalize the surface-pressure ilifferential. For moderate niiids. t,, cos a may he taken 
as .about 1 dyne pi'r cm* and for miildle hititudes \ is about 10“* sec"’; therefore the 
mass transported across the isobar is uliout 10' grains ]x>r cm see. 

Suppose the isobar surrounds a eimilnr low of radius R. Then the total transport 
inward is 2tRM. fSince the area is xff*, the mean rate of pressure rise within this 
isobar is 


^ ^ 2Tff,V _ 2^ 
at * v«* R 


(11.4) 


If M ■= 10* grams per cm sec and R = 400 kin, then 

^ i dvne/cm’ sec = 1.8 mb hr (11. .5) 

at it 

This rate of pressure increase in the low' is high enough so that, if it were the only 
factor, almost any atmospheric low-pressure system would bo destroyed in a period 
of about 1 day. Since (he atmospheric cyclones last for much longer periods, there 
must be equally strong regenerative processes taking place in the levels above the 
friction layer. 

Similar conclusions may be obtained from a consideration of the rate of dissipation 
of the atmospheric kinetic energy by the viscous stresses, (’onsider a fluid element. 
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as shown in Fig. 49, which is of thickness dy in the y-direction. Then the work done 
per unit time on the fluid below this element by the shearing stress on its bottom 
surface is Hr., dx dy. On the other hand, the work done at the upper surface by the 

upper fluid is ^ (uTMjdzJ dx dy; therefore the net work done on the element 

per unit volume and time by the viscous stresses is (d/dz)(ilT„). Now 



^ /- 


. . a dv 


(11. ei 


Since (B/Szyr,, is the net force acting on the element 
per unit of volume, the first term on the right-hand 
side represents the work done by the visctius stresses 
in accelerating the fluid element. This is kinetic 
energy transferred from the rest of the fluid into 
the element. Since the total work done on the 
element is done at the expense of the kinet ic energy 
of the surrounding fluid, the difference T„{dii/az) 
must represent the kinetic energy dissipated within 
the element and turned into heat. Kach of the other 
eight viaeous stresses contributes a similar term to the dissipation funetion 4>, whieh 
gives the rate of dissipation of kinetic energy per unit volume. Thus 


' dx 


A. ^ A. 


’ ax 


+ T,, 


dl7 I I I 

a]? ^ ay Tz az 

, aa 


(11.7) 


If the fluid motion is horizontal so that w = 0 and if the horizontal variations of tli<‘ 
velocity are neglected, the dissipation fmiction is simply 


* 


an , a» 

T„ + r„ - 


(ll.Kl 


The viscous dissipation in a unit column of the atmosphere is thus 


D 


f" ( ^ j- 


dz 


01.9) 


If this is integrated by parts, it is seen that 

= («r„ + Ft.,) -/,"(« ~ r.. -(- 0 r.,) rfz (11. 10) 

The integrp.tcd part vanishes since the wind velocity vanishes at the surface and the 
shear stresses vanish aloft. If the x-axis is taken parallel to the isobars, the equations 
of motion for the friction layer [see Eq. (9.1)] may be written 

-T„ - -\pt 

■~T., = Xp(a - V,) (U.ll) 

where u, •= —(\/\i>)(ap/ay) is the geostrophie wind above the friction layer. Prom 
this 


M ^ Tm -I- f — r,* = - XpUjB 


( 11 . 12 ) 
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The viscous dissipation is thus 

(11.13) 

By Kq. (11.3), this may finally be written 

D = «jTi, cos a (11.14) 

A surface shear stress of 1 dyne per cm* corresponds to a gcostrophic wind of 
about 10* cm per st'c. The dissipation for this case is abotit 10* ergs per era* see. 
Since the mass in a unit column of air is about 10* grams, the total kinetic energy for 
this ease is about X 10*(10*)* = 5 X 10* ergs per cm*. In an hour the total dissi- 
pation would be 3.6 X 10* ergs per cm*, or about 1 per cent of the total kinetic energy. 
From this, it appears that the kinetic energy of the winds must be completely replaced 
every 100 hr. 

It is of interest to note that about half thie viscous dissipation occurs in the lowest 
20 or 30 m of the atmosphere. The dissipation in such a column of height z is 

If the T-axis is taken parallel to th<' wind dost' to the ground, then t„ = t„ and is 
constant for this shallow layer. Furthermore t,, = 0; therefore 

Di =■ Ton (11.16) 


where il is the wind velocity at the height z. Since the wind velocity reaches half the 
geosfniphic velocity at an elevation of from 20 to 30 in, half the total dissipation of 
kinetic energy occurs below this level. 

In order to discuss the manner in which the energy of the winds is n-plenishcd, 
it is necessary to iliscuss the distribution of energy in the atmosphere. This energy 
exists as gravitational potential energy, internal energy, and kinetic eni-rgy. .\ very 
simple relationship exists between the internal anil gravitational potential energy in 
the atmosphere. In a unit column, the potential energy is 


r = 



(11.17) 


By the hydrostatic equation, this may be written as 


If this is integrated by parts, it is ai'en that 

I «e f » 

-P\ + /„ P* 


(11.19) 


The integrated part vanishes at both limits; and, if the effects of moisture are neg- 
lected, p •= pK7'; therefore 


P = R 



(11.20) 


If the effects of moisture are iiegleeted, the internal energy* in this column is 


E 


c, 



(11.21) 


* It ia amumpd that the internal energj’ and the a|>ecific heat coefheienta are expreiuted in nipchanical 
energy unita. 
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Since o "= c» + R, the sum of the iiitemai and potential energies is 

P -hK = j“ pTdz (11.22) 

or F + K = kE (11.23) 

where it is the ratio of the apeeifie heats Cp/e,. For air, k = 1.40. In the atmos- 
phere, particularly in the tropical rt'gions, a considerable portion of the internal 
energy is contained as the latent heat of vaporization of water. This of course com- 
plicates the discussion and slightly changes the result. The importance of the water 
vapor in this problem has been discussi'd by Norniand.’* If the moditication duo 
to the water vapor is neglected, this result shows that, of any seven units of energy 
added to the internal and potential energy of the atmosphere, five units go into the 
internal energj' and two units go into the potential cncrg 5 '. 

Consider a fluid mass within a closed system, t.e., a system W'ith fixed insulating 
walls. For (his case, there can 1 k! no energy transfer, either heat or mechanical, 
through the walls. The principle «)f the conservation of energy thug requires that 

^^{K+P+R)^Q (11.24) 


where K is the total kinetic energy, P is the total gravitational poli'nlial energy, and 
E is the total internal energy. If this is integrated, it is seen that 

AK -A(P E) 01.25) 

If this closed system extends for the whole depth of the atniospliore, this can bo 
written 

AK = ~kAE (11.2fi'» 

This shows that, in such a closed system, any increase of kinetic energy can be pro- 
duced only by deereasing the internal and potential energies; furthermore, the kiucti<‘ 
energy dissipated by viscous stresses at once reappears as increases in the internal 
and potential energy. 

Margules” first applied these fonnulas to the problem of estimating the amount 
of kinetic energy produced by any given change in a hydrodynamic system. Before 
considering such calculations in detail, the expression for the internal energy of nii 
adiabatic layer will first be obtained. For such a layer extending between the levels 
Zi and Zi 

E - c. J” pT dz (11.27) 

By the hydrostatic equation, tliis is 

E=-^f'”Tdp (11.28) 

V Jpi 

ii-k) 

For an adiabatic layer, Tp * is constant; therefore 

T dp = ^ d(rp) (11 .29) 

Thus E - ^ 2^-1) ~ 

Consider a unit column in the atmosphere with two adiabatic layers next to the 
surface. Then suppose the lower two layers overturn without mixing, as indicated 
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in Fig. 50. Each layer may be assumed to retain its initial potential temperature, Si 
for the original lower layer and 8i for the oriitinal upper layer. As the pressure at 
any point is the weight of the air above that level, the gniuiid pressuri' p, is unchanged 
as is the pressure at the top of the two layers 
pi. Similarly if p„ is the pressure at the 
middle surface initially, pi + — Pm is the 

pressure at the middle surface in the final 
state. The temperature at any point is given 
by the potential temperature fur 


-•(£)*- 


(11.31) 



where po is the standard pressure of 1,000 
mb. Uy Eq. (11.30), the initial internal energy of the two layers is 




— Sip, 




(11.32) 


Similarly, the internal energy of the two layers in the final state is 


(“-33) 

From this the change in internal energy is 


Afi »> Es 


- - (,(21'- 1) 1 VpJ * + \vJ * P- \p. ) * 


- (P. + P< - pj ’ J (" -34) 


The bracketed quantity is the difference of nearly equal (iiianlities and is rather diffi- 
cult to evaluali' .\h long as the pressures p„ and p, are not very much different from 
po, a very simple approximate form can lie used, for 

- (' + ‘ ‘ r ('^) + • (»■»> 

If the two adiabatic layers are rather shallow, the higher order terms may be omitted, 
and Kq. (11.34) becomes 

DE - - {Si - Si) i P’ ~ P<^ (11 30 ) 

QK\tiK J } Po 

From this, it is seen that the internal energy is decreased if the initial condition was 
unstable so that S, < Si. liy Kq. (11.26), the kinetic energy that could be released 
by this overturning is 


_ 2c„{k - 1) (p„ - p„)(p„ - pi) 

g(2k - 1) 


(11 37) 
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It should be noted that there is no change in the internal energy of the air above the pi 
level. The mass of air in the two adiabatic layers is 


.If - 



(11.38) 


If the available kinetic energy ^\ere 1o l>e evenly distributed through this mass, it 
would correspond to a uniform velocity c where AK = 2^^^* 


. . A — 1 ..X (Pfl Pm)(Pm Pt) 

i - p.) 


(11.39) 


If the adiabatic layers are both 100 mb thick and the potential temperature dif- 
ference is 10“0, the speed c is 21.1 mps. For 200-mb layers with I0°tl potential 
temperature difference, the speed c is 29.8 mps. 

Margules carried out similar calculations using the exact formula, Kq. (11.34), 
for two adiabatic layers, each 2,000 ni thick, with a S'C potential temperature dif- 
ference. For this case, c = 15 mps. Margules also considercKl the case of two adia- 
l>a^ic air masses that initially lie side by side and in the final state lie with the lighter 
ones above the heavier. The horizontal extent of the two air masses was the same. 
For 3,000 m thick layers with a 5“!; potential temperature difference, the speed r is 
1 2.2 mps. If the potential temperature difference is incri'ased to lO^C, r = 1 7.3 mps. 

These calculations show that the vertical motions that are obseiwed during the 
development and occlusion process for a normal cyclone are a large enough energy 
source to explain the observed winds that accompany these storms. Those calcula- 
tions, of course, show only that the energy is availalde; they do not show why the 
energy is not immediately dissipated through small-scale turbulent motions instead 
of being used to produce the large-scale motions of the winds. 

Similar calculations giving the energy' available in a single layer of air having an 
unstable lapse rate have been given by Littwin,^* The effects of moisture in a single 
layer of air with a diy-adiabatic lapse rate has also been considered by Lit twin.” 

12. Perturbation Theory. It has been shown that dissimilar air masw's could 
be in equilibrium with a sloping discontinuity surface separating them. It was also 
seen that this horizontal juxtaposition of dissimilar air masses represents a certain 
potential energy source that might be transformed into kinetic energy' of motion. 
It thus seems necessary to discuss the stability of these discontinuity surfaces in order 
to determine whether or in what manner this energy of mass distribution can be 
realized. For this purpose, the linearized theory of small disturbances (or, briefly, 
the perturbation theory) is the appropriate mathematical tool. Couiplctc diseussions 
of this problem have been made by V. Bjerknes and his collaborators.” In this 
investigation, the effects of viscosity and of compressibility will be neglected. 

The equations of motion arc then 

^ + v Vv -l-2« X V - -ivp -t-F (12.1) 

tfl p 


and the equation of continuity is 

V • V - 0 


( 12 . 2 ) 


Suppose these equations, together with euitablc boundary conditions, are satisffed 
by a mean velocity field V and a mean pressure field P. Suppose further that a small 
disturbance is superimposed on this mean field so that 


T - V -h t' 

p -P + p' 


(12.3) 
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where v' and p' are the velocity and pressure disturbances. The equations of motion 
)>ccome 

^ + V ■ W + 24* X V + ~ + v' • Vv' + 2u X V' + V ■ Vv' + V' . VV 
di ol 

= -1 VP - -Vp' + F (12.4) 

P p 

Similarly, the equation of continuity is 

V . V + V ■ V' - 0 (12.5) 


Now the mean flow satisfies the equations of motion and continuity, and therefore 
the terms involving only the mean terms drop out. The equations for the disturbances 
arc thus 


and 


— + v' • Vv' + V • Vv' 4 v' • VV + 2<* X v' = - -- Vp' 
dt p 

r • v' - 0 


( 12 . 6 ) 

(12.7) 


From this, it is seen that the continuity equation has the same form for the disturbance 
terms as for the mean flow. If the disturbance velocity is assumed to be small when 
compared with the mean veloeity, every term of Kq. (12.61 is a first-order term except 
for v' • Vv', which is of the secoiul order and may lie neglected for sufficiently small 
disturbances. If this term is omitted, then the equations of motion become 

-f- V ■ Vv' -b V' • VV -b 2<* X V' = - i Vp' (12.8) 

dt p 

These linearised equations of motion, which are valid for Buffieienliy small disturb- 
ances, are called the perturbation equations. For the special ca.se to be considered 
here, in wliieli the <listurhances in a unifonii rectilinear flow m the r-direction so that 
V “ f’i are considered, Kq, (12.8) takes the simpler form 

+ 2« X y' = - ’ Vp' (12.9) 

at dT P 


Let us consider, as an example of the application of the perturbation equations 
the two-dimensional problem of gravitational ^ 

wave niotioii in a single layer of fluid. It will 
1)0 assumed that the fluid is initially stationary 
so that V = 0 and that the motion is on 
small enough scale so (hat the Coriolis terms” 
may be negleet<‘d. Suppose the mean depth of 
the layer is h and the wave amplitude is y, as 

shown in Fig. 51. The origin of the e«mrffinate ^^^^^^^ - JC 

system is taken at the bottom of the layer. gj 

If the perturbation velocity components in the 

X- and z-directiona are u and te, respectively, the perturbation equations for this 
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Since these equations are linear with constant coefficients, the solution can be of a: 
exponential form. An exponential solution that corresponds to a wave prof^rcssini 
in the positive avdirection with a velocity r (c js O) is 

p' = 

where A, B,’and C are complex constants and only the real part of these expn^asioni 
are to be used. These will he a solution of the perturbation equations if 

—ikrA + ikC = 0 
-itrft + xr = 0 

tkA +\B =0 (12.12) 

From these, it is seen that 

-C 
r 

Ic (12.13) 

±k 

Two solutions are thus found, one for X = k and the other for X =• —k. 

Suppose Ai, /fi, and C, are the constants <i»rrehpondJij(? to (he first solution X = /(•, 
and As, /is, and {'s are (he constants corresponding to the second solution Since the 
equations are linear, the sum of these two solutions is a more general solution. For 
this case 


A = 

B = 
X - 


to = (B,e^ + (12.14,1 

At the bottom of the layer, the vertical velocity must be aero, and this can be satisfied 
if B, = —Bs. From Kq. (12.13), it is seen that At = As and C, = Cs. In addition 
to this condition, the motion must also satisfy the boundary condition (hat the pres- 
sure is constant on the top surface where g = A + v- For the equilibrium condition 

P -gp(i - h) + Po (12.1.)) 

if the pressure is taken as pn at the free surface. The total pressure is thus 

P “ ~Sp(r — A) +pr'i(c** ' -f- po (12.16) 

This pressure will be po at the free surface if 

0 = -ffpi? + r,p{e‘»^’'> f-kixHiyK*----'' (12.17) 

Since the perturbation must be small, A, B, and C and jj are all small quantities. If 
only first-order terms are retained, Kq. (12.17) becomes 

2 

V = ^Cicosh (Aft )«’*'»-■'' (12.18) 

The wave amplitude must also satisfy the purely kinematic condition at the wave 
surface that 


at 


w 


( 12 . 10 ) 
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If the second-order terms are again omitted, this may be written as 

ikr 

—2 — C, cosh (**)«•■*<”*> = sinh (12.20) 

or f’ = |tanh (kh) (12.21) 


This formula determines the speed of propagation of the wave r in terms of g, h, and 
the wave length L = 2r/k. The wave velocity has two possible values, one positive 
and one negative. This indicates that a wave disturbance of a given wave length 
will travel in either the positive or negative x-directiens with the same speed. 

These results may be summarized in a somewhat more simple manner by writing 

, = ( 12.22 


so that the maximum wave height is given by the magnitude of a. From £q. (12.18) 


a =- Cl cosh (kh) 
9 


The final solution for the perturbations is as follows; 


11 


11 ’ 

P' 

P 


ag cosh jkz) 
c cosh (kh) 

_ . ag sinh (kz) 
c cosh (kh) 
cosh (kz) 


f>tk{x—et) 


ag 


cosh (kh) 




(12.23) 


(12.24) 


It is of interest to consider tlie special case for which the wave length is long com- 
liared to the deptli. For this case, kh = 2trh/L is a small iiimutity, and tanh (kh) is 
ipproxiinutely kh. This is within 1 per cent of accurate if L/h > 40. For this case, 
the wave velocity equation is simply 

c’ = gh (12.25) 


«) that disturbances of all wave lengths travel at the same .speed. For this approxima- 
ion, Fq. (12 24) shows that the velocity « is constant in any given vertical column and 
he vertical velocity w i.>i a linear function of the distance from the bottom. 

A seconil special case is that of wave motion in very deep water, where the wave 
eiigth is small compared with the depth. For this ease, tanh (kh) = 1. This is 
vithin 1 per cent of accurate as long ns L/h < 0.4. The waves in the open ocean 
hus come in this class. For this case 


c’ 


£ 

k 


(12.26) 


ind it is seen that long waves travel faster than short waves. 

These results were computed on the assumption that the waves were of the pro- 
sri’ssive type and were moving with a wave velocity r; however, the results may be 
■oiiibliied so IU9 to obtain the theory for standing waves. Since the equations arc 
inear, solutions may be suiierim posed. Consider one wave train for which the wave 
iiirfaee is given by Kq. (12.22), and superimpose upon this a second wave train having 
he same shape at t = 0 but traveling in the opposite direction. The combined wave 
lurfaec is given by 


ir 


v ” 2a cos (fcc/)e*** 


a2.27) 

(12.28) 
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This is a standing wave of twice the amplitude, the same wave length, and of a fn 
quency kc. The velocity and pressure perturbations for the standing wave may I 
obtained by superposition from Kq. (12.24). 

If one considers the wave motion in a fluid having two layers of different densitic 
and a free surface at the top, the problem is ooniphcated by the fact that there may h 
wave disturbances in the inner surface separating the two fluids. This problem hs 
been considered by Kkman,” who used it to explain the phenomenon of “dea 
water” encountered in the Norwegian fiords, where there is a layer of fresh wate 
over salt water. 

After this preliminary discussion of gravity waves, we shall now' consider thi 
problem of wave disturbances in a frontal surface. The polar front will bo approxi 
mated by a plane frontal surface with an east-west intersection with any honzonta 
plane and with a slope upward toward the north at an angle a. Take the x-axis n 
the frontal surface toward the east, the y-axia in the frontal surface toward the north 
and the z-axia normal to the surface, as shown in Fig. 52. In this coordinate systen 

u = ufeos (v — o) j + sin — a) k] (12.2U 

and F = — (/(sin a j cos a k) (12.30 


z 



Suppose that in each air mass the velocity is horizoutal, constant and parallel to the 
frontal surface so that V = I'i. 'ITie flow pattern is then the same us that discussed 
on pages 441-443. 

For the undisturbed state, the equations of motion give 


6p 

dx 

dy 


0 


-pi'ZUu,. - h\) 


= p(2f/«, -h F.) 


(12 31) 


The pressure in the undisturbed state can thus be written as 

F = p„ — p(2Uu, — F,)tj + p(2Uu, + F,)x (12.32) 

If unprimed quantities are used to refer to the lower fluid and primed ones for the 
upper, the condition that the pressure must be continuous along tlie frontal surface 
z = 0 is that 

p(2Uo,, - F,) = p'(2{/'u.. - F,) (12 33) 

This equation determines the slope of the frontal surface, for it may be written as 
[see Eqs. (12.29) and (12.30)] 

p[2U<i> sin ((« — or) -|- y sin «] = p'[2U'a sin (»> — or) -f- y sin a] (12.34) 

2 a sin ip{pU — p'V ) 

gfp — p') — 2u cos ip(.pff — p'fF) 


From this 


tan a — — 


(12.35) 
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This is the same formula for tho slope of the frontal surface as that obtained from 
Kq. (7.6) with ^ = 0. 

If tho perturbation velocity eumponents arc a, v, and w, the perturbation equations 
fur this ease are as follows: 


Oh 

Tl 


■1- 2vai)y — 2vuc H — =* 0 

dx p ax 

M + 2«m. + - = 0 

at aX p oy 

3w , au) .1 rip' „ 

at dx " p dt 

da , a» , ihp - 


(12.36) 


All exponential solution of these equations which eorri'sponils to a wave traveling 
in the i-direetion with a velocity c is given by 


s J 

t) SS «<} 

(12.37) 

IL. 5= i4li— rO 

P 


It may be noted that tho perturbation is assumed to be independent of the y-eoordi- 
nate. Now Kq. (12.37) will be a solution of the perturbation equations, provided 
that 


-ikU - 0.1 - 2«,J¥ + 2«,r + ikl) = 0 
%^.A - ikir - f )ft = 0 
-2uyA - ik(c - DC + \/J = 0 
ikA + XC = 0 

From the last ihree of these e<|uationh, it is seen that 


Ji = - 


t2u>, 

k(r - D 


A 



/l = [?^“+g(r-r)*]A 


I’he first equation of (12.38) will then be satisfied if 

k" 4„.» 

X» “ kHc - I'P 


(12.38) 


(12.39) 


( 12 . 40 ) 


For the present, let us consider e as being real. Then, if c — I' is small enough, X 
must be pure imaginary. This corn'sponds to perturbations that are periodic in the 
r-direetion. If the fluid is of infinite extent on either side of the frontal surface, such 
periodic perturbations would require infinite kinetic energy and may be eliminated 
from consideration. This nieaiis that the frequency of the wave motion as seen by 
an observer moving with the air mass must be greater than 2u, or 

|fc(c - in\ > 2«. 


(12.41) 
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With this restriction, it is seen that 
X = 


iAj 


(1 - [4«,V**(r - £0’1|W 


(12.42) 


If the motion is such that the (briolis terms may be neRlected, this reduces to X = ±k, 
as in Kq. (12.13). Since the amplitude of the frontal disturbance must vanish at large 
distances from the front, the X for the lower fluid is 

where k is considered as positive. Similarly 


X' 


-k j^l - 


fc«(c 


du,® 1-w 

- vr 1 


(12.44) 


where primed quantities refer to the upper fluid and the principal value of the square 
rout is used. 

If the wave surface is given by 

, = (12.4.')) 


then the kinematic relations relating this amplitude with the velocity fields are that 




dt 


+'"S 


V’l.-n 


Thus, if second-oitler quantities arc neglected 


-ik(c - V)a = a 
-ik(e - l")a = C 


(12.4(1) 


(12.47) 


The other boundary condition that the fluid motion must satisfy is that the pressure 
must be continuous across the front, or 


(P + p').-, = (/> + p'Y.^ 

By means of Bqs. (12.32), (12.33), (12.37), and (12.43), this can be written 
p[(2f -\-F.)a + D\ = p'l(2U'i^, + F.)a + ir\ 

From Kqs. (12.39) and (12.47) 

D = (c - 17) [2«, + ^ (c - f7) I o 
D' = (c- V) [2«, + (c - 17')] a 


(12.48) 

(12.49) 


(12.50) 


By means of these relations, the preswjre equation that determines the wave velocity 
can be written os 


n [(F. + 20.,) + ^ (e - t^)’] = P' [Cn + 2rw,) + ^ (« - f")*] (12..51) 

Because the solutions of this equation are very complex, it is advisable to consider 
first some special cases. 

Suppose the motion is such that the Coriolis accelerations are negligible. This is 
the case for disturbances of a fairly short wave length. For this ease, a = 0, F. = — p. 
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X = it, and X' = —ft- The only restriction on c is that it cannot equal 17 or The 
wave-velocity equation is thus 


Pl-g + fc(f - E/)*l - p'l-g - He - ur] 

This is a quadratic equation for the ware velocity, and its solution is 


. PU + P'^’’ X \9_(P- P') _ _ V , „ _ f 




(12.52) 


(12.53) 


p + p' Lk{p + p') 

If the density of the upper fluid p' is taken us zero, this shows that the wave velocity is 

€=■ U ±\ll (12.54) 


BO that the wave velocity relative to the moving fluid is given by the same expression 
as Jiq. (12.26). For the wave velocity in the frontal surface, the first term on the 
right-hand side of Fq. (12.53) is a mean velocity of the two fluid masses; the wave 
motion tiicrefore has two equal velocities, one to the right and one to the left, relative 
to (his mean velocity of the fluid masses. This first term is called the convective 
compimenl of the wave velocity, and the second is called the dynamic component. 
This solution apparently gives the wave velo<‘ity as a continuous function of the wave 
length L = 2r//c; however, it should he noted from Eq. (12.38) or (12.39) that the 
solution breaks down for c = f ’ or I’’. 

(’(insider the chs<' for which both fluids are stationary and f/ = I/' = 0, then 
Eq. (12.53) becomes 


f 


± 


* jg(p — p') 

^k{jp -t- p') 


(12.55) 


By comparison with Eq. (12.26), it is S(vn that, as the density of the upper fluid 
iiicrwises from zero, the wave velocity continuously decreases and b(-comes zero for 
P = p'. For p < p', i.f., for the case with the heavier fluid on top, the wave velocity 
becomes an imaginary quantity. From Kq. (12.45), it is seen that, if the imaginary 
part of r is positive, the wave amplitude increases with time. The two iinngimiry 
solutions thus correspond to one wave that increases in amplitude and one wave that 
damps out. For this euse, the lu'uvier fluid is on top, and the wave disturbance con- 
verts this iKiteiitinl energy of mass distribution into the wave motion, which increases 
in amplitude. Such a wave, which increases in amplitude by converting other forms 
of energy into the kinetic energy of the wave motion, is railed an unstable wave. For 
this particular cnae, waves of any wave length are unstable. 

From Eq. (12.53), it is seen that, if there is a velocity differenee between the two 
fluids so that f.’ — 0, complex values of c and thus unstable waves can exist 

even if the lighter fluid is on top, provided that the wave length is short enough. 
The critical wave length that separates stable and unstable waves is 

= (12.56) 

If p'/p = 0.95, which corresponds to an atmospheric temperature difference of 15°r 
if the upper air mass is at 300“K, and if — f' = 10 nips, the critical wave length 
is 625 in. For the unstable sliorter waves, the wave energy is obtained from the 
kinetic energy of the motion of the fluid masses. This instability of the short waves 
causes some mixing at any atmospheric frontal surface, and a narrow mixing zone 
between the two air masses is therefore created. 

Stable waves of the type determined by Eq. (12.53) arc frequently observed 
at the lop nr bottom of cloud strata. The application of this formula to the study of 
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such cloud waves has been made by Wejtener.’* A more complete theory taking into 
account the compressibility of the air has been applied to this problem by Ilaurwits.’* 

If the wave length is very long, the Conolls acceleration terms may not be neg- 
lected. It the Coriolis terms are included, the frontal surface is inclined a certain 
potential energy of mass distribution therefore exists even though the lighter fluid 
is on top; for the heavier fluid may flow under and force the lighter fluid aloft. If the 
Coriolis terms are included, the wave velocitj' is given by Kq (12 51). 

Ijet us consider next the case for wliieh the front is purely a velocity discontinuity 
so that p = p'. Kor this case, « = ^, w, = 0, <i)» ■= <«, X = k, and X' = —I. 'J'lie 
wave-velocity equation is simply 


or 


(c - I/)’ = - (r - U'y 

ir + u’ . .r - (•' 
^ +.-2 - 


(12.57) 

(12..58) 


It appears that for this case the ('orioHs acceleration has no effect, and the instability 
due to the shearing motion of the air masses is observed. Since this instability exists 
for disturbances of all wave lengths, frontal systems of this tyjie \Mth the same den- 
sity in both fluid masses must be expected to develop very aide mixing zones, oaing 
to the unstable wave motion. 

For this case, the Coriolis term involving u„ was seen to have no effect. This is 
generally true; for this component occurs only in the term F, + 2ru„; and is by far 
the largest term unless c is very large. However, if c were to be much larger than, 
say, 300 mps, the compressibility effects must also be considcn'd. 'I'hus, over the 
entire range for whieh JCq. (12.51) is applicable, w, may be negjpcietl and the wa\e- 
velocity equation is 

P [P. + Y ('■ - Uy] = P' [ (12 59' 


Let us consider next the special case for which the velocity is uniform across the 
front and U = V. For this case, a is practically zero; therefore F, = —g and 
u, = u sin >p. By means of Eqs. (12.43) and (12.44), the wave-veloeity equation 
[Gq. (12.59)] becomes 


(c - fl 

k’(c-l/)*J k(p+p') 


(12 fiO) 


Since the square root is positive, it is seen that the wave is stable if p > p' and unstable 
if p < p'. This is true for all wave lengths just as in the case for which the Coriolis 
terms were neglected. 

The coiiiplcle discussion of Eq. (12.59) for the case with both velocity and density 
discontinuities has hecn considered in some detail by Bjerknes cl al.’’" Owing to the 
eoniplexity of the problem, the calculations will not be repealed here. They find that 
for short wave lengths the wave velocity is given very clobcly by F.q. (12 53) ; however, 
certain additional wave velociti<*s very close to the critieal velocities r ~ U or V 
are found For short wave lengths, these roots are not signifleant, however, for very 
long waves having a wave length of the order of 1,000 km, these additional wave 
velocities become complex. These very long wave disturbauecs are thus unstable if 
the ('oriolis t(>rm8 are included. 

The existence of these unstable long waves is the basis of the wave theory of the 
origin of the polar-front cyclones that was proposed by V. Bjerknes and his collabo- 
rators. According to this theory, the unstable long-wave disturbanres in the polar 
front cause the potential energy due to the sloping discontinuity surface to be con- 
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vpTted into the kinetic energy of the wave motion. As this wave motion becomes 
more intcnBe, if is observed on the synoptic scale as a young cyclone. Since the wave 
theory developed above assumed that the disturbance was small, it can be applied 
only to the initial stages of the developmi*nt. The further development of the 
cyclone and the occlusion process cannot be discussed by this means. Some con- 
siderations of the development of finite waves that can be applied to the occlusion 
process have been made by Itosenhead.*” 

V. Hjerknes et a/. “ have also considered some of the effects of compressibility and 
of the restrictions due to the earth’s surface on the polar-front waves. 

13. Atmospheric Tidal Motions. After discussing the long cyclone waves in the 
polar front, it seems appropriate to c.msider next those even larger scale phenomena 
which involve motions of the entire atmosphere. Since half the total mass of the 
atmosphere ocr-urs in tl«‘ first 6 km from the surface, the atmosphen- is an extremely 
shallow layer of fluid if it is viewed on a planetary scale. For any disturbance that 
involves a considerable p<irtion of the atmosphere, the wave length must be very long 
in comparison with the depth of the fluid. In the theory of gravity waves in an 
incompressible fluid, it was seen that for such long waves the motion was primarily 
horizontal, with the rutin of the horizontal velocities to the vertical velocities being 
of the order of the wav«' length <livi<led by the fluid depth. It will be seen that this 
same conclusion holds for the large-scale motions of the atmosphere where the effects 
of compreshibility must be considered. It thus appears that the vertical accelerations 
may h<‘ neglected for these large-scale motions. Hecause the first class of fluid motions 
of this gi'ncrul nature to he in vestigatisl was the oceanic tides, these large-scale motions 
an- generally called hdal niolionn. 

Ijct us first consiiler the problem of small disturbances in a stationary atmosphere. 
l,ct z be the normal distance from the earth’s surface, and let the density pc, and the 
lircssure /in in this stationary atmosphere be functions of r only. The pressure and 
density in the undisturbed condition are related by the hydrostatic equation 


il/le 

Oz 




(13.1) 


In the disturhed condition, the velocity is v with the components (w,e,te); the density 
is p = pii -h p', and the prcs.surc is p = po -h p'. 

The equations of motion as linearized for small di.slurhancps are 

’’7 - 1 - 2« X Vp' -I- ^ F (13.2) 

<lt pu pi> 


whert* F is gravitational force vector or F * M'liere k is a unit vector normal 
to the surface. Since po is not a function of the time, this tnay also be written as 




I V -I- - — 

Po St Pa dt 


If the equation of continuity is similarly linearized, it becomes 


at 




(13.3) 


(13.4) 


We shall assume that for the disturbed motion the density is a function only of the 
pri'ssure and that 


Dp 

Dp 


c' 


(13.5) 
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I that r is the rate of propagation of a sniali pri’snii rc‘ pulw'. This may also be written 

( 13 . 6 ) 


If this expression is also linearised, it is seen that 

Ity means of Eq. (13.1), this leny also Iks written as 

~ = Po(gtir - c‘V -y) 
al 


( 13 . 7 ) 


(13.8) 


If the expressions for 3p’/dt and dp'/3t are substituted in lOq. (13.3), if is seen that 

g + 2« X - r(r« V . V - ,«,) + kv . V (, +£^“) (13.9^ 

These are the pertxirbation equations for anmll disturbances in a stationary 
atmosphere. 

For certain oases, these equations may be siniplifted. The first ease occurs if the 
atmosphere is in convective equilibrium, and the expansions due to the disturbances 
are also adialiatie. Fur this case 


p = Bpf 

whore B is a constant and y = Cp/c„ For this case 

Dp p 

Thus ^ yHT 

I'p 

Since the density is a function only of the pressure 

6;>ii ^ Ijp ^0 

~dz J)p dz 

By Eqs. (13.1) and (13.12), this can be written 


r* dpo 
po 3z 


+ 9 


(13. 10) 

(13 III 
(13.12) 

(13 13) 

(13.11) 


therefore the last term in Kq. (13.9) is identically sero. 

This result is also obtained for an isothermal atmosphere that is in radiative 
equilibrium if the disturbances are slow enough so that they also follow an isothermal 
law. For this case 


where T is constant; therefore 


p = pRT 


Dp 

Di 


c» = RT 


( 13 .].')) 


( 13 . 16 ) 


Since the density is again a function of the pressure alone, Eqs. (13.13) and (13.14) 
apply for this case too. For either of these special cases, the perturbation equations 
are thus 
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'or the isothermal atmosphere, c* is constant; but, for the adiabatic atniuspberc, r* 
aries with the altitude. 

The perturbation equations iie|;ie('ting the Coriolis terms have been discussed by 
amb,*‘'“' and his treatment will be followed here. If the Ccnolis terms are neRleoted, 
lie perturbation equations fur cither the adiabatic or isothermal ease are 

_ = vrev ■ V - JW.) (13.18) 


'his equation may be solved most readily in terms of the velocity potential function, 
'he density is a function only of the pleasure lor both cases; therefore the Bjerknes 
irculation theorem, with the Coriuhs term omi'ted, shows that the circulation around 
ny arbitrary contour formed from a f;iven set of fluid elements will remain constant, 
lince this circulation is lero for the undisturbei' state, it must remu.n zero. Since the 
irculation around any contour simply Hie flux of vorticity throui;h the contour, the 
irculation around any arbitrnry r'ontour can be .'.ero only if the vorticity is everywhere 
ero. The fluid motion lor thca<> per* urbat ions is thus irrotational, or 

V X V = 0 (13.19) 

t is apparent that this condition satisfies Kq. (13.18). Since the curl of the velocity 
■ector is zero, the velocity vector itself must be the gradient of some scalar function, or 

V = Vv> (13.20) 

I'he scalar function ^ is called the velocity polenltal. In terms of the velocity potential, 
*;q. (13.18) Viecomes 

v(g-c*rv + «f|;)=o (13.21) 


The hracketod quantity must thue be independent of the spatial coordinates Since 
in arbitrary function of tunc may be added to the velocity potential without changing 
he values of the velocity coniiioncnts, this may' Iw integrated, and 




_ ps vv - g 


dZ 


(13.22) 


In an adiiihatic atmosphere, the trnipcnitiirc dccn'ascs upward at a constant rate 
■f the subscript » denotes surface values, the conditions in the equilibrium state are 
'iven by 

7’„ = 7’, --^z (13.23) 

riio atmospherp for this caso has a definite outer limit ai the point where 7"o vanishes 
The depth of tlic atmosphere h is 


h =^T. (13.241 

ri»o temperature can thus be written as 

T„=^(h-z) (13.25) 

Ip 

c« - ^ (fc - z) 
c. 


By Kq. (13.12) 


(13.26) 
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It is also convenient to introduce at this point the depth II of the equivalent homo- 
geneous atmosphere where 

II = ^ r. (13.27) 

0P> 0 

Bv Kq. (13.24), this may also be written 

n ^ —h (13.2R) 

Since the adiabatic atmosphere has a definite upper limit, it has certain mathe- 
matical advantages over the isothermal atmosphere. Let us investigate the horizontal 
propagation of a wave in the adiabatic atmosphere. Suppose 

- /'(«)«•<*»-"> (13.29) 

This will satisfy Eq. (13.22) if 

0 = (’3.30) 


In order to solve this equation, it is convenient to introduce £ ^ h — i and m = r , /!{ 
Then 

This may be further simplified by putting 

P = e-«0(f) (13.32) 

Then £ + (m - 2fr£) - 2kaQ - 0 (13.33) 

where 2a = m ^1 — (13.3-1) 

Equation (13.33) is the standard form for the confluent hyp<*rgponie1ric function"*; 
therefore its solution is 


Q = diEi(a;m;2fc£) + B(2fc£)»- "iFda - ra - 1; 2 - m; 2t£) (13.35) 

where the confluent hypergeonictric function is 


iEi(o;m;2ir£) 


1 4 _ “ (2kl') -1 + ’) 

^ 1 • m ^ 1 • 2 • m(m -h 1 ) 


f2fr£)« -I- 


(13.36) 


and A and B are arbitrary constants. If Eq (13.6; is linearized, it is seen that 

W “ ('Jir - V ~) (13.37) 

At the outer limit of the atmosphere, this must vanish. Now p„ varies as £”, and near 
the outer limit, varies as £“"* unless B = 0. Since l)p/lJt w<iuld thus approach 

a finite limit at the outer edge of the atmosphere, it follows that B = 0, and the 
velocity potential is 


<r = 


K,F,(a-m]2k() 


(13.38) 
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For any given wave length, the permieaihle values of a and thus of a are determined 
from the other boundary condition that the vertical velocity must vanish at the sur- 
face, or = 0 for ( = h. Thus 



a + 1 
i -(m +'l) 


(2kh) 

[1 + 


I (« + 1)(« -1- 2) 1 


1 ■ m 


(2kh) + 


(a -t- 1) 


1 • 2 • m(m + I) 


[2kh)* -I- 



(13.39) 


This dotormines a as a function of kk. 

Our chief interest is in waves that are lonj: compared with the depth so that kh 
is small. For very small values of kh, the firs* approximation to the solution of Kq. 
(13.39) is 2a/m = 1. A second approximation is given by 


2a 

tn 


1 + 

1 -f- (ffi 2 /fn -f- 1 )kk 


kh 

tn i 


+ 0(kh)‘ 


(13 40) 


From Eq. (13.34), it is seen that 

ff 

k 




0k 

m -b 1 


Since m -1- 1 = Cp/K, this can also be written as 


(13.41) 


(13.42) 


where II is the depth of the equivalent homogeneous atmosphere as given by Kq. 
(13.28). For a surface temp<'rature of l.^'C, // = 27,640 ft and it/k = 943 ft per sec. 
Since a/k is the speed with which the wave moves, it is W'cn that the speed of propaga- 
tion of the long waves in an adiabatic atmosphere is the same as the speisl of propaga- 
tion in tlu“ equivalent houiogeneoua atmosphere. 

For these long wavi'H, the velocity potential of Eq. (13.38) can be written as 








(13.43) 


'riie remaining terms are of higher oriler in k and may be neglected, 
coinponents arc thus 


u 

V 

w 


= 0 

_ k^Az 
m 1 


The velocity 


(13.44) 


Thus the horizontal velocity components are independent of the elevation, and the 
vertical velocity varies linearly with the elevation, l-’iirtherniore w/u = —ikzj 
(m + 1 ), and this is of the saiiie order as kh since z ^ h. We see also from Eq. 
(13.22) that 

v - ^ (13.45) 

AJe^h 

so f’V ■ V — gtc = — (13 46) 


where the terms of order k* or higher have Ix'cn neglected. This quantity is also seen 
to be practically independent of the elevation for long waves. 

In an isothermal atmosphere with isothermal expansions, Kq. (13.22) may also 
be applied. Since c' is constant in this case, it is possible to find solutions that are 
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indcpradeiit of z and represent purely horizontal motions. For oxampio, PjQ. (13.22) 
is satisfied by 

(13.47) 

For this ease, the wave voloeity is independent of the wave length and is given by 
c = or r = -v/g77 just as in Kq. (13.42). Furthermore, w = w = 0; and 

u = (13.48) 

The disturbanee vcloeity is again independent of the altitude. 

In an isothermal atmosphere with adiabatic expansions, it is not possible to use 
the velocity potential, for the density is no longer a function of the pressure alone. 
For this case 


, c* Spa . . , 

+ - .. = -(y - 1)« 

Pu az 

if the ('oriolis terms are omitted, lOq. (13.9) then bi-comes 

^ = r(c« r ■ V - ffie) - kfv - Dp r ■ V 


(13.49) 


(I3..';0) 


Since c* is constant, it is possible to tiiid n soUitioii with purely horizontal iiiotion.s. 
It is easily verified that a solution of Kq. (13.r)0l is given by a = le = 0 and 


^ nKx-wi + f, 
u «= ' 


(13..')D 


This is a wave propagated with the velocity c = \/yHT. For air, y = 1.40; therefore 
the wave velocity for this case may be written c = 1.18 For a siirfaci' tiun- 

peraturo of l.')‘’( ', this makes <■ = 1,1 15 ft per sec. It may be noted that for this case 
the horizontal velocity increases wifli the elevation ; however, the momentum pnu and 
the pressure variation D-p/Dt both diminish with altitude. 

Lamb also calculated the speed of propagation of long waves in an atmospheie 
having a lapse rate of half the dry-adiabatic lu[>se rate with adiabatiedisturbances. 
For this ca.se, he found that the .speed of pnipagntion of long waves is 1.07 y/^I. For 
a surface temperature of 15°C', this is 1,010 ft per see. 

G. I. Taylor*-* has e.omputed in the same manner the velocity of propagation of 
long waves in an atmosphere in which the temperature falls linearly from 283° K at 
the ground to 220°K at a height of 13 km and is constant almvc that level. For this 
case, he finds the velocity of propagation to lie 1 ,024 ft per sec. 'riiis is very close 
to the value of 1,046 ft per sec observed from the air waves caused by the explosion of 
Krakatau in 1883. 

This problem has been treated more recently by Pekeris.** He further refined 
Taylor’s calculations by including the GorioUs terms and by considering the tempera- 
ture maximum that occurs at about 60 km in the high levels of the stratosphere. 

These same methods can be used to discuss the large-scale oscillations of the earth’s 
atmosphere as a whole. If the effects of rotation are neglcct<‘d, Eq. (13.22) can be 
used to discuss the isothermal oscillations of an isothermal atmosphere. In polar 
coordinates { 1 , 6 , 41 ) with 6 being the angle from the north polar axis and 4 > being the 
meridional angle, Eq. (13.22) may he written 
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If we asaiinie that the motion it. primarily horissontal so that ii<p/ar = 0, this becomes 


Hill 9 de\ 
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1 ay 

sin® 9 di(>“ 


r® 9*^ 

jT® 


0 


(13.53) 


Since the depth of the utnioHjihere is sniiill compared with a, the radius of the earlli r 
may be replaced by a in this equation. Assuiuc tliat 

v: = }‘(e)t'‘"< ”♦> (13.54) 


This represenlH a Wave distiirViance traveling along the latitude circles with an angular 
velocity <r/m. Since the velocity liehl must In Hiegle-valiied, ni must be an integer. 
With these u.suumpt ions, Kq. (13.53) may he written as 


where 
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sm 0 


^0(™'’d0) + l 


n(» + n - 


sin® 9 


j /" = 0 


p.n + 1) =- 


(13.0.5) 
(13. .56) 


This is practically the standard form of the equation for the associated IjCgeiidrc 
functions.'® and it is well known that this e(|iiutuin has a solution that is finite over 
the range 0 ^ 0 ^ ir only if n is an integer. The niitunil frequencies of an isothermal 
atmosphere with inotherinul expansions on a nrmrotating sphere is thus given by Kq 
(13..5f>) with inti’giT values of n. The periiHls of the natural oscillations are thus 


2t _ 2sr a 

<r Vnta + 1) <• 


(1.3..-)7) 


If we take o = 4.000 miles and r = 943 ft per sec (1.5°('), the tw'O longest periods are 
27.(1 hr and 16.0 hr, corresponding to ri = 1 ami n = 2. respectively. 

If the elTecta of the earth's rotation are to be considered, Kq. (13.17) rather th.sn 
Kq. (13.22) niiist he usc<l. If Ok- vertical x'cloeities are neglected and r is std eqii.sl to 
«, Kq. (13.17) becomes, in polar ciKirdinates 
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(13..58) 


(13 ,59) 


and where v and a are the velocity components to the east and north, respectively . 
Ill an isothermul atmosphere, c® is constant; therefore the solutions of these equations 
show the sanu' velocities iit all elevations. Tliese same equations arise in the theory 
of the free oscillations of a liquid ocean of constant depth on a rotating sphere. The 
calculations of the periods of the free oseiUations of an i.sct hernial atmosphere wi'ri' 
carried out in tliis manner by Margules.®® He assumed, as in Kq. (.13.54), that the 
solutions were of the form of a fiinetioii of 9multipliiKl by He used a teiu- 

perutiire of 0°(’ and a propagation velocity c = 2.84 X 10'* cm per si'C. For the 
zonal type of oscillations (ni = 0), he found the three longest periods to be 20.44, 
12.28, and 9.59 hr. For in = 1, the three longest periods of waves traveling toward 
the oast wen' found to he 13.87, 9.22, ami 6.63 hr. For in = — I, the waves traveling 
to the W'est weri' fotiinl to have periods of 36..57, 10.22, and 6.77 hr. For jii = +2, 
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he found the longcat periods to be 11.94 and 18.42 hr for waves traveling east and west, 
respectively. 

These free oscillations of the earth’s atmosphere are of great interest in the study 
of the regular oscillations of the surface barometric pressure due to tidal motions of 
the atmosphere. It is observed that the most regular barometric oscillations have 
solar diurnal and semidiurnal periods. On the other hand, the corresponding lunar 
tides are almost unobserved. For example, the semidiurnal solar tide is found to have 
an amplitude of 0.0375 in. of mercury at the equator, while Chapman** finds the semi- 
diurnal lunar tide to have an amplitude of 0.00036 in. of mercury at Orecnwicli. 1 1 
has been suggested that the solar semidiurnal tide is amplified by a near resonance 
with one of the atmosphere’s natural frequencies. In this connection, it is of interest 
to note that, according to Margulca’ calculations, the oscillation of the semidiurnal 
type that travels to the east with ni = 2 has a period of 11.94 hr. Since the solar tide 
has a period of 12 hr, a very near resonance is indicated. It has been suggested by 
Kelvin,*' that these oscillations may be due to the daily temperature variation; how- 
ever, it would be expeeted that, if this were the cause, the solar diurnal tide rather 
than the solar semidiurnal tide would be the larger. This question has been discussed 
more completely by Chapman.** 

It is unlikely that the near resonance indicated by Margules’ calculations is a 
satisfactory solution of this problem as Margules assumed the disturbances to be 
isothermal. For disturbances of as short a period ns 12 hr, it would be expected that 
the disturbances would be more nearly of an adiabatic nature. Pekeris"* showed that, 
in an atmosphere with a temperature maximum in the upper stratosphen' as is indi- 
cateii by the propagation of sound waves through these regions, one of the modes of 
oscillation for adiabatic disturbances might be expected to have n period of about 
12 hr. A rigorous theoretical treatment of this problem, however, is not yet possible, 
since the required experimental observations of the temperature in the high strato- 
sphere are not yet available. 

The types of oscillations that have been considered thus far have been siiiiiil 
disturbances in an otherwise stationary atmosphere. Actually the atmosphere has a 
strong mean meridional velocity field composed primarily of westerly and trade-wind 
belts. These mean motions might he expeeted to modify long-wave disturbances in 
the atmosphere. It is reported by Taylor** that some of the irregularities in the 
Krakatuo explosion wave could be interpreted as the effects of the tiade-wind hells. 
On the other hand, the atmospheric wind speeds are only a small fraction of the speed 
of propagation of these long-wave disturbances; therefore the effects of the nu-un 
speeds might be expeeted to he small. 

The longest period of any free oscillation of the atmosphere of the type considered 
thus far is of the order of 1 day, and these types of motion apparently have no great 
influence on the weather phenomena occurring in the lower levels of the atmosphere. 
Another olass of long-wave oscillatory motions apparently has large influences on the 
surface weather. It was observed that the isobars in 10-km level charts generally 
are of a sinusoidal character. Kossby*' suggested that these sinusoidal isobars 
represent wave disturbances in the belt of westerlies. 

In his discussion of these waves, Rossby assumed the disturbanee to be purely 
horizontal and the fluid density to be constant. With these assumptions, the hori- 
zontal divergence of the disturbance velocity field vanishes. He also assumed that 
the mean motion of the westerlies could be represented by a uniform roetilinear flow 
of velocity (/. If we consider an infinitesimal horizontal contour of area dS in an 
incompressible fluid, the Bjerknes circulation theorem shows that 

[(f + X)<iS'] = 0 


(13.60) 
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where f is the vorticity component normal to the nirfaee and X = 2w cos 0 is the 
CJoriolis parameter and 0 is the eolatitude. If there is no horizontal divergence, dS 
cannot vary; therefore 

(r + ^) =0 (13.01i 


If the :r-axis points east and the y-axis points north, tin velocity components are 
(' + u and V where u and a arc the disturbaiice velocities. Now 


lit 


—2m sin 


Ije 

in 


3u sin 0 

- V 
a 


til! 


(13.62) 


where n is the radius of the earth If the disturhance is assumed to he small and the 
curvature of the earth’s surface ia neglected, K'j. (13.61) can he written 

Cv + £■)(;« “ d;0 + ^‘’ = 0 (13.63) 

iHinco the eqiiiitioii of continuity fur tliis case is simply 


e)ll dv 

Ot Tty 


= 0 


(13.64) 


it is again possible to introduce the stream function ^ where 


II = 

V = 


_ ^ 

ax 


(13.65) 


'I'he stream function satisfu-s the continuity equation identically. 
Kq. (13.63) if 


/<•» . a N />1V , «>V\ , o 'V _ 


It will also satisfy 
(13.66) 


The variation of j8 will be ncBlceted. 
pendent of the y-coorduiate, then 

4 


will be a solution if 


c 


If it is assumed that the di.sturbunce is inde- 




(13.67) 



(1.3.68) 


It may further be noted that a standing wave for which c = 0 is possible if 

k - (13.69) 

The wave length for which r = 0 is 6,050 km at 4.>‘’ latitude if f ’ = 1.5 mps. 

'I'lic ohMcr\'cd long-wn\’c disturbances in (he atmosphere are apparently almost 
stationary standing waves of this tyjie caused by gwigraphical disturbances. It has 
been pointed out by Klliot"" and by others that the a.ssumption that there is no 
horizontal divergence is not quite verified; however, the horizontal divergence is 
generally small. 

This analysis can easily be extended to take into account the fact that the atmos- 
phere surrounds a spherical earth. To simplify the analj-sis, only stationary dis- 
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turbancps will be considcrod. liquation (13.61) is still valid whore 1" is the radial 
component of the vorticity or 


f = 


a sill 6 I 


, (u sin #) + -7 




(13.70) 


whore u and v are again the east and north eonipoiients of the velocity, respectively. 
Supposing tliiit the mean velocity of the atniosplicre is along the latitude circles and 
is a function only of the latifiidi*. ne can write 

« = /' + u' 



r 

— 

(13.71) 

where the primed quaiitit 

ies refer 1o the tlisturbiincp. Siitiilarly 

r = ^ + r' 

(13.72) 

where 

z ^ 

a sill 9 1 
, 1 

La^ffsiu 9)J 

Id,,. Od'T 

(13.73) 

and 

^ a bin 9 



If the disturbance is small, Kq. (13.61) may be linearized, and it becomes for steady- 
stale disturbances 

' • -,T + 1 .sin B — - 1 (/ = 0 (13.74) 

a sm 6 ()<t> a\ SB/ 

Kor this case, the equation of continuity is 

f^'-^(e'sin») >0 (13.75) 


For this case, the .stream fulictUm is definwl by 


= «' 
rid 

rhf/ / - » 

~ = V sin B 

rirft 


(13.71)1 


The continuity equation is thus satisfied identically. If the stream function is intro- 
duced into Kq. (13.74), it can be integrated once and becomes 


f' + -p (Zw sin 9 - if- = F(9) (13.77) 

where F(9) is an arbitrary function of 9. A partie.ular integral of Kq. (13.77) involving 
F(9) 9^ 0 shows motions parallel to the latitude circles. Since these solutions are of 
no interest, F(9) can be set equal to zero. If f' is expressed in terms of the stream 
function, Kq. (13.77) becomes 


1 ^ 
sin 9 98 



1 I n 

sin* 


^2u,sin9-g) 


4' 


0 


(13.7«) 


Tliis equation determines the disturbances for any given mean motion. 

Except for the equatorial regions, the mean velocity is represented fairly well by 

I7 = l/osin9 (13.79) 
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vliprp Ut, i» a coiiHtanl. 1'hc wave disturbaneos for thin iiieaii velocity field have been 
liacuHsed by IIaurwitz.»i h'or thia case, Eq. (13.78] becomes 

si,! 9 h t'" « S) + sri « S + 2 + r;) ° 

The stream function is thus awn, as in hjq. (13.53), to be a surface harmonic of order 
n where 

«(« + 1) = 2 (13.81) 

Both v' and v' iinist vanish at the pol.-a, and tfe liarnionie must have a period of 2ir 
in This restricts <!/ to the form 

4 = V .1 ,J>.« (cos B) (,«4.) (13.82) 

m 

where m is an intCKcr ureater than unity and n, alwi an intc'ger, i.s given by Kq. ( 13.81). 
Sine w iiuiat also be an integer, it i.a seen that iweillatiojis of tlii.s type with no hori- 
zontal divergeiiee anywhere can exist only for a diaerete set of mean velocities. These 
velocities arc shown in Table 7. 


Teni.E 7 


I 

1 .. 

n 

1 ( 11 . nips 

^2 ' 

2 

231 r> 

1 163.(1 

3 

92 0 

65 4 

4 

r.i 4 

1 36 3 

.5 

3,1 1 

23 4 

6 

2.3 2 

16 4 

7 

17 1 

12 1 


The last column, Va/y/ 2, is the velocity at 4.'»° latitude, in t he middle of the westerlies. 
It may be noted that the velocities corresponding to n = o. (i. .and 7 coa-er the range of 
velocities iiorinally encountered in the atmosphere. For iiiterinediate values of the 
mean velocity, wave disturbiinces of this type are no lunger possible, however, more 
complex types involving horizontal divergence are poB.«ib)e. If the restriction to 
steady-state motion is relaxed, similar families of moving waves may be found. The 
application of the theory of this tyjie of wave motion to forecasting prublcins has been 
studied by llossby,"“ Haurwitz,"' "* Starr,’* and others. 

All the tyjips of oscillatory motion studied thus far have had periods of only a 
few days. Since the weather varies widely from one year to the next, it would sc'cra 
that the atmosphere must possess natural modes of oscillation having periods of the 
order of magriitiide of, but different from, a year; for the nonseasoiinl variation of tho 
only extenial parameter, the solnr-enorgy input, is ajipnrently extremely small. 
One type of motion that has shown extreniel,y long periods has been discussed by 
Stewart'" who investigated some of the proix-rties of tlie subtropical higli pressure 
systems. 

On the equatorial side of the belt of wraterly winds, in both Northern and riouthem 
Ileinisplieres, there is a strong shearing zone having nntieyelonic vorticity. Now 
sueh shearing motions are gonernlly unstable and must be expected to break up. 
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and the vorticity can be expected either to diffuse throunhout the fluid or to collect 
in stable vorticity concentrations, provided that such stable configurations exist. 
For example, the vorticity in the boundarj' layer of a fluid flowing in a channel is 
diffused throughout the fluid, whereas the vorticity in the wake behind a bluff body 
develops into the well-known vo7i KltnnAn "vortex street” for a wide range of the 
Reynolds number. Stewart suggested that the subtropical high-pressure systems are 
dynamically stable vorticity concentrations similar to the “vortex street.” In order 
to discuss this question, it is necessary to investigate the stability of su<*h vorticity 
configurations. 

It seems that the horizonthl field of motion is of primary importance in deter- 
mining the motion of these lnrge-.scale systems; therefore it is assumed that the 
atmosphere can be treated as n single layer of fluid of constant density with the 
vertical velocities being of small importance so that the pressure can be determiiieil 
from the hydrostatic equation. It is also assumed that the apparent accelenition is 
negligible when compared with the Coriolis nccelerntion. In addition, tlio effects 
of the variation of the f'oriolis parameter are neglected. This means that the fluid 
motions considered are those taking place on a rotating disk rather than on a rotating 
sphere. 

By the hydrostatic equation, the pressure at any point is 


P = gp{li - r) 


(13.83) 


where h is the depth of the atmosphere. The circulation theorem for tliis case shows 
that 


=0 

V * / 


(13.84) 


where u is the angular velocity of the disk. If the motion could have started from 
rest with a uniform depth ha, this may be integrated and becomes 


f - — — II. * 1 

dx dy no 


(13.85) 


If the velocity components arc eliminated from this equation by means of the gcc.- 
stiophic-wind equations 

-2im = 2uu = (13.8(i) 


an expression determining the depth of the atmosphere (I'.c., the sca-lcvcl pressure) is 
obtained. This is 


a*h 4a* .. . . 


(13.87; 


This equation can be further simplified by the introduction of dimensionless variables, 
X = 2o>x/ y/gha, Y = 2ay/-\/gha and ij = (h — ha) /ha. With these new variables, 
£q. (13.87) becomes 


^*1 1 _ 
dX* SY* ” 


(13.88) 


In terms of the dimensionless depth and dimensionless velocities defined by 1' == 
tt/V gha and V = v/y/ gka, the geostrophic-wind equation can be rewritten as 


ax 


ar 


■ u 


(13.89; 
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The only solution of Kq. (13.88) that vanishes at infinity and represents flow in 
circles about the origin and thus corresponds to a simple vortex is 

, - aK„(r) (13.90) 

where a is an arbitrary constant, r - V'A'*‘+T» and Koir) is a modified Bessel 
function** of the second kind. If a is positive, the motion is anticyclonic ; if a is 
negative, the motion is eyelonie. All the motions eonsidur-d in the present investiga- 
tion are built up through superposition of vortices of this type. Kq. (13.89), 

this vortex has a dimensionless tangential velocity ut given by 

aKi(r) (13.91) 


o 


The geostrophie-wind equations used in the above development can be showm to be 
valid unless r < < 1. 

Based on a homogeneous atmosphere having a mean sea-level pressure and density 
of 1.013 X 10* dynes p<‘r cm; and 1.22 X 10"* gram per cm*, respeetiwly, the same 
as the standard atmosphere, the chara rter uitic velocities and distances used above to 
liroduce dimensionless variables are \^gh^ ■= 2.87 X 10* cm per sec and \/gh„/2u = 
1.97 X 10“ cm. At a distance of 2,000 km from the center of the Pacific or Azorc-s 
high-pressure systems, the characteristic velocity is of the order of 10 mps. Smc-i- 
A'i(l) = 0.002, this indicates that tlu'se anticyclones have 
a strength such that a is approximately 0.06. 

If the interaction between the Northern and Southern 
Heiiiisplieres is neglected, the ring of subtropical anti- 
cyclones can bo roughly represented by JV equal anti- 
cyclones of the type given by Eq. (13.90), which are placed 
on a ring of radius a and spaced at equal angles r = 2ir/A', 
as shown in Fig. 53. In the Northern Hemisphere, the 
Pacific and Azores liigh-pressure regions are well defined. 

They are about 120° longitude apart. There is some 
evidence of a third such system over India and equi- 
distant from the other two, however, this evidence is far 
from conclusive, owing to the low-level interference from 
the monsoon. In the Southern Hemisphere, there are also three such systems, 
beat model is thus obtained with N = 3. 

The surface deflection for such a system in its equilibrium state is 





o 


Km. 6:t. 


The 


= a 1 Kola’ + r’ — 2or cos (9 — nr)]'* 


(13.92) 


From Eq. (13.89), the diincnsionless velocities in the radial and tangential diri'ctions 
Ut and M«, respectively, are given by 


Wr 


1 djf 
r 99 



(13.93) 


The velocity of any vortex is the velocity at that point due to nil the remaining 
vortices. From the second of the expressions of Kq. (13.93), the system shown in 
Fig. 63 is seen to have a dimensionless angular velocity 11 given by 

11 - - ^ 2 "O G "0 

In Tabic 8 are given the values of Q and of a U v/ ghu, t he linear veloeity of the vortices, 
for a ” 0.06, JV >» 3, and a = 3.0 and 3.6. The values of a = 3.0 and 3.6 correspond 
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to the ring of subtropioal antiryclonoa bring plnred at latitude 37 and 29°, respec- 
tively. From this result, it is seen tlint such a vortex system would have a slow pro- 
cession to the west. In the atmosphere, there is also a region of distributed cyclonic 
vortieity to the north of the westerly winds. It is easily seen that this cyclonic 
vorticity tends to produce an eastward displacement of the subtropical highs. It 
appears that these two displacements cancel one another so that the systems are 
practically stationary, a condition that is undoubtedly also imposi-d by the thermo- 
dynamic and topographical factors. Since the westward drift shown in Table 8 
is very small, no attempt will be made to correct the vortex system shown in Fig. 53 
in order to take into account the ]>olar cyclonic vorticity. 

Tabij: 8.— .Vnoular Vei^ocitiks ok Vortkx Systems, a = 0.06, .V = 3 


a 

it 

oil 

3 0 1 

-0 0001 T2 

— 9.6 cm/s'v 

3 5 

-0.000037 

— 37 cm/sec 


If the nth vortex in displaced by a distance Ar, in (he radial direction and by an 
angle Atf„ in the bingcutial din-ction, the surface deflection in the displaced condition 
is 

y = or j A*o[(a + Ar»)* + r* — 2(0 + Ar,)r cos ($ — nr — (33.95) 

The velocities of the vortices may be calculatod as before by Kq. (13.93). If the 
displacements are small, the changes in velocity of the Nth vortex from the equilib- 
rium value indicated by Kq. (13.04) may be written as 

" Jl “ i Xn= I* 

Ah 9 = ® ^ (A9.v) + U Arv = a Ar.v j^A’u(/f») sin* ^ nr — cos nrj 

+ a j* |Ar„ j^A'(i(/f,) sin* ^nr + ^ 

where Tin = 2« sin 'jtiT 

It should be noted that the t in Fajs. (13.96) is a diniensionless time. If the actual 
time is t*, then 

< = 2urf* (13.97) 

Kxpressions similar to Kq, (13.96) for tlie velocities of the other vortices could be 
be written from symmetry. These wouhl form a set of simultaneous diiTcrential 
equations for the displacements. 

If the N equations in each of the two sets indicated in Kqs. (13.96) arc added, it is 
seen that 

{ ^n~ \ j^2A'»(/fn) sin* i nr -f ^ A'i(/f„) sin ^ | 
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From this, it is seen that, if a mean value of a is chosen so that j Ar„ = 0 ini- 
tially, then from Kqs. (13.98) both Ar, and A9„ will remain constant. 

These results correspond to similar equations for two-dimensional line vortiees that 
state that the impulse of a sj’Btcm having no external forces remains constant.” 

'J'hc disturbed motion of the vortex system as dc8cri})cd in Kqs. (13.06) can best 
be discussed by considering the normal modes of oscilhtion. From the symmetry 
conditions, the displacements in each normal mode must be of the form Ar„ = Arive’»e 
and Afl„ = ASatc*'**’ whore v> characterizes the nomtal mode and is a member of the 
series 2ir/N, 4ir/A(, ■ • • , 2ir{N — i)/N, 2jr. IMth this notation, Eqs. (13.96) can 
be written as 

- ^ (Ar.%) - A Arv - Ba Aflv - i f^®') = C Ary -f- Aa ABy (13.99) 
a at a at 

where d = .K(i(7i,)«“<’ sin nr 

^ “ Xn-i [^ /f '2 (13.100) 

r = [ A'„(H«) (1 + c-») sii.‘ ^ nr -h (1 - 2 cos nr -f e«e)] 


If the ninphtii(l(*8 Ar\ and aro aHSumed to vary lik^ a*''* and p ia the diinension- 
l**Ha normal frequency, then, from Kq. (13.99), 

p = a(-t.4 ± VJiC) (13.101) 


From Kq. (13.100), it can be seen that, for = 2 t, = B = 0, and there are thus 

two zero normal frequencies. Thc«' two zero frequencies are those shown in Eq. 
(13 98). It can also be Hccn that, for the specified values of r, A is always a purely 
ininginary quantity; B is always real and not less than zem. From Eq. (13.101), 
the condition that the ftftmcncics be real is that (' be n-nl and nonnegative. Com- 
plex frequencies, of c<mrs<\ characterize systems in which the amplitudes increase 
with time and are thus unstable. Now C is always real and is always positive for 
N < 7. If JV = 7, C is alw.ays positive if a > 71. For N > 7, C is negative for one 
or more of the giv«'ti values of A value of o >71 corresponds cither to disturbances 
of such great wave length.s or to motions of such a shallow' layer of air in the earth’s 
atmosphere that it is probably of no signifieancc. The vortex system is thus stable 
if N is less than or equal to six. 

The frequencies and modes of oscillation will be discussiHl in some detail for the 
cases where = 3 and n = 3.0 and 3.6. From Eq. (13.97), it may be seen that the 
])criod of an oscillation is given by 

T = l^j sidereal days (13.102) 

The normal mode of oscillation, from Eq. (13.99), is given by 


a Aflv a A^ .1 — (i p/o) 
Ar V Ar» B 


(13.103) 


The results for a = 3.0 and 3.5 are given in Tables 9 and 10, respectively. The two 
normal modes thus show a short -period (2,000 to 5,000 days) and a long-period 
oscillation (70,000 to 250,000 days). The path of the vortex is in each case an ellipse. 
F'or the short-period oscillntioii, the vortices are east of their mean portion when 
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traveling fiouth and west when traveling north. For the long-period oscillation, the 
sense of the rotation is reversed. 


Tabus 9. — Nobmai. Modbs of Osciij.ation fob A' = 3, o “ 3.0, a = 0.06 



2ir 

3 

4t 

3 

— iA 

0.002248 

-0.002248 

B 

0.00414 

0.00414 

C 

0.001182 

0.001182 

V 

0.000268 

0.000002 

-0.000268 

-0.000002 

T days 

1,865 

2.5 X 10“ 

1,865 

2.5 X 10‘ 

a AOu 

Atat 

-0.53j 

' 0.63t 

0.53t ^ 

-0.53i 


Tasub 10. — XuRMAi, Modem of Obciluation fob AT = 3, a = 3.5, a = 0.06 


<P 

2r 

3 

4r 

3 

—iA 

1 

1 0.000859 

-0.000859 

B 

0.001467 

0.001467 

C 

0.000375 

0.000375 

? 

0.000096 

0.000007 

-0.000096 

-0.000007 

T days 

5,200 

7.1 X 10< 

5,200 

7.1 X 10< 

a A9 k 

Arji 

-0.51i j 

0.61* 

0.51* 

-0.51* 


These calculations cannot be considered as a quantitative theory of the nscillntions 
of the B(!niiperiuanent high-pressure systems; however, the esBciitinl features of the 
caleulation, vorticity concentratUms at distances of roughly 10,000 km, are found in 
the atmosphere; therefore motions of this type must exist in the atmosphere. It 
might be expected that the effects of coupling b«>tween the Northern and Southern 
Hemispheres and of any cyclonic vorticity concentrations on the polar sides of the 
westerly winds would be to decrease the period of the shortest oscillation and to 
introduce additional natural frequencies. These results are of considerable interest 
particularly in view of the climatological evidence of atmospheric periods of the order 
of from 10 to 20 years. 
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SECTION VII 

THE SCIENTIFIC BASIS OF MODERN METEOROLOGY* 

By C.-G. Rossby 

The Hciciipo of meteorolo(?y dooh not yot have a nniversally apcppted, poherent 
picture of the meeltanies of the general eireulation of the atliuisphere. This is partly 
because observational data from the iippt'r atmosphere still are very incomplete-, hut 
at least as much bce-auae our the'oretieal tools for the analysis of atmospherie motions 
are inadequate. Meteorology, like phj-aies, is a natural seienee and may indeed he 
regarded as a branch of the latter; but, whereas in ordinary laboratory physics it is 
always possible to set up an experiment, vary one factor at a time, and study the con- 
sequences, meteorologists have to contend with such variations as nature may offer, 
and these variations are seldom so clean-cut as to permit the establishment of well- 
defined relationships between cause and effect. 

Under these conditions, thioretical considerations become more important than 
ever. The atmosphere ma.v be considered as a turbulent fluid subjected to strong 
thermal influenci's and moving over a rough, rotating siirface. As yet no fully satis- 
factory theoretical or experimental technique exists for the study of aueh fluid motions; 
yet it is safe to say that, until the proper theoretical tools arc available, no adequate 
progress will be made either with the problem of long-range foreeastiiig or with the 
interpretation of past chraatie fluetuatioiis. 

Certain phases of the admittedly oversimplified analysis of the circulation of the 
atmosphere presented here mav he trwed as far hack ns 1888, to the German physi- 
cist von Helmholtz, but other parts arc the result of rei-ent ri-search and should, to 
some extent, he considered as the author’s personal view. 'I’he comhiiiatioii of these 
various elements into a still fairly crude hird’s-i-ye view of the atmosphere and its 
eireulation was undertaken during the lost few years as a hy-produet of an inten- 
sive study of Northern Hemisphere wi-atber, with which the author had the good 
fortune to he associated. This study was conducted as a cooperative pnijeet between 
the U.S Department of Agriculture and the Massachusetts Institute of Technology 
and was to a large extent supported by Hankhead-Jones funds. 

CONVECTIVE CIRCULATION 

The energy that drives the atmosphere is obtained from the sun’s radiation. Just 
outside the atmosphere an area exposed at right angles to the sun’s rays would receive 
radiant energy at the rate of about 2 gram-cal per sq cm pi-r min. The earth is 
approximately spherical, and its surface area is therefore four times as large as the 
cross-sectional area intercepting the sun’s rays; it follows that on an average each 
square centimeter at the cuter boundary of the atmosphere receives about gram-eal 
per min. Part of this radiation is reflected back to space from the upper surface of 
clouds in the atmosphere, and part is lost through diffuse scattering of the solar radia- 
tion by air molecules and dust. It is estimated that a total of about 40 per cent on 

* Thi? material ia reprinted frnm *' Climate and Man." Yearbimk of Agiiculture for 1941, U.S, 
(tovernment Printing Office, Washington, D.C. 
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an average is lost through these proecsses. (It is this reflection that determines the 
whiteness, or albedo, of the earth as a planet, and thus the earth is said to have an 
albedo of about 40 per cent.) The remaining radiation passcis through the atmosphere 
without much absorption and finally reaches the surface of the earth, where it is 
absorbed, generally without much loss through refleetion. Snow surfaces furnish an 
important exception, since they may reflect as much as 80 per cent of the incident 
solar radiation. 

Since the mean temperature of the earth does not change appreciably, it follows 
that the heat gained from the sun must be sent back to space. On the surface of 
the earth, the solar radiation is transfnrmeil into heat, and this heat is returned as 
“long” (infrared) radiation toward sisice. • '•e vote al which the ground sends out 
such radiation is very nearly proportional lo the fourth power of the absolute tem- 
perature. Thus, at 10°(', the liea' lota of the ground through radiation is about 
1.’) per cent greater than at freezing, and it follows that the surface temperature of the 
earth must inerease if the incident solar radiuMou increases, to maintain equilibrium 
bi'twot^n radiation income and loss 'Hie gn'iind is very nearly a perfect radiator, 
i.r., it sends back to the atmosphere and to space the maximum amount obtainable 
from any surface at a particular tciiipcratur*- 

All the invisible radiation from the ground cannot escape to space; the larger part 
of it is absorbed in the atmosphere, principally liy tlie watei vapor in the lower layers 
but also to some extent liy sinall amounts of oaonc present ii the upper atmosphere. 
The atmosphere in turn emits infrared ihi-at) radiation upward and downward. The 
radiation emitted in either direction increases with the mean temperature of the 
atmospheric column but is always less than the radiation emitted liy a perfeet radiator 
of the same temperature. The more perfisdly the atmospheric column absorbs the 
ground radiation from liolow, the more perfectly it radiates. It is evident that, if 
radiative processes alone controlled the behavior of the atmosphere, it would have to 
omit as miioh as it iibaorlis. Since it emits in two directions Imt absorbs appreciably 
only from the ascending ground radiation, it follows that the mean temperature of the 
atmosphere must be lower tlian tlml of tlic ground. .Mso, since tlic ground receives 
not only solar radiation but also iiifnirisi radiation from llic atmosphere, the ground 
temperature must be higlier than might lie expewted from the intensity of the incident 
solar radiation alone. 

The preceding analysis sliows tliat the atmosphere serves us a protective covering 
tliat raises the mean temperature of the surface of the earth. This is often referred 
to as the “greenhouse” elTeet of the atmosphere. Tlie analysis also shows that the 
atmosphere as a wliole must be colder !han the ground. The reasoning may be 
refininl by considering the utinospliere as consisting of a number of superimposed 
liorizontal layers, and it may then be shown that the mean temperature must decrease 
upward from layer to layer, fairly rapidly near the ground, then more and more 
slowly. At great heights (above 10 km, or 6 miles), the temperature becomes very 
nearly constant. This layer is called the stratosphere. 

l^p to this point , our analysis has been based on the assumption that no appreciable 
direct absorption of solar radiation occurs in the atmosphere. This is approximately 
correct as far as the lowest 20 km (12 miles) of the iitinosphcre are concerned. How- 
ever, between approximately 20 and 50 km (12 and 30 miles) above the ground, the 
atmosphere contains a certain amount of ozone, increasing from tlie equator to high 
latitudes, and this ozone is capable of directly absorbing some of the radiation emitted 
by the sun and also, to a somewhat lesser extent, part of the long-wave radiation from 
lielow. As a result, in tlie upper portions of this ozone layer, the air temperature 
appears to exceed tlie mean air temperature next to the ground. It is this ozone 
layer which protects us from the extreme ultraviolet rays in the sun’s radiation. 
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At still higher levels, the oxygen and the nitrogen in tlie enrtli’s ntniosphcre are 
eapabie of intense direct absorption of wilar radiation, hor this and other n*as<iiis, 
it is now generally believed that the temperature again rises to values which may be 
as high as 500 to 1000°A above 150 km (03 miles) above sea level. 

This uppermost region of high tcmpt*rature is loeuleil at a height where the air 
density is so small that no appre<‘iable direct dynamic effect on air circulation in the 
lower layers of the atmosphen' can be expected. If is nece.ssnry to admit, Jiowever, 
that temperature variations and resulting circulation at the ossone level may be sig- 
nificant so far as weather and wind in the lowest strata are concerned. No existing 
theory suggests a definite mechanism for control of sea-level circulation and weather 
by an ozone layer. On the other hand, circulation in the lowest 20 km of the atnios- 
pherp has definitely been shown to prodiiee reijistrihutions of tile ozone aloft, and lienee 
atmospheric ozone has of late become an element of deeidi'd interest even to practical 

mcti'orologisfs, as a means of tracing air 
movements in the stratosiihere. 

Until our knowh'dge of the absoriitinn and 
emission of radiation by water vapor increases, 
it is not po.ssihlc to stall' what the final 
deiTCase of temperaliiro \\ itli elevation -noiild 
be in case of purely radiatN'c ecpnJihrnim, 
but it is probable that in the loiiest jxirtion 
of the atmosphere it would he far steeper 
than the decrc'a.se uetually ohsen'cd (about 
6“(' in 1 km, or 17°F in I mile). As a result 
of evaporation, the lowest layers would ho 
x-ery nearly saturated with water x-apor. It 
I'lin he demonstrated that a saturated almos- 
pliere in which the decrease in teiiiperature 
with elevation is more rapid than the X’lilue 
just indieated must he nieeliaiiieully nnstahh' 
or, allowing for its eompressibility, top-heavy, 
and thus must tend to turn over. Violent 
vertical currents (roiix’ection) would result, 
which would carry water vapor and heat from 
the eiudh’a surface to higlier levels. 

At these, upper levels, the water vapor 
would condense us the result of expansion 
cooling, and from there the heat realized through the eondensation proeessra would be 
sent out to space through infrared radiation. In this x\ ay, tli<‘ fn-e atmosphere would 
actually give off more heat by radiation than it would absorb, and the loss would be 
balanced by coiiveetivc transport of latent heat upward. Thus an almus}>h<-re heated 
uniformly from below in all latitudes and longitudes, ?.p., the atmosphere of a uni- 
formly heated nonrotatiiig globe, would show no sign of organized eireulation bid ween 
different latitudes but would be characterized by violent eonvection somewhat like 
that in a kettle of water that is being heated from below. 

Rising bodies of air expand with decreasing air pressure and cool ns the result of 
the expansion. In the convectively unstable atmosphere here described, the ascend- 
ing currents would acquire their momentum in the overheat I'd layers next to the 
ground and rise beyond the level where they reach temperature equilibrium with the 
environment. As a result of this overshooting, a layer of minimum temperature 
would be created at the top of the lower, convective portion of the atmosphere (the 
troposphere). It follows that troposphere and stratosphere would bo separated by a 



Fro. 1.— The thin line shows how 
the teiiiperature would drop with 
height if radiation alone controlled the 
state of the atmosphere. This is an 
unstable arrangement resulting in 
violent overturning. The lieavy line 
shows the result — cooling next to the 
ground, a moderate temperutuie droti 
with elevation in the lower atmosphere 
(tropospliere), then a inaikcd tempeia- 
ture minimum (tropopause) , and above 
that an almost eonstaiit temperature. 
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narrow tranmlion zonr (trnpopiumc) of rapid temperature inorpaae upward. The 
effect of eoiivectioii on an iiiiHtufde temiM-»ature diatri)>utioii assumed to have been 
established t)y rarliatiou is shown in Kig. 1. ifigurc 2A show's the eonvective circula- 
tion of the troposphen! on a uniformly heatc'd nonrutatini; Rlobe, as described. 

MEMDIONAL (NORTH-AND-SOUTH) CIRCULATION 

Into this ehnot ie Ktiit<‘, ii eertain order is hrouRht through the fact that the incom- 
ing solar radiation is far from uniformly distributed over the surface of the earth. 
Heeaiise of the low angle of incidence of solar radiation in polar regions, a given hori- 
zontal area in high latitudes receiv(>s i-ir less olar radiation than an (‘qiial area closer 
to the equator. To determine the coiisequer ecs of this concentration of heat income 
in equatorial region.s, it is iidvi^alile for a nioine’it again to disregard the rotation of 
the earth and investigate what would happi o if the earth stood still but the sun fol- 
lowed its normal path across our sky In response to the greater heat income in 
low latitudes, the temperature there would -isc until the incri-asiHl temperature of 




l''lo. 2.- Scheinatic diagniiiis illustiating: .4. the heavy, irreguliir convectivo activity, 
iiccoinpaiiied 1)> cuiiiulo- and tliuudci storm clouds, tlmt would chnraeteriBe tile atmosphere 
if the sun’s heat weie applied niiiformly everywliere and the earth did not rotate; A, eon- 
ceiitratiuii of eoiivectioii in tlic vi.'itiity of tlie K.|Uiitor, north wind.s near the ground and 
south winds aloft, wliicti would result on a iioiirotatiiig earth with the sun's heat applied 
luaiiily in low latitudes, as it actunll.t is on the rotating earth. 

the ntmosplic-re in this is'gion would risiult in inereased infrared radiation toward 
space, capable <if reestnlilishing eoinplete balance with the heat received from the 
sun. Buell ail cquilibriuiii corrcs|Kiuds to a far greater iiicrense from pole toward 
<-i|iintor ill surface temperature or in the temperature of the lower atmosphere than is 
aetuiilly observed. .\s a result of this heating of the atmosphere in low latitudes, 
the air there would exiiaiid vertieiilly, while the eiKiling in high latitudes would result 
in a vertical shrinking. 

Thus, at a fixed level of, say, 5 kin (3 miles) above sea level, a greater portion of 
the total iitmosiilieric air coluirin would be found overhead near the equator than 
near the poles. Since the air jirossure always measures the weight of the superim- 
posed air colunwi, it follows that higher pressure would prevail at the 5-km level near 
the equator than near the poles. Air, like any fluid, tends to move from high to low 
jiressiire, and thus the upper atmosphere, would be set in motion from the equator 
poleward. This motion obviously would raisi' the sen-level pressure near the poles 
and reduce it near tJu* equator, and us a result the surface air W'ould move from poles 
toward equator. 

Considering the Northern Hemisphere only, it is thus evident that the inequality 
in heat income between latitudes produces, on a nonrotatiiig globe, south winds aloft 
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and north winds bolow. This circulation scheme is illustratc-d in Fig. 2B. Helatively 
warm air is carried northward aloft, and relatively cold air is carried southward near 
the ground. As a result, it is no longer necessary for the ground and the sea surface 
in low latitudes to roradiate all the local radiation income to space, but part of this 
heat is used up in evaporation and is transported northward and upward in the form 
of latent and realized heat. It is finally returned to space from higher latitudes or 
higher elevations through infrared radiation. 

Thus a vertical column of air in high latitudes no longer absorbs ns much radiation 
as it emits but is continually suffering a net loss of heat through the combined effects 
of the various radiative processes. This loss is balanced by a gain of heat (realized 
or latent) resulting from the exchange of air with more southerly latitudes and by a 
gam resulting from realization of latent heat through condensation. Even though 
our present knowledge of the radiative processes in the atmosphere is still very incom- 
plete, it is becoming increasingly probable that everywhere in high and middle lati- 
tudes the free atmosphere above a shallow' layer of air next to the ground is constantly 
losing heat by radiation. The significance of water vapor ns a carrier of heat (latent) 
poleward and upward is, for the .same reason, heeoming more and more appreciated. 

As a result of the net transport of heat jwlcw'ard, the temperature contrast between 
pole and equator is reduced. 

The poleward flow of warm air aloft and the transport toward the equator of 
relatively cold air next to the ground has the further effect of bringing about a rc<luc- 
tion in the vortical temperature decrease. Thus instability is cut down and vertical 
convection reduced in middle and high latitudes 

The picture thus obtamed, that of an atmosphere heated from below and rising 
near the equator, chilled and sinking in higher latitudes, requin>H a few additional 
comments to eliminate possible misunderstandings. Even in high latitudes the 
temperature decreases upward. Thus, if the air in these regions is steadily sinking, 
the individual air particles must be getting warmer, which would hardly seem to be in 
accord with the idea that the air in this region is losing heat through radiation. It 
must be remembered, however, that air is highly compressible. As the air sinks, it 
comes under the influenee of higher pressure. Owing to the eompressioii, its tempera- 
ture rises, just as the temperature of a gas in a cylinder rises with compression. In 
the atmosphere, the rate at w hieh the temperature of a sinking particle would rise an a 
result of eompn-Hsion is about 10°C in 1 km. Thus, if the ti-niperature of a sinking 
air particle rises only 6°(5 in 1 km, it means that the particle has given off heat cor- 
responding to a temperature drop of al>out 4°('. Dry air, rising through the atmos- 
phere, cools through expansion at the same rate, 10°C in 1 km. Thus, if a rising 
current shows a temperature drop of only 6°(' per km, heat must have bwn added, 
corresponding roughly to a temperature increase of 4°(' per km. If tliLs additional 
amount of heat is not available, the temperature at fixi-d upper levels would obviously 
drop. 

In saturated air, rising through the lower atmosphere, a certain amount of heat 
is made available through the condensation of the water vapor carriiKl along hy the 
current. Thus the expansion cooling of saturated air is less intense than the expan- 
sion cooling of dry air. The actual rate of cooling varies, but it amounts to about 
6°C per km in the lower atmosphere for temperatures around fri'cziiig. 

The eireulation described above, between a heat source in low latitudes and at 
low elevations and a cold source in middle and higher latitudes but distributed over 
all elevations works on the same principle as a simple heat engine. In such an engine, 
the difference between the heat received at the heat source and the heat given off at the 
cold source is converted into work. Here it appears as kinetic energy of the wind 
system. Unless brakes are applied, the wind must constantly increase in speed. 
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Such brakes are provided by the friction between the winds and the ground (or sea 
surface). Since no appreciable changes are wrought in the surface of the earth, 
the energy of the winds is steadily converted into heat, which ultimately must be 
radiated back to space. Thus, in the final analysis, the total amounts of radiation 
received and given off by the earth must equal each other. 

The scheme just outlined differs sharply from the tme situation observed in the 
atmosphere, and this discrepancy depends mainly on two 'actors completely neglected 
up to the present time. The first of these is the rotation of the earth ; the second is 
the distribution of continents and oceans. The effect of the rotation will be discussed 
first, the earth's surface still being considered as uniform. 

INFLUENCE OF THE EARTH'S ROTATION 

The earth does not appreciably change its speed of rotation, and thus it may be 
assuiiK'd that on an average it neither receive-- monientum from nor gives off momen- 
tum to the atmosphere. The rotation, how-ever, does profoundly affect the character 
of the flow patterns observed in the atmosphere. 

To understand the influence of the earth’s rotation, consider first this simple 
cxpi-riment : If a marble attached to a piece of siring is placed on top of a smooth table 
and swung around th<‘ fri-c end of the string and if then the length of the string is 
shortened, it will he found that the speed of the marble increases. If the string is 
shortened to onc-half its original length, the speed of the marble is doubled; if the 
string is reiluced to one-third its original length, the speed of the marble is tripled. 
Thus tin- product of speed and radius of rotation remains constant during the <‘xperi- 
ment. This product is usually rcfcrr<“d to as the angular momentum (per unit mass) 
of the marble. 

A ring of air extending around the earth at the equator, at rest relative to the 
surface of thi- earth, spina around the polar axis with a speed equal to that of the earth 
itself at the equator. If somehow this ring is pushiil northward over the surface of 
the earth, its radius is correspondingly reduced; and it follows from the principle set 
forth that the absolute speeil of the ring from west to east increases. Since the speed 
of the surface of the earth itself from u est to east decreases northward, it follows that 
the moving ring, in addition to its northward velocity, must acquire a rapidly increas- 
ing speed from west to cast relative to the earth's surface. 

The priiu'iple itself may be illustrated very simply by an extreme and absurd case 
The eastward speed of the earth itself at the equator is about 465 ni (.509 yd) per sec. 
A ring of air displaced from this latitude to latitude 60, where the distance from the 
axis of the earth is only half that at the equator, would appear in its new position 
with double the original absolute velocity, or 930 m (1,017 yd) per sec. Since the 
speed of the earth itself at this latitude is only half what if is at the equator, or 232 m 
(254 yd) per sec, it follows that a ring of air thus displaced would move eastw'ard over 
the surface of the- earth with a relative speed of 698 m per sec (about 1,560 mph). 
Obviously such wind speeds never occur in the atmosphere, one reason being the 
effect of frictional forces, another the fact that large-scale atmospheric displacements 
never are syminetric around the earth’s axis or as large as those indicated. 

It is apparent, however, that this tendency toward the establishment of west 
winds in northward-nioving rings of air ami of east winds in southward-moving rings 
must modify the previously described meridional (north-south) circulation scheme 
considerably. This is best seen if one uhsuiucs that the meridional circulation scheme 
characteristic of a nonrotating earth (Fig. 2B) is suddenly set in operation on a 
rotating earth in which the atmosphere previously was at rest relative to the ground. 
Tin- moment the circulation begins, W'cst winds (relative to the earth) would begin 



508 


TUB SCrElfTlFIC BASIS OF MODBRU UETEOROLOQY 


[Sec. VII 


to develop in the upper AtniospherPi with a slight eompoiieiit northward, and east 
winds in the lower atmosphere, with a alight component southward. 

In this scheme, ground friction plays a basic role, since it prevents the develop- 
ment of excessive east winds in the surface layers. The upper atmosphere, in which 
west winds pri'vail, is not in direct contact with the earth’s surface; however, mixing 
of air between the upper and lower strata must reduee the west winds aloft as well 
as the east winds below. Since the momentum of the east winds also is reduced from 
below, through the effect of ground friction, it is apparent that the mass of the west 
winds aloft would far exceed the mass of the easterlies near the surface. Figure 3.t 
illustrates wlmt the velocity distribution would bo a short timi' after the rotation began. 


NORTH 



NORTH 





Fio. 3. — Wh) the eaith’s rotation leads to a brrakdowa iiilo se\einl eelK of the siiiipio 
meridional (noMh-soutli) eiieulaliun repiCHcnted in I'ig ‘IH. A, A slio’t time aftei the 
meridional eireulatioii indicated b> the arrows is set in operation, west winds Ht>peai aloft, 
east winds below, B, Giadualh the uppei west winds aie hmiigbl down to tlie Kioiind 
near the Pole, and the ea.st winds rise near the Equator. C, The west winds me letiirded 
by fiietion and seek their way northward, but eooliiiK and sinking continue next to the 
Foie. Finally, D, a complete thrcc-cell circulation system develops. 

(lertain features of this picture agree well with observed conditions. Above 
4 to 5 km (2 to 3 miles), westerly winds prevail in all latitudes. At sea level, easterly 
wind components are normally observeil between latitude 30°lS and 30°S. Other 
belts of easterly wind components are observed in tlu" polar regions, north of latitude 
60'N and south of latitude 60°S. Unexplained, however, is the fart that in each 
hemisphere wosterl}’ winds prevail also at sea level within a broad b<4t between lati- 
tudes 30 and 60°, approximately. 

It is fairly easy to see that the theoretical model in Fig. 3A, characterized by east 
winds everywhere in the surface layers, is physieully impossible as a steady state. 
If east winds prevailed in all latitudes, frietinii between the atmosphere and the 
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solid eartli would constantly tend to reduce the rotation of the earth. On the other 
hand, the atmosphere would constantly gain momentum from the earth. Sooner or 
later a state of equilibrium would be estidilished in which the atmosphere would 
neither gain nor lose; momentum through contact with the earth — an equilibrium that 
is known to prevail, since the rotation of the earth for practical purposes can be 
regarded as constant. Such an equilibrium requires that the retarding influence 
of the f'ast winds must be offset by th<‘ accelerating influence of a belt or belts of west 
winds, also in the surface layers. It is clear, however, that this argument Is incapable 
of determining the number, width, and strength of the required west-wind belts. It 
is the purpose of the f<mr diagrams in Kig. i to explain why the initial meridional 
circulation, und(‘r the influcncj' of the earth .'O+ction, necessarily must break down 
into at least three separate cells on each hemisphere. 

In order to understand the aucecssi-'c sltiges of dc'vclopment indicated in Fig. 3, 
it is first necessary to discuss, in some detail, the effect of the rotation of the earth 
on the relative motion of air over il.s surface Wherever a ring of air parallel to a 
latitude circle is rotating more rapidly (ban the surface of the earth itself, it is art(‘d 
upon by an excess of centrifugal force which tends to throw the ring away from the 
avia of the earth, which in the Northern Hemisphere means southward.* If the 
ring rotates with the same speed iia the earth (/.<•., if it is at re.st relative to the surface 
of tlie earth), this excess of centrifugal force vanishes. If this were not the ease, any 
ohject resting on the surface of the earth wtiuld be thrown townrd the equator. A 
ring of air rotating more slowly than the earth itsidf, and hence appearing as an east 
wind relative to tlie earth, suffers from a defieieney in centrifugal force atid tends to 
move toward the avis of the eartli, i.c., in this hemisphere, toward the north. To 
keep a west-wind belt from being thrown southward, the atmospheric pressure niust 
h(‘ liiglier to the south tluin to the north of the ring (in the Northern Hemisphere), 
tlnis prodiieing a force direeti'd iiorthwaril and oapable of Imliineing the excess cen- 
trifugal force. If no such i>r<'ssnre force (gradient I is aviiilahle, the ring will he dis- 
placed slightly southward until enough air has piled up on its south side to bring 
about tile 7«'f|uir<'d ero.s.s-<'urreiit jircssurc rise to the soiitlj ami etiujJjbriiim. The total 
disphieemeiit ii -eded for this purpose is usually (luite small as compared with the 
width of the ciirrenl. 

'I'll kee]) an east-wind belt in equilibrium, the ntmospherie pressure must be higher 
on the nortli side tlinii on the south side (in the Northeni Hemisphere), so that the 
resulting pressure force haluiiees the deficiency ill centrifugal force aeting on the 
ring. It has already been brought out that, in the Northern Hemisphere, air moving 
northward tends to acquire a velocity eastward, while air moving southward tends to 
aecpiire vi-loeity westward. To offset this tendency toward deflection eastward,! 
a iiortliliouiid current of limiti'd wiiith jhIcs up air to the east and creates higher pres- 
sure to tlie east than to the west, w liile the reverse applies to a southbound current. 

All these results may he generalized so as to apply to any wind direction. It is 
thus found that in the Northern Hemisphere steady winds always blow' in such a 
fasliioii that the air pressure drops from right to left across the current for an observer 
facing downstream. 'Hie stronger the current flows, the stwper the drop in eross- 
eurreiit pressure. If, in ."iny liorizontai plane, lines of constant air pressure (isobars' 
are drawn, it miiy lie seen that the air follows the isobars and moves countereloekwise 


* That }>ait of llio contrifuniil forro (jjor unit mass) ^khioh corrmpondB to th«» ^arth*B own rotation 
hulaiuTtl l»y a pniiipoHoiit of thi* nartli'n attiavUon. Hit* rebultant of lliia coinpoucnt of 

tho cpuMifuKttl foil*!- tind of tho nariirs total true itm\i1utional attruotion ia pc»ri»cndi( t.iav to the earth’s 
auifiiei' uiitl eonufitutes Mhut i-s noitiuill.> refeireti to ks gravity. 

t The iiu'tluMl of roniiieiiititioii Iumo iU»Mcnl>ed in obviously iinpuMsiblc for eireunipolai finga of air. 
IIiMire rings of nil displaced uoithwurd acquire west-wind teiuloiicics, south-bound rings east-wind 
tondenciuH. ae brought out ))Ieviou^l^ . 
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around regions of low pressure (eyclones) and eloekwisc around regions of high pres- 
sure (antieyelones). In the Southern Hemisphere, the direction of motion around 
highs and lows is reversed. 

It is apparent from the preceding reasoning that the relationship between wind 
and horizontal pressure distribution is truly mutual; a prescribed pressure distribution 
will gradually set the air in motion in accordance with the law set forth; likewise, if 
somehow a system of horizontal currents has bt'en set up in the atmosphere, the 
individual current branches will very quickly be displaced slightly to the right (in the 
Northern Hemisphere) until everywhere the proper cross-current pressure drop from 
right to left has been established. Owing to the ease with which the atmosphere 
thus builds up the cross-current pressure drop required for equilibrium flow, the 
reasoning just outlini'd merely helps in understanding why the pressure in the Northern 
Hemisphere always rises from left to right for an observer looking downstream but 
does not by itself indicate that one current pattern is more likely to be established 
than another. To establish the character of the current patterns, either the pn^asure 
distribution must be known, or additional physical principles must be utilized. 

It is now possible to return to a discussion of the circulation development in 
Fig. 3. In an axially symmetric atmosphere, such as the one here discussed, the 
absolute angular momentum of individual parcels of air docs not change except 
through the influence of frictional forces. I’nder these conditions it is evident that 
the meridional (north-south) movements indicated in Fig. SA must gradually redis- 
tribute the absolute angular momentum so os to create west winds next to the ground 
in the polar regions, and east winds aloft over the equator. This is the state illus- 
trated in Fig. SB. If the meridional circulation is slow, the pr(<8sure distribution in 
the atmosphere must constantly adjust itself fairly closcJy to the prevailing zonal 
winds. Thus, in Fig. 3B, there would Im- a sca-level-pressurc maximum at the transi- 
tion point between the east winds in low latitudes and the west winds fart her north. 
This latter belt of west winds can continue its southward displaeemoiit as long as it is 
acted upon by an excess of centrifugal foree. However, piirt of the air in this west- 
wind belt must steadily lose momentum through frictional contact with the ground. 
Under the influenee of the resulting deficiency in centrifugal foree, this shallow portion 
of the belt next to the earth’s surface must wek its way northward, as indicated in 
Fig. 317. Since air continues to cool and sink next to the pole, it follows that (he 
retarded west winds, for purely dynamic reasons, are forced to eaenpe aloft some 
distance from the pole. Finally a cellular state develops, as indicated in Fig. 3D. 

The Three Hemispheric Circulation Cells. Up to this point the breakdown of the 
original simple meridional circulation scheme has been treated as a purely dynamic 
effect. It now becomes necessary to investigate whether the final mean circulation 
scheme is compatible with the thermal processes of the atmosphere. For this purpose 
we must fall back upon our as yet very incomplete knowledge of radiative processes 
in the atmosphere. 

It was stated previously that, practically everywhere above a shallow layer next 
to the ground, the free atmosphere suffers heat losses through the comhined effects 
of the various radiative processes to which it is subjecU-d. In middle latitudes at 2 
or 3 km above sea level, these losses would produce a cooling at fixed levels of the 
order of magnitude of perhaps 1 or 2''C per day. 

Thus, with the possible exception of equatorial regions, the free atmosphere every- 
where serves as a cold source (condenser) for the circulation engine. Heat sources arc 
located at the earth’s surface and above the surface layers in those regions where 
latent heat is released through condensation. Hie release of latent heat through 
scattered, unorganized convective action is of little consequence for the atmospheric 
heat engine, but those regions where there is organized ascending mass motion with 
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ailendiiiK condenaation and reU*a«o of latent heat beeonie important heat sources 
capable of driving the stmosphcric circulation. It follows that the atmosphere itself 
to a considerable extent has the power to regulate the distribution of its heat sources 
and also, through dynamically produced temperature ehatiges, to modify the intensity 
of its cold sources. * The latter effect follows from the fact that a temperature change 
modifies the emission, but not the absorption, of a given nareel of air. 

It follows from the preceding discussion that the air ascending in the equatorial 
belt and spreading poleward at upper levels must lose heat faiily quickly and that 
parts of it must reach ground again when it is in the horse latitudes (in the neighbor- 
hood of 30°N or S). A branch of the descendmg air spreads poleward j another branch 
equatorward. The poleward branch will appear as a west or south-west wind, and 
must eventually meet the cold air sia-ping equatorward from the pole. Forced ascent 
results, rec[uiring a heat source which is provided through the rilease of latent heat 
in the, ascending air. 



Fio. 4. - The fiiml ecllular inciidional ciiculafion on u lotntiiig caith: t'nnvectioii near 
the Kquator, a deal aorie of dex'didinK air iiiotioii iiutth of it (about latitude (U)° N), and 
heave sluiitiiig cloud nias»c.‘> with nccciiiipan.tiiiK piecipitatioii iii the polar-front zone 
(55 to 00“ N). 

Thus the original single meridional circulation cell charaetpristio of each hemisphere 
in the original scheme breaks up iii such a fashion that one eell extends from the 
equator to the horse latitudes, amither from aliout latitude 00“ poleward. The result- 
ing scheme of circulation is illustrated in Fig. 4. In both extreme cells, the heat 
sources are found at low levels, the cold sources well distributed along the vertical. 
Ixioking eastward at a meridional vertical section through the Northern Hemisphere, 
one would observe counterclockwise ciroulation in each of these extreme cells. These 
circulations are direct in the sense that they carry heat from heat source to cold source, 
nil the while transforming a small fraction of the heat energy received into kinetic 
energy. The direct cell to the south may be called the trade-wind eell, since the south- 
41 ard-nioving lower brunch of this cell is responsible for the steady northeast trade 
winds just north of the equator. For reasons that will appear, the northern cell wiU 
be referred to under the name pnlar-front cell. 

It now sec'ms possible to offer an explanation also for the eireulation in middle lati- 
tudes. In the two direct eireulation ceils to the north and to the south, strong 
westerly winds are continually being creutiKl at high Icvek. Along their boundaries 
with the middle eell, these strong westerly winds generate eddies with approximately 

* This would becoms nicnifirant in an atnianiihprr frre from water rai>or. 
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vertical axes. Through the action of these eddies, the momentum of the westerlies 
in the upper branches of the two direct cells is diffusi-d toward middle latitudes, and 
the upper air in these regions is thus dragged along eastward. 'I'lie westerlies observed 
in middle latitudes are thus frietionally driven by the surrounding direct eells. The 
excess of centrifugal force acting on those upper west winds of middle latitudes forc-es 
the air southward, but equilibrium is never reached, since the air still farther to the 
south, instead of piling up and thus permitting the establishment of an adequate 
cross-current pressure drop, cools through radiation and sinks to lower levels. 

It has already been pointed out that theair that sinks in the horse latitudes spreads 
both poleward and equal orward. Tiie poleward branch must obviously ai>pear as a 
west wind accompanied by a crosH-curreiit pressure drop northward. It continues 
to move northward, since the retarding influence of ground friction continually keeps 
the surface westerlies below the intensity T(*quired for equilibrium. Aloft the situa- 
tion is reversed, since there the frietionally driven wind.s always remain slightly in 
excess of the value requirisl to balance the cross-current pri'ssure drop. The result 
is a motion northward near the stirfacc, a slight motion southward aloft. 



Thtts, to an observer looking eastward, tl»e meridional cireuialion in middle 
latitudes is clockwise and opposite to the direct counterclockwise cir»’ulat ions to the 
north and south. This middle cell serves ns a iieeessary brake on the general cireula- 
tion driven by the direct-working heat engines farther to the north and to the south. 
It has aln'ad.v been streH.sed that part of the frelative) momentum eastward gmierated 
aloft in the direct cells to the north and south spills over into the middle cell (through 
IaTgi--Bcale horizontal friction), wliore it is destroyrsi through slow southward dis- 
placement. The surface westerlies established in this middle cell serve the additional 
purpose of balancing the retarding force exerted on the earth itself by the easterlies 
farther south and north. 

It follows from the previously established rule for the relation between w'ind and 
pressure tliat tliesi'a-level pressure must drop from the pole southward to about bO^N, 
then rise to about 30°N, and finally drop from there on toward the equator. At 
higher levels, where the wind is everywhere westerly, the pressure rises steadily fixim 
tile pole toward the equator. I'hus at sea level a trough of low pressure is established 
in latitude 60° and a ridge of high presstire in the vicinity of 30°N. The observed 
mean pressure as a function of latitude for the winter 1938-1939, sliown in Fig. 5, is in 
good agreement with the result of the previous analysis. 

Climatic Zones. By this time it beeoroes possible to talk of climatic zones. The 
ascending motion in the equatorial region will obviously be attended by a groat deal 
of convective activity, violent because of the extreme instability of the vertical 
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tpinperalure drop. Owing to the abHenee of horizontal rontrasts, this eonvertive 
aetivity will follow the sun with u groat deal of ropilarity and produce the heavy after- 
noon showers charaeteristie of this elimalic zone. I'hc air descending in the horse 
latitiuh-B will have lost a great deal of its moisture, and th(‘ deseending motion leads 
tt> warming by eompression at intermediate levels. Thus, in spite of relatively liigh 
surface temperatures, the viTtieal tenipiTature drop is fairly weak and the air itself 
BO dry as to prevent eoiiveetion. This region, then, will l e charaeterizi>d by an arid, 
or semiarid. climate. 

I'lie region of u.seending motion around 55 or GO°X w ill obviously be characterized 
by a great deal of precipitation from the ascending air. It also is I'vident that this 
precipitation will be of an entirely ditlerent na'ure from that observed in the tropics. 
Heisiuse of the southward movement of cold polar air along the ground and the north- 
ward movement of warm and relatively moist subtropical air aloft, the vertical 
teiupi'rature drop in this region will be too wiak to permit violent convection, and the 
precipitation must be associated with the orderly ascent of moist, warm air ovei the 
wi’dgelike torigu<*s of polar air that extend southward. Jn this region, cold polar air 
and moist subtropical air converge next to the earth’s surface. This, then, must be a 
r(‘gion in which the surface isotherms, or lines of equal temperature, are constantly 
being crowded together and where abrupt transitions from subtropieul to polar air 
conditions may be obsert'ed. 

This transition zone, incessantly regenerated aud incessantly destroyed, is in 
modern meteorology referred to as the polar-front zone. Here cold and warm air 
masses are in oonstaiit battle. 'I’his battle expresses itself through the formation of 
quasi-horizontal waves that normally progress from west to east along the front. The 
length of uulividual waves varies betwwii 1,000 and 6,(KX) km (about 600 and 3,000 
niilosl. Heeause of tlif constant battle of air masses, the polar-front region is eliiir- 
aeterized by strong temperature ctintrastB and a rapid sueeesaion of dry and wet 
spells. 

The polar regions, cliaraeterized in the main by the descent of air that has lost 
most of its moisture in the u.seeut over the polar front, arc eharacterizi'd by cold arid 
or semiarid climate. 

PLANETARY FLOW PATTERNS AND THE STABILITY 
OF ZONAL CIRCIJLATION 

Tlie preceding analysis indicates that the polar front tends to occupy a mean 
position parallel to a latitude eircU-. The Soutliern Hemisphere, with its priietieall.v 
uniform water cover, is jirobably to a large extent characterized by such a zonal 
arrangcnieiit of (he ilifTereiit wind belts and of the polar front. Thus it is fairly well 
estiiblislied that the storms (polar-front wavt's) of higli southerl.v latitudes move 
with far greater regularity fnmi west to east than the storms of the Northern Hemi- 
sphere. This difference in behavior results from the influence of the nonzonal dis- 
tribution of oeeaiis and eoiitiiii'iits in the NortLeni Hemisphere, which leads to a 
breakdown of the polar front. The breakdown is reflected also in the sea-level- 
pressure distrilmtion. 

Figure 6 shows the praetically zonal normal pressure distribution observed in the 
Southern Hemisphere, and Fig. 7 sliows the extremely asyniiiietrie normal pressure 
distribution eharuet eristic of the Northern Honiisphere. Both figures refer to winter 
eoiiditioiis. It is evident that, particularly in the Northern Ileii’isphcie, the belts of 
high and low pressure have broken down into separate closed eonters of high and low 
pressure. These centers are usually referred to by the somewhat misleading name 
centers of action. During the winter season, at least five such centers may be observed 
ill our hemisphere — the leclundie and Aleutian lows, the Pacific high, the Bermuda 
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or Azores and the Asiatic hi^ Hie dailv synoptic i^cather charts for the 

Northern Hemisphere show a great many more moving high- and low-pressure systems, 
assoeiated with the battle between cold and w arm air masses along the jiolar front 
The construction of mean charts permits the eliiniiiatioii of these moving disturbances 
and brmgs out clearly the quasi-permanont charai ter of the centers of ai tion listed 
above 

Of late such mean pressure charts for periods of a week, a month, or a season have 
received a great deal of attention IV hen a setjuence of wes kly mean charts is studied 



Fig 6 — Normal s©a-level-picssuie distributiou (niilhbars) ovsi the Southern Hemi- 
sphere m Jul\ Compel e this with I la 7 and note the gicat regularity and si mmeti \ of 
the pleasure distiihutiuii in the Souther n Hemisphere, due, piesumably, to the absence of 
large land masses (After Shaw ) 

it is found that the centers of action may move very sloyly, eastward or westward, 
several weeks in succession. Frequently one or several of these centers of action may 
brc>ak up into several parts. With the breakmg up of the zonal pressure distribution 
into separate centers of action or cells goes a breaking up of the mean polar front info 
two, three, or four separate portions, usually extending from southwest to northeast 
The position of these separate mean fronts is determmed by the size, development, and 
position of the individual centers of action Since, on the other hand, most of the 
storms that control weather m our latitudes move along the frontal zones thus estab- 
lished, it IB easy to see why it is imperative to understand the factors that lead to the 


Sec. vni 


PLANETARY FLOW PATTERNS 


515 


breakdown of the ideal zonal circulation into individual centers of action. As a 
first step, it is necessary 1o discuss briefly the possible types of nonzonal steady flow 
patterns that can exist on the earth. 

It is a well-known fact in mechanics that a rotating rigid body will not change its 
rate of rotation unless it is subieeted to a force that produces a moment (torque) 
around the axis of rotation. If the body does not rotate initially, a torque is needed 
to set it in rotation. I'his simple principle can be applied to vertical columns of air 
as they move over the surface of the earth, but in so doing one must keep in mind that 



I'lu. 7. — Normal soa-level-prossure distribution (millibais) over the Northerm Hemisphere 

in Junuai-j-- {After Shaw). 

Note the great iricgu1nrit.v of the pressure distribution in the Northern Hemisphere as 
compared with that in the Southern (Fig. 6), the two deej) cyclonic (low-pressure) centers 
over tlie northernmost oceans, and the well-developed anticyclone (high-pressure center) 
over Asia. 


the earth itself is everywhere in a state of rotation around the vertical. To demon- 
strate this rotation, it is sufficient to refer to the cohc of an ordinary freely suspended 
pendulum, which swings back and forth in a vertical plane. If a pointer is attached 
to the pendulum weight and permitted to trace the path of the pendulum in a sand 
bed just below, it will be found that the plane of the pendulum slowly turns clockwise 
(in the Northern Hemisphere). At the pole the plane of oscillation would make one 
complete turn (300 deg) in 24 hr; in latitude 30° it t<iniB more sluuly, making one 
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complete turn in 48 hr. It is well known that the time of rotation of the pendulum 
plane may be obtained by dividing 24 by the sine of the latitude. 

It is obvious that this rotation of the plane of oscillation simply means that below 
our feet the earth rotates rountercloekwise (clockwise in the Southern Hemisphere), 

rapidly at the poles and more and more slowly 
as we approach the equator. Vertical air 
columns that move from one latitude to 
another tend to take their rotation with them. 
Thus a current of air originating in high 
northerly latitudes, where the cyclonic 
(counterclockwise) rotation of the earth is 
strong, and moving southward to a latitude 
where the cyclonic rotation of the earth is 
weak, will possess an excess cyclonic rotation 
around the vertical over that of the earth 
itself when it arrives at its destination. This 
excras rotation can express itself in two 
different ways or in a combination of both, 
08 illustrated in Fig. 8. 

The current can follow a straight path hut 
develop a shear so that the right edge of the 
(•urreut (looking downstream) moves faster 
than the left edge (Fig. 8vl). In the atmos- 
phere, there arc several influences at work 
that nonnaJly prevent the development of 
strong shear zones and h‘Bd to the estahlikh- 
nient of ciirrenta of fairly uniform velocity 
cross stream. In that case, the current is 
fon'cd to bend around cyclonieally, as indi- 
cated in Fig. 8/i. Figures 8C and H/J illus- 
trate the corresponding effects in a northbound 
current developing anticyclonic (clockwisel 
rotation. 

M’hen the mean zonal eireulation was 
discussed, a uniform seeping southward of 
cold air from high latitudes was assumed. 
In that ease, there Is of eourso no possibility 
for the establishment of eyelonieally curved 
streamlines, and the excess of cyelonie 
rotation in the southward-moving belt of 
cold air should therefore lead to strong 
cyclonic shear in the northern belt of easter- 
lies. Likewise, in the free atmosphere, where 
rings of air are displaced northward toward 
Tenons where the earth itself rotates more 
rapidly countercloekwise (eyelonieally) around 
the vertical, the resulting deficiency in ro- 
tation of the displaced air columns must 
cxprt'ss itself in the form of anticyclonic 
However, in both cases it can be said that the statistical mean north- 
southward velocities associated with the general circulation between 
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Fio. 8. — ii) ruj-iciit fitruo- 

turc reHulting fioiii bouthward and 
iLorthwaid iiiovuiiiciitH in the Northern 
Hemisphere: A narrow cunent 

moving bouthward would, if foieed to 
follow a straight path, aeciuire a strong 
eyelonic (eounterelockwise) ahear; 
if fiee to seek itb own patli, it would 
curve around eyelonieally' ; (7, a niirrow 
current inoviug northward would, if 
forced to« follow a straight path, 
acquire a strong anticyclonic (clock- 
wise) shear; D, if free to seek its own 
path, it would curve around anti- 
cyclonically. In all cabes the current 
would pile up air on the right-hand 
bide looking downstream, but the 
slight deflections needed to bring this 
about would not materially affect the 
flow patterns illustrated. 


shear, 
ward and 

latitudes are so weak that frictional forces of all kinds have ample time to pn^vent the 
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pstablishment of sharp shear zonoa. The situation is different in the ease of air cur- 
rents that for some reason or other are definitely deflc'eted from their east^west motion. 
In these currents, latitude ehanRCs occur so quickly that the frictional forces have 
inadequate time to act. In such currents, the excesses or d<'ficienci(>s in rotation 
have a tendency to produce curv<-d flow pattt'nis. Initially straight currents Irom 
the north curve around cyclonically; currents from the south curve around 
anticyclonically. 

It is particularly interesting to apply these results to a study of the stability of west- 
wind or cast-wind belts of limit<-d width. If a current from the west at some point 
in its path is subjected to a cyclonic torque that gives it a slight deflection northward, 
it follows that the current fn>m then on will head toward higher latitudes, where the 
rotation of the earth itself around a vertical becomes stronger and stronger. Thus 
the relative cyclonic rotation (cur\'aturel ahich the current acquired at the initial 
point of deflection will decrease and e\'cntually, after sufficient di.splacemcnt north- 
ward, change into an anticyclonic curvature. The current will then finally bend back 
toward its equilibrium position. Vs it movj-s southward, it will pick up cyclonic 
relative rotation (cuiwaturc), and the net effei-t will be a sinusoidal, or wavelike, 
uscdlation of the west-wind belt around a certain mean latitude, such that the current 
will form a scries of standing waves dowmstri’ani from the point at which it was 
disturbed initially. 

The amplitude of these waves detamds upon the intensity of the initial disturbance, 
but the wave h'ngth depends princqiully on the strength of the* west-wind belt. The 
strongi-r the wind, the longer the wave length. For the wind velocities prevailing 
in the upper troposphere m our middle latitudes in wintertime, this wave length is 
of the order of niagiiitudo of 5,000 km (3,000 miles). These “resonance” waves give 
UH n length scale for the large semip<‘rmanent centers of action into which the previ- 
ousls’ doscrihed symmetric zonal circulation actually breaks up. 

If till" .same type of reasoning is now applied 
to a narrow current from the oust, which at a 
given point in its path is given a slight eyelonie. 
rotation (eyclenic curvature), it follows that 
the current from then on moves slightly south- 
ward. However, tlie fartlicr south it moves, 
the stronger will be the eyelonie rotation of the 
current, since it is constantly moving toward 
latitudes whore the eartli’s own cyclonic 
rotation nrouiid the vertical becomes weaker 
and weaker, 'rims tlie current is deflected 
farther and farther away from its isiuiUbrium 
latitude. Finally it will have turned around 
completely and will then appear as a west 
wind, hut witii sufficiently strong cyclonic 
curvature to return to its original path. If the current liiid originally been deflected 
northward, it would describe a complete anticyclonic circuit. This may he of 
importance in connection witli the breaking up of the high-pressure belt around 
latitude 30°. It is fairly evident that the cold easterly winds to the north, beeaiise 
of the large bodj’ of cold air over the aretie, are eonstraiiied to break up into c.vclonic 
vortices. 

The analysis show's that easterly winds ait* unsfable and tend to break up into large 
cyclonic or anticyclonic eddies. The dimensions of the eddies thus formed increase 
with the velocity of tlie east wind itself, and they agree reasonably well with the 
dimensions of the cyclonic centers of action referred to above. Figure 9 illustrates a 



HIGH 


I'lo. 0.- Di.'iKiiiiu of waves on a 
broad wc'-t-wiiid belt, sluiwing 
tioiighs of low pressure and ildges of 
high piesNuiv. 
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Steady resonance ’wave on a broad west-wind belt, and Fig. 10 the trajectory of a 
deflected east-wind belt of narrow width. 

To understand completely the behavior of cold currents from the north a further 
reference should be made to the spinning-marble experiment diseussc'd earlier. It was 
pointed out that, by a shortening of the string, the niarblo could be made to spin 
faster and by a lengthening of the string to spin more slowly. In the same way, the 
outer edge, or periphery, of a rotating rolunin of air that is stretched vertically and 
shrunk horisontally will spin around more rapidly; if the column shrinks vertically 
and stretches horizontally, it will spin more slowly. In appl.ying this result to vertical 
columns in the atmosphere, it is necessary to consider the absolute rotation. It 
thus follows that air columns that stretch vertically must acquire an excess (cyclonic) 
rotation relative to the earth, while air columns that shrink vertically acquire a defi- 
cient (anticyclonic) rotation relative to the 
N surface of the earth. 

It is a well-established fact that cold cur- 
rents from the north gradually sink and spread 
out next to the surface of the earth. This 
sinking is most marked along the right-hand 
edge of the cold current (for an observer facing 
downstream). Thus the left-hand branch of 
the current curves around cyelonicnlly as a 
result of the decrease in latitude, but the right- 
hand branch, in which strong sinking occurs, 
etuves around aiiticyelonically. As a result, 
the deflected eold current spreads south in a 
fanlike fashion. 

If for some reawm tho westerlies of middle 
latitudes are disturbed and a quasistationary 
wave pattern is established, the pressure will 
drop wherever a wave trough is being es- 
tablished. tiold air from llie north will be 
ptilled into these low-pressure troughs. Hence 
intermittent outbreaks of eold polar air from 
the previously undisturbed east-wind belt to 
the north are likely to occur wherever t here is a 
trough toward the south in the westerlies. Corresponding outbreaks of warm and 
moist air from the southern belt of easterlies tend to occur where the westerlies are 
deflected northward. One obtains in this way the pattern of flow illustrated in 
Fig. 11, which in several respects well describes the observed flow pattern in the 
atmosphere. It is obvious that this pattern leads to a breaking up of the polar front 
into separate portious that run roughly from southwest to northeast. Along these 
individual polar fronts, waves form that move northeastward and gradually die out in 
the central low-pressure areas to the north. 

Figure 12 represents a modification of Fig. 11 obtained by assuming that the 
crests and valleys of the quasi-permanent waves in the west-wiiid zone extend from 
southwest to northeast, parallel to three of the four principal buiuidarics betwcwii 
oceans and continents in the Northern Hemisphere. This theoretical picture agrees 
remarkably well with the observed mean pressure and frontal distribution in any 
one of the principal frontal zoiira of the Northern Hemisphere. 

To each speed of the westerlies corresponds one definite resonance wave length, 
and this wave length increases with increasing strength of the westerlies. Thus it 
appears that the number of points where polar air is simultaneously injected into the 


Fio. 10. —The upper curve repre- 
sents tho path of a narrow oast-wind 
belt that lias received a small initial 
deflection noithward. The lower 
curve represents the path of a cur- 
Tont that has received an initial 
deflection southward. Since a cur- 
rent in a state of fatead,v motion can- 
not intersect itself, the anal) sis bug- 
gebts that narrow cubtwind belts arc 
unstable, resulting in the intermittent 
formation of largo vortices. 
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west-wind zone depends upon the strength of the westerlies and decreases as the wester- 
lies increase. In the Southern Hemisphere, where land masses are relatively insig- 
nificant or, in the case of the antarctic continent, symmetrically distributed, these 
injection points may occur in any longitude, and thus the mean wind and pressure 



Fiq. It. — Breakdown of the zonal polar front and establishment of a typical branch 
front throuRh the injeotion of polar uir into a trniiRh in tht> westerlies. Subsiding, uuder- 
rnttinR branches of the r^olur air take on antieyrlonic curvature (broken lines); nonsnb- 
siding branches will curve around cyclonically and form the left edge of the cold wave. 
The polar front is indicated by a barlied line. 



Flo. 12.— Injection of polar air into a idanUng trough of the westerlies. Such troughs 
niay easily form as a result of thermal perturlratioiis of the westeilios set up along the 
slanting eastern coast lines of Asia and North Anicrica-Greenlaiid. 

distributions should appear fairly uniform around the globe. In the Northern 
Hemisphere, on the other hand, preferential injection points are established, and the 
final moan-pressure distribution is thus far from symmetric around the axis of the 
earth. 
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INTENSITY FLUCTUATIONS IN ZONAL CIRCULATIOH 
AND THE CIRCULATION INDEX 

In view of the fact that the dimensions niid positions of the rirculation patterns 
associated with strong and weak circulation differ in a characteristic fashion, it is 
evidently important to develop a simple index to the intensity of the zonal eireulation. 
It has been pointed out previously that the surface westerlies in middle latitudes 
form a part of a reverse meridional circulation cell which is driven by the direct cells 
to the north (polar-front cell) and to the south (trade-wind cell). Because of this 
frictional drive, it is reasonable to assume that these surface west winds, at least 
qualitatively, furnisli a good measure for the variations in the general zonal circulation 
of the atmosphere. A simple measure of the intensity of these sea-levcl westerly 
winds may be obtained by taking the difference between the mean pressure observed 
in latitude 35°N, near the center of the subtropical high, and the mean pressure 
observed in latitude 55°N, just south of the pressure trough nonnally prevailing in 
the vicinity of latitude 60°N. This mean-pressure difference is very nearly propor- 
tional to the mean-wind component from the west prevailing within this zone, if sur- 
face frictional forces are disregarded. In view of the variations in the difference 
between the mean temperature of an air column in latitude S-I'N and that of another 



Fio. 13. — Zonal circulatiuu variations during the period November, 1936 to May, 
1938. This index to the zonal cii eolation is immputed weekly ns the difference between 
the mean pressure at latitude 35° and the mean pressure at latitude 55°. The gieatei tliis 
index is, the stronger the prevailing west wind in middle latitudes. Note the large ampli- 
tude of fluctuations in winter, particularly the occurrence of long trends downward or 
upward through sovei al weeks in succession. 

air column in latitude 65°K, it is, unfortunately, impossible to use the same mean- 
pressure differenoe as a quantitative measure of the mean aesl-witul component at 
higher levels within the same zone, but it should at least serve as a qualitative index 
to the variations in eireulation intensity at higlier levels. 

Mean weekly values of this circulation index iiave been computed since 1936 and 
show amazingly strong fluctuations from week to week in the eireulation intensity. 
During the winter season, these fluctuations range from an index value of about 15 mb 
to one of about —5 mb, the latter value indicating an actual n*versal of flow in the 
surface layers (east wind). These fluctuations are well illustrated by the curve in 
Fig. 13. The variations in circulation intensity are obviously fairly irregular, but it is 
also evident that trends persisting through 3 or 4 weeks are fairly eomnion during the 
winter. The irregularity of the variations in eireulation intensity is suffieicntly pro- 
nounced to eliminate effectively all posHibility of long-range forecasting on the basis 
of periodicities, but the persistence tendency in the index eurve is sufficiently high to 
permit judicious extension (extrapolation) of a trend for a week at a time. During 
the summer, the fluctuations in circulation intensity arc somewliat smaller and also 
more irregular. It is hard to see how adequate short-term long-range weather fore- 




Sec. vni 


INFLVBKCB OF LAND MASSES AND OCEANS 


521 


raetB ran be devrlnprd until thorn is an adrquato understanding of these amazing 
fluctuations in the zonal rirrulation intensity. 

It has already born nieiitioiiod that the energy of the westerlies depends upon the 
meridional circulation between heat sources and cold sources in the two direct 
meridional cells, to the north and to the south of the westerlies. It would therefore 
seem probable that a satisfactory understanding of the variations in the zonal 
circulation intensity cannot be reached until fairly compl-te temperature and humidity 
data from the upper atmosphere over the entire Northern Hemisphere are available 
in the form of daily routine measurements. No adequate pliysjeal theory is available 
at the present lime from wliieh the fluetuations in eireiilatinn intensity may be eom- 
piited, but recent studies suggest that thesi- fluctuations may be associated with the 
intermittent pstablishnient of a direct infl >w o) deep moist air from the equatorial 
f ra<lc-wiiid belt into the westerlies of middle latitudes. There is good reason to hope 
that the prohlem of the circulation fluctudiions will be brought much closer to its 
solution within the next fj-w years. 

INFLUENCE OF LAND MASSES AND OCEANS ON THE CIRCULATION 

PATTERN 

In older writings, it is sometimes staterl that the differenee hetw(-en land eliniale 
ati<l sea climate is eausY-d by the difference in .specific heat hetn-cen wafer and aolia 
rock. It IS more eorreel to emphasize that the upper layers of the ocean arc nearly 
always in a state of violent stirring whcri'by heat losses or heat gains occurring at thi 
sea surfaci' arc distriliiitcd througliout large volumes ot water. This mixing proresis 
sharply nvlucY-s tli<' temperature <'onf rants bclwi'cn day and night and between winter 
and summtT. 

In the ground, there is no turbulent redistribution of heat, and the effect of 
nioleeular beat Cfinduetion is very slight. Thus violent contrasts between seasons 
and betwet'ii day and mglif tire ereat*^! in (he interior of eontinenta. During the 
wintiT, till' sntm cover that extonils over large portions of the northern continents 
refleels back toward sjiaee a large part of the sparse incident solar radiation. For 
these various reas<ins, the uorth<*rn continents serve as efficient maniifaeturing plants 
for dry polar air. The jiolar air cup is no longer hyminetric but is displaced far to the 
south, particularly over the interior of Asia. This in turn menus that the mean polar- 
froiil zone is defnrnied and tends to foUow the bounil.aries of the northern eontinents, 
<‘vten(bng iiort beast ward along the Piieifie wast of Asia, then southeastward along 
the llnckic's, and finally nortlieastward along our Atlantic coast toward Teelaiid. Our 
kmiwlcdge of the upper westerli«-b at high levels is still very incomplete, hut it appears 
that they, too, are displaced southward over the .Vsiatie continent. 

The polar air that is being steadily inanufuetured over the interior of .Vsia generates 
a polar front that in the main follows the Pacifie eoust line of that continent. Just 
ns pure easterly winds are established behind the mean polar fiamt on a symmetric 
globe, northeasterly winds will lie establishi'd to the north and west of the .Asiatic 
polar front and southwesterly winds south and east of the same front. This arrange- 
ment of currents is, however, highly unstable. It has already been brought out that 
currents from the north tend to assume eyeloiiie eurvsture unless they have an oppor- 
tunity to sink and spread out. The cold eiirrents from the north behind the .Asiatic 
polar front cannot spread out toward the interior where still deeper masses of cold air 
are stored. Hence they must streani south over the Pacific, and these intermittent 
outbursts help to maintain a tln’p eyeloiiie vortex off the Pacifie coast of .\sia. 

The air masses (hat ure found south and east of the Asiatic fi-ontal zone and at 
highc'r levels striaini towaril the Aleutian Islands. .\a they move northward, they 
must gradually curve around antieyelonieally (clockwise). It has already been 
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pointed out that the wave length of such an oscillating west-wind belt inprcascB with 
iiuTeasing wind velocity. Hence, if the southwest or west-southwest winds off the 
roast of Asia are sufficiently strong, they will follow the boundaries of the hiorth Pacific 
Ocean, curving around anticyclonically ns a result of their northward displacement. 
In this case, a single frontal zone is established, along which storms move rapidly in an 
eastward direction, crossing the Pacific const of North America in fairly high latitudes 
(British Columbia, Washington, Oregon). 



Fio. 14. — Mean sea-levol-pressure distnbution (niillilMus) ciuiiiig a week of slow zona) 
circulation, Nov. 14 to 20, 19,17. Note two sepaiate iow-piessuie ceiitcis in the Pacific, 
a well-developed continental high in North America, the split chai actor of the Icelandic 
low, and the displacement toward Kuropo of the Asiatic high. 


On the other hand, as the southwesterly winds off the coast of China grow weaker, 
they tend to curve around anticyclonically much more sharply. A trough of low 
pressure may then be created in the middle or eastern part of the Pacific, and thus 
another injection point for polar air may be established. A new polar front, cxti'nding 
across the mid-Pacific from southwest to northeast, may thus be established by purely 
dynamic means, whenever the general circulation slows down. Storms (wavesl 
traveling northeastward along this polar front bring moist southcrlj' winds to Cali- 
fornia. Thesi* moist air masses are trapped between the Pacific polar front on the 
one hand and the mountains and the cold air masses over the continent on the other. 
They are therefore forced to aaeend, and in so doing they probably produce a large 
portion of the winter rains in southern and central California. 


sk. vni 


ISFLUBNCB OB LAUD UASSBS ABB 0CBAN8 


523 


As a result of tho production of polar air over Greenland and the North American 
continent, another p»)lar-front gone is established over the eastern states, extending 
from the lower Mississippi Valley over New Kngland, Newfoundland, and the northern 
North Atlantic toward northern Norway. When the circulation in middle latitudes 
is very weak, a second Atlantic poliu* front may be established over W'estem Kurope. 
'rhis doubling of the Atlantic polar front apitears to l>e a more infrequent phenomenon 
than the doubling of the Pacific polar front. 



Kio. 15. — An example of tlie thcoietical planetary flow p.iltcrn for weak lonal circula- 
tion. Compare tliis diugraiu witli Kig. 14 and iiotctlie presence in both of a Bi)lit Aieutian 
low and n split leoluiidic hiw witli one branch ceuteicd cl^cr eastern North America. In 
coinpariiig flic ta'o diagrams it shoidd lie remeinheted fliat the a’uvc pattern of the wester- 
lies indicated here is in loalit.y Fig. 14 ohscured lij shallow cold-air anticyclones and that 
it would appear clcarlj on » corrc.s|junding riiart for the 3-kni level. 


Figures 14 and 15 represent an attempt at a comparison of the observed pressure 
distribution during a period of very weak zonal movement in middle latitudes with tlie 
computed air trajectories during a period of weak eireulation. The observed pressure 
distribution (Fig. 14) shows that the Aleutian low' has split into two separate centers, 
one off Kamchatka and one in the Gulf of Alaska. Likewise, the Icelandic low has 
split up, with one center over Labrador and a second center in the form of a long trough 
extending southwestward from Spitsbergen to a point off Ireland. The center 
positions of these observed cyclonic whirls agree fairly well with the computed circuits 
tion centers in Fig. 15. 
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In computing this last oirrulation diagram, it was assumed that the easterlies to 
the north have a mean velocity of 8.9 m per sec, the westerlies in middle latitudes a 
mean velocity of 15.5 m per see, and the easterlies still farther to the south a mean 
velocity of about 13.3 m per see. These velocities were rhosen so as to give a proper 
wave length for the westerlies and the proper djmensions for the cyclonic and unti- 
cyclonic eddies to the north and south. Tims the only claim that can he made for 
this theoretical analysis is that, with reasonahle values for the prevailing sonal winds. 



Fla. 16. — Mean sea-level-prcHsnrc distrihntioii (loillilMirh) duTing a acek of strong zonal 
circulation (Jan. 9 to 15, 19.1S). Note the presence of a siiiglc Mrona .tteutian low, n single 
Icelandic low, and the displacement toward the Pacific of the .Vsiastic high. 


it leads to flow patterns of a high degree of verisimilitude. In view of the disturbing 
influeuee on the mean zonal pressure distribution of the relutively shallow, cold anti- 
eyelones over Asia and North America, it io impossible to start the aualy,si.s from lh(* 
observed zonal pressure distribution. 

It is fairly apparent that both the theoretical and the observed circulation imply 
the existence of double polar fronts lioth in the Pacific and in the Atlantic. The 
positions of these mean fronts have b(‘eu indicated by broken lines in Fig. 15. 

During periods of strong circulation, the tlieoretical resonance wave length 
analyzed previously beeomes too large for the development of two frontal zones either 
in the Pacific or in the Atlantic. The resoiiaiice wave pattern is no longer free to 
develop, and the circulation pattern is probably mainly a function of the distribution 
of continents and oceans. 
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PiKure 16 Is typidal of the mean pressure distribution durinK periods of strong 
circulation. A comparison of Figs. 14 and 16 reveals certain marked contrasts that 
appear to be typical. 

During periods of strong circulation both the Aleutian and the Icelandic lows are 
characterised by single wcll-develop«“d centers and by large dimensions. The Aleutian 
low is then normally located near the Alaskan peninsula and the Icelandic low in the 
vicinity of Iceland or even east and north of it. 

During periods of weak circulation, one or the other or even both of these centers 
split into two separate cells of sninlter dimensions than normal. Ons part of the 
Aleutian low may be found near Kamchatka; one in the Gulf of .Alaska. At the same 
time the leelandic low is frequently displaced westward and southward, or it may, as 
in Fig. 14, split into two cells. 

During periods of strong circulation, a fairly well developed high-pressure area, 
often refernsl to ns the Great Ilasin liigh, is usually found over the southern portion 
of the Iloeky Mountain states, llns is really a part of the subtropical (warm) high- 
pressure area. North of this high-pri'ssure area there is a rapid inflow of relatively 
mild Pacifie air masses over the I'ltifed States, and rapid air motion eastward prevails 
over the northern states. There are very few indications of the development of a eold 
continental anticyclone over the interior of this continent. 

During such periods of strong circulation, maritime inflow from the southwest 
characterizes weather conditions in northwestern Europe. Both our Paeific North- 
west and northwestern Europe are then dominated by a rapid suceession of wave 
cyclones — warm, moist, subtropical air nia.sses alternating with relatively mild, mari- 
time polar air inas.ses moving in from the west or northwest. Itainfall on the Pacific 
coast occurs mainly far to the north, in British Columbin or Washington and Oregon. 

Finally, during such iktiikIs of strong circulation, the Asiatic high appi^ars to be 
displaced toward the Pacific side of Kiira.sia. 

On the otiicr liand, as the zonal circulation of middle latitudes weakens and finallj' 
reiiches a miiiiniuin value, there is a marked tendency for the Great Basin anticyclone 
to disappi'iir and for a strung eoiitinentiil anticyclone to develop over the interior of 
North .Vinenca. 'I'lie center of tins anticyclone is located far to the north, in t'anadn, 
and a wedge of high pressure i-xtends southward into the Viiited States. Thus, in 
the surface layers, there is very little air movement from west to east across North 
America. .\t the same time, the .\siatie anticyclone is usually displaced westward, 
toward Europe. The effects of these pressure changes on weather eouditions are 
profound. Tlnwe will now he an outflow of cold continental air from the east over 
Alaska and even over British Columbia, and another outflow from the southeast of 
extremely cold contiiicntal air from Asia over northwestern Europe. 

'I'he polar-front eycloiies, which move up over the Paeific toward that portion of 
the .Aleutian low which during jierioils of weak circulation is kwati-d in the Gulf of 
Alaska, are ((iiite likely to bring with them warm moist air masses from the southwest. 
It has alrenily been brought out that thi^se moist I'lirrents are frequently trapped 
between the ixilar air masses that come down over the Paeific to the west and the 
inoimtuiiis and continental air musses to the east, 'i'hus forced to ascend, the moist 
air yields heavy rainfall fairly far south on the Pacific coast. 

During periods of weak circulation, the theoretical sca-level-pressurc distribution 
is so disturbed through the di'velopinent of eontiucntal anticyclones that it may 
become unrecognizable. For this reason, it is of some interest to look at the pri*saure 
distribution at higher levels, say, 3 kin (about 2 miles), as deterniihed with the aid of 
upper-air data now available daily from a number of stations in the United States 
(Figs. 17 and 18). In Fig. 18, corresponding to a period of weak circulation, there 
are good indications of low-pressure troughs off the Pacific coast and east of the 
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i’la. 17. — Mean pressure (inches) at the 3-km level ft>r the fivr-ilii\ peiiud Feh. 26 t« 
Mar. 2, 1939. This map corresponds to a peiiod of htronit circiiliifion. Nnliee the (tenenil 
trend of the isobars fiom west-aoutliwest to east -noi thrust in the eastern half of the coun- 
try, indicating a general woat-aouthwc.stetn wind. This type of wind distribution aloft 
in the eastern part of the United States corrcsiionds to temperatures well above norinsl. 



Fio. 18. — Mean pressure (inches) at the 3-kni level for the five-day period Mar. 19 to 
23, 1639. This map eoi responds to a period of weak cirrulation. Notice the west-north- 
west winds over the Middle West and tlie East, eorrespoiiding to teniix'rature well below 
normal in these sections. This prassure distribution suggests two troughs, one over the 
Atlantic roast and another over the Pacific just off the California coast. 
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Atlantic coast. Figure 17, corresponding to a rase of strong circulation, shows a 
single well-mark od trough, probably an extension of the Icelandic low, extending south- 
westward through the Mississip})i Valley. 



I ' 10 lU. — Tuiiipeiivluic depiutuic fioin noiinol, in °1 , loi a jiciiod of inuxiiiiuin riirulntioii. 
The index at tins time wan 1.1.2 niillihuis. 



Fio. 20. — Temjieiutuio ilepartuie from normal, in °1(', for a peiiod of maximum circulation. 
The index at tills time was 12.5 nullibars. 


During periods of strong circulation, characterised by strong west-to-east move- 
ments in middle latitudes, the belt of westerlies is usually displaced somewhat to the 
north of its iiurmal position. Because of the prevailing strong winds, intense lateral 
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mixing and turbulence develop in middle latitudes. This mixing process transports 
heat northward and creates positive temperature anonialie*B in middle latitudes and 



Fio. 21.— Teinpeiatiiie depai tore fioin normal, iii "’1 , foi a peiiod of iniiiiimini i in ulution. 
The index at (Ins time waa —1 4 nnlltbuis 



hio. 22. — Temi>ciatuio dcpartuie fioni ni>f rnal. in , fni a piMiod of tiimiiiiuJii eiieulatioii. 
The index at thia time waa U niillihai i. 


presumably negative ones farther south. Durmg periods of weak circulation, the 
west-east components decrease in iiitciibity, and there is a pronounced tendency 
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toward the development of larK<'-BcaU‘ north-Hoiith current systomH. At such times, 
Tcpons of positive and ncRative temperature anomalies will appear side by side, but 
their position will not always be the same, as may bo infem>d from the previous 
discussion of the relation between tlie aise of the statitmary flow patterns and the 
prevailinK zonal-circulation intensity. The four anomaly charts. Figs. 19 to 22, are 
intended to bring out these diff(‘rences bet ■ween periods of strong and weak circulation. 

The value of the relationship d<-scril)ed above be'* ween the observed circulation 
pattern and the intensity of the zonal cireulation lies in the fact that it reduces the 
number of variables to be considered in any discussion of weather types by establishing 
two idealized world pressure patterns, for periods of niaximiini and minimum circula- 
tion intensity. Given the values '.f the zo:ial cireulation index during a few consecu- 
tive wei'ks (during the winter season) it is probably possible, from these values alone, 
to give a description of the nwan presstu’c distribution at the end of the pi'riod that 
will be decidedly better than a pure guess, although definitely subject to a considerable 
margin of uncertainty. I'ntil it becomes possible to predict the fliictiiatioiiB in the 
zonal-circulation index, it is of course impossible to utilize this knowlivlge with full 
effectiveness in forecasting. 

The preceding discussion suggest.s another imixirtant application. It should be 
))oasihlc to establish relationships corr<-sponding to iluit not necessarily iilentieal with) 
the ones described above, between iik-hii zoiial-indcv values and mean circulation 
patterns for longer periods (mouths or years). The estahiishmerif of .such chniatic 
patterns, having a physical background, should b<‘ of great value in the analysis of 
past cliniatic fluctuations and slioiild serve to enipliasizc tlie need for re.straint in this 
field of rcHearch, by hringiiig out the self-evident fact tliiit the sequence of past climatic 
events cun vary only very slightly from point to point. Hence, the gisigraphic distri- 
bution of the climates assumed to have prevailed during a certain geological period 
must follow a pattiTii that is compatible with accepted physical and iiieteorulogical 
priiK-ipIcs. 




SECTION viri 

METEOROLOGICAL INSTRUMENTS 

By Loi-van E. Wood 


CONTENTS 

Paoe 

Introduction 532 

Unromptcrs 532 

HiiroRmplis 537 

ThernioRr'iplis 538 

Uvgro/rrajjlis 539 

Th(>riuomptpr'< 540 

I’s\chrimicli rs 542 

W iiid liistnmipiits 544 

I’r«'('ipilntion (iausos 555 

SiimhiiK'-dtiration Triinsniittcr 557 

(jiiixlniplp ]fp<'or(]('r 568 

Dptorniiiintion of Cppor I\in(l l)v I’llot-Iialloon 01>spr\ ationn 569 

('eiliiiR')iPiKlit Instruinpnt'5 562 

Apronipiporopraj)!! 563 

Itadiosondp Cquipmoiit 663 

I'Xposurp of /iistrunipiifs 669 

Aiitomafip \tp.ilJipi Stations 570 

CaUbritioii and Test I (luijiinciit 571 

Hibhogiaph} 572 


631 



SECTION VIII 

METEOROLOGICAL INSTRUMENTS 

By Lotjvan E. Wood 

INTRODUCTION 

MeteoroloRiPal instrumonts may 1)C divided into three geniTal proups, thosi' in 
routine use for surfaee oliservatioiifl, i.e , meiiKUi'enieiitii of proKsiiri', temperature, 
humidity, sunshine, ete., at or near the eiudhs surfaee; f lios<- in roiiliiK- use for upper- 
air obsurvat ions, i.e., pilot halloons, associated equipment, and radiosondes; and last, 
a large variety of instruments that either are usi'd in very limited immhers, applicable 
only for speeiul problems, or are conneeted witli closely related sciences. 

Space permits a brief description of only the first two groiijis. 

BAROMETERS 

Barometers ma.v he divided into two liasie types, merei.rinl and ancToid. In 
general, iiiercuriid liarometcrs are characterized 1)> a hiRh degree of necuraey. per- 
manence, and fragility as eornpured with aneroids, which are small, light, highly 
portable, anti relatively rugged. 

A mercurial barometer can be designed to measure pressure aecurati'ly without 
referenee to another standard (although llu-y are seldom so designed in practice i, 
but all aneroids must be compared with a stniidanl to establish ealibrntioii. 

Mercurial Barometers. A mereurial banimeter consists in principle of a column 
of mercury balanced againsi the weigjil of tJie ntiiiosphere. A U'rlieal rolumn of 
mercur.v 30 in. long exerts aiiproxiiiiatelv the ssme jiressure jier unit area as the 
atmosphere at sea level. 'I'hc height of lh<‘ mercury i ohiinii is pniportioiial to the 
pressure (see Fig. 1). 

The basic relationship for tin- nieasiireniei.t of pressuie by a nieri'urial barometer 
is 

I'd = p,ig(l — ltl)li 

where P,i — pressure, dynes/eiii* 

Pi = density of mereiiry at 0°(‘, 13..'>93) gr.nns/'eiii’ 
g = acceleration of gravity at sea level and d.'! lal., 9S0.<)2] cin/see* 
p'— coefficient of thermal expansion of nierrur>, O.OODISIR 
t — temperature or mercury. ”('■ 
k = height of column of mercury, cm. 

One millibar = 1,(XK) dyncs/cm’; therefore pressure in millibars is given by 

^ p„glJ ~ ^ 

1,060 

Pressure measurement with a mercurial barometer dcpimds on three principal 
factors. 

1. Measurement of the height of the mercury column, 

2. Determination of p, thj‘ density of the meivury. 

3. The value of the acceleration of gravity. 
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Thore are two common types of mereuria) barometers, the fixed eistem and the 
adjustable eisti'rn. In the simple- U tulie shown in Fifj. 1, the mercury level changes 
equally in both sides with a eliange in pn*ssure. Siner it is inconvenient to measure 
both levels, the open side of the barometer is made niurli larger than the closed side 
and is known as the astern. The changes in mercury level in the cistern are less than 
those in the closed tube in the same ratio as the area of the cistern is greater than that 
of the closed tube. 

In an adjustable-cistern barometer, the mercury level is manually adjusted to a 
reference point prior to determining h, the height of the mercury column. 

The height h is always measured from this reference point. 

In the fixed-cistem baroniele'. a fixe<l amount of mercury is used, 
iind the level of the mercury in the ciwem is allowed to vary with 
changes in pn-ssurc. 

The variation in level in the cist-rii lears the same relationship to 
the variation in level in the tube as the cross-sectional area of thi- tube 
do('B to the urea of mercury surface m the cistern, j.c., if the ratio of the 
an-a of the mercury surface in the cistern to the area of the lube is HO 
to 1, the range of fluctuation <if mercury level in the cistern will 1«* 
one-fiftieth of thut in the tube. Since the pressure is determined b.v 
measuring the level in the tube, nllowunee must Ik- made for the change 
in cisti-rn level. This is done by contracting the ineasuring scale in the 
above cose by The simple I' tube may be considered as a fixcd- 

cistern hiirometer having a unity area ratio, in which case >2 in. on the 
scale represents 1 in. pressure. Hbtli a fixed cistern, it is essential that 
the cistern and tube have constant croBS-sectionnl .areas throughout the 
ranges of mercury movement in onler to have a linear scale. This is 
not necessary with an adjustable cistern. 

In Fig. 2ii is shown a cross section through a type of fixed-cistern 
baroin(‘t<‘r, whih- 2fc shows a P'orlin cistern, a common type of adjustable cistern. 

With an adjustable-cistern instrument, h is measured by means of a vcmicr- 
cquipped scale tiiised on the tip of the ivory eotie as a slarling point. With a fixed 
cistern, h is mea.sured by means of a veriiier-<*quipped seale based on the level of the 
mercury in the cistern at zi-ro prcs.surc as a starting point. 

Haromcti'r scales arc ordinaril.v made of brass. Consi'quently, for accurate meas- 
urement of h, it is nccc(ssar 3 ' to corre<-t lor the tenipcTature effect on the seales. 

'I’lie deiihit.v of iiiereury changes with temperature. With an adjustable eistern, 
the density of niereury is import ant only inasnuieh as it affects the length ft through 
the cliange in weight per unit length of the eohinm. The change in volume is of 
itsi’If of no importance. With a fixed cistern, thi're arc two effei-ts. that changing the 
length of the column and that due to the eiiange in volume of the incrc-urv. The 
latter is a function of the phj'sieal proportions of the barometer and is independent 
of the pressure. 

In practice, the temperature correction for an adjuBtablo-cistern barometer con- 
sists of a single eoinposite correction for the scale and nicrcurj’ errors, whereas that 
for a fixed-cistern buromefer consists of the same correction plus a relatively small 
eorreetion for the particular design of instrument in question. In some barometers, 
that correction is so small as to be negligible under normal conditions of pressure and 
temperature. 

Barometers n-ading in inches normally have seales cut to be correct at 62°F, 
and the mercury is referred to 32‘’F. nds coiiibination gives zero temperature 
eorre-efion at 28..5°F. Metric barometers have zero temperature correction at 0°C, 
both the scale and the mercury iieiiig referred to 0°('. 



Fio. I. 


Piinciple 
of iiicrcu- 
ri al ba- 
roiiiotor. 
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A thermometer is mounted on a mereurial barometer with its bulb exposed so as 
to indicate a temperature as representative as possible of that of tlie entire barometer. 
It is important to keep a barometer at as uniform a temperature as possible. 

The acceleration of gravity varies with both latitude and altitude above sea level. 
A correction must be applied to all mercurial-bBromcter readings for the local value of 
g. This is given by C = p(ffi — where C is the correction and p the pressure, 

both in the same units, gi is the local grandly acceleration, and ga is the standard 
value. In practice, p., the normal preasur«> for the station in question, may be used. 

Barometer readings are made in terms of the length of the mercury column meas- 
ured to the top of the convex meniscus, which gives too large value, the excess 
amount depending on the size of the tube. A large tube has very little meniscus error. 



and a small tube has a relatively large amount. In practice, tlic inciii.scus error and 
any residual error in the location of the scale arc groupcil in an jnstrum“ntal error 
peculiar to and constant for any given barometer. Many barometei's are adjusted 
at manufacture to make this correction zero. 

Ill Fig. 3«i is shown a fixed-cistern marine barometer. When the clamp Is loosened, 
the barometer swings out from the wall and bangs freely from the gimbal ring att ached 
to the end of the hinged support arm. Tlie tube is eonstricted through part of its 
length, as indicated in Fig. 2a, to reduce the volume of mercury and lessen pumping 
when the barometer is used on shipboard. To read the barometer, noti' the ther- 
mometer reading, tap tbo barometer lightly, set the vi-rnier so tliat the bottom edge 
is tangent to the top of the imuiiseus, and n-ad I he verniiT and apply t lie necessary 
corrections. 

The cistern screw, when unscrewed us bhowj,, lets the steel cistern rest on the outer 
case and is the norma! position. For shipping, the screw Ls turned up, forcing the 
mercury up in the tube. The leather joint is impervious to mercury. 
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Fiu. 3. — Mercurial baroiuetei 


Q 



a, fixed, and b, Fortin. 
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To read the Fortin baromotor shown in Fig. 36, note the thormomnter reading, 
set the mereury jevel in tlie cistern even with the tip of the ivory point, tap the tube 
lightly, set the lower edge of the vernier tangent to the top of the meniscus, read the 
vernier, and apply the mercury corrections. 

The cistern screw of a Fortin instrument is screw'cd up enough to fill the tube and 
cistern nearly full whim it is desired to move the 
barometer. 

Adjustable-cistern barometers are generally more 
accurate than the fixed-cistern type. However, the 
latter fypj- is simpler to use, more rugged, and better 
adapted to marine use. 

K baroiiieter should be mounted on a solid support 
where if will not I>e exposed to direef sunlight. It 
must hang vertiealb' nj>d be at a height eonvenient 
to ri-sd. Mercurial barometers are fragile and must 
be eaix'fully handled. 

Aneroid Barometefs. The i>rineii)Ie of an aneroid 
barometer is shown in Fig. 4, which represents a cross 
section through a simple aneroid nuu'hanisni. Figure 
5 shows the meehaiiisrii (jf a precision anertud. The pressure-sensitive element is n 
berj'lliuni copper diaphragm which coiitractsand expands with changes itr atmospherie 
pressure. The rate of a diapliragm, f.c., the movement per unit change in pressun', 
may be controlled within reasonable limits by the thickness and tt'iirper of tli(> metal 
and the shape. ■Well-designed diaphragms an- substantially bnear over wide pressure 
ranges. The movement of the diaphragm is transmitted (o a pointer through a lever 



system and sector and pinion. Aneroid instruments arc subject to errors due to 
temperature, drift, and hysteresis. 

The temperature error is due to the change in elastieity of the diaphragni with 
temperature. It is compenhated for by inroinpletcly evacuating the diaphragm or 
by Use. of a bimetallic eomjiensator oi laitli. A bimetallic eompensator is a bimetal 
lever or shaft arranged to react to a temperature elmtige, in the opposite direction to 
the diaphragm. 



Fk.. 4." -Principle of iiiicr<>i<l 
l>aioineter. 




I'lii. (i.— MirrobiiiOKiapl). 


IlysteroftiH in iiiK-roids tlial an* well dwignt'd and const ructod is vcrj’ small, as is 
also drift with time. 

In high-quality instruments, jeweled pivots are used and the meehutiism is halaiieml 
BO that position einirs are negligible. Knife-edged iiointers art* used in conjunction 
with itiirror scah's. 

Aneroid bnronic-ters are easily portable, convenient to use, and when eheeked 
against mercurial IiaromcterR at reasonable intervals are reliable and aecurate. An 
adjustment is always provided for setting an aneroid to indicate the correct pressure. 
In the meebanism illustrated, the worm when turned rotates the entire meehanisiu 
while the dial remains stationary. 


BAROGRAPHS 

Conventional barographs employ aneroid inecbanisms suffieicntly powerful to 
operate recording ])enB. Mercurial barographs have been made but are relatively 
complicated and not in widespread use. 








538 


UETBOROLOaiCAL ISBTRUMENTS 


[Sec. vni 


Figure 6 illustrates a microbarograpli. The prefix micro- is added to the name 
because of the open scale, 2^ in. on the chart corresponding to 1 in. of mercury. 
Many barographs have 1 in. on the chart representing 1 in. of niorcur.v. 

The pressure-sensitive element is a sylphon bellows Mith an internal spring. 
This clement, through a suitable lever system, moves the pea arm. Tcirijjcraturc 
compensation is accomplishud with a small amount of air in the sylphon and n hjnietal 
in the lever system. 

The pressure range covered is 2'i in. of mercury, hut the instnnncnt can he 
adjusted to operate over that range at any reasonable altitude. 

Dashpots are provided to pr“vent vibration from causing ii nigged record. 

The scale is linear, and the pen cmi be set to the correct pressure by means of the 
adjusting screw that moves the s.vlphon up aud down. 

The chart cylinder is driven by a jeweled clock movement mounted inside the 
cylinder. Weekly charts arc generally used, but different time scales can be obtained 
by changing gears in the chart cylinder drive. 

(Ihart drive clocks require the same care and attention normally given high- 
grade clocks. They should be cleaned, oiled, and repaired only by I'oinpelent clock 
repairmen. 

The pen release arm moves the pen arm away to make it (‘usy to change the chart. 

THFSMOGltAPES 

A thermograph is shown in Fig. 7. The wnsitivi' element is a llourclon tube. 
This is a metal tube of approximately elliptical crosa section bent in a curve, the 



najor axis of the cross section being parallel to the axis about which it is curved. For 
.emperature measurement, the tube is filled with ale.ohol. An increase in timpera- 
ure results in an increase in volume of the aleohol which results in straightening of 
he tube. 
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ITic scale is linear, and the pen can be set to recortl correctly by means of the 
adjusting screw. 

The pen arm is supported in such a way that it bears against tbe chart with a 
fixed pressure due to its own weight. This arrangenieiit for controlling pen pressure 
is also used on other recording instruments. 

Different time scales arc possible, although weekly charts are generally used. 

A thermograph clock is exposed to extremes of tcnipf'uture and consequently in 
cold climates will rc'quire special lubrication. Ixiw-tempcraturc oils are used, and in 
extreme cases all oil is removed. This may lie done by means of a suitable solvent 
such as pure gasoline. 

The temperature element on the mstniment shown in Fig. S is a finned bimetal. 
The fins are made of copper and greatly reduci the time lag, making a very responsive 
instrument. 



For measurement of soil iiiid water tenipenifure.s, 1 hennograplis an' used in whieh 
the sensitive elenieiits consist of hc|uid-filled bulbs connected to the recording 
mechanisms h.v capillary tubing. Three types of remote n’cordmg thermographs 
use (11 mercury in a steel luilh and capillary, (2) an organic li(|uid in a nonferrous bulb 
and capillary, and (3) a liquid- and vapor-filled s.vstem in whieh the vapor pressure 
varies with the tcmpcraturi'. The sensitive clement eonnected to the pi'ii may be 
either a Bourdon tube, a diaphragm, or a sylphon bellows. The recording mechanism 
is esKcntisll.v the same as in the ordinar.v thermograph. Frequentl.v two elements 
are eiiiplo.ved .so that temperatures of the sir and soil, air and water, Or other eoni- 
biiiations may be recorded on the same chart. For recording ocean temperatures 
at sea, the bulb may be mounted in the condenser water intake of a ship. 

HYGROGRAPHS 

Figun> 9 shows a h.vgrograph, or relative-humiditj' recorder, emplo.ving human 
hairs as a sensitive element. In Fig. 8 is shown a combined humidity and temperature 
recorder. In hotli instnmients, the liumidit.r mechanism oner«i»o >t. — 




540 


UETWOROLOOICAL INSTRUMENTS 


[Sec. VIII 


manner. Human hair is the only liuinidity-Bensitive dompnt in widcsproad use at 
meteorological observatories for recording relative humidity. 

Human hairs, after they are treated to remove the natural oils, are characterized 
by elongation and shortening with ehaiiges in relative humidity. This change in 
length is nonhne.ar, being greater the lower the humidity. In the instruments illus- 
trated, a pair of cams rolling against each other have a nonlinear motion that counter- 
acts the nonlinear action of the hairs, thus giving the chart a linear scale. 

Hair elements are essentially free from timijx^rature I'ffpets, ezeept for becoming 
very sluggish in their action at subfreezing temperatures. 

The ehwk, pen reh'HM', et<'., are the sain(> as for barographs atid thermographs. 
An adjustment is provided for setting the pen to record correctly. 

Tlie hairs should he kept as free from dust ns possible and particuhiily from fumes 
or dirt that would form a notihygroseopie film on the hairs. The hairs can be cleaned 
with a camel's-hair brush and distdled water when necessary. 



Fio. 9. — IlygioKmiili 

llarographs, fJiermographs, and hygrogmphs are ordirmrily opera (i‘(l in eoiijiinefioii 
with and ehecked hy ej'e observations of indicating instruments, whic'i are generally 
more aei'urate. The recorder charts are eorres-ted to agrei' with the eye observations. 
Ueeording instruments arc accurate and reliable but reiiuire eheekiiig against standard 
instruments. 

In general, instruments depemling on the di-foriuation of an clast ie .system are 
subject to drift with time and to hjiiteresis. In well-dchigned instrunients, lioth 
are small. An adjustment is alwuy.s provided for shifting the pen arm to the eorreet 
point on the ehart. 'I'he lever system always magnifies greatly the motion of the 
sensitive element. An adjustment in the lever system allows this niugnifiration to 
he varied in amount so that the motion of the pen can be niatehed to the ehart. 'I’liis 
adjustment can be made only when the instrument is cheeked at Iwo or more widely 
separated points in its measurement range, whereas shifting the pen to the correct 
point on the ehart can be done whenever nceessary without disturbing the calibration. 

THERMOMETERS 

The thermometer ordinarily used in meteorological work is the liquid-in-glass 
type, which depends on the differential expansion of glass and the liquid for its action. 
Mercury, which expands approximately ten times as much as glass, is used in most 
thermometers that measure temperatures al>o\e the freezing point of iiiereury. For 
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extroniely low temperatures, aleohol or other liquids with low freezing points are used. 
Figure 10 shows a simple merrury thermometer. 

The relationship between the cross-seetional area of the capillary and the volume 
of the bulb determines the scale length per degnte. Meteorological 
thermometers are usually accurate to within a few tenths of a degree 
centigrade and have as op«-n scales as the accuracy justifies. Cylin- 
drical bulbs, because of their greater surface area for th-' same volume, 
have less time lag than spherical bulbs. Consequently, w'hen time lag 
is a factor, cylindrical bulbs are employed. IMien propi>rly made of 
well-seasoned glass and accurately calibrated, thermometers retain their 
characteristic over long periods of tin"!. 

The maximum thermometer shown in Pig. li uses mercury and has 
a constriction near the point w'heie the capillary joins the bulb. This 
constriction is of such a size that, when She temperature rices, the 
mercury will force its way through. When the temperature drops, the 
jiicreury column will break at the constriction. The mercury in 
the bulh can then eontraet while the mercury column remains above the 
eoiistrietion. The maximum thermometer is mounted in a speeiul 
support (He(! Pig. 12) that holds it with the bulb end .slightly l>elow the 
other end. A eateh is provided on tin- support so that the thermometer 
can be released and turned to a vertical jiosition. Tlie mereury eolumii 
will then drop against th(‘ eonsirietion, and the upper i>nd will .show the 
maximum temperature since the thermometer wa.s last set. It can be 
reset by whirling it rapidly so that centrifugal force drives the mercury 
past th<> eoiistrietion. 

The mininuini thermometer shown in Pig. 11 is filled with aleohol 
and lias a small glass index in the capillary inside the alcohol column 
where it is held by surface tension. When the temperature drojis, the 
alcohol coluinn diminishes in length and pulls tlie index along with it. 

If the teniperatun- rises, the alcohol flows freely past (he index, leaving 
it ill the lowest jiositioii reai'hed since the previous .setting. Tlie mini- 
iiiuiii ttieniionieter may lie remi by noting the scale reading opposite the 
end of (lie index fartliest from tlie hiilli. The f lieriuoiiie(er can lie reset 
by turning its liulli end up, in whieli position the index will slide down to 
the end of the aleohol eohiiiiii. 

A remole-iiidieating thernionieter, known as a irlrtlurmosrope, is 
used to de( ermine the outside temperature from indoors. 'I’liis instru- 
iiiciit usually employs a resistance coil innile of pliitiiiuiii or nickel 
wire which is mounted in the iustniment sheller. Tli«- indicator is a form of 
Wheatstone briilge with the dial calibrated in degrees of (einperuturp. The eireuit 
of such an instrument is shown in Fig. 13. llie four arms of the bridge arc repre- 
sented by J', the temperature element, K 1'. S b -|- Si, and Vi + a. The two 


? j 

Q, A 

Fig. 
10.— Mer- 
c u r i a 1 
thermom- 
eter. 
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slide wires are merhanically connected and so proportioned that /S + 5+ <Sfj = Vi +a. 
When the bridge is balanced, T = R + V. All moving contacts are in the galvanom- 
eter and battery circuits. Three wires are 
run from the indicator to the sensitive resist- 
ance element so that equal lengths of win* are 
connected in each side of the bridge and thus 
balance out any effect of temperature on the 
connections. To determine the temperature, 

✓IPk l\t^\ "T necessary only to balance the bridge and 

I read the tomp<>rature directly from the dial.* 

\ I fhermomt^Pj- ^ bimetal. This eonsists 

of two metals securely bonded together and 
having different coefficients of expansion. The 
itivar is essentialJy unaffeeled hy temperaturi' 
changes, w'hereas the brass expands and con- 
tracts, thus changing the shape of the bimetal. 
Bimetals are frequently straight, as illustrated. 
They are used extensively in thermographs and for 
different eonihiriatioris of metals 
The amount of movement of 



~ Clamp for 
minimum 
ihermomefet 

•■Clamp for 
maximum 
fhermomefer 

\'Cafch 


l''iG. 12. — Suppoit for luaximuiii and 
minimum theriuuiueteia. 


or coiled in the form of a helix 
temperature compimsation of pressure instruments, 
are used, depending on the chnraetensties desired. 



Pig. 13.-r-Telotherinoi»copo ciicuit — Loeds Pig. 14. -Uiiiicl'il ti'iniiernture cioniciit. 

and Norlhrup design. 

a straight bimetal as illustrated is proiiortionai to the temperature eliaiige, the 
square of the length, and the reciprocal of the thirkneas. 

PSYCHROMETERS 

Meteorological humidity measurements are generally made with a wet- and dry- 
bulb psychromoter, consisting of two thermometers with carefully matched scales, 
the bulb of one being covered with a muslin wick. When this wick is wet and the 
psychrometer is exposed to the air, evaporation takes place from the wet bulb wick, 
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cooling the thermometer an amount dependent on the vapor pressure. An air flow 

of at least 15/1 per see over the bulbs is needed. 

The amount of cooling of the yret bulb taken 0= 
in conjunction with the dry-bulb indication, i.e., j-g J — I 

air temperature, gives a reliable measure of water- ri II 

vapor pressure and coiiscquently of relative I 1 I 

humidity and dew point. -si J I 

Wet- and dry-bulb psychrometers are made K j| / \ 

several forms, namely, sling, rotor, hand-aspirated, | || I \ 

and motor-aspirated. A sling psyt-lirometer is f | / \ 

shown in Fig. 15. This instrument is whiried s" j I [ I 

that the bulbs travel with a circular motion around I | I | 

the hand of the operator. A form of hand- I llffl \ J 

aspirated psyidirometer uses a rubber bulb as a I [11® 

pump to cause a flow of air over the thermometer jml Im ncmalG 

bulbs. In a motor-aspirated psychrometer, a lyjlffl 

small eleetrie motor drives a blower that draws t' Dry bulb fhermomefer 

air over the bulbs (see Fig. 16). In making Dl w 

lisyehrometer measurements, it is important that .Wet bulb fhemiOTneier 

the instrument have no effect on the humidity In® 
being measured. Consefiuenlly all fans, blowers, jn® 

«‘te., must draw air over the thermometers rather |II|h 

than blow it on them to avoid heating the air. j|]||l 

Tables giving relative humidity and dew point ]|r 
ns a function of the wet- iiiul dry-bulb temper- | uJ 
iitiires are used to facilitate obtaining the desired 1 I 
data. Various iioniogranis and slide rules are < I 
also in use. I 

In order to make accurate humkiit)' measure- ' Wick 
ments, cerlaiii preeaiitioiis are iieee.vHiry, It is i 

vitally important that the two thermometers are \ 

well iniitehed, since in niatiy eases the difference * 

between the wet- and dry-bulb temperatures is I'lO. 15. Shng psychrometer. 
very small and must be known accurately. The wick must be elean and free from 
deposits from the evaporation of hard water. It must be eonipletely saturated prior 


rDry bulb fhermomefer 
.. Wet bulb thermometer 


I'll!. 15. — Sling psychrometer. 



r Carrying hanolfe 
^Water bottle 
■■ -Afr intake 

- Dry bulb 
thermometer if 

• Wet bulb I 

thermometer/^ | 

Air ^ 
erhaust// 


■Oil cups 


SBIower 


Flu. 16. — Motor psychrometer. 
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to use with water at the prevailing air temperature or else given extra time for 
thermal equilibrium to he reaehed. 

In freezing weather, the water inuel lie allowed to freeze and the resulting ice 
allowed to cool to the air temperature. Sublimation of the ice will then cool the 
thermomett'r. Wet-bulb readings must be taken at the lowest indication reached 
by the thermometer. 

WIND INSTRUMENTS 

Wind velocity is measured by two instruments, an anemometer that gives the 
movement and a wind vane that gives the direetion. Theae are often combined in 
one unit. 



Wind Vanes. A wind vane of the conventional type is shown in Fig, 17. Well- 
designed wind vanes have the following charucteristics: 

1. Light weight so that the vane will have a low moment of inertia and will respond 
well to quick changes in wind direction without exeessive oversw ing. 

2. Accurate balance that will prevent side thrust on the bearings and will prevent 
a tendency to point in one direction if the axis of rotation is not exactly vertical. 

3. (lood hearings so that the vane will turn freely with light winds. 

4. Ruffieient size and correct shape to give an adequate turning moment in light 
winds. 

The indications from wind vanes are commonly transmitted by one of three 
methods: 

1. A wind vane may be directly connected to a rod extending downward through 
the roof to an indicator or recorder. 'Uimersal joints are provided to allow for 
slight misalignments. Because of its mechanical limitations, this method is seldom 
used any more. 

2. The simplest common method is to have the. wind vane turn a cam inside a 
ring of electrical contacts. By means of 8 contacts corresponding to the cardinal and 
intercardinal points of the compass, 16 directions can be indicated by means of a cam 
overlapping two contacts so that for intermediate directions two contacts are made. 
These contacts are connected by suitable wire to indicating and recording instruments 
inside the office. This system is in widespread use. 

3. The best means for transmitting wind-direction indications is by means of a 
self-synchronous transmitting motor connected directly to the wind vane. This 
method gives reliable, continuous indications. 
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Wind-seniiitive 

ulemuiit 
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et(>r niettHUiCH 
«m(l 

mi'itl hy inUt* 
ting at talc 
Iirupui tional 
to wind at)e(‘d 
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TraiiBiiiitiing 
luechaiiism in 
aiieniofnetor 

Indicator 

Hecorder 

Power supply 

Kemarks 

Gearing 

Counting diala 
legiater wind 
nirrveineiit 

None 

No external 
power r e - 
((uired 

Dials located in 
ancmoiueter 

Mile coiilarfn, 
gear-driven und 
closed for every 
mile of wind 
paflaing rtip 

w li e e K 9th- 
and 10th- mile 
cniitaclN bridged 
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counting 

None 

P e n ni o v e h 
H ideways on 
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corded and 

chart time 
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t u e t H , g e a r - 
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^0 iiiil<^ wind 
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wheel 

Light, coniuH't- 
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whc>n contacts 
close 

None 
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connect wi to 
n 5- volt 60- 
oyelc a-c 

Speed deter- 
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l'*lashi‘s per 
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miles per hour 
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with meter 
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m n VC in e n t . 
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inagnel generu- 
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wheel 

Voltmeter cali- 
h 1 a t e d 1 » 
tciius uf win<l 
speed 
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No external 
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quired 

Vsed on i)ort- 
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motor driven 
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tion goal iiig 
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Sclf-syncliTon- 
ouH niotoi le- 
rurilci UMO<l in 
conjunrtio n 
with torqiiu 
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1 1 o volt 6U cy- 
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Indicatin speed 
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Table 1. — Winu-kpeed Instbumbuts. — {Continued) 


^ uid-seiimtivo 
elenic'iit 

Transmit titiK 

mechuiiism in 
iifiemoiiietei 

Indicator 

Recorder 

Power supply 

Remarks 

1 

Electiouio pirk- 
up unit tiHins 
Vaiied dink 
tiitiiiK puet iii- 
durtaiiro 

Miiliummotet 
cHlihiatctl m 
teiin*» of vtind 
h|H!od 

Recording iiiil- 
liutiiiiielei 

1 

nr*-Aoit 6 i)-c‘v- 

cle a-C 

I'sob electronic 
frequency me- 
ter to conveit 
fiequenoy 
from pirk-iip 
coll to ciiijcnt 

Bridled anc- 

m o m e t e > 
Anfful&i de- 
fleciioh of r<H 
tor pFopoj- 

tionul to w Hid 
Bpeed 

Self-R> nrhi onotis 
111 o tor icea I - 
diiten from ro- 
tor 

Solf-M) nchron- 
o 11 M m o ( o t 
»itli dial and 
pointer 1 

nchron- 
oufi motor ic- 
Cotdei 

11 iV\olt GO-c>- 
rlf* a-r 

I tul 1 0 n t i 0 II H 
pr opoi tionul 
to sqiiuie root 
uf uir donskt> . 

Anemograph Pi- 
tot rube BV 8 - 
tein 

l*iCbBurc iulie di- 
reeled into vmiul 
by A uiie. Stat- 
1 if pretunit e open- 
ill SH uroiiiifl 
\ unu uxiH 

None j 

Hluck dtn- 
pluHirni oper- 
af*Hf i>> pies- 
suie difforen- 
iml mo\«(*peii 
on c h 11 1 t . 
Lineal tccoid 

No cxtciiiul 

j) o w c 1 1 e - 
quiied 

I n d 1 c n 1 1 o n H 
propoi t lotiul 
to aqiiiiie luot 
of all deuHitv. 
C'onipai tttive- 
1 \ difficult to 
install owing 
to jiipiug ic- 
qiiired Ue- 
s]>nnRiAi.* to 

gusts 


Wind-speed Instruments. Tlu-re are two eotniiioii tvpes of wiiui-speed instru- 
meiifs, tlioso (■roployiiig freely rotatirig oup wlieids hiuI lliose oi>en>(iH (5 hv virtue of the 
air pressure produce<l by the wind on a restrained systeni. Hridled and pressure ful>e 
anemometers are examples of the latter type. 

Wind recorders are of two general types, those registering uiovenietif along n time 
axis and those making a graph of speed ugauist time The former type is simple, 
reliable, and in widespread use. A record of »md niovenient on a t imo .- -ale is I’l-ry 
useful for climatological purposes since total movement and averages, means, and 
extremes are oasily measured. 

Ileenrders plotting speed against time are iiHUall.\ used in eonjuiietion with 
indicating instruments. When an instant knowledge of wimt s]>eed is needed, the 
indii'alor will show it, and th<' recorder will keep a record of it. 

Table 1 outlines the more comnion t.vjws of w mil-speed instruments. 

Cup Anemometers. Wind movement miiv la* nic.-iMired in a iiiiiober of ways, the 
most eommon of wdiich is the rotating-eup nnera.inieter. The eup anemometer in 
Its simplesl form nieasures (he movement of (lie wind, i.i., each rotatiem of the eup 
wheel eorrespoiids to a definite distanee traveled bv tlu‘ wind. Tlierefore, the 
number of.turns the eup wheel makes in a given time interval eorre.sponds to the dis- 
tance the wind traveled in that interval. The wind speed ran be determined by divid- 
ing the distance traveled by the time taken. 

Cup anemometers hove been made in a variety of sizes and stj-les but usually have 
three or four cups either hemispherical or eonical in shapi'. A good cup anemometer 
such as that shown in Fig. 18 is substantially linear throughout the range of wind 
speeds commonly encountered, as shown by the graph, and is independent of air 
density. Tliis anemometer has three eonieal-shaped cups with headed edges. The 
cup wheel is light in weight and mounted on a spindle tiimiiig in high-grade ball 
bearings. Light weight makes it respond to rapid lluetuations in wind speed, and low 
friction on the bearings allows it to start turning in on extremely gentle wind. Devia- 
tions of the wind stream from the plane of rotation of the cup wheel have little effect 
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FlO. 18. — Cup anemometer and calibrntioii curve. 
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i’lo. ID. — Anemomoter dials. 
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The inner dial has 00 teeth, and the outer dial has 100 teeth. Thus, for every turn 
of the outer dial the inner dial gains one tooth. This system eounts to 000 miles and 
then repeats. There is a coiitaet pin set in the outer dial at eaeh mile point and the 
ninth and tenth miles are bridged by a long contact. The dials illustrated read 
010.4 miles, and the long contact between the ninth and tenth miles is closed. This 
long contact is physically located between the fourth- and fifth-mile points, since the 
eontaet shoe is diametrically opposite the index point. Contacts that close for eaeh 
mile are located behind the dials, flonveiitionsl mechanical counters arc also 
usj*d in anemometers. 

The mile contacts connect to a reconler in which a pen makes a jog in a straight 
line on a clock-driven chart for each > ontact mad". Wind movement is thus plotted 
on a time scale, and determination of speed is s.mpic. 

Wind Indicator. Figure 20 shows an indicator 
for wall mounting. Tliis is wired to an «*ight -contact 
wind vane and the onc-sixtieth-mile euntaet.s' on an 
anemometer. The indicating elements are nice .small 
light hulhs and a huaxer. The eight outer bulbs 
eorn'sptmding to directions are wired to the appro- 
priate rontacts in the vane head (see Fig. 21). The 
<‘enter light and huxzor arc wired to the one-sixtieth- 
mile eoiitaets so that cither visual or aural indication 
of speed may be had. lllieostats for varying the light 
intimsity are provided. To determine dircc'tion, the 
direction switch is snapiM'd on, and the lights are 
noted. If two are on, the intermediate point is taken. 

To iiicaHUn' speed, the hiuzer or center light is turned 
on and the Inixsies or llnshes an- (emitted for 1 min. 

The number etiuals the lulu's per hour. 

Magneto Anemometer. The cup wheel is directly 
I'otini'cted to a small pcrnianent magnet generator. 

'riiis generator or magneto, generates a d-c voltage 
proportional to the rate of rotation and conarcjueiit ly 
to the wind spe<'<l. The unit shown in Fig. 22 
emiiloys a Weston magneto in the anenioineter and a 
Weston voltmeter calibrated in miles per hour as an 
iridir'ator This system n'quires no external power and is simple to install, requiring 
only two wires suitable for low voltage. 

Wind-velocity Transmitter. The eoncontrically mounted vane and anemometer 
illustrated in Fig. 23 is representative of the type of i-onstriiction used in wind instrti- 
inents. Tlic vane and anemometer both turn in liall bearings. Kaeh is geared to 
a sclf-syiiehronoUB motor. The direction motor is geared one to one to the vane. 
'I’he speed motor turns inui'h shiwer than the anemometer spindle. 

Sclf-synrhronous motors arc used for transmitting angular position or rotation 
from one point to another, us from a wind vane to a direction indicator. Figure 23n 
shows the circuit for two motors, u transmitter, and a receiver. The two motors 
are identical and have single-phase primary windings and three-phase secondary 
windings. Slip rings are provided to connect to the rotors. Kither primary or 
secondary may be the rotor, depending on design. When the transmitter nitor is 
turned, the receiver rotor turns a like amount. The effort necessary to turn the 
t ruiismitter rotor need be only large enough to overeome the brush and bearing friction 
of the two motors plus the load, if any, imposed on the receiving motors. 



Fio. 22. — Magneto anemom- 
eter and indicator. 
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Disk and Roller Wind-apeed Indicator Mechaniam. Since the self-synchronous 
speed motor in Fig. 23 turns rontinuously, the corresponding motor on the receiving 
end will do the same. In order to get wind speed, it is therefore necessary to have 
some device for converting the rate of rotation of the receiving self-synchronous motor 
into an indication of speed. This may lie done by means of the disk and roller mecha- 
nism shown in Fig. 24. In this mechanism, the disk-drive motor turns two polished 
hardened-steel disks at a constant sptH'd in opposite directions. These disks bear 
against a steel roller. The axis of the roller is perpendicular to the axis of rotation 
of the disks. On an extension of the roller axis is a circular rack and a screw or worm. 
This worm is connected bj' a gear train to the self-synchronous motor driven from the 
anemometer. A pointer is mounted .m the -haft of the pinion meshing with the 



circular rack. 'When the aiicmoinetcr cups are not turning, the roller is in the center 
of the disks and consequently does not turn. IVith the wind blowing and the cup 
wheel turning, the worm will pull the roller away from the eentcr of the disks, and it 
will turn at a rate iiroportioiial to its distanee from the renter. 

As soon as the roller lias moved far enough to be driving the worm at the same rate 
that the anemometer tends to, equilibrium is re'aehed, and the pointer will indieafe 
the wind speed since it is moved by the sliding of the circular rack, 'fhe gears and 
parts making up the mechanism are so proportioned that, for the maximum wind 
speed for which the equipment is designed, fhe roller will be at the outer edge of the 
disk. The time faetor for determining speed from wind movement is supplied by 
the synehronouB disk-drive motor. 

Wind-velocity Torque Amplifiers. When it is desired to operate several wind 
speed and direction indicators from one aneniometiT and vane, a means of tor({ue 
Hniplifiratioii is necessary. Figure 2.5 sliows a wind-direction torque amplifier 
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Essentially the same mechanism is used for speed. The wind vane, tliroiigh the self- 
synchronous motor, turns the leader contact arm. This leader coutart fits between 
the follower contacts with very little clearance. Wlien the leader contacts move, 
connection is made to a follower contart that energizes the power motor, driving the 
follower contaets in the direction to open the cireuit. The power motor also drives 
a self-synchronous motor, which is thus kept in step with the vane. This motor ran 

Self synchronous 
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Leader confacf 
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\H^rt Confacf block 


Self synchronous 
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Fki. 2fl. — Wijid-directioii tuniue ainpliho. 
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hio. 20. — ^Electronic wind-speed indicator circuit. 

operate several indicators, the power to drive them coming from the power motor. 
The leader contact arm is driven through a roller and heart cam. This is a safety 
device whereby, if the vane moves more rapidly than the follow-up mechanism can 
respond, the roller will ride up on the high part of the cam until the rest of the mechar 
nism can catch up. The average wind direction is indicaU-d, rapid fluctuations being 
smoothed out. 
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K torque amplifier is more necessary for indicating wind speed than for indicating 
direction, the power available from the anemometer being much less than that from 
the vane. Many wind sysfems use no ampiification for direction. For speed, the 
leader contacts may be positioned by the disk and roller mechanism, the contact arm 
replacing the pointer. The indicators to epimte with the lorijue amplifier mechanism 


To 

anemometer 




consist of sclf-synehronous motors mounted in suitable cases with pointers and dials. 
The recorder shown in Fig. 29 works with self-synchronous motor wind instruments. 

Electronic Wind-speed Indicator. Most wind-speed instruments place a small 
load on the uncmunictcr. The electronic type, a typical circuit of which is shown in 
Fig. 26, avoids this. Attached to the cup-wheel spindle is a light disk bearing copper 
vanes that rotate past the pole pieces of a coil, the Q of which is changed at a rate 
proportional to the rate of rotation. 'ITiis coil is connected in such a manner that it 
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modulates an oscillator which through a suitable circuit controls the current flowing 
through a milliainmeter movement. Recordmg may be accomplished by means of 
a recording miihammeter. 

Simple Electrical Wind-speed Indicator. To determine accurate spt'ed from the 
mdicator shown in Fig 20 takes at least 30 sec The indicator, the circuit f or w hich 
IS shown m Fig 27, operates from the same onensixtieth-milc contaits, and the speed 
may be read directly from a meter scale Fach time the anemometer closes the 
one-sixtieth-mile contacts, a capacitor charged to n fixed voltage is discharged through 
the meter circuit Sinct with light winds appreciable time interxals. elapse between 
contacts, the meter circuit is highly damped, and the meter shows average speed 



Kii» 20 — SoIf-»yn( hronoiis motor wind lecoidci 

Hand Anemometer. Portable anemometers arc madi in several forms One 
type emp\oyB a conventional cup wheel connected to a magnitii drag taihometcr 
mechanism The observer holds the anemometer with the cup wheel above his head 
and reads the spued from the dud 

Bridled Anemometer. Figure 2S shows an auemometer with a multicup rotor 
that IS restramed by springs from turning freely Smee the wind pre^ssure is propor- 
tional to the square of the speed, the springs arc so arranged that their restraining 
force IS proportional to the square of the angular deflection, thus linearizing the 
anemometer. The indications of all anemometers depending on air pressure are 
affected hy sir density. 

A magnetic damper is used to preve-nt exeessivc osi illation of the rotor near the 
zero point. The rotor w geared to a sclf-synchmiious motor, the angular position of 
which 16 a direct indie ation of speed. 
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Anemograph. The anemograph records both wind direction and speed on a clock- 
driven chart. Wind direction is recorded by means of a rod running from the vane 
through the roof and connecting to the recorder. Speed is measured by the pressure 
difference between static-pressure holes eoni-entrie with the vane axis and a pressure 
orifice directed into the wind by the vane. Static and pressure lines run to the 
recorder and connect to opposite sides of a diaphragm that moves a pen. The direc- 
tion rod turns a cam that also nioves a pen. Speed indi. ations are sensitive to air 
density. I'his instrument requires no extemnl power hut is limited in its application, 
owing to the dircet-conne<'ted vane. 


PRECIPITATION GAUGES 

A simple form of rain and snow gauge is sf own in Fig. 30. The collector is 8 in. 
in diameter and therefore catches tb<- ram failing on the area of a circle of that diam- 
eter. T'he water collected runs into a tube having a .'ross-seetional area one-tenth 
that of the collector, (‘onsequenlly, the depth of aater in this measuring tube is 
ten times the actual rainfall. The amount is measured by means of a wooden stick 
graduated in tenths of an inch. <‘ach graduation being equivalent to *100 in. of pre- 
cipitation. Under weather conditions eoii- 
dvieive to rapid evaporation, measurement 
should he mad<' inirnediately after precipi- 
tation stops. In freezing weather, the eol- 
lei'tor and ineusuriiig tube are removisl, 
and snow is caught directly in the main 
body of the gaugi’. It is then melted and 
measured in the tube. 

The tipping bucket gauge sliov n in Fig. 

31 is one of the most videly used recording 
gauges, 'riie tipping bucket is divided 
into two eoiiipartiiiciitH and is so balanced 
that, when *100 m. of ram has aeeiiniu- 
lated, it will lip, eiiipt.viiig itself, making 
an electrical contact, and exposing tlic 
other side of the liucket. It thus tijis 
back and forth, making a momentary con- 
tact for each tip. These eontaets are re- 
corded by the quadruple recorder descnlied 
on page 558. 'Hie tipping bucket gauge has a faucet on the bottom by means of 
which the water can be drained into u measuring tube and measured by stick to check 
the ree,orded amount. This 1yp<' of gauge is accurate for low and moderate rates of 
rainfall but has an error that iiicreascb with the rate of rainfall, owing to the rain lost 
while the bucket is tipping, the time tnquin'd for tipping being const ant regardless of 
the rate of ruinfall. During freezing weather, the tipping bucket nimst be removed to 
prevent damage. 

Figure 32 illustrates the Fergusson type of weighing rain and snow gauge. ]*re- 
eipitation is ooll(*eted in a rei'eiver numiiti'd on u spring balance that positions the 
pen on a reiwd chart. The chart drum is driven by clockwork. To give adequate 
opimness of scale, the lever s.vslem is designed to make the pim traverse the record 
tlircK! times. This makes possible 1 '<} in. on the chart for each inch of precipitation 
with a total capacity of 9 in. I’his gauge is particularly suitable when a graphic 
record is desired without the need of mtemal power or frequent X'isith to the equip- 
ment. The record is aeeumulatix'c to the maximum capacity of the gauge, the slope 
shows the rate of rainfall, and loss through evaporation is evident. 
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The accurate measurement of precipitation is seriously interfered with by the wind. 
In general, preoipitat ion gauges catch too little in windy weather. In a steady wind, 
the direction of movement of the rain or 
snow will be the resultant of vertical and 
horizontal components and will strike the 
eollector of the gauge at an angle. Thus the 
stronger the wind is the less the effeetive 
area of the gauge collector is. Also, in a 
gusty wind, the precipitation may Ik- blown 
over and around the gauge. The Alter 
flexible shield in Fig. 33 breaks the of 
the wind and thus diminishes its effect on 
the gauge. 

SUNSHINE-DURATION TRANSMITTER 

In Fig. 34 is illustrated a type of differ- 
ential thermometer used to record the dura- 
tion of sunshine. The construction of the 
black bulb is shown in the inset. When the 
sun .-ihines, the black bulb is heated and 
the air expands, driving the mercury up 
past the contacts and thus closing a eir- fm. 33. — Shielded i urn gauge, 

euit to the quadruple recorder. When the 

sun is obscured by clouds, the t<-mperature8 of the clear and black bulbs tend to 
(‘(luulize, and the mercury moves below the contacts. This instrument must be set 
at such an angle that the sunshine fulls as nearly perpt-ndicular to the axis of the tube 



Fiu. 34. — Sunshine tube. 
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as possible. It should be readjusted for the different seasons. It is essentially an 
on-off device and will show if the sun is shining except in the morning and evening, 
when twilight corrections must be applied, since even with a clear sky the radiation 
is then too weak to heat the black bulb.’ 

Another type of sunshine recorder which, in addition to showing whether or not 
the sun is shining, gives an indication of intensity of the sunshine is the Campbell- 
Stokes design. This consists of a glass ball approximately 3 in, in diameter with a 
heavy paper chart mounted underneath it. When the sun strikes the ball, the rays 
are focused on the paper chart and bum a trace in it as the earth rotates. In this 
recorder, the position of the chart must be varied to suit the season of the year. 

QUADRUPLE RECORDER 

This instrument, also known as a atation meteorograph, is in widespread use for 
recording wind movement and direction, sunshine duration and rainfall. Figure 35 



Fia. 35.— Qusdi uplc recorder, 

shows the general form and construction Rg. 3ti shows the circuit. The record 
is made on a daily chart that turns once in 6 hr and moves axially as it turns, being 
driven by a clock movement. Wind movement is shown hy sideways movement of 
a pen caused by the anemometer contacts closing the circuit. The wind-direction 
record is made by four dotting pens, one for each cardinal point. Intercardinal 
points we shown by two simultaneous dots. The circuit to the vane is closed once 
each minute by the clock, and the direction is therefore recorded at l-miii intervals. 
The sunshine-duration circuit is also closed once each minute by the clock. The sun- 
shine pen is moved by a cam back and forth in a series of steps when the sun is ahiniTi fr 
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It draws a straight line if the sun is not shining. The rain-gauge cirruit is connected 
to actuate the pen used for sunshine. The record is similar to that made for sunshine 
except that, instead of the pen’s moving each minute, it moves whenever the tipping 
bucket empties, thus making a record readily identified. The recorder is usually 
equipped with a buzzer connected to the one-sixtieth-milc contacts on the anemometer 
and with a switch for manually closing the direction cirruit so that wind direction and 
movement may be readily determined without the need of interpreting the record or 



waiting for clock contacts to close. Kccorders of this general type arc used for record- 
ing wind movi'ineut and direction and in many cases just movcinenl alone. 

DETERMINATION OF UPPER WIND BY PILOT-BALLOON OBSERVATIONS 

When n properly inflated spherical balloon is released, it rises at a sub.stantinily 
constant rate and drifts fn-cly with the winds through which it passes. From a 
determiriution of f he balloon ’s position in apace at regular time int ervala, with reference 
to its point of release as nn origin, the speed and direction of the wind at various levels 
can be derived. 

There are two principal methods used for determining the position of the balloon 
in space, the single-theodolite method, which is relatively simple and in widespread 
use; and the douhle-theudolite methwl, most accurate hut complicated and seldom 
u.scd exwpt for experimental purposi'S. Only the singh-theodolite method is described 
here. 

To fix the balloon in space with one theodolite, it is necessary to measure the 
horizontal, j.c., azimuth angle, from a reference point (true north), the vertical, i.e., 
elevation angle, above the horizon, and to obtain the height from the ascension rate 
and time in the air. 

In Fig. 37, 7’t, /’*, and Pi represent the positions of a balloon at the ends of the 
first, second, and third minutes, respectively, after release from 0. The lines I)\, Ih, 
and l)t represent the horizontal distances of the balloon, and /ii, fij, and represent 
the corresponding heights. The angles a,, oi, and aj are the corresponding elevation 
angles measured above the horizon. ITiereforc J), = Jii cot ai and D. » ht cot a., 
etc. The height of the balloon, which is a function of time, and the elevation angle 
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specify the location of the balloon insofar as distance from the origin is concerned. 
Tlie azimuth angles /Ji, /3s, and /3, eorrespond to the, first, second, and third minute's 
of the balloon’s path, respectively. The line O, Pi, P?, and P», etc., represents the 
path of the balloon insofar as it can be determined by 1-niin intervals. More frequent 
observations would define the path more accurately, and loss frequent observations 
would define it less accurately. However, standard practice requires an observation 
every minute. 

In practice, the horizontal projc<'tion of the balloon is drawn to scale on a plotting 
board, using the horizontal distances and the azimuth angles, lliis will give the 
broken line O, a, b, c. To dete'i mine the wind speed at point b, the distance on the 
plotting board is measured from point a directly to point e. Tliis distnnee is divided 



Ijy the time involved, which in this ease, is 2 min, and the result will be the wind speed 
representative of the region around b. The wind speed for any other point may he 
determined in a similar manner. For instance, that for point a is determined by 
drawing a line from O to 6, which in the ease of the first minute coincides with the 
horizontal distance, iipeeial seales are ordinarily used for evaluating speeds from the 
plotting board. These seales must lie suitably proportioned to match the scale of 
the plotting board, nhieh is normally 1 cm to 200 m. When dealing with high winds, 
it may be necessary to double this scale and plot on the basis of 1 cm to 400 m, taking 
care to make the necessary allowances in sealing wind spt'cds. 

The wind direction at the point b is denoted by a line through O parallel to the line 
ac. An angle measured eloekwise from north to this line, which shows the direction 
from which the wind came, is the direction desired. In routine pilot-balloon observa- 
tions, special equipment is used for the plotting and determination of upper-wind 
conditions. 
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As previously stated, the ascension rate of the balloon is assumed to be constant, 
except for the first 5 min of ascent. The ascension rate can be calculated by the 
following formula: 

in which T is the speed in meters per minute, L the total lift of the balloon in grams; 
I the free lift of the balloon in grams which is equal to the total lift minus the weight 
of the balloon. 



Fio. 38. — Pilot-balloon theodolite. {Covrtety Dmid While CompanyA 


Hydrogen or helium is used to inflate the balloons, helium being preferred beeau.se 
of its freedom from fire hazard. For regular observations, balloons are inflated to 
give a normal ascension rate of 200 mpm, to which is added 20 per cent during the 
first minute, 10 per cent during the second and third minutes, and 5 per cent during 
the fourth and fifth. Twelve-inch balloons giving approximately twice the ascension 
rate arc used when fust ascents are desired to save time. The use of standard ascen- 
sion rates makes possible tables giving the horizontal distanee of the balloon os a 
function of time and elevation angles. 

Hotting boards are made with different mechanical arrungi'ments and to different 
scales, hut all use th(> basic method outlined above. Tlic surfaces of the plotting 
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boards arc prepared so they can be niariced on with a soft lead p<‘neiJ and the marks 
erased when the work is completed. 

A type* of theodolite used for pilot-baHoon observal ions is shown in Fig. 38. This 
instnimeiit lias a teleaeope of approximately 20 power arranged in sueh a manner 
that it ean be pointed in any direetion almve the horizon. This is aeeomplished by a 
prism in the renter of the teleaeop<‘ which eauses a right-angle bend in the light rays, 
allowing the obaerv<“r to sight always along the horizontal axis of the instrument. 
The theodolite is equipped with a leveling head, vertical and horizontal circles, tangent 
screws, and verniers similar to those used on conventional surveyors’ instruments. 

Pilot balloons are nominally of 30 or 100 grams weight, 6 or 12 in. in diameter prior 
to inflation and arc used in several colors, t'neolored balloons are used on clear days 
because they are r<‘adily observed against a bright sky. On cloudy days, black bal- 
loons arc' most easily visible, and red, yellow, or orange balloons work best with broken 
clouds and intermediate couditions. The balloons can be inflated with a ressonahle 
dcgri'c of accuracy simply by using a definite free lift and assuming an average weight 
for the balloon itself, or they ean he accurately inflated by means of an inflation 
balance, making allowunees for individual diiferenees in the balloons. An inflation 
balance consists of an ordinary' hcHni balance with special scales and a device for hold- 
ing the balloon and measuring its lift while it is being inflated. 

Other accessories used in connection with balloon obsen'ntions an* telephone sjs- 
tems for connecting the theodolite oliserver with the man plotting the data inside, and 
a timing device for signaling at the end of each minute when the theodolite angles 
are to ho read. 

Fur a pilot-balloon ascent at night, a small paper lantern rontaiiiing a candle or a 
small battery-operated light bulb is tied to the balloon. The theodolite is then 
sighted on the light. The tfacodolitu cross hairs and scales are provided with suitubJi* 
illumination. 

CEILING-HEIGHT INSTRUMENTS 

Ceiling-height measurements in cloudy weather are made in the daytime by means 
of small 10-gram rubber balloons inflated to ascend at a definite rate. 'The lime 



interval between release and disuppoaruiiee into the clouds multiplied by the ascension 
rate gives the coiling height . 

At night, a searchlight directed vertically will throw a spot of light on the cloud 
base. By means of a known base line and iiieusumment of the elevation angle of the 
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light spot, the height ran be determined from the relation A » 5 tan a In Fig 39 is 
shown a clinometer for measunng the angle of elevation In use, the observer stands 
at one end of the base line and sights through the eyepiece at the spot of light directly 
above the other end of the base line The spot of light is centered on the ( ross wires, 
and the index is c lamped in plac e 'Ihe angle can then be read, and bv means of tables 
the ceiling height tan be deterimiied The light uses a 420-watt bulb and projects 
a concentrated beam of light 

A recent development for the measurement of ceiling heights, both dav and night, 
is the photoelectric ilinometer (Tsephohypsometer) that, operating in conjunction 
with a modulated beam searchlight, determines ceiling heights on the same principle 
as the conventional chnoiniter and ceiling light The modulated light beam is 
reflected from the clouds and is cl<‘ti*cted bv the photoelectric unit which responds 
only to the modulation frequeiic v * 


AERclMETEOROGRAPH 

'Ihe lie rometenrograph is designed to be a tathed to an airplane and n'cords the 
pressure, temperature, and relative humichtj of the air through which it is earned 
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Prior to till <h lelopiiient of the radiosonde, this instruinont was used exte nsiM ly for 
upper-air soundings (sec I ig 40} 

RADIOSOKDE EODIPMEWT 

There are a number of radiosonde s\ stems, but space permits a descnption only 
of the modulated audio-frequency ssstem in widcsprc'ad use in the Initc'd States * 











I 'Humidity 

I dement _,___. 

1 l^^JL _ Diaphty>£m J '\_l^lm^l^J)saiShr\ ^Carrier oscillator i 

liQ. 42. — Kadiovindb ciiruit. 

RTama and is capable, under favorable londitions-, of reaching an altitude of 10 to 
12 miles with normal load. Inflation with helmm or hydrogen to a free lift of 500 
graiijs gives the reijuiaite asi.ens.on rate. A paper or eloth paraehuti- is tied about 
b ft below the balloon, and the iiiatruinent is tied about 50 ft below the parachute 
In gusty winds, when launching is difficult, the instrument will frequently L coupled 
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close to the balloon to farilitate ground handling. The total load is supported 
directly by the neck of the balloon. 

The instrument case is made of double-faced corrugated cardboard and covered 
with a waterproof surface that will relleet solar radiation. 

The electronic unit combines in one assembly a radio-frequi-ncy oscillator uperat ing 
at 72.2 me and a modulating oscillator of the relaxation type operating over a nominal 
audio range of 10 to 200 cycles per see. Changes in the ri-le of relaxation are caused 
by changes in temperature and humidity, thus varying the frctpiencv in relation to 
atmospherie conditions. The power supply con.sists of a dry battery Hint lias a 
3-volt filament section and a 90-volt plate M'l-tinn. Two sizes of batteries of equal 
electrical characteristics but diffcrcni shelf lo-* aw' u.scd. Onr .vith a shelf life of 
B months weighs approximately 20 oa, and Uie other with 3 months’ shelf life weighs 
only 1 2 oz. 

The pressure unit has aneroii' capsules that rno’ e a contaci anii over a com- 
mutator that has alternate I'oiidueting and iIl^•dallng segments. The position of the 
tioiitact arm is a measure of the pressure . In addition to measuring pres.-!iire. the unit 
arts as a switch to control the temperature, hurnidil.v, and reference eirruits. The 
temperature eli’nicnt is a resistor having a large negative temperature coefficient of 
resistance. Temperature measurements depwid on the ratio of the resistances at 
different teinperaturca, ratlier than on the actual resistiinre \ aliie. 

llie humidity element cniploys a chemical film, the rcMstani’c of which varies 
with humidity anti temperature. Allowance is readily made for the temperature 
effect in evaluating tlu‘ record. 

The temperature and liuniidify elements are mounted in a rylindrienl radiation 
shield to protect tlieiii as iiiucli as possible from direct exposure to solar radiation. 
The shield is arranged so that a free flow of air lakes place both ithside and outside. 

The relay controlled by the pressure unit eonnecU the temperature and humidity 
units in the circuit. 

Circuit. The niodulating oscillator has its rate of relaxation eontroHed by a 
rcsistnnee network coiiii<'i'te<l in the grid eireuit. Tlie plate eireuil of the modulating 
oscillator is eapacitively coupled to the grid eireuil of the radio-frequency oscillator, 
thus modulating it at tlic relaxation frequency. 

lieferring to Fig. 42, when the pressure contact arm is on an insulating spacer, 
the temperature element i.s in the circuit; when the contact arm is on a humidity con- 
tact, the rcla.v is energized, thus disconueeting the temperature element and connecting 
the humidity element. ^Vhcn the contact arni strikes a low reference contact, a 
signal is emitted that has nominally a frequency of 190 cycles ]icr sec, or 95 divisions 
on a lOO-divisitin ri’corder scale eominonly used in radiosonde work. Tliis signal is 
used as an upper limit for tlie measuring range of the insfrunient and is arbitrarily 
adjusted to 95 recorder divisions for evaluation of records, regardless of its true value. 
The adjustment of the low reference frequency to 95 is an expansion or contraction 
of the measuring scale of the particular radiosonde in question to maki- it fit a standard 
calibration. 

When the eontnet arm touches a high reference contact, the signal is nominally 
97 divisions in value and is used for identifying the signal sequence, each fifteenth 
contact being a high reference. 

In the radiosonde illiiatmteil, there are 80 contacts, ea<-h fifth being a low reference 
conlaet except for the fifteenth, thirtieth, etc., which are high reference up to and 
including the sixtieth. Above the sixtieth, each fifth is a high rcfeix-nce, and inter- 
mediate eontaets are eonneeted to give low reference signals. Near sea level, one 
contact and its associated insulating spacer represent approximately a 500-ft change 
in altitude. 
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The scale ranKC for temperature measurement extends from 80 divisions for high 
temperatures to 5 for low. The humidity scale ranges from approximately W to 5 

Figure 43 gives the temperature versus resistance curve of the temperature eleinent 
and the recorder divisions (i.e., frequency) versus resistance curve of the relaxation 

oscillator. , 

Temperature elements all have curves of the same shapi' but diiter slightly Irom 
each other in absolute value of resistance. To evaluate the temperature frean a 
radiosonde record, it is necessary to find the rc-sistance corresponding to the recorder 
reading in question and then find the tenipernture corresponding to that resistance. 
In practice, the resistance, being common to both curves, is eliminated, and the 


Temperature, deg. cent. 



temperature is read opposite recorder divisions on a special slide rule, the setting of 
which is done for the particular instrument in question prior to release. 

Humidity readings are evaluated by means of a graph that gives humidity as a 
function of recorder divisions and temperature. 

Ground Equipment. The major components of a radiosonde receiving and 
recording equipment arc an antenna system, a receiver, an electronic frequency meter, 
and a recorder. Figure 45 is a schematic diagram from which the power-supply 
circuits have been omitted for simplicity. 

A vertical half-wave dipole antenna is used and is connected to the receiver by a 
gas-fiUed or solid coaxial transmission line. 

In Fig. 44, the top unit is the receiver, the next is the frequency meter, and beneath 
that is the recorder. The receiver is of the supcrregcncrativc type and is equipped 
with a tuning meter, a loud-speaker, and a special audio amplifier the output of which 
connects to the frequency meter input. The frequency meter has one stage of 
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amplification that controls two Thyratron tubes. These Tbyratrons are connected 
in push-pull and alternately discharge capacitors through a diode rectifier and indi- 
cating and recording meter circuit. The frequency meter input switch allows the 
input circuit to he grounded or connected to 60 cycles, thus permitting checking the 
zero point and a point corresponding to 60 cycles on the recording scale. 

The M'corder meter, while physically located in the recorder, is connected in series 
with the panel meter and opi'rstes in unison with it. An equalizing adjustment 



I'lo. 44. — itadioboude aiouttd equipiiicjit. 


enables the two meters to be set to agree exactly at the reference frequency. Kheo- 
stats, one a coarse adjustment and one a line adjustment, provide for expansion and 
contraction of the scale to fit individual radiosondes. 

Tlu* recorder mechanism is shown diagrammatically in Fig. 46. The recorder 
meter is seaimed once every 2 sec by a light beam revolving concentrically with the 
meter axis. This beam of light, as it ix’volves, is interrupted by the wide meter 
pointer. After each interruption, the light stnkos the photocell suddenly, causing 
its resistance to drop and through the medium of the amplifier to energize the tapper 
bar magnets, causing the tapper bar to press tlie ribbon and chart paper against a 
spiral ridge, the position of which is related to that of the meter pointer. The gear 


568 


mxteobolooical instruments 


[See. vm 


ratios are such that, in scanning the full meter scale, the spiral drum makes one turn, 
thus expanding the meter scale over a chart 10 in. wide. The paper is fed by a con- 
stant-speed motor while another motor drives the ribbon through an automatic 
reversing mechanism. 

The power supplies for the frequency meter and amplifier are well regulated to 
prevent variations in supply voltage from affecting the operation. 




Tapper bar coils 
■^»-»vvwv— + 


Fia. 45. — Ground-equipment schematic diagram. 


Superheterodyne receivers are also used for radiosonde work. Tliis type- is char- 
acterised by greater selectivity and fn-edom from loc-al interference than is the super- 
regenerative receiver. 

An alternate type of recorder for radiosonde signala, the Lm-ds and Northrup 
(Company Speedomax, is a null-method recording potentiometer. In this recorder, 
the record is made by an ink pen moved back and forth across the chart. The record 
and pen are completely visible, eliminating the necessity of the indicating meter on 
the frequency meter panel. 

Prior to release, a radiosonde is placed in an instrument shelter and connected to 
a motor-driven switch. This switch nltemately connects the different circuits, causing 
the instrument to send temperature, humidity, and reference signals. These signals 
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are rc>corded and cheeked againat the actual temperature and humidity in the ahelter. 
'rhe instrument is then released, and aa it rises the pressure-operated switch performs 
the same function in the air that the test switch in the shelter performs on the ground. 
The radiosonde record is in the form of a graph with temperature, humidity, and 



(Seeinserf) 

Fro, 4fi. — Keoorder diagram. 


reference signals plotted in terms of recorder divisions against time, while the pressuro 
IS from the contact sequence. 


EXPOSURE OF INSTRUMENTS 

The value of nictcorohpgicnl ohservations depends to a large extent on the expo- 
sure of the instruments. The iniportanee of proper exposure can hardly be over- 
eiiipliasized. 

'riiermnineters and thermographs are normally mounted in an instrument shelter 
sueh us tliut shown in Fig. 47. This has a double roof and louvered sides. The double 
roof hi'lps prevent radiation from heating the interior, and the louvered sides allow 
free air circulation over the instruments. Shelters arc painted white to reflect radia- 
tion. Instruments should be placed near the center, since the walls will be heated 
above the true air temperature at times. A shelter should be oriented so that direct 
sunlight will never strike the interior when the door is open. The best location is in 
nil open space over sod with the floor of the slielter at least 4 ft above the ground. 
Shelters, beeiiuse of lack of a better plaec, must often be mounted on roofs. A shelter 
may also be mounted on the shady side of a building with an air space between. 
Adequate exposure of jiistruiiients on shipboard is difficult. In general, the shelter 
should be placed where it will be uninfluenei>d by heat generated by or radiation 
reflected from the ship, and expos<*d to as free air circulation as possible. 

Maximum and mininiuiii thermometers arc mounted on a crosspiece near the 
eenter of the shelter. When a rotor psychrometer is installed, care must be taken to 
allow sufficient room for it to revolve safely. 

Wind instruments must lie pineed where tlie wind is undisturbed by surrounding 
objects. In general, wind speed iiiereases with elevation above the ground. In 
the interest of comparable wind measurements, the instruments at different stations 






570 


MSTEOROLOaiCAL JXSTBVMENTS 


[See. Vm 


should be exposed under standard conditions at a uniform height. Since this is diffi- 
cult, the vane and anemometer are usually placed ns high aa possible. The wind vane 
must be oriented correctly so that true directions will bo indicated. 

A rain gauge should preferably b<> placed on the ground in an open space. Near-by 
low objects that act as -windbreaks may assist in obtaining accurate measurements. 

A sunshine-duration tranBmitt<“r must be Jocati-d where it -will be exposed to the 
solar radiation throughout the entire day. 

Suecessful pilot-balloon runs require a theodolite location that allows clear -vision 
in all directions to within a few di-grei-s of the horizon. The theodolite must be 
oriented to true north. 

The only part of radiosonde equipment criticiil with respect to location is the rweiv- 
ing antcima, wliieh should preferably he Io<-ated much as a th(‘odolile, i.e., so placed 



as to allow line-of-sight transiniesion from all directionr. The antennas should also 
be placed as near the receiver aa possibU- to avoid exeessive length of t raiiHiniHsioii 
line. Trom a conveniene,e standpoint, the instrument shelter where the radiosondes 
arc ground cheeked, the ballnon-iiiilatiun station, and the ground equipment should 
be as close to each other as praetieahle 

In locating both thcudoliti^s and radiosonde antennas, coiusidcration should be 
given to the prevailing winds, and the luost favorable locations avullable should be 
used. 

Needless to say, the ideal exposure of all instruments is generally Impossible at 
any one station. Care should be taken to U8«- the best liieatioiis available, eoiisidera- 
tion being given to the funetion and relative importance of each iiistnimeiit at the 
particular station in question. 

AUTOMATIC WEATHER STATIONS 

Automatic weather stations have been developed for taking scheduled surface 
observations at isolated locutions and transmitvirig the data to the points where used. 
An automatic station consists of an assembitigo of measuring inHtniinonts, a mecha- 
nism for converting measurements into a form suitable for transmission, a radio 
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transmitter, program and rontrol cquipmciit, and tite noceHSary power plant, house, 
and arcesBorics. Designs are surh as to faribtate transportation to an installation 
at isolated places. 

What is probably the most common type operates on the same principle as the 
audit) modulated radiosonde. Other types have been built using various methods 
of converting the meteorological data into a form suitable for transmission by radio. 

CALIBRATION AND TEST EQUIPMENT 

In order to calibrate and/or test instruments, it is generally necessary to subject 
them to the range of conditions that they are dosigneil to measure. 

Prt*8sim‘ measuring instruments are tested in chambers in which the pressure may 
be varied over the needed range and aeeuratelv measured, usually with a mercury 
manometer. For precise work, the manometer^ arc maintained at a constant tem> 
perature or correetions applied for ti'mperature effects. 

Control of temperature in pressure chambers is necessary for cheeking the tem- 
perature effect on the instruments being tested and for adjusting the compensating 
means. Temperatures are usually read from liquid in glass thermometers visible 
through windows. 

Pressure changes are ohtaiiiCfl by vaeiiiim and pressure punifis, and temperature 
ch.auges by electric heaters and inoehanical refrigeration or dry ice. The chambers arc 
thermally insulated and of sufficient stnmgth to withstand the pressure differentials 
encountered. 

Testing of aneroids, hiirogruphs, aerometeorographs, etc., is usually done under 
static conditions, that i.s, the pressure and tewi>erature are brought to the desired 
values and allowed to stahilnie before readings are taken. Air circulation in the 
chamber is neei'ssary to prevent large temperature gradients. 

A speeialiiied test known as a jlighi similitutlr Ust is employed for testing radio- 
somies. 'Pile pressure and temperature are decreased at rates approximating those 
encountered in .actual radiiwondc ffight.s. Equipment for .such tests requires careful 
de.sign to eliniiiiate pressure and teiiqierature gradients since measurements are made 
under eousta.itly changing conditions, .\ppro\imately forty readings of pressure 
and temperature are taken during a test and then eipupared with a record made by 
the, radiosonde being tested. 

A typical flight .siiiiilitudc chamlicr consists of an iduminum or copper can large 
enough to hold a radiosonde and provide room for air eireulation around and through 
its radiation shield. Tliis can is mounted in a well-insulated eahinet. Oiwling is 
obtained by placing dry lee on the can or by surrounding the can with a liquid cooled 
with dry ice. 

Sat isfartory control of rates of evacuation and cooling arc obtained by a valve in 
the suction line from tlic vai'uum pump and the careful application of the dry ice 
in small (]uiintities. .\ temperature of — 00°t' can be reached in this way in approxi- 
mately y.") nun. at a suhstantailly linear rate. Mechanical refrigeration is used to a 
limited extent for this work. A manometer covering the full niiige of atmospheric 
pressiiri's and a tliernioeoiiple potenlionieter outfit for nreurnte temperature measure- 
ment are used as standards to elas'k the radiosonde. 

Humidity tests ri-qiiire a chamber in which the humidity can be varied and for 
some types of ti'sts, the temperature also. A humidity chamber should be lined with 
a non hygroscopic material, equipped with an nir-circulatiug fan, .and w'^t- and dry-bulb 
thermometers. Variatioii.s in reliitive humidity are usually obtained by one of two 
methods. Various chemical salt solutions will inaiiitain fairly constant and fixed 
Values of humidity in a chamber by tihsorhiiig moisture from or gmng it up to the 
air. F.ight different solutions quite .adequately cover the relative humidity range. 
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The other method frequently used employs, for low humidities, the condensation 
of the moisture in the air by a cooling unit and reheating of the air, while for high 
humidities moisture is supplied hy an atomizing spray. 

Thermometers and any temperature instrument that can be safely placed in a 
liquid are best eheckerl in a liquid bath which can be accurately controlled, and in 
which gradients are substantially eliminated by stirring and careful design. 

Wind instruments require wind tunnel tests for cheeking over-all performanee 
and obtaining calibrations for new designs. Routine cheeks of various types of 
rotation anemometers can be made by removing the rotor and driving the spindle at a 
constant known speed by means of a synehronous motor w'ith suitable gear reduction, 
or other means. The indicated speed should agree within the allowable tolcranee 
with the wind tunnel speed known to produce that rate of spindle rotation. 

Radiosonde ground equipment for the audio-modulated-frefiucney system i.s 
cheeked for recording accuracy by means of a frciiueney generator, which supjilies 
accurate frequencies to the frequency meter input. These freipiencies are generated 
by a tuning fork controlled multivibrator or small permanent magnet alternators 
driven at a constant speed. 
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TRANSMISSION AND PLOTTING OF 
METEOROLOGICAL DATA 

By GKOitGE 11. Jknkins 
METEOROLOGICAL CODES* 

A major problem of synoptic meteorology is the collection and dissemination of 
reports. The sheer bulk of data n-quired to present a clear picture of weatluT ovit a 
large enough area to be suitable for forecasting has n<'eessitatpd th<' use of many 
media of communication and the reduction of the sise of iiK'ssages hj- the use of codiv 
of various kinds. A world-wide survey of all meteorological codes and means of 
transmitting weather information in use is not feasible in this voliune; the (‘urrently 
used codes are far too numerous. There are many reasons for the complexity in 
weather codes and reports; the diversity of elements to be observed, the various 
techniques of observation, variation in the information desin'd by analysts in different 
parts of the world, and lark of uniformity m the codes adopti>d by separate political 
units are some of the reasons. 'I'herefore, it is intended here to outline the basic 
principles upon which the transmission of meteorological data by coded reports is 
based. Details can bo found in the references ciUsl. 

The International Codes Organization 

Successive agreements and adoptions by various eountries through the agency of 
the International lileteorological {"ongress Committees have resulted in a ■■imsidcrable 
degree of standardization of weather codes. Approval of a proposed rode is iiidieuted 
by its being assigned an appropriate International ilchigiiator. This designator is 
in the form of F followed by a one-, two-, or thriT-digit number. The first of the 
digits is the general-category indicator; I indicates a form for surface reports from 
land stations; 2 is for surface reports from ships; 3 is for iieplioseope and upper-nir 
reporta from both land stations and ships; 4 is for foreeu^ts; and .5 is for analyses. 
Second and third digits are uaed to indicate the separule forms in use within these 
categories. 

Although many political units use IiiliTiiational I'odes, tilhi-rs use portions of these 
codes or have devised forms of their omii. Details of the many code forms and their 
areas of utilization can be ohlained in inosl complete form from the Hydrographic 
Office, U.S. Kavy, in the publication H.O. 206, Hudio Weather Aiils to Xavigatioii. 
In the following discussions, only the most widely used or more representative forms 
of codes are given; the choices are based on prewar and current usages as niueli us 
security considerations permit. 

International forms are indicated by the International designators; I’nited States 
forms are indicated by USWH. Definitions of the letter designators are given on 
successive pages under “Explanations of Code Rymliuls,” and, wtiere appropriate, 
code numerals arc tabulated as to meaning under “Code 'Pahles.’’ 

* Appreciation for valuahie oantriliutKina and aitKawtiona ia dm* to C'aptaiii H T. Oi\iUL', ti.S.N., 
and to Commander Peter Lackuei, V.S.N. 
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In addition to the numeral codes, mention should be mode of the symbolic weather 
reports in use as basic data for airways forecasting in the United States. They arc 
used to transmit over Schedule A hourly weather observations, route forecasts, and 
other aids to air navigation. Kxplanation of the code used in Schedule A hourly 
reports is given separately in Tahh- 4, page 688 to .lOS. 

Surface Synoptic Reports 

Land Stations. The F I code, consisting of only four groups, is not used alone to 
any extent, but it con8titutt“H the first part of most codes. Wide variation of practice 
occurs with additional groups. 1 1 i.s the fu'idumcntul code fui.n for middie-Jatitudi; 
stations; it provides for tli*' re|iorti!ig of higti clouds and pressure tendencies. In 
turn, there are four extensions of the F ll acr'ording to the location of stations. 
F 111 and F 112 are for inlsind stat ons where m‘"^ini ’.m and minimum temperatures 
are signifiraut, along with state of the ground; they ar" us<‘d as a pair, the choice being 
determined by the time of reisirtiiig, wliii-h. in turn. deterinineB whether maximum 
(f 111) or minimum (F 112) temperature if retrorted. Similarly, F 113 and F 114 
are used as a pair for coastal stations, and the time of reporting dc-termines whether 
the state of th<‘ sea, the visibility to waward, and the state of the grounil, or the 
difference between air and sea temperatures, the swell, and the direction of swell arc 
to be reported. 

F 12 and its elaborations are for tropical stations: prissnre ti-iirlencies are, of 
leas signifienrici' tluui delail.s of pn.st weather, esiK-cially time of cornmcncemcnt of 
“weather,” and time, diri'etiou, and force of inaviinum winds. 

The USWB code, with possilile use of 10 groups, is the most elaborate of those 
cited. Its ninth group takes cognizance of the problems of reporting pressures in the 
western highlands, and its tenth grouji perniits spc-eial rr-ports on state of sen and swell 
from coastal stations (thus eliniiniiling the use of separate codes, as in the Inter- 
national) us well us niuiiy other speeial phenomena. 

F 1 IIIClCm wirVh.W DDFWN PFFTT 
F 11 FI plus CCiiaup 

Fill F 11 phis Ji Hr, r.K 

/’112 F 11 phia HHTnT„K 

fll3 F 11 plus/f/f.S'r.fc’ 

FlU F 11 phis HHT„K lit 

F 12 FI plus VUHUl, 

F 123 F 12 plus l),.C„DiuMT.r, DnF.Ga 
F 124 F 12 plus DLC,il)ii/Mrj\ DDF AH', 

rSWB IJIClCm wwVhN^ DJ>F\\ N tOOFFO or .6.>FF.'>) PPPTT l C„app T.T.I),- 
T,/Ar,/n 7h,h,YV hK.HJiK (QOOK'K ) O.SV.SV«,«,. 

Ships. As with land-station rei>orls, ship reports are standardized as to their 
initial groups; F 2 is the hasic code. F 232 was adopted for standard niiddU'-latitude 
use; F 242 diffiTS from it in reporting height of elouils in place of form of high clouds 
and was introduced for use in regions traversed by air lines. F 261 simplifies cloud 
aiul presHure-tendeney data, wdiiU' F 291 aeeents sea eondilions. 

F 2 ship YQLLL illGCl DDFww PPYTT 
F 232 F 2 plus 3Ci,CmCii\~ TjKl)i,iyXk tl^VMpp 
F 242 F 2 plus 4Ci.r.\fhN T^KDill'Ni, tUv^app 
F 261 F 2 plus CiKIhCN Td,A M Uh 
F 291 F 2 plus DSKJhW 

Upper-air Reports 

Pilot-balloon Observations. IVo basic forms of code are in use; their difFerene(‘s 
are in the methods of reporting heights and wind velocities. F 331 and F 341 are 
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designed to report primarily significant wind levels as determined by ehanges in ti 
direction or velocity; the USWB form is distinctive in that it provides for reportin 
winds for standard levels. In /"SSI and F341, two numbers are needed to identify Ih 
elevation, and velocity is reported by only one number; this introduces some com 
plexity to velocity tables. In the ease of standard-level reporting, the levels ar 
easily identified by the use of one number, and two numbers are available for reportin 
velocity. In both forms, direction is reported by two numbers. 

F 331 pilot IIIQG HHddvt }JlJddvt . . . etc. (ClCm HUM) (44444 niiinttnanuin 

mtmjmiJcx) 

F 341 pilot ship YQLLL lUGG UU<Ui>, UUddvt etc. 
ll{l)GG Oddm {H.)ddw etc. 

Temperature and Humidity Soundings. As with pilot-baDoon soundings, upper 
air observations of temperature and humidity ma.v be reported cither in terms o 
significant levels or in terms of standard levels, which, in turn, may be standard pres 
sure levels or standard elevations. The International forms cited n'port signifienti 
levels and standard pressure levels; the USWH forms ni-ently and currently in usi 
have accented significant levels and have shifted in secondary accent from standari 
elevations to standard pressure levels. f’,Srirfi(I j is the form used up to J‘>h. 1, 1945 
r'»'f I4'fi(2) is the form used from Feb. 1, to May 1, 1945; I '>S’ir^(3) is tlie form fron 
May I, to July 1, 1945; UFWli{4) is the form used from July 1, 1945 to Jan. 1, 1940 
and ^^^^f'/^(5) is tlie form proposed for use in 1940. 


F 36 temp IMOG Fil’tP, TTTVV F,PiF, TTTl P etc. (for significant levels) 

F 363 temp IlIGG HMJ'iFiPi rTTl V HJI^PaPJ>, TTTrC etc. (for BignificHin 
levels) 00000 U JI alt iU <t TTTW etc. (for standard pressures, hundreds o' 
millibars) 

F 37 temp ship YQLLL iaOGPiP,P, TTTCl ' etc. (ns F36) 

F 373 temp ship YQLLL UIGG UaUiPJ^Pt TTTVU etc. OOOOO IhUJIJlUh 
TTTW (as/" 303) 


US\VB(l) (first transmission ) IIIGGPPPTT UVIlUlxUIta PPTT( PPTTCvU-. 101 71 
Lmrmrm,mrLmrmrmrmr . . . etc. . . . (.50)^//^,' (sccoiul traiisiiiis.Mioii I ///f74„(/so 
YYIhaUtaUaaPPTTr PPTTV etc. (WlAafAaf) . eic. mn L,l‘W,.,r-,P.. 
LrX /jZ LyPpi/P pffP KpP Lj/A f pZ f ptl u iffiv y Lpti^pfii 

LiPppPptPgJ^ig LpZ / iZ f ^yrgdw L^iigdxiOxgSgt \0iA afA af etc. 


USti'li(2) (first transmission) same as UBWBO); (second transmission) J 1 1(1 .o 
Y YU a,U„II„PPTTUPPTrU etc. . . . {l0\Aa/Aa,,etc.) I0i77 LaPppPppP.^P.p 
LtPpyPpyPgyPgy LpZ fpA fpA / pA f p. 


USWB(3) (first transmission) same as TOiF5(l); (second tronsniissioii) llKigMta 
YYH„H„Hp, PPTTU PPTTU, etc. . . . 10197 (lOTTU llllllmrmr SoTTl’ 
HUHm,mr etc. (for the 1,000-, 850-, 700-, 500-, end 300-mb levels in that order) 
(lOlAd/Ad/, etc.). 


l]SWB{4) (first transmission) lIlGG PPPTT UVeet PPTTV PPTTl' etc. . . . 
10171 Lmrmrmrmr etc. . . . OOHUH 85H//// 70UIIH mill IP, (second tran.s- 
inishion) IIlGpdSM YYcee PPTTV PPTTV etc. . . . 30////// 20111111 1011 HU 
10198 PPTTU PPTTU etc. . . . 10171 LnirtUrnirtn, etc. (these mixing ratios 
referring in order to the 5,000-, 10,000-, 15,000-, and 20,000-ft levels only) 
lOlAd/Aj/ etc.). 


US1YB(5) (first transmission) same as ('.SirB(4); (second transmissiim) ///Gi,ii(»\ci 
YYeee PPTTU PPTTU etc. . . . 30////// 20////// 10////// (lOlAd/Ad/ etc.). 


Sliscellaneous 

There arc many aspeets to the reporting of meteorologieal data other than tliosc 
covered. Several are noted briefiy below, scleeted according to their general use- 
fiilnARR in Rvnnnt.ip work 
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Aircraft Reports. These have been used for some time as a part of the airways 
reports in the United States; they are identified as “PIHKPS" and utilize mixed 
symbolic code and abbreviated adaptation of plain lunfpiagc. More formal methods 
of utilizinf; aireraft reports were develoja-d before the war; meanwhile they have been 
considerably modified. Althou|;h this is an important Bt('p in meteorological report- 
ing, it is not thought appropriate to include an extended account of the reports in 
this discussion; many current developiiieiits are eonsidereii to be confidential, and it is 
further likely that eurrent usages may be changed during the war and after it. The 
most complete and widely used aireraft rcportii-.g system is that developed by the 
United Nations; it has been published by the U. S. Weather Hi.reau under the title 
“Combined Aircraft Weather Heport Form i.i .AW-C;.”'* 

n.S. Teletype Sequence Indicators. Teletype transmissions are organized as to 
nature of data and area of its cov< age into eeqe net each of which is identifiable 
by its indicator at the head of the ie<|uence. The general form ol these indicators for 
Schedule C (those* for Scheduh* A are only slightly different) is as follows: 

(Pint ) m SI YYGGggZ. 


If PD^V appears, it indicates that the sequence is out of its normal order and 
constitutes delayed weather data. HI is here used to symbolize “Report Indicator”; 
the indicators usi-d, with their iiieaiiiiigs, are ns follows: 


A(S North Atlantic reports 
AL Alaskan reports 

CA Central and Mouth .American reports 

CK Crop region reports 

FA Forecasts, airways 

FJ) Forecasts, h <lay 

FH Frontal Passage resume 

FS Forecasts, states 

JH Icing rAsuiiif* 

MA Muster analysis 

MH Herniuda reports 

.IfC MiBcellaneous ( 'aniidian reports 

MI) (lener.al n'ports 

ME Knstern Canadian reports 

MF ,A.\CM ('anadian reports 

MG Eastern Atlantic reports 

AIJ Pacific icports 

MK Mexican rejiorts 

MM Miscellaneous I'nlted States reports 

3.1/ 3-hourly 


.1/A’ Mexican, Central American, and 
western and eastern South Vincrican 
reiHirts 

.1/0 Caribbean Islands and Eastern 
South American rc-ports 
MF Primary Vnited States reports 
MH (treat Lakes reports 
.1/,S' Supplcmentar}’ United States re- 
ports 

.1/7’ Primary I’nited States reports 
A/ir We.stern Canndiun reports 
MX South -Atlantic reports 
FA Prognostic map annl.vsis 
PH I’llot-balloon itbscrvations 
HH PreeipitalLoii bulletins 
RS Radiosonde and aerograph sound- 
ings 

TA 5,000 and 10,000-ft wcather-inap 
analysis 

TX Temperature extremes bulletin 
nap reports 


SI is here used to symbolize '‘Sequence Indicator,” always a two-digit number. For 
details of the stations iiiclucli'd, points of relay, and niimbere of sequences, see the 
Federal .Airways .Manual of Operations.* 

The rest of the indicator has meaning aeeording to the definitions given under 
Explanatinns of (’ode Symbols, page 573; briefly, it supplies the day of month and 
the time of reports in hours and minutes. 

Forecasts, Anslyses, Advices, Etc. The general F 4 group of International codes 
is not given liere. In the United States, forecasts are issued in plain language or an 
ablireviated adaptation. ’I'he general twhiiique and strueture of a rode for trans- 
mitting an analysis has been developed to a high degrt'O in the “Combined .Analysis 
(’ode (C.AC).” The form is completely general; an.v type of analysis (surface, upper- 
air constant level, upper-air constant pressure, prognostic surface or upper-air, etc.) 
can be transmitted with ample specification of details to permit very satisfactory 



678 


TRAIfSMIsaiOlf AtfD PLOTTrm OF DATA 


[Sec.IZ 


rendition of the analysiii. Complexities of the code are loo great to permit its being 
presented in this volume; it has been published in useful form by the U.S. Weather 
Bureau.^ 


Explanations of Code Symbols 

Most of the letter symbols of tlie eodi-s given are purely symbolic abbreviations 
for the meteorological elements. In coded reports, they are replaced by numbers. 
Often, primarily when two numbers arc avadable to describe an element, it is necessary 
to give only the definition, the range of elements, and the practices in force, in order 
for the coded reports to be interpreted. At other times, primarily wlien a single 
number is assigned to tlie clement , tbe total range of values is too great to be reported 
by a single number without reduetioii of the range to no more than 10 categories. 
Sucb cases are defined below and in suceetHling cinle tables. 

Some letters and numbers in the symbidie forms of tlie codes appear in coded 
reports as given. These are indicators that may 8er\e to identify either the rode, form 
itself or the content of individual groui>s within the reports, in the explanations, 
such indicators are identified by a single aatensk (*1 for those Used in International 
fodes and by a double asterisk (••) for those used with TSWH codes. 

A Amount and character of haronielrie tendeiK'V (IJ-lir), expressi'd hy a single 
figure (Table 1). 

AdtA.di I-i«Bt two digits of •‘additional data designator group" (A,iAd-UiAd/Adf) 
of U8WB radiosonde code. is always Iraimmitted as 101. 

may range from 01 to (Kl, with some figures not used .'<3 to 01, inclusive, give 
reasons for no report or for ti'rniiimlion of record; fi.j to 90 inclusive ri“(|Uire addi- 
tional groups to follow th<‘ d(*Bignator. Most commonly encountered arc 77 
(isentropic data follow) and 71 (mixing-ratio data tollow). Itecent important 
additions arc; 97 (constant pressure data in the form (K)TTl’ Hlfl{ni,ni, f!o7’7'f/ 
IlHUnirm, etc. follow); and 98 ((sinsl.aiit leiel data for .l.tKK)-, 10, (XK)-, 15,000-, 
and 20,000-ft and 10-, 13-, anil Ki-kiii levels hi form PVTTV ]‘1‘TTU ete. . . 
10171 etc. follow ). 

a Charaeterlstie of the harometrie tendeiiex for the 3-lir )>i‘rioil pri'ceding the time 
of report (see also pp). (Table 1.) 

at t'haracterislie of the harometrie tendenej for the 3-hr period ending 3 hr before 
the time of report (1’able 1 ). 

C Form of predominating cloud (used when <>nl,v one form is reported), (Table 1.) 
Ci, Form of low eloiid (Table 1). 

Cm F’orm of middle cloud (Table 1 1 
('h Form of high cloud CTable 1 ) 

CORK (RJSCTJF)* Corrected ohserv.afions. t'QA'** same as ('ORR. 

DO True direction of the wind near the ground. It is lefKiited from 00 (calm) to 
32 (norfhl, hence to 32 points ol the rompaas. ( 'oiiunonlv onli e\en values are 
used. With the International code, 33 is addi d to the coded value of DO when 
unusual squalliness or gustiness ha." occurred during tlie hour preceding ohserta- 
tion; 67 is added if there has b<*en a hue squall. 
dd Uireetion of wind in the upper uir, or cloud iiioveineiit, on scale 01 to 30, f.c., 
to nearest 10 with the 0 omitted; 00 denotes calm. With USWB Filial code 
and International forms similar to it, .'50 is added to dd if the wind velocity 
exceeds 99 units (see tie); with F 331 and F 341, ,V) is added to dd when wind 
velocities are lietwecn 30 and 60 niph or la-tween 92 and 122 mph (see Ps). 

Dk Direction from which swell comes. (9 denotes all diroetions or no definite 
direction.) (Table 1.) 

Dc Direction from which clouds niox-e. Hefers to Cm if reported; if there is no Cm, 
refers to Cu] lastly, refers to (’/, (9 denotes direction unknown). (Table 1.) 
Oii/M Direction from which Ch move when reported; if no Cu, refers to Cm (9 is 
not used). (Table 1.) 
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Di, Direction from which Cl move when reported (9 not used). (Table 1.) 
d. Direction in which ship is moving (Table 1). 

durd^x, d„,iry, dyxdy. Direction of wind at the iscntropic surface x, y, or z, whichever 
is indicated by the suimeript . It is coded the same as dd. 
dtxdtx, dtyd,y, d,.di. Direction of isobars at the iscntropic surface x, y, or s, whichever 
is indicated by the subscript. It is coji*^! the same as dd. 
eee Klevation of the reference level to which the initial or surface pressure included 
in the radiosonde report is re<hiced; in North America it is reported in tens of 
feet; elsewhere it may he reported in tens of feet or in whole meters. 

E State of the ground (Table 1). 

F Wind velocity expressed in Beaufort force. International forms report winds 
above force 9 as 9, and the group is followed by words indicating the force. 

FF Appears iti added group of USWll surface code, following the usual third group 
when wiful velocity exceeds force 9. The form OtlfT'O is used when the wind has 
been measurtsl ; the. form Shl'Wh when the witid is estimated. The following table 
applies; 


FF 1 

Mph ^ 

FF 

1 Mph j 

FF 1 

Mph i 

1 

FF ^ 

Mph 

10 

( 

.5.5 -A4 , 

12 

1 

1 74 82 

i 

14 

93-103 ll 

IG 

115-12.5 

11 

0.5 73 ; 

1.5 

1 8:4- 92 

15 

104-114 ll 

1 1 

17 

126-136 


Fi Maximum wind force (Beaufort), usimlly for tlic b hr preceding the time of 
observation (Table 1). 

OG Hour of the day, (K'T nearest to the time of surface observations, or of com- 
tneticing pilot-halhioii and nidiosonde ascents. Numbers from 01 to 24 cor- 
respond to the 24-lir clock. 

GiStn Hour of lh(‘ day, (i(''r, with 50 added. Used iji tht“ I’SWB radiosonde code 
to indicate th.at the following report is the second transniissiuii. 

gg Minutes of time. 

h Height of hji.se of cloud. licfcTs to bjuse of loacsf type of cloud if the base is 
below 8000 ft. If there are fragments of rlctaclicd cloud lower than tliat of the 
predoniiiiutiiig ty|)C, the height of the fragments iiniy be sent in plain language in 
addition In the rcguljir report (Table I). 

hrhr Height of ceiling in liundre<l.s of feet. 

// Klevation in thousands of feet of the level for which diila on wind velocit.v apply. 
Used in liWWH pilot-bjilhsin rejxirts. Oidy ultemate groups have such level 
designators, ex<-ei)f for levels jdsive 2.5.000 ft (Table ll. 

n„, // If), //-JO 75ie numbers of the thns' gioujts in llie first transmission of the USB B 
radiosonde code eontaitniig the diita for the .>,(H)0-, 10,000-, and 20, 000-ft 
mandatory levels. These gniiips are further identifiable by each being followed 
by n period. 15.0(K) ft (iat:t are idso followeil by it period. 

flu, Hu, Hu The same as the preceding, but appeam.g in the second transmission 
and iiidieHtiiig the positions of the groups gi\ing the d.ata of the 10-, 13-, and 
16-kin levels. I’eriods also follow tliese data groups. 

HH Height in lieetoineters above si'a level to which upper-air wind data refer. 
Mandatory levels are 10 and 20 heetonn-ters; the lowest level of each stratum of 
distinctive wind directions of v<4o<-ity is also transmitted. 

HdHd Heights in liectomcters for which data of ti'niperature and humidity are 
transmitted. 

HIIH Height above sea level of a mandatory pressure level, reported in tens of feet 
or in tens of meters (according U) the pnictiecs of the reporting agencies). 

Iff, II Stat.ion designators, cither index numbers or letters. 

K State of swell in open sea (Table 2). 

IJJj Latitude in degrees and tenths, the latter being obtained by dividing the 
number of minutes by 0 uimI neglecting the remainder. 
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III Longitude in degrees (tens, units, and tenths: if the longitude exceeds 09°, its 
value is determined from the quadrant of the globe; see explanation of Q). 

L Designator of levels for which mixing-ratio data an* sent. It is ustxl in the first 
transmission of the USWB radiosonde code. Significant levels are numbered 
in order from the surface (1) on up. The mixing-ratio groups are eoniposod of 
the number of each succeeding odd-numbered level, the mixing ratio of that 
level in units and tenths, and the mixing ratio of the next even-numbered level 
in units and tenths. When mixing ratio exceeds 9.9 grams per kg, only the units 
and tenths are transmitted; the decoder supplies the additionul figure by noting 
the relative humidit.v, temp''rature, and pressure, the combination of which indi- 
cate the mixing ratio intended. 

Li, Ly, Li Group designators of isriitropic data: z, y, and z denote the last digits of 
the values of the potential tempemturos of the three isentropic surfaces for which 
data are sent. 

Li, Li, La (iroup designators of isentropic data used with t'iSir/f(2) radiosonde 
code. The h, I, and u denote the hundred, ten, and unit digits of the vahic of the 
lower of the two reported isentrt>pic levels. 

11/ Reason for ceasing upper-wind obaervations (1 and 5, clouds; 3, haze; 7, rain). 

mimjnitniimi Sec explanation of cs- 

niiinr Mixing ratio in grams per kilogram (aiK* explanation of L). 

Af Amount of sky covered by cloud, in tenths (Table 2). 

Ni, Amount of cloud of which height is reported by h. In ship reports where height 
of cloud is not given, Nh indicates only the amount of low cloud, (use table 
for N, Table 2). 

PPy Pressure in millibars (tens, units, and tenths, initial 9 or 10 omitted), reduced 
to sea level. 

/'»?•*/*•. Pressure in millibars (tens, units, and tenths, initial 7 or 8 omitted i, reduced 
to 5,000 ft above sea level. l'se<l l>v high-level Btiitions in the rniled Ktates, 
transmitted in the ninth group of the surface s.vnoiitii reports. 

PP Pressure in millibars (tens and units, hundreds omittedh I’sed to report prc*s- 
Hures of upiier-air reports. 

PtPiPi, PJ’il’i, etc. Pressure in hundreds, tens, and units of millihars at truns- 
niitted levels in upper-air reports. 

PP Amount of pressure change in 3 hr immediately |)rereding time of observation. 
Usually transniitti'd in fifths or halves of millibars, lii the l’SI\15 I'ode. if tli>‘ 
pressure change exceeds 99 fifths (19.8 mb), the 1'ii:il amount may he indicated 
by following the fifth group with an additional group in the form OOpiYiwhen- ppp 
is the total pressure change (in fifths of millibaTs) . 

PfxPpi, PpiiPpy, PpJ'p, Pressures in hundreds and tens limits omitted; of millihars 
at the isentropic surfaces z, and z. 

P,xP, 2 , PipPxy, P.if'., I'ondensation pressures (hciiec measures of the humidity) in 
hundreds and tens (units omitted) of milhlinrs at the isentropic surfaces x, 
and z. 

PILOT* Information following gives upper-air wind data. 

Q Octaflt of the globe (Table 2). 

Pit In International forms, the amount of rainfall fat 0700 for the priveding 13 hr, 
and at 18(X) for the preceding 11 hr). ICxpressed in whole millimeters with the 
following exceptions: 


Code No. 

RR, mm 

Code No. 

HR, mm 

I Code No. 

RR 

91 

0.1 

94 

WM 

97 

Traen 

92 

0.2 

95 


98 


93 

0.3 

90 

■■ 

99 

[ Unknown 
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RB In USWB surfaro rode, the amount of precipitation in the 6-hr period preceding 
the observation (if Rt is sent as /, RR is for the preceding 12-hr jjeriod), in 
hundredths of inches, except that coded 99 denotes trace. When precipitation 
exceeds 0.99 in., RR is encoded with the hundredths in excess of whole inches, and 
the eighth group is followed by another group of the form 000i2'£' where R'R' 
gives the whole inches. 

R, Depth of snow on the ground at the time of observation, in inches except that 
code figure 9 denotes less than 0.5 in. 

Ri Time precipitation began or ended, in hours before the time of observation 
(Table 2). Rt gives time precipitation began if ww indicates precipitation, as 
current or within the last hour. 

S State of the sea (Table 2). 

SpSp Special phenomena, general description (refer to USWB weather code for details 
of the group). 

XfXp Special phenomena, detailed description (refer to irSWB weather code for details 
of the group). 

filiSit Angular spacing of isobai's in dc-grees of latitude, at the isen- 
tropie surfaces x, y, and r. 

Ship (Navire, SchiH, Naviosj* Identify ship reports. 

SV.\* Sometimes prei-edes synoptic reports from land station.s in International 
eollective messages. 

TTT Ti'mperature of the upper air in degrees and tenths, Fahrenheit or centigrade. 
Negative teiiiperutures are mdicati'd by adding 500 to the numerical value 
when (‘neoded. 

TT Teniperature of the air in whole degrec.s, Fahrenheit or centigrade. When 
centigrade is useil, negative temperatures are indicated by adding 50 to the 
numerical value of the ti-mperature; in Fahrenheit, negative temperatures are 
added algebraically to 100 when encoded. 

T,Tx Maximum teniperature in previous period of length determined by the time 
of observation. .Vegative temperatures reported as explained under TT. 

TuTn Miiiiinuin temperature in previous period of length determined by the time 
of observation. Negative temperatures reported as explained under TT. 

temp' Following information gives liuniidity and temperature observations of 
upper air 

T,T, Temperature of the dew point in whole di-grees. Negative temperatures 
reiwirted as explameil under TT. 

Ti Difference between sea and air temperatures (Table 2). 

T.. Time of I’omineiieeliient of weather reported by It’ (Table 2). 

V Ueltttive humidity reporti'd as a single number (Table 2). 

f I ^ Helulive humidity in whole jM'rcentages. 

»» V'elocity of the wind in the up|K’r air: it is used in the USWB code and reported 
in miles per hour. In Interiintioiinl forms, it is usually designated as t>ivi and 
reportefl in kilometers per hour. IMien the X’clocity exceeds 99 units, 50 is added 
to rfrf, and the velocity is ixs'ordi’d with the hundreds omitted. 

Vb (and mini <7111711 1 etc.) Velocity of upper winds at height //If above sea level. 
Two tables apply: 

a. When no qualifying groups (41-1 tl niiTiiimim, etc.) are sent, ci represents wind 
velocity iieeording to subtnble .-1 under of Table 2. 

b. When the qualifying groups arc sent. t>i represents wind velocity for level x 
according to the value of iii with subscript number corresponding to the level x. 
W'lieii «i, = 0, wind velocity for the level x is obtained from siibtable A; when 

m, = 1 , wind speed for the level x is obtained from subtable R under Si of Table 2. 

». Speed of ship in knots (Table 2). 

V Horisontal visibility (Table 2). 

V, Horizontal visibility toward the sea (Table 2). 

VV Horizontal visibility in units and tenths of miles for code figures 00 through 90 
(9 miles); thereafter, 91 10 miles, 92 = 20 miles, etc., and 99 «= over 90 miles. 

(Contbnuvi on pant JSS.) 
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TaBLI, 1 — C OBB 'Iahlbs 

Transmission and plotting of data — Meteorological codes 


A g and 03 

CODE ruARSCTER IS'HOUR AMOUNT PLOTTING PLOTTING PLOTTING PLOTTING 
NO. OP OF CHANGE SYMBOL SYMBOL SYMBOL SYMBOL 

change 1o2mb/o5mb Idescbiption description! description description 
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Tablc 1 — Code Tables {Conttnued) 
TraBsmisaion and plotting of d&ta — Meteorological codes 


CODE PLOTTING 
NO symbol 

description 



plotting * 

SYMBOL ] «N BEAUFORT 
' FORCE) 


DESCRIPTION 




SURFACE 

iOOOO 

20000 

30000 

ETC. 
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TabIjE 2 — Code Tables 

TransmisBion and plotting of data — Meteorolopcal coUps 


(HOURS SINCE c 
PRECIPITATION 
BEGAN OR 
ENDED) 


plat. 

NO NO RIPPLE, 

PRECI PITATION 01 LY SEA 


CALM, 

RIPPLED 



ENORMOUS, 
SUCH AS IN 
CENTER OF 
HURRICAINE 
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Tabli'. 2 — Code Tables {Continued) 
Transmission and plotting of data — Meteorological codes 







NOTHING 

TO 

REPORT 

95-100 

0-1 

00' 19 

OR 700 LOW 

TO BE 
RECOROeO 

1-2 

20-29 

2-3 

30-39 



MPH 1 6.-86 I 


61-63 


92-94 


64-66 


95-97 


67-69 


98-100 


70-73 


101-104 


74-76 


105-107 


77-79 


108-110 


60-02 


111-113 


83-85 


114-116 


86'88 


117-119 


89-91 


58-60 120-122 


Vs 

(KNOTS) 









(MEfERS)] 






50 


V32 


200 


'/8 


500 


5/16 


1000 


5/8 


2000 


1V4 


4000 


2'/z 


10000 


6 


ZOOOO 


12 


50000 


30 


>50000 


>30 
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TRAN'SMJSSlOtr AlfD PLOTTING OF DATA 



SLIGHT STOPMOF HEAVYSTOPMOr 
LiNtOFOOST STORM OF DPiFTlNCSNOW DRIFTINCSNOW 
STORMS DRIFTING SNOW GENERALLY LOW GENERALLY LOW 















Tadi-e 3. — Weather Cohe FicrREs axi> Symbiii.s [Continneth 
Transmission and plotting of data — Metporologioal codes 


Sec. IX) 


METBOROWaiCAL CODES 


587 









































588 


TRANSMISSION AND PLOTTINQ OF DATA 


[Sec. IZ 


Tabi.k 4. — ITSWB SYMBOLir Wbatheb Code kok Airways 
Houblt Teustype Reports 

EXPLANATION OK SYMBOL WEATHER REPORTS 
(bused OH instructions contained in Weather Bureau Circular N 1941 
and later modijicnhuns) 

To illustrate the method used in transiiussioii and decipherine of symbol weather 
reports, the following (‘xample of such a report is given. Kuril element of the repiirt 
is eonneeted by a line with a description of all symbols and conditions which might be 
used in that particular phase of the report. Kleiiients of observations are always 
transmitted in the same order ; therefore all symbol weather reports may be deciphered 
by reference to this chart. 

WA N BPL 231028E H7r © ® -M' 


Citation 


Weather 


f'lassifieation 
of report 

F- 

Obstructions 
to vision 


Type of 
report 

0ti8/ 


Hate and time 
of report 

48/ 


Ci'iling 


Haroinetric 

pressure 


Temper- 

ature 


Visibiht V 


Altimeter 

setting 


CTG VHBL 5 to 8 Ifia© ® V© 2© VBBL U> lU 

Remarks 


For example, the report given above would be deciphered as follows; tt’usliingfon— 
instrument; sp<‘eial report on 23rd at 1028 a. m., Kasteru ll'ar Time; indotmite 
ceiling at 700 feet, variable; overcast, lower broken clouds; visibility '’4 mill', variable; 
light drizzle: light fog; barometric pressure 1006.8 millibars; tenipcrnlure 48°F; dew 
point 47°F ; wind west 8 miles per hour; altimeter setting, 29 63 mcm's; ei'iliiig viiriiibU- 
bOO to 800 feet, overcast layer at indehnite 1,300 feet, broken clouds variable to 
scattered, scattered clouds at 200 feet, visibility variable from ^2 to 1 'i miles. 



Station 


Classiheation of re- 
port. 


Dtdailed eAplanntioiis 


Lists of station iiaines and tbiar reiiresentative call letters are 
posted on Weather Bureau airport station bulletin boards for 
the information of all eoncenied. 

The symbols C or N an used immediatelv following, aftei 
1 space, the station letters to ehissilv the weather eoiiditions 
at airports spcciheally df>siguated iis control iiirjMi' te. 

C (contacll; Coiling 1.000 foct or more and visibil.ty 3 miles 
or more. 

N (Instrument) : Below class C miniinums. 

If no classification letter is used the station ia not loeiited at a 


t control airport. 

“8FL,” when it appears in this [sisition in a weather report, 
indientes a “speeiaV’ observation, “LCL” siinilurly indicates 
a “local I'xtra” obwn'alioii. 

Date and time of This group consists of 6 figures and one letter, the first two 
report. figures referring to the month., the remaining figure's indiciitiiig 

the time of day based on the 24-hour clock, and the letter 
showing the time zone. For exiimjile, 1.503071’ means 3:07 
a 111 . racifK' War Time of the 1.5th day of month; 181338C 
means 1:38 p. m.. Central War Time 18th dav of the month. 
This group is traiisimtled in all reports other than those triiiis- 
mitted in reguhu sequences in which the date and time appt'ar 
111 the sequence heading. 


Ceiling The absence of a “ceiling" group indicates an “unlimited” 

ceiling (above 9,7.50 feet). 
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Tablk 4. — UKWB Symbolic Weather Cobb fob Airways 
Hourly Teletype Heports. — ( Conlinved ) 

]>etailed explanations 


( 'piling ( Cold .) Figures representing the number of hundreds of feet whie.h apply 
are used to indicate the height of t;ie ceiling between 51 and 
9,750 feet, inclusive, above tlie station, e.g., ‘‘35” indicates 
3, .500 feet, “3” indieati's 300 feet, etc. 

The figure naught (0) is uwd when the eeiling is zero (below 
51 fwtl. 

Oiling values are always (('xcept as noted in the following 
paragrapli) preceded by one of the following ceiling classifi- 
cation letters: 

M Measured ceiling. 

E histimated veiling. 

IF Indefinite eeiling. 

I‘ Precipitation ceiling, 
i? Balloon ceiling. 

A Ceiling reported from aircraft. 

\ plus sign (-b) i.s used (instead of a eeiling classification li-tter) 
whenever the bailooii was blown from siglit, at the iieight 
represented by the figures, before reaching the clouds. 

'I'he letter V, ininiediateiy following the figure(s) for eeiling, 
indicates that the height of the ceiling is changeable. 

Sky The absence of a symbol for sky indicates that precipitation or 

obstruct ions to vision are present which reduce the ceiling to 
zero and/or the visibility to less than one-fourth mile and 
ninke tin' sky unoliservahle. 

The sky eomhtion is indicated by the following symbols unless 
tlie condition given above is present. 

O Clear. 

CD iSi-attered clouds. 

OP Broken clouds. 

(j. Overea-st. 

(P/IIigh scattered. 

®/IIigli broken. 

O'/High overcast. 
i;j® Overcast, lower broken. 

>i CD Overcast, lower scattered. 

® ® Broken, lower broken. 

®CD Broken, lower sentteretl. 

(D® Scattered, lower broken. 

(DCD Scattered, lower 8<-attered. 

IT’/® High overi’ast, lower broken. 
tL'/CD High overcast, lower scattered. 

® / ® High liroken, lower broken. 

®/(D High broken, lower scattered. 

CD/ ® High scattered, lower broken. 

(Cl/ (5 High seattereil, lower seatlered. 

The plus (-1-) orniinuB (— ) sign preceding the eloudiness symbol 
indicates “dark" and ‘'thin,'’ respectively. 

Height of lower scattered clouds is indicated by the entry of a 
figure, representing the hundreds of feet applying, immedi- 
ately preceding the sriittered clouds synibol. 

Only two layers of clouds are reported in the body of the rejiort. 
.Vdditiomil layers are reported in “Bemarks.” 


Visibility. , , 


The absence of a figun- for visibility indicates that the visibility 
is 10 miles or more. 
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Table 4. — L’SWB Symbolic Weather C'-ode tor Airwayi* 
Hourly Teletype Reports.— (C’ ontoufci) 


IMailpii Pxpjannliojis 


Visibility (Coni.) Th<i value of the visibility bt'low 10 miles is iiidictited by fl|;urcs 
representing the number of miles and/or fractions of miles. 
The letter V, immediately following the figure for visibility, 
indicates a fluetuating visibility. 

Weather The “weather” element of the report is iiidieiileil, when 

appropriate, l>y the following symbuls: 

/£— Tight rain. 

R Moderate rain. 
fd+Heavy rain, 

A— Tight snow. 

S Moderate snow. 

»S'+Heavy snow. 

Zli —Tight fre<‘ziug rain. 

ZR Moderate freezing rain. 
iffl+IIeavy freezing rain. 

L — Tight drizzle. 

L Moderate drizzle. 

Z/+ Heavy drizzle. 

.Jf//— Light freezing drizzle. 

ZL Moderate firezing drizzle. 

2T+IIeuv,v freezing drizzle. 
jB— Light sleet. 

E Moderate sleet. 

A’ + Heavy sleet. 

.4 —Tight hail. 

A Moderate hail. 


A +Heavy hail. 

-1/’— Tight small hail. 

.1/’ Moderate small hail. 

.l/'+Ifeavj" small hail. 
iSf — Tight snow p<-!lets. 

SH Moderate snow jH-llelH. 

<S'P+IIeavy snow pellets. 

<Sy— Tight snow squall. 

SQ Moderate snow sqindl. 

EQ +IIeavy snow squall. 

RQ —Light ram squall. 

RQ Moderate rain squall. 
fdQ+ Heavy rain squall. 

T Tluintleretorin. 

T +He.avy thunderstorm. 
iSlV'— l.ight snow showers. 

. (Sir Moderate snow showers. 

(SU' + Heavy snow showers, 
ff ir — Tight rain showers, 

R\V Moder;tte rain showers 
R W 4- Heavy rain showers. 

TORNADO ir (idwnys written out in full and folhwed hv a 
letter showing dirvetion fnini slalioii ). 

Obstruetions to The “ohstruetious to vision ” i lement of the report is imiicatucl 
Blicn appropriate, by the following symbols; ' 

F Damp haze. 

P' — f.ight fog 
F Moderate fog. 
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Table 4. — USWB Symbolic Weather Code fob Airwaye 
Hottrly Teletype Repobth. — (Continued) 

Detailod pxpIanationH 


ObetruetionB to F+ Heavy fog. 
vision (CoTt/.) GF— Light ground fog. 

GF Moderate ground fog. 

GF + Heavy ground fog. 

IF — Light iee fog. 

JF Moderate iee fog. 

IF + Heavy iee fog. 

n Ha*y. 

K — Ijght smoke. 

K Moderate smoke. 

K + Heavy smoke. 

I) — Light dust. 

!> Moderate dust. 

/J+ Heavy dust. 

HH — Light blowing snow. 
fl.S' Moderate blowing snow. 

/hS'+ Heavy blowing snow. 

G.S — I.ight drifting snow. 

C>S Moderate drifting snow. 

GiS + Heavy drifting snow. 
lil>— Light blowing dust. 

HD .Moderate blowing dust. 

HI) + Heavy blowing dust. 

HN — Light blowing sand. 

Iiy Moderate blowing sand. 

HN + Heavy blowing sand. 

Ibironietrie iiressure The barometrie pressure is indicated by a group of 3 figures; 

tens, units, and tenths of millibars involved, 'rhus a pre-ssure 
of 101,5.2 mdlibars would b<" written .ss “1.52”; 902.8 as “628”; 
1025.7 ns “2.57”; etc. Sent only by stations equipped with 
niereurinl barometers. 

Teinpernture 'I'eniperature is indicated by figures giving its value to the 

nean'st degn'e Fahrenheit. 

Values below zero Fahrenheit are indicated by the entry of ,a 
minus sign (— ) immialiately preceding the figuri's for temper- 
ature. Zero is entered as “0.” 

Dew point Dew point is indicated by figures giving its value to the nearest 

degree Fahrenheit. 

Values below zero Fahrenheit are indicated by the entry of a 
minus sign ( — ) immediately preeeding the figures for dew 
point . 

Wind The wind direction is indicated by arrows, as follows: 

]. North. 

1 F North-northeast. 

/ Northeast. 

Flaat-northpast. 

•- Kast. 

<-N Flast-southeast. 

V Southeast. 

IN South-southeast. 

T South. 

t/* South-southw’i'sf. 
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Table 4.— USWB STMBOwr Weather Code fob Airways 
Hourly Teletype Reports. — (Continued) 


Dctiiili-d l■xplanllt ions 


Wind {Coni.) 

/ Southwest. 

-•/» Wost-Bout hwest. 

West. 

Web*-northwi‘st. 

\ Nortliwc'st. 

[S, North-iiortliweat. 

(.' ('aim. _ _ . 

The velocity is indicated by figures representing its value in 
miles per hour. If wind is calm no entry is made' for velocity. 
If estimated, this is indicated by the entry of the letter Ji 
immediately following the velocity figure's. 

The character of the wind is indicuteil, when appropriate, by 
entry, following the velocity, of a minii.s sign (—} for “fresli 
gusts’’ and a plus sign (+) for “strong gusts.’’ Xo symbol 
for eliaracler nieaiis th<' wind is stc-ady. 

ll'ind sliijts which have oeeiirred at thi' reporting station are 
indicated, immediately following the otlii'r wind data, by an 
arrow showing the direction (to lii point.s) fioin n hieh the wind 
was blowing prior to the shift, followed by the local time, on 
the 24-hour cloek, at which the shift occurred, with following 
letter showing the time zone. ’I'he inlensit.v of the shift is 
indicated b.v the minus sign ( — ) for “light,’* the absence of ii 
sign for “moderate,’’ and the plus sign (+) for “heavy,’’ the 

1 signs being enten'd iniiiiediatel.v following the standiird-of-tinie 
letter. 

.VltiiiK'tpr sottitiR 

Indicated by a group of 3 figures representing the ineli and 
hundredths of an inch of pressure involved. ’I'hiis, 30.00 
would he written as “000’’; 29 98 as “998"; etc. Sent only 
by designated stations equipped with mercurial bii'Oiiieters. 

Urmarks 

Itemurks are transmitted in autiiorized Knglisli ulilirev lations 
and teletype symbols. Lists of the iihhrevintioiih are available 
for inspection at all the Wi-ulher Itureaii Airpor* Stations. 
The tefetypi; symbols usud are bhown on this chart. 

Special data 

Special data comprising pressure eliiinge and cliiiruetiTistie, 
3,000-foot pressure at selected stations, cloud, thiiiiderstorm, 
and snow depth data, spi'eial data from si leeted stations, I'lc., 
are enteri'd in code at certain limes by the stations designated 
to do this, as separati' groups, imuiediateiy following the 
report proper. 

Missing data | 

Klements normally sent, hut for some reason iiiihsiiig from the 
transmission, will \>o indicated by the letter A/ entered in the 
report in piuee of the missing data 

NomiietcoroloKiciil 

data 

Nonmeteorologieal remarks me oruusioually iidileil by the (’.\ \ 
(VmimuiiieatioiiB personnel eoiieermiig field eon diti oils and the 
operation of radio facilities. 

Supplemctitarj' data 

I'.very three hours supplementary (additivi') groups are ap- 
pended by selerted stations. These facilitate the pri-paratioii 
of 3-hourly synoptie maps for foreeasling, intermediate to the 
6-hourly reports of Schedule C; besides appearing on Scheduli' 
,1, some of theuf reports an- also “converted’’ for transinission 
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Tabi,k 4.~U8WB Symbouc Wkatiieb C!odk fob Aib-wats 
Houbly Teletype Repobtb. — (Continued) 


Detailpd explanations 


Kupplcmcntary data 
(CoTlt.) 


in the surfacp reports eodc of S'-hedule C in the O-hourly 
reports and in the “3M” w-^uenei-s. The aymholie form of 
the hourly n>port« with adilitive groups is as follo>»s: 

(hourly reix)rt)/«/»p Ct.CniCiiI^ch^M t. (or ClCmCiiDc) 9CmFm- 
/'md. (T,/tTy,OSi-iip»,,iip): the longer form, ineluding inaxi- 
irium or ininiiiiein temperature and special phenomena, is used 
at th(‘ times that eorresoond with the regular ti-hourly reports; 
intermediate 3-hourly reports «io not inelude this information. 

The symbols have the same mea lings and eo<le tables as given 
on pp. 578-.'>93 for the USWB surfnee reports code with the 
addition of h, and Mp whieh have the following meanings: 
hp Height above the surface of base of cloud layer which 
predominates in amount between 10,000 and 20,000 ft 
(Code 0 = none or 10,(X)0 ft; Code 1 = 11,000 ft; 
. . . etc. . . . ; Code 9 19,000 ft ; Code = 20,000 ft or 

more). 

.Tf+ Method by which hp is determined (Code 0 = missing; 
Code I = measured; Code 2 = estimated; ('ode 3 = 
from Bilot Report). 


ir Past weather, generall.v for the piTiod 0 hr preceding the time of observation. 
If precipitation h.a.s occurreii in the ln.st hour or i.s current at the time of observa- 
tion, ir is coded as the most ehuraeteristie weather of thi' .vhr period ending 1 hr 
before the observation. (Table 3.) 

1 IIW Pr<‘seiit wc'ather (Table 3). 

w 'I'he initial figure of code tew, thus indicating the general state of the weather 
(Table 3). 

1'}' Uav of the month. 

)'„r„ Rump as YY. 

1’ Day of the week (1 denotes Sunday, etc.). 

ZfpZ/y, ZfyZf, Value of the stream function in units and tenths (hundreds 
and thousands omitted and to be supplied by the decoder) of millions of ergs 
per gram. The tliuusand.s and hundreds are virtimll.v always equal to the first 
two figures of the potential temperature of the iseiitropic surface. 

Z** Time given in (K'T. 

00, Hi), 70, .W), .30, 20, 10 Indicators of data groups in the I'.SWB radio.soiide code 
that refer to the 1,000-, S.IO-, 700-, etc. mb levels. 

00000* Following inforniation gives uppi‘r-air temperatures and humidities tor 
fixed prp.ssures at intervals of 100 mb (1,(K)0, 900, 800. etc.). 

OOFFt)** See FF. 

3*, 4*, 0*, 9* Internal indicators designating the code form being used for surfnee 
reports from sliijis. These appear as the first figure in the fifth group of F 232. 
F 242, F 201. and F 291, respi'ctively. 

44444* Indicator group for wind velocit.v. See and Cs. 

(.hO) Indicator of group giving height of the .'lOO-nib level in the first transmission 
of the USWB radiosonde coilc. It appears only when the reporting station is 
not on a circuit and its report is relaverl. 

GoFFd** Si'pf'T. 

7**, 8**, 9**, 0** Internal indicators used to identify the optional groups in UStVB 
surface reports. 

-(hyphen, - . . . .-), X, / (slant), 99 Data missing or code spaces have no meaning. 
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PLOTTING WEATHER CHARTS 

Surface Synoptic Chorta. The chart on which plotting is to be done has most 
of the stations indicated by three-number designators. In North America, the first 


STATION MODELS 


?PP 

VtiAfmi 0±ppa 
HR 



ppp 

Vmw 0 ippo 
T,T,CtNb,WR, 
h RR 



4 Ca 

TTS^PPP 
V«W 0±PPD 
T,TsClN, W 
h RR 



COMPUETE U.S. MODEL ABBREVIATED US. MODEL INTERNATIONAL MODEL 


31/^^953 

30 ---e *4 
06/2 .45 
(2649 


953 

S««#'»2e/ 

30 — 6 *4 
E 45 

Fio. 1. — Plotting modelo, surface reports. 


3>^95,, 

5K»94-2^ 

*®-V.45 


digit of the, designators usually inereuses in value with increasing latitude; the second 
digit increases iu value from east to west. The third digit varies at random within 
the rough quadrangles determined by the variation of each of the first two digits. 

The data to be plotted arc obtained from the 6-hourly teletype sequences (schedule 
C in the TTnited States). Several systems of plotting the elements around the station 
circle are shown in Fig. 1 . 
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Conitant-leTel Charts. Data for constant-level charts arc transmitted in con- 
venient form for the 5,000-, 10,000-, and 20,000-ft pressures in the first transmission 
of radiosonde observations. Data for 10, 13, and 16 km are sent in the second trans- 
mission. The first transniisainn sends not only pressure, temperature, and relative 
humidity, hut also mixing ratio; the last item is not sent in the second transmission 
for the hiKhest throe levels. Additional data are obtained from the pilot-balloon 
observations for tlie level beiiiK plotteil. When no wind report is available for this 
level, but a report is available for the adjacent lower level, the latt<T report should 
be plotted, properly noted. The order of arrangement of data around the station 
eirele, with an illustration of the use of a lower-level wind dircct'on, is given in Kig. 
2a and h. 
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Fjo. 2. — Plotting models, constant-level charts. 


Distinction should be made between data that are missing for any cause, best 
eonnoted by recording M in the proper place (Fig. 2f'), and data (humidity elemental 
that are '‘unknown” because they are too low to recortl, best connoted by dashes 
(Kig. 2d). 

The 10,0(K)-ft chart may be extended from the eontinent over the adjoining ocean 
ureas by use of reports of surface pressures from ships and island stations, provided 
that the following conditions prevail in ortler to justify an assumption that the lapse 
rat<' between the surface and 10,000 ft is nearly moist-adiahatic : (1; isobars are eyeloni- 
cally curved in the vicinity of the report; (2) fn-sh to strong surface winds; (3) con- 
vective clouds or precipitation pnwnt at the time of report; and (4) absence of 
slahilily phenomena (fog, stratus, drizzle, haze). I’nder such circumstances, the 
(iraph for Kxtrapolating the Pressure at the 10.000-ft Is'vel (Kig. 49, Sec. D maybe 
used to obtain satisfactory approximations. In latitudes below 2.")°, an assumed mean 
lap.se rate bet w(*en the moist- and dry-odiabatie is more suitable than a iiinist-udi.'ibatie. 


Tablic 5 



Potential temperatun-s 

Months 

x-- 

L, 1 

L. 

.lanuary to Februarv . . 

290 

296 

302 

Maix'h to April 

296 

302 

308 

May to June . 

302 

: 308 

314 

July to August . 

308 

1 314 

320 

September to October 

302 

1 308 

314 

Noveiiiber to December 

296 

1 302 

1 

308 


Isentropic Charts. Data for isentropie rharts arc derived from the second trans- 
mission. The indicator group 10177 indicati's “isentropic data follow.” There are 
six data elements transmitted for each of three isentropic surfaces. The six elements 
are pressure, condensation pressure (moisture), stream function, wind direction. 
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din-ction of isobars, and angular spaoiiig of imibars. * Tlii' throe iscntropn- s 
are spaced at 6“ of potential temperature apart and are eliangi'd every £ montns 
MS indieated in Table 5. For the Unitcal States, the middle surface, is generally 
most suitable; in very detailed analysis, all thres' may be plotted. 

When a particular level to be plotted has been ehosc’n, its dutii enn be identified 
in the second transniisnion following the indicator group bj' noting the three groups, 
each of which begins with the nuinber that is the last figure in the potential-tempera- 
ture value of the surfnci*. 'I'he decoding of these data can be dcterniincil from the 
explanation of codes. 

tom tic 

tot 77 679S6 6S23I 9 2 2/9 27248 23432 2 3 O 1 6 etc 



Fio. 3. — Plotting model, ibuutiupic chaitn. 


Wind speeds and additionul wind-direction data may be obtaini-d from pilot- 
balloon observation.s. When has lieen plotted, the elevation of the surface 

may be estimated from Table 0. With the elevation thus estimated, wind reports 


Table 6 


Pressure, mb 

Height, 1,000 ft 

Pressure, mb 

Ileigln, 1,000 ft 

1,000 

1 

600 

14 

950 

2 

5.50 

16 

900 

3 

, 500 

1 

K.50 

1 4-5 

4.50 

20 

800 

(i 

i 100 

24 

7.50 

8 

1 3.50 

27 

Voo 

10 

300 

30 

().50 

12 

1 



from pilot-balloon observations can lie plotted where w'inds are given at th<‘ proper 
level to be in or rii'ar tlie iseiitropie surface. When winds are 1,000 or 2,(XH) ft below 
the isentropic surface, they should he c-ntercsl in dotted form. If these ohservations 
do not quite' agree with the wind directions given in thi' isentropic data, it should he 
recalled that the two observations are not exactly synoptic. 

Plotting of the station model is as shown in Fig. 3. 

• Prom Feb. 1, to May 1, 1945, data for only two iacntroiiiii nurfuccs were tranmnitteil, ibooe Loins 
February. 200 and 295; March and April, 296 and 306, moroover. data included only prewiurc at the 
surface, condensatioii proHsure, Bud Htrcuiii function foi each Hiirfacc. After May 1, 1945, no further 
transmibBion of iecntropic data ia scheduled. 
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Cross Sections, ('roas-scction churtii are usually conBtru«t<''d with eourilinates of 
horisontal distance as abscissa and elevation as ordinate. An approximate pressure 
scale in millibars may be supcriinposed using the average pressure-height equivalent 
of Table 6 (or may be found more accurately in Sec. I). 

The track of the eross section is chosen cither from the latest surface map for the 
purpose of contributing most to the analysis, or from a proposed flight plan. The 
topography along the track should be traced, either from a template or from the eleva- 
tions of stations in coiijimction with a relief map. Simultaneousl.v, positions of 
reporting stations should be labeled and marked with vertical hues. 

The data cntcrc<l on the cross section are of two kinds: radiosonde reports (first 
traiisniiasion) and pilot-balloon repoita. Itadiosuude obsorvatio.is should be plotted 
for every available station as follows: for ewh reported level as determined by the 
pri'SHures, plot the temperature, relative humidity, and specific humidity^ in addition, 
enter a pseudoadiahatic chart with the pressure and temperature, and determine the 
potential temperature. Pilot-balloon oltservations of wind velocities are plotted by 
referring to the height scale to determine the position of reported levels. Diieetions 
are plotted witli north lo the top of the cross section. T’sually winds need to be 



plotted oiilj- for ciicli 2.000 ft. If tlic station lias no radiosonde report, the jiilot-bal- 
looii clatii are plotted on the .station ordinate: if the station doe.s haA-e radiosonde data, 
it is nsiially best to offset the wind data to right or left far enougli to prcA'cnt overlap 
of wind arrows <in the ra<liosond<‘ <lata. 

.\li example »if plotted eross-seetion data showing both radiosonde and pilot- 
balloon observations i.s given in Fig. 4. 

Pseudoadiahatic Diagrams. Tlie particular form of thermodynamic diagram us<'d 
by the IVealber Hnreau and other operating agencies in the United States is the 
pseudoadiabatie diagram. Pressiire in millibars (sealed as p" “*) is the ordinate, and 
temperatiire in degrees eentigriide is the abscissa; the basic pressuri'^tempiTature grid 
is usually jiriiited in brown. .Vlso in brown are adiabats. straight lines that slope in 
geiKTuI from uj)per left to lower right. Superimposed in red are pseudondiabats, 
rendered as curving brokiui lines, and saturation mixing-ratio lines, rendered as line 
unbroken curves. 

A sounding is plotted by entering the chart with temperature and pressure as 
nrguiiients for each level s<’nt. The |H>ints so established are connected by straight 
lines: tlirougli each point them is also drawn a horizontal line to designate the level 
clearly for purposes of faeilitiiting analysis of the sounding. Itelative Immidity and 
mixing ratio nre entered to left and right of the significant points. Kxnmples of 
ljlotf«“d soundings niav be fi>und at several plais's in this voluini'. 
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Upper-wind Charts. Upper-air wind velocities are transmitted in the pilot-balloon 
observations code with directions to the nearest 10 deg with the 0 omitted, and speeds 
in miles per hour. The velocities are plotted, however, with directions to the nearest 
one of 16 points of the compass and with speeds indicated in Beaufort force. Con- 
versions of the data should be done by the decoder (refer to the code tables and 
Beaufort force tables elsewhere in this volume to get equivalents). 

The charts issued for use by the U.S. Weather Bureau and other agencies usually 
indicate that winds are to be plotted for the surface and at successive 2,000-ft levels 
afxtve sea level up to 10,000 ft; and by 5,000-ft intervals thereafter to 20,000. It is 
important to note that wind levels other than surface are indicated in thousands of 
feet above sea level, not station level. For purposets of having upper-wind data in 
most useful form for plotting constant-level charts, 5,000-ft winds may be plotted in 
place of those for the 6,000-ft level. Calm at a particular level is indicated by a C 
over the station circle; when weather conditions prevent the luaking of observations, 
appropriate weather symbols should be plotted at the station circles of the surface- 
wind chiirt. 

Constant-pressure Charts, 'fhe last group of the first transmissitm of rudiosuiule 
observiitions (JIIIIJ) gives the elevation of the 500-inh level above eiicli station. 
The plotter or analyst must supply the first and last figures of the elevation in the form 
1//////0; the resultant elevation is in feet to the nearest 111. .Alt hough the contour 
lines of the pressure surface arc also virtually streamlines, corroboratory data of wind 
velocities may be plotted from the pilot-balloon obsorvalioiia wherever these obser- 
vations give witid.s reasonably close to the elevation of the .HKf-inb .surface. 

When radiosonde data arc sent in the forms f '.S'lrfitS', f ’.S'M /f(4), and ('.S’lfjB(5), 
the plot ting of constant-pressure charts will bo u major plotting ))roecdurt‘ in phu’c of 1 ho 
plotting of constant-level charts. Tho station plotting model for cunstaiit-pre.ssurc 
charts is the same as that for oonstaut-Icvel charts, IlllH hiung substituteil for 
In addition, changes of height in particular time intervals may be entered ulwx’e tin* 
mill figures. With present forms of reports for upper-sir winds, there i.-, no alter- 
native but to plot winds for the nearest .approxira.ate elevntioii to that of tne pressure 
height. 

METEOROLOGICAL MAPS 

Majis used in plotting data for pur|>o8i*s ot weather forecasting mu.st rf'present 
relatively large portions of the earth. It is therefore necessary to eousuhr the kind 
of projec'tion to be used. Since no flat m.-ip can have all the desirable j)roperlieH of 
the globe, the projection chosen must achieve accuracy in seuiie domiiinnl property at 
the expen.se of others. In general, a map projection for Eiietcurulogical plotting 
should have the following properties as closely ns puHsd>le; 

1. Conformality; t.c., the property that the angle between any two intersecting 
curves on the map is the same as the angle between the, curves on the earth represented 
by the curves on the map. Thus, parallels arc normal to meridians at their points 
of intersection. This property has obvious advantages for the plotting of wind 
directions. 

2. Minimum of variation in scale; i.e., distances on the map should be as true as 
possible. The plotting of trajectories, the use of gradient sc.ales of various kinds, and 
the forecasting of displacements are obvious cases in which map scale is important. 

It is noteworthy that recent developments of gradient scales include measurements 
by degrees of latitude. This eliminates scale problems when proper regard is given 
to the central latitude over which any distance is measured. 

3. Equality of area; i.e., a given area on the map bears the same ratio to the area 
that it represents that any other area on the map bears to the area it ropresents. 
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This property ennurea that weather ayatema on the map are comparable in areal extent 
wherever they may occur. 

4. Rendition of great circlea on the globe aa atraight linea on the map. This 
property ia dcairable in considering radii of curvatiire and, consequently, the applica- 
tion of gradient-wind monograms and allied problems. It is also desirable for naviga- 
tion purposea, and flight-planning maps are usually on projections having this property 
or closely approximating it ; weather maps may appropriat"ly be on similar projections. 

The maps actually adopted are generally conformal, itceausc plotting charts do 
not endeavor to present the entire glolie, othei desirable properties are approached 
satisfactorily. The projections recommended for use in synoptic met<‘or<il<igy by 
resolution of the International Mcteorologieal f'ommitt<-c are all conformal; the 
particular projections are designated according to the part of the earth for which the 
weather analysis ia to be done. hV'.' polar region'., tb polar stereographic projection 
with standard parallel at 60° is recommended. The U.S. Weather Bureau has used 
stereographie projection for its Northern Ketuisphere maps. The recommended 
projection for middle latitudes is the l.iambert >'Ouformal conic type with two standard 
parallels (recommended to bo at 30 and 60°, but varied in practice according to the 
area being projected). Besides being conformal, this projection, when the latitudinal 
spread of the map is not too great, reduecs si'ale errors and inequality of area to 
negligible amounts; in addition, over most of the nmp, straight lines closely approxi- 
mate great-circle courses. It is particularly suited to rendition of areas of wide 
longitudinal extent, such as are needed for middle-latitude synoptic work. Con- 
sequently, this priijection has been widely adopted. North .\mericun maps have also 
been produced on polyeonie projiH'tion: this projection is suitable to North America 
because of the continent’s wide latitudinal range; the maps have highly desirable 
projierties along the central meridian but bei'oiiie increasingly less satisfactory for 
meteorological purposes with iner«*a«ing longitudimil distance from the center, 
llccoinniciided projection for equatorial regions is the Mercator with true scale at 
22t<j°, For obvious reasons, the Mercator projection should be confined to use in 
low latitudes, but it is very good for that purpose. 

Climatological data requiring world maps present a quite different problem. 
Care should be exercised in selecting a projection suitable to the kind of data to be 
shown and the weight fo Ih- given to particular regions. Winds in general should lie 
plotted on conformal maps, whereas air-mass source regions might well be presented 
on an equal-area map. lu practice, no world map can be best suited to all kinds of 
data, and some eompromise projeetiou is often adopted in order to gain consistency 
of presentation without entirely saeritieing suitability of projection. 

TIME 

Concepts of time are associated with the two motions of the earth, the year with 
the revolution of the earth around the sun, the day with the rotation of the earth on 
its axis. Unfortunately, the two motions are not precisely synohronous, i.c., the 
period of revolution is not an integer multiple of the period of rotation. Moreover, 
tile period of rotation is a constant only in rehitioii to a fixed eelestiid body ; in reference 
to the Biin, it changes in response to the variable distaiiee betweim eartli and sun, the 
consequent variation in the speed of the earth in its orbit, and the effect of the moon. 
As a result, there are several systems of measuring time. 

The Sidereal System. The sidereal day is defined as the interval between two 
successive upper transits of the first point of .\ries across any given meridian. It is 
tlius the exact period of rotation and is constant in length, but it has the inconvenience 
that a particular time notion, such as noon, varies through all hours of the clock. 
Similarly, the sidereal year is the time taken by the earth to complete one revolution 
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around the eun fro«, a Riven atar to the same atur. It. “ 8^^^; 

9 min, f) sec.* Siilerenl time is used primarily /or a.stroiiomieftl p P 
importunee to meteorology only in problems involving expressions o c angu ar 
rotation of the earth. 

Solar Time. The apparent solar day is defined as the interval between two con- 
secutive transits of the sun across any given meridian. This inteiwal is not constant 
(its annual range is approximately 31 min) and clock nic'cUanisnis cannot of course be 
constructed to kt*ep this time. The mean solar day vas instituted to gain the nil van- 
tage of regularity while retainii.g the convenience of correlation between hour numbers 
and the daily solar succession. Mean time assumes a fii'titious sun that moves in 
the plane of the equator with a uniform eastward velocity thiif equals the mean 
velocity of the true sun in the ecliptic. The equation of time is the diftereiice between 
apparent and mean time; it is aero at four times of the year, with nia.vimuiu value.. 


of slightly over 16 min. 

Corresponding to the solar day, tke tropical year is the time interval between two 
successive passagi's of the vernal equinox by the sun. It is 20 min 23 sec shorter tliiin 
the sidereal year or 365 days 5 hr 48 min 46 sit. * Since the t ropiral Year is dei«-ndcn t 
upon the apparent motions of the sun and therefore can be correlati-d with the seasons, 
it is taken as the year of civil reckoning. Actually, it is shorter by 26 sec than the 
Gregorian calendar year, but this is insignificant, amounting to only 1 day in about 
3,300 years. 

The ilivision of the year into months originally stemmed from changes of the 
moon and is still so based in the Mohnmmedni) lunar calendaj. It was chtiiigcd in 
Europe with the establishment of the Julian calendar (46 n.c.) ; the monthly structure 
of the Gregorian calendar is essentially like timt of the Juli.’in. 

For practical purposes, even mean solar time on a local meridional basis is unsatis- 
faetory. As a consequence, "standard time” has been mlopted m some form in 
virtually all parts of the workl. Its fundamental concept is that , starting from n si lui- 
dard or initial meridian (Greenwich or 0“ meridian i, there an- ilcsigiiatcd siiciTSsivc 
standard meridians at iiiterv'iils of 15“ of longitude the ent'rc 1.')“ zone biseiUed by a 
standard meridian keeps tlie same time us the inrun solar time lor the meridian. 
Such a purely g<-oniefri<' division i.s followed ovi’'" (he oceans, but, on large hind areas 
and island groups, the staiidard-time-zone boundaries ilcpart from in»rnlians in 
oriler to aceomniodatc (Kilitical boundaries, railroad fiieilities, and the like. Some 
political units choose to keep time that is based on mean solar t line for ii local lueridian. 
Details of the standard time zones are given by Time Zone (’liart of the World, H.O. 
5192, publisheil by the Hydrographic Office, I'.S. -Navy. 

Each time zone is given a "zone description” in hours from 1 to 12; the description 
is given a sign ( + for zones in west longitude. — for zones in east loiigif niic) ; aiifl the 
magnitude of the description increases with longitude. 'I’he twelfth zone is divided 
medially by the 180“ meridian. This meridian, modified by departures for political 
boundaries, is also the International Date I jne; when tlie meridian is missed from east 
to west, 1 day is added to the date, when it is crossed from west to east, 1 day is sub- 
tracted from the date. 

Meteorological reports are commonly referred to Greenwich civil time. Isical 
standard time, for purposes of considering diurnal effocts, ran be derived from Gf'T 
by algebraically adding the “zone description” to the Gf’'!'. If “local mean time” 
or “local apparent time” arc desired, reference should he made to the Nautical or 
Air Almanacs to apply longitude factors and the equation of time. “Daylight 
saving time” and “war time” amount simply to adding —1 algebraically to the zone 
description. 


* All time miervals are given in mean aolor time unita. 
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AXD Mildred B. ()i,iver 

HISTORICAL BACKGROUND 

Therolo plas’odby weather coiidttuiiLs in tlientrui:Kh‘i> of mankind and the fortunes 
of war lias been reeorded in hmtor.v. If was reaba'd early that, since we cannot con- 
trol the weathiT, the ulternati\’e was to fODTasl weather conditions. 

Despite its importance to hiiiiian welfare, ei-ommiy. and warfare, little ]>rogress 
was made in weather foreea.sting until the development of evtensive telenraphie 
networks during the nineteenth eentur>. The advent of radio communication 
permitted the eollection of weather reports from ships at sea and from outlying 
olisorvatioii stations, 'riu- rapid eollection of sinniltiiiieuus weather obseiY’ntions 
has made synoptic meteorology possible. 

During the First World War, iletailed foriH-nsts were put to tiictieiil use by both 
sides. In the Heeond World War, weather forecasts have played an important part 
in the successful prosecution ol the war. Strategic and tactical use of weather 
iiiforinatioii is being made b> all sides. 

'Hie greatest advaneenients in daily weather forecasting were made in the iiiti'r- 
mission between the First ami Se<-ond World Mars. It was during this period that 
V. Bjerknes and his eollulioiatois iiiirialueed the llnwy of the tiir-iiiass- and frontal- 
analysis method of foreeasting, wliieh is now in eomnum usage in middle-liititiide 
eountries. C'.-U. Hossby and his eollaliorators wer«> notably active in upper-air 
anuJ.vsis applied to short-term forecasting, and more recently they, I. 1*. Kriek, and 
others have attacked the ext eiided-peri<Ml fons’aslnig problem. 

It should be noted that the introduetion of the polar-front theory and our concept 
of air masses as well as the methods of upper-air analysis developed during the last 
30 years have niiule it possible to train en masse the great number of ipialified forc- 
easters necessary to supply the military and naval needs in the present global confliet. 

The rapid development of air transportation will undoubtedly continue to stimu- 
late s.vnoptic meteorology and may iilt iinately lead to teehniques resulting in sueeessful 
long-range foreeasts. Owing to the complexity of the problem, it is questionable 
whether the accuracy found in the exact sciences will ever be achieved. Synoptic 
meteorology will always be a science neei'ssitating the use of sound judgment baaed 
on experience and training. New teehniques and a better physical background should 
ultimately lead to a forecast accuracy cuiiiparahle with the prognostic accuracy now 
found, say, in the medical profession. 
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AIR MASSES 

By F. a. Bkuky, Jk., and K. Bodday 

An air rriasB is (p-iiemlly defined as an extensive portion of tliu alniospliere whieli 
is approximately homogeneous in its liorizoiital distribution of temperature, humidity, 
and lapse rate. These properties are aequirc‘d liy air reniiiiiiiiig over ii large portion 
of the earth’s surfaee tiaving similar tenipiTature and hiiniidity I'onditious until 
equilibrium is reaehed by eonvection and radiation proeesses between the surfnee and 
the lower layers of the atmosphere. 

Kegions where air masses originate are referred to as muree regions. Snow- or 
iee-eovered polar regions, tropical seas, and desert areas are genernlly suflieiently 
uiiiiorm to act as source regions. 'I'he middle latitiiiles, owing to the steep latitiiilinnl 
temperature gradient and the nonunifonu tenipi'ratiire eondilions estiiblislii'd by the 
distribution of land and sea areas, are not suffieicntl.v honiogeneoiia to ai’t as soiiree 
regions. These portions of the earth serve as transition zones. 

When air finall.v leaves its source rt'gion, it has I hi' projierties ehnraetrri.stir of 
that portion of the earth’s Hurfaee. However, these properties •we subji>et to modifieH- 
tions as the air travels over surfaces having different temperature and moisture 
conditions. 

The weather eonditioiis encountered in an air mass depend on the eluiraelerislie 
properties acquired at the source and on the extent to wliieh iiiodifirntions linve taken 
place. For successful forecasting, it is Ihow'fore essential to follow the life history of 
the various air masses encountered ou the synoptic chart. 

It has been observed that the lower layers of air in the troposphere are subject to 
rapid modiScations depending largely on the nature of the surface over w liieb they are 
moving. In order to ascertain what modifications are taking place, it is i-ssi-ritinl to 
watch the trajectory of the various air masses to deterirmie what physical and dyniimi- 
eal proeesses occur. The properties of an air mass may be modified by any one or all, 
or any combination, of the following processes.’ 

1. liadiation (gain or loss of heat;. 

2. Evaporation or condensation. 

3. (lonvurgenl or divergent flow. 

Special attention should he given to whether the trajectory is principally eyelonie 
or antieyclonie. With a eyelonie trajectory, it has been found that the lower layers 
will have a predominantly steep lapse rate neeompanied by aasoeiiited iiistnbility 
phenomena. An antieyelonie trajwtory n'siilts in a pronouiieed stable st ratification 
and subsidence inversions at intermediate levels, winch tend to suppress any vertical 
developments that nia.y be initiated in the surfaee layers. Weather i-oiiditions in 
the two cases are generally quite different . 

SOURCE REGIONS 

The principal source regions of air masses are indicated in Figs. 1 and 2 for summer 
and winter conditions. 

The Arctic and Polar Continental Source. T'he aretie and [«>]ar continental souri-e 
romprises the arctic fields of snow and ie« and the snow-covered portions of the con- 
tinents where the wind system is predominantly of antieyelonie nature. In the 
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Southern Hemisphere, this sourer is confined to the snow- and iee-eovered portions 
of the antarrtie continent 

The Tropical Maritime Source, llie tropical inaritiiiic source comprises the 
regions on the enuatorial side of the suhtropical high-pri'ssure helt over the oceans in 
both hemispheres 

The Polar Maritime Source. The polar luantimc soiiiee is in realitv an oceanic 
rone of transition separating the tropical niantinie source fioiii the polar and arctic 
continental source Cvcloiue How conditions and pronounced wc'st-east surfaeo 
teinp('r.itiii(‘ gradic'nts exist in the liighc'r latitude s, n liile iinticc clonic flow i oiiditions 
and lc“HS marked zonal-tcnipcralurc graclicnla prevail in the lower latitudes of this 
oeeaine zone of transition In the rioutlieni Hemisphere, tlii‘ air mass jirodueed in 
this tiaiisition zone is virtually the onlv polar an rraehiiig the eontiiieiital areas. 
Polar air from a continental source is prac tic-ally iievi r observed beyond the antarctic 
continent 

The Tropical Continental Source. The* tnipical continental souiee is found in the 
Northern Heiiiispheie o\<“r the large land masses of North \fnea, Asia, southweslcrn 
I lilted State's, and southeiii Kurope m the suiiiiiic rtime, and ovc'r .North Vfrica in 
winter In the Southern Ilemispheic', .1 trop1c.1l c'oiit mental soiiree exists oxc'r the 
interior of south Africa, Vustrulia, and over a limited area in the interior ot South 
kinern a 

The Equatorial Source. 'I’lie eciii.itorial source oeeupii’s the equatorial belt 
between the siihltopieal antnvclonc's of the N'orthern and Southern Hemispheres 
This region is iii.uiih o(cuni< iiml li.is an extieiinh uiiilorm horizontal teiupc ratine 
distribution 

Source of Monsoon Air. 'I'lie monsoon < irculiition predonunatc's in the southern 
and southe.istt in parte of Asia In wintei, c/' .iir oiigiii.itmg in the inteiior of Asia 
flows aei OSS tin Hitii'ilav.in niountaiii ranges tow aid thi c'cjuator This in is rela- 
tivelx cliv and is wanned adi ihiitn alh -is it ihseemls the soiithc-rii slopes of 'I'he 
IIimalaMt In suminci, an tium the ic|uatoiial soiiici Hows up over tin mountains 
toward tlie intiiioi of Asm I liis air o\ci India lesc-mhles uiiniodihed I'quatonal 
air Meatliei (ori<lilions eii< oiintered with the wintei inonsooii are in general fan. 
I'he huiiimi r monsoon produi ( s a hot. cl.iiiip c lim.it i w ith i xeessix C' rainfall 

Source of Superior Air. Siqieiioi an is essentialK a high-level air ni.iss, although 
It miiv :i]i|)eai at the surfaie If is bidievc'd to be (rc'.ited largih bv subsideuee 
This air is most frecpientlv obscived oxci tlii soutlivxestern pint of North .AniC'riCii. 

CLASSIFICATION OF AIR MASSES 

Hergeroii iiilioclui ed the eoneept of .iir masses lu fore easting piaetiee and has laid 
down the biisii prim iplos of uii-iuass nn.ilvsis The iliissilnation established b\ 
Hergi roil has come into almost iiniveisal usage, since it classifies air masses from the 
geogriiphii III .IS well as the theiuicKUiiiiniie point of vii'w 

rills i lassilieiilion sepiriites .111 niassc-s into four basii tv pis. 

1 . l.(]u.itoiiaI all in.isses (f.'i, tvpiial of the' soiiicc' region loi cMiiiutoiial 'iir. 

2 'riopii al an masses 1 D, tv pieal of the souiee ic'gioii toi tiopicalair 

3 Poliii ail masses 1/'), tv pieiil of the soun-e ic'gioii foi polar an 

4 An lie an masses (. 1 1, tv pieal of the source region for .iretie air 

111 addition, laih of the four piineipal groups iniiv be subchv idl'd into maritime 
(m) or eoiitineiital (r) iiiussi's aeeordiug to whether the souiee region is oeeanie or 
continental 

The tlu'rmodynamic feature of Bergeron’s elieisilieation eoriaists of two mam 
types: 

1 . fold air niiissc's (Al, iiiclieatiiig an that is eolilei Ihiiii the underlviiig suifaee. 

2 . AVaim air massi's («> 1 , iiidieiiting air that is warmc'r than the underlying surface 
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The thermodynamic rlaafiific-atinu iiidieateH stability or instability conditions in 
the lower layers of the air mass, and the geographical clasailication iiidirutes the suurec 
region of the air nias.s. 

Dipferkntial ('lassifioation op Air Masses 
Designator Deseription 

c.4fc Continental aretie air that is rolder t nan the surface over which it lies 

cAui Continental arctic air that is warmer than the surface over which if lies 

mAh Maritime aretie air that is colder than the surface over which it lies 

d^w Continental polar air th.at is warmer than the siirfui'e over which if is 

moving 

cPk Continental polar .air that i.s colder than the surface over which it is 
moving 

mPw Maritime polar air that is warmer than the surface over which it is 
moving 

mPk Maritime poliir air that is rolder thuti the surfaer over which it is moving 

niTw Alaritime tropical air that is wanuor than flu* surface over which it is 

moving 

mTk Afaritinie tropical air that is rsdiler than the surfais* ov<T which it is 
moving 

rTw Continental tropical air that is wanner Ilian the surface over which it is 
moving 

cTk Continental tropical air that is colder than the surfiiee over which it is 
moving 

mE'k Maritime equatorial air that is colder than the surface over which it is 
moving 

mEw Maritime equatorial air th.at is w'armer than (he surface over which if is 
moving 

M Alonsoon air, found ov<t southeastern Asia 

In winter this air is transitional |)olar eontinentnl air being transformed 
into eiiuatorial air. In summer this air is unmodified cquatoriHl air 
S Superior air. found generally aloft over the southwcBtern t'uiled States, 
and oeoasionally at or near the surfuee 

GENERAL CHARACTERISTICS OF AIR MASSES 

The temperature and moisture content are the distinguishing properties of air 
masses. Since tlie temperature and luolsturi- content ot a parcel of air cun be unif)uelv 
expressed in terms of the pseudo-wet-lmlb XMlteiitial temperature nr Ihe equivuleut 
potential temperature, it has become l•^.stoma^y to idiuitify the l urioiis a-.- nms.'K-s hv 
their equivalent potential or their pseudrs-ivet-bulb iioteiitisl tiuiipmstuies. These 
two temperatures are invariant for mliabalie eliauges (see Se<’. \). '1 hey therefore 

offer a ei-rfain amount of conservatism not found in the simple observation of the frei'- 
air tetnjM'Taturc and the usual exiiressions of moisture eouteut. 

For the synoptic analyst, it is relatively hnportuiit to hnnw the mean or typical 
values of the representative meleorologieal elements for the various nir-mass types 
by regions and si'asoiis. In the past , only the mean a-hIu-h of l he different meteorologi- 
eul elements of the various air masses have been iabulated. and very few ‘‘tyjiieal” 
soundings have been published. This difficulty will no doubt be oi-ereome when Ihe 
rich aeeumulation of upper-air data now Iwuig enlleetisj throughout thi' world eau 
be published. 

CHARACTERISTIC AIR-MASS PROPERTIES OVER NORTH AMERICA 

1’hn eharaeteristie air-tnass propi'rti«-s of Nortli America were first eompiU>d in an 
organised form by Willett." The data used were based primarily on kite observations. 
Showalter" jiublished mean seasonal values of siguilieant properties of North Aiueriean 
air masses based on a short period of airplane observut ions. Tfis riwults offer the most 
complete information to dale and are therefore reproilueed for use in identifying air 
masses (Table 1). 
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Table 1-2. 
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ORDER _ 

OF DATA M PW TYPE OF Al R MASS 

RH At mean seasonal values of significant properties 

"Or^ WINTER 1935-36 

NO OFOBS 

SFC 500 1000 1500 2000 2500 3000 4000 5000 


6 36 Ml 34^9 


SOMO 43M8 4SXIS 4!±44 39^60 40, 




OKLA ]0ML 




3 84X46 85 M4 88M20 81X4 7 64, 



Tabu 1-6 

ORDER 

OF DATA mT type of AIR MASS 

RH At mean SEASONAL VALUES OF SIGNIFICANT PROPERTIES 

WINTER 1935-36 

NO OF OBS 

SFC 500 1000 1500 2000 2500 3000 4000 5000 
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ORDER 
OF DATA 

NO OF 0B5 
SFC 


cAw TYPE OFAIR MASS 

MEAN SEASONAL VALUES OF SIGNIFICANT PROPERTIES 
AUTUMN 1936 

0 1000 1500 2000 2500 3000 4C00 5000 


631J2 6/XOS S8M17 SOX? 8 SB 


"34^3 2^^285 2 3Y2S6 20^289 IS 


2 S8XJ7 SaX3S Sf>'<69 S4Xra4 
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air massss 


Table 1 - 15 . 

Stype of air mass 

MEAN SEASONAL VALUES OF SIGNIFICANT PROPERTIES 
AUTUMN 1936 
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ORDER 

OF DATA CP TYPE OF AIR MASS 

RH At mean seasonal values of significant properties 

“ciTfSi SUMMER 1936 

NO OFOBS 

SFC 500 1000 1500 2000 2500 3000 4000 5000 


7JUS3 S3WI S2y42 S/VM Sli£0 70iJ2 7J12/ L 

1^319 '44%is 7^/6 1^322 Y 


n ^ S 6 seina si^st 62^19 6 o 3 J 9 S 9 ^a 66 ^ 

lg%i6 J^^iT TT^is TT^ie 


mm 


19 6 7Y3/S BTYSia SSY3IS 54Y320 61^32$ 
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ORDER 
OF DATA 

RJlAl. 

NO OF OBS 
SFC 


SPO- 


mTtype of air mass 

MEAN SEASONAL VALUES OF SIGNIFICANT PROPERTIES 
SUMMER 1936 



WASH ' £1?-^ 63^56 7 /^ 4 7 6SM6 74 

iNGTDK/4/^a» 138^2 Jr 







Potential hrnpemhrc.dd 
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Tabia 1-23 


ORDER 
OF DATA 

NO.OFOBS 

SFC. 


S TYPE OF AIR MASS 

MEAN SEASONAL VALUES OF SIGNIFICANT PROPERTIES 
SUMMER 1936 


500 


1000 1500 2000 2500 3000 4000 


5000 



1^. ^ 


J36~6r^7i^ 


/njt 
•JO si 


./so SSAJ24 29, 


t28 4^^26 2i 
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MJaJJ 
Is 


ICHEY-fS^^ 

ENNE 


4A/^Z SSJJ/S 29^./ 33^S7 29^16 2aX 


WASH- 

INGTON 




tTo 3. — Idcntificatiun of North Ameiican nr iiias'scb on a Hosuby diaErani. (AfUr 

S/uncaltvr.) 





WBATHBR AND BLYINQ CONDITIONS 


Figure 3 shows the approximate values of North American air masses oti a liossby 
diagram. This figure is exceedingly useful in identifying air masses whose trajectory 
or history is unknown or in comparing a particular air mass with the mean values. 

WEATHER AND FLYING CONDITIONS IN NORTH AMERICAN AIR MASSES 

cPk and cAk in Winter. The weather and fl.ving conditions with cPk and cAk 
air over the United States depend primarily on the trajectory of the air after leaving 
the source region. Trajectories usually observed arc shown in Fig. 4. 

Types A and h in Fig. 4 arc cyclonic triijectories and arc usually indicative of 
strong as well as deep outbreaks of ]>olar or arctic air. A Hte<-p hip.e rate maintained 
by the cyclonic flow conditions is ticcompacied by active liir.nilencc. The lapse 
rate ofti-ii becomes absolutely unstable in tne louir layers, otting to heating from 


WO* IJO* IM'llO’WWSO’TS* 60* 50* 40* 3 



115* IlCr 105* 100* 95* 90* 85* 80* 75* 70* 65" 

Vio. 4. — Trajectories of eP and c.4 air in viiiter. A and H aie undci ceclonic control; 
f and JI are under uiiticyeloiue I'ontrol; and A', P, and (t me infrciiuent Pacific coast 
tiajcctoiies. 

below. The injection of moisture over the large ureas of relatively warm water of the 
(ireat I.ukes makes the air eonveetively unstable. The convective' instability thus 
formed is n'lcased as the current of cold air flows over the highl.aiids and ridges of the 
Appalachians. 

On the lee aide of the Great l,iikes and on the windward side of the .\ppalachian8, 
one may expect a rather low broken to ovcrca.st sky condition with fre(pient and ■node- 
spread snow squalls. The tops of the clouds are on the order of 0,000 to 8,000 ft on 
till' lee side of the Gn-nt Lakes and on the order of 12,(KX) to 15,000 ft over the .\ppn- 
lachians. Uather severe icing conditions may he expected over the mountains and 
light to moderate icing on the lee siilc of the lakes. Hough and gusty flying con- 
ditions are the rule as long as the outflow of cold air continues. East of the Appa- 
lachians, the sky condition is generally clear except for scattered fnictocumulus 
clouds. Visibility is excellent , and siirfaci' temperatures are moderately high owing to 
turbulent mixing. As a rule, the upper-air temperatures arc relatively low for cPk 
and cAk, owing to the steep lapse rate, which often extends to at least 3 km. 
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Thp weather renditions I'xpericiieed over the central Ignited States under the 
inllueiiee of Irajeetories similar to C and D (Fin. 4) are quite different. Unusually 
smooth flying conditions are fotind in this n-gion, except neju the surface whore a 
turlmle.nce layer results in u sfeep lapse rote and some huiiipinesa. (’ondensation 
forms aro as a rule a))sent, except that some low stratus or st rat o<‘uni ulus may form 
at the top of the turbulence layer. As the cold air stagnufes and subsides under the. 
influence of the anti<'yelonic frni<‘<-tory, marked haze Inyt'rs develop indicating the 
subsid(‘nce inversions. The surface visibility also dc'teriorates as the air stagnates 
and subsides, owing to an aeeuniulittion of smoke mid dust spreading hiteriilly in the 
surface layers. This is eapeeitilly noticeable during the' early morning hours when the 
stabilits’’ in the surface layers is most proiioniieed. In the iifternoon. when surface 
heating has readied a maxinuiui, the visibility will usually improve heeause of the 
sleep lapse rate and resultant turhulonee then pre.sent in tiu' surface layi'rs. 

Movement of cPk and cAk westward over the Uoeky Mountains to the Facifie 
coast is infreipient, owing to the stability of this air. However, when siieeessive 
outbreaks of eold air build up a deep layer of fP air on the ea.sti'rn slopes of the Hoeky 
Mountains, relatively cold air can flow toward (he I’acifie eoasf uiihinderc'd. 

If the triiji-ctory of the cohl air is siniilnr to K in Fig. -I, rather mild tcnipiTaturos 
and low humidities re.sult on the I’aeifie coast beeatise of the adiabatic warming the air 
undergoes as it flows down the mountuin slopes. 

Occasionally, however, the trajcelory may pass out over the I’aeifie Ocean, as 
indicated in F and O in Fig. 4. The air thi'ti arrivc-« ovi-r central and .southern 
California as a cold current of convca-tively unstable air. This tyjie is characterized 
by squalls and showers and even snow ns far sooth as southern < 'alifoiiiia. 

cPk in Summer. This air mass has charnetcristics mid properth'S quite different 
from those of its winter couuler|>urt. Itccausc of the long da.vs and the higher 
altitude of the sun its well as the nbseiiee of a snow cover over the souri’c region, 
this air is usuall.v unstabli' in the surface layers, in eoninist to the markcii stability 
found in rP air at its source in winter. By the tune this air reaches the rnited 
States, it can no longer be distinguished from air coming in from (hi- North I’acific 
or from the Aretie Ocean. 

Clear .skies or scattered cumulus clouds with unlimited i-cilings i harnctcrize this 
mass .at its source region. 0<-casionally wlicn this air nrrii’<’.s o\cr tlic central and 
eastern portion of the t'nited States it will lie eharaeteiized by earli-iuortimg grmiiiil 
fogs or low stratu.s decks, t'isibility i.s gc-nerally gisid eveept near .siiiiriM- uhen it is 
often reduced by haze or ground fog. Cooveetive activity, usually observed during 
the daytime, ensures that no gix-ut amounts of smoke or dust aeeiiiiitihite in the surfuee 
layers. An exception to this is found under stagnant eonditinn.s near industrial areas, 
wlien visibility niay be redueoil in (hose areas day and night. Pronounced suifaee 
diurnal temperature variutioiis arc observed in rP air during summer. 

The eonveetivc activity of this air is generally confined to the lower 7,<KK) to 
10, (XK) ft, and flying eonditinns will therefore be smooth above approximately 
10,000 ft exe(‘pt when local showers develop. Khowers, when observed, usually 
develop in a modified typo of cPk over the southeastern part of the country. 'J'hc 
base of euinulus clouds that form in this air will usually be on the order of 4,000 ft 
because of the relative dryness of this mass, and they arc therefore of ample height 
for the safe operation of aircraft. 

mP in Winter — Pacific Origin. Maritiim- polar air from the I’aeifie dominates 
the weather conditions of the west const during the winter months. In fact, with 
high-iiidcx circulation patterns, t.e., rapid west-east motion, this air is often found 
to influence the weather over most of the United States. 
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Pacific coast weather, while under the influence of the same general air muss, 
varies considerably ns a result of different trajectories of mP air over the Pacific. 
Thus knowledge of trajectories is of paramount importance in forecasting on the 
west e.oast. 

Figure 5 shows various trajectories that »»J* air may take prior to reaching the 
coast. Oceasioimlly the air takes a direct route from the Aleutians and the interior 
of Alaska across the (iiilf «)f Aliiska, as indicated in A, Fig. .5. In this cose, when the 
air reaches the const of Hritish Columbia and Washington after 2 to 3 days over the 
water, it is found to he convoctively unstable to about the 2-kiii level. This instability 



is released n heii the air Is lifted by the coastal niountaiii ranges. Showers and squalls 
are eoinnion n il h this condition. Ceilings are generally on tiie order of 1 ,000 to 3.000 
ft along the coa.st and generally zero over the coastal inouiitaiu ranges. Cumulus 
and cuniuloiiinihus are the' predominating cloud types, ami they generally extend to 
very high levels. Viaihihty is generally gooil beeause of turbuleiiee and high winds 
eoininonly found with this trajectory. Of course, in ait'as of eoiniensation and 
preeipitatioii, the visibility will be low, leuig conditions, generally quite severe, are 
present in the eluiids. ,\.fter lliis mP air has hn'ji over land for several days, it has 
stabilized suflieiently to permit the safe operation of airenift. 

ntf' air following trajeetories P and C in Fig. 5 AindcTgoes a longer water trajectory, 
and the surface heating therefore extemfs to higher levels, t^onveetive instability 
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18 usually present up to the 3-km level. The degree of instability is less, however, 
than that found with trajectory A. Showers in this air are generally not so intense 
as in the former ease. The total amount of pr<*eipitation is larger with this trajectory, 
particularly if lifting of the entire mass takea place. 

tnP air following trajectory 1) in Fig. 5 will arrive on the coast with an anticyclonic 
trajectory. Whether this air originally came from the interior of Siberia or Alaska 
or whether it originally came around the western periphery of the Pacific anticyclone 
can usually not be determined and is not pertinent. This traji'ctory usually is over 
water sufficiently long to permit modifications to reach equilibrium at all levels. 
When the air rt'aches the coast, it is a very Nfahle current, usually evidencing one or 
two subsidence inversions. Stratus or stratoeumulus type clouds are frequently found. 
Ceilings are on the- order of .500 to 1,."»00 ft, and the lops of elouds are generally less 
than 4,000 ft. Icing conditions .are seldom olxscrved in air following trajt'clory 1). 
Visibility is fair except during the carly-moming hours, when, owing to the greater 
stability of (he air, haze and smoke frequently rotluee the visibility to less than 1 mile. 
This type of air is found over the (-ntire Pacific coast at times. Tt is at times referred 
to as ml' air, since it follows the northern limb of the Paeifie anticyclone. Perhaps 
more appropriately, this air should he labeled ml’ nir with an antii'yelonie frajertory. 
True mT oeeasionally does reach the west coast. Storm conditions of major intensity 
usually accompany an influx of mT air, and the weather conditions are in great con- 
trast to those observed with mJ’ air following trajectory J). 

mP air gradually drifts eastward with the prevailing wi d-easl eireulution. In 
uroasing the Coastal Uangi'a and the Pocky Mountains, iniieli of the moisture in the 
lower layers is eoudeitsed out, and the heat of eondensatioii hbenifed is ahsorhed 
by the intcrnu'diate layers of air. On the eastern slopes of the mountains, the nir 
ia warmed as it deaeciida dry-adiabatieally. .Vs it flows over the cold and quite 
often anovr-covcTi'd Innii surface oast of the niouritaiiis, the warm mJ’ air becomes 
very stable in the lower layers. 

The flying conditions in mP air east of the Pocky .Mountains nre ei general the 
best that lire expenenei'd in winter. Pelativelv liirgi' iliuriiiiJ lempeniliirc ranges 
arc observed. Turbulence is almost alisent, and visibility is good eveept for .smoke 
and haze in industrial ureas. Ceilings are generally unlinnteil, since no oi only a few 
high clouds are present. This type of mild wintc-r wcathei spreads eiistward to the 
Atlantic coast at times. 

When mJ’ air crosses the Poekj Mounlaiiis and encounters a deep dome of cP 
air, which it is forced to overrun, storm eonditioiis prodiieing tilizzards over the plains 
states result. 

In W'infer, the Creaf Basin over the western t iiited States is oeeasioiiully under the 
influenee of an intense dynamic aiitieveloiie. Maritiiiie polar air that is over this 
region a,t that time will be modified extensively by the subsidence effect from aloft. 
The eharaeteristies of mP air arc lo.st under such eoiiditioiis, and the air is referred 
to as polar basin air by west coast meteorologists. 

This air is very dry and is warmer than cP and typical mP air. When it flows 
eastward over the Great Plains or westward to the Paeifie Coast uridiT the anti- 
cyelonic flow pattern, it brings fine weather with generally clear skies and mild 
temperatures with low relative humidity. Flying conditions are exeellent in this 
air. 

mP in Summer — Pacific Origin. With a fresh inflow of ml’ air over thcPaciflc 
coast, generally clear skies or a few scattered cumuli over the eoaslul mountains 
are observed. As this air flows southward along the coast, a marked turbulence 
inversion reinforced by subsidence from aloft is observed. Stratus or strato- 
eumulus clouds generally form at the base of the inversion. Ceilings are then 
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(generally on the order of 500 to 1,500 ft with tops of elouds seldom above 3,500ft. 
The formation of the stratus eondition aion); the eoast of California is greatly 
enhanced by the presence of the upweiling of cold water along the coast. East 
of the Rocky Mountains, this air has the same properties as cP air. 

mP in Winter — Atlantic Origin. Polar niaritime air whose origin is in the Atlantic 
becomes significant at times along the east roast. It is not nearly so frequent over 
North America as the other types, owing to the nonral west-east movement of all 
iiir masses. This type of air is observe-d over the east roast in the, lower layers of 
the atmosphere whenever a cP anticyclone moves slowly of! the coast of the Maritime 
Provinces and New Englatid. This air, originally eP, undergoes ess heating than its 
Pacific count(‘rpart, because the water fenioeratures aie roldi r and also because it 
spends less time over the water. This n'sults in the instal ility being eonhned 
to the lower layers of this air. Tlie intermed'.ite layers of this air are very stable 
owing to the a*itieyelonic truj<><fory the air is suhjf'cted to. Showers are. generally 
al>sent; however, light dri/zie or .snow and attendant low visibility are common, 
f'eilings are geniTally on the order of 700 t> ]..10() ft with tops of the clouds near 
3,000 ft. Marked subsidence ulmve the inversion ensuri's that clouds due to pene- 
trative conv«‘Ction will not exist above that level. 

The synoptic weather condition favorable to mP air over the cast coast is usually 
also ideal for th(' rapid d<‘V<‘lopnient of a warm front with maritime tropical air to the 
south. Muritinie tropical air will then tiverruii the vj‘ an, and a thick cloud deck 
will form, ('louds <'xt<‘nding from near the surface to at least l.'i.tXlO ft are then 
observed. ( 'eilings will then be near zero, and icing conditions will be severe in the 
cold air mass. Erequently freezing ram ami sleet will be observed on the ground. 
Towering eiimiiltis cloiuls |irevail in the warm air and often produce thunderstorms. 

Flying conditioiih arc rather dangerous with »i/' air hcciiu'e of turbulence and 
icitig eonditious present near the surface. Poor visibility and low ceilings are adui- 
tional hazards, Tlic cloudiness ussociatetl with the mP current usually extends as 
far west a.s the .\ppnlachians. The rapiiltty of the above ttevriopmeni in of great conurn 
to all foi ecdsters. 

When niT uir oicrruns jnP air, fl.viiig eonditiuiis become inipossible over the east 
coast bci’inise of the tliickiicss of clouds. 

mP in Summer— Atlantic Origin. In spring and suinnier. this air is nccasioiially 
oliscrvcd over tlic cii.st coast. AI, -irked drops in temperature that frcq.iently bring 
rclii'f from lieat waves usually iiceoiiipaiiy tlu- iiitlux of tins air. .Iiist as in winter, 
there is a steep hiijse rate in the lower 3,000 ft of this mass. Stratiform cloud forms 
usually mark the inversion. Ceilings are on the order of ~M0 to l.-'KX) St and the tops 
are usually ,'iOO to 1,000 ft higher. No precipitation occurs from thew cloud types. 
Owing to turbulence in tlic surface layers, visibility is usually good. This uir usually 
does not constitute a sevi-rc hazard to flying. 

mT in Winter —Pacific Origin, Tins type of air is oliservcil onl> infri'quentiy on 
the Pacific const, particularly near the surface. .Vny air flowing around the northern 
limb of the Piu-ilie anticyclone is usunlly referred to as wiP air. This uir has the 
weatlicr elinraet eristics ns w<-ll as the low temperature of »iP air, liaviiig had a long 
trajeetory over (he water. 

Oceiisioiially the eastern cell of the Paeifie antieyi-lone lireaks down, and one 
Jiortion moves far to the southward off the eoast of Lower California. This portion 
of the antieyeloiie will then be able to produce an influx of viT air. Generally the 
influx of mT air ks earned aloft by a rapidly iK-cluding fniiitnl sy.stem sonu-where over 
southern California, prodiieing tlie heaviest preeipitntioii recorded in that area. 
Occahioiiiilly mT air is observed above the surfnee witli pronouneed storm develop- 
ments over the Great llasin. Since large open warm sectors of mT air do not occur 
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alouK the west eonst, repn’sentntivo nir-niass weather is not experienced. Flying 
conditions arc generally restrieted when this air is present, owing mainly to low frontal 
cloud systems and reduced visibility in prt'cipitation areas. 

mT in Summer — Pacific Origin. This type of air has no direct influence on the 
flying conditions and weather o\'or the Pacific const . During the suininer season, the 
Pacific anticyclone has moved northward and doniinatt's the Pacific C'oast weather 
with nJ‘ lur. 

mT in Winter — Atlantic Origin. Maritime tropical air is in iinniodifiial form when 
it reaches the southern portion of the I'nited Statt'S. Temperature and moisture 
content are higher in this air mass tluin in any other .\nicriean air mass in winter. 
In the soutlHTii states along the Atlantic coast ami tlulf of Alexii-o, mild tenipcratiires 
and high humidities with much cloudiness are found, especiiilly during llie night and 
early morning. This is the eharacteristie weather found in mT air in the absenee of 
frontal conditions. The stratus- and stratoeumiihis-tyjx' clouds that form at night 
tend to dissipate during the middle of the day, and fair we-alher is then the rule. 
Visibility is generally poor wlien the eloudiness is jiresent ; howi'ver, it improves 
rapidly because of convective activity when the stratus elcmils dissipate, T'he eeilings 
associated with the stratus condition are geiiorolly on thi' order of r >00 to T.'iOO ft, 
and the tops are usually not higher tlian 3..'>00 to -l.dOO ft. 'The tops of fli(“ clouds 
usually eoineldc with the inversion of tempiTature and decrease in humidity found 

at thost' elevations. Precipitation does not occur in the frontal action. 

With frontal activity, the etntveetive instability iiiherent in this air is relea.setl, prodiie- 
ing copious precipitation. 

Ocoasionally when land has lietm cooled along the coastal area in winter, mari- 
time tropical air flowing inland will produce an fiilveclion fog over r.vtensive nnw. 

In general, flying conditions within this air mass arc fair. Ceilings ami visibilities 
are oecusionally below safe operating limits; however, flying conditions are relatively 
smooth, and icing conditions arc iibBcnt near the surface layers. 

.\b the trajectory carries the mT current northwaid oicr progre.ssively eohler 
ground, the surface la.vers are cotding off and lieconiiiig saliirnleil. This cooling is 
great I3' accelerated if the surfiiee is snow- or ire-coM-red or if the trajeclnry rarries 
the air over a cold-water surface. Depemhng on the strength of the air eiirreol, 
fog with light winds or a low stratus dech with modiTiite to strong v.-iiids will form 
rapidly because of surface cooling. Occasionally fine drizzle will fall irom this eloiici 
form, and xnaibilit^' even with iiioderafe winds will tliiMi he vers' jioor. Owing to the 
rapidity with wliicli the low elou'ls and log 101.11 within this air mass over very large 
areas, particularly during the night, flying eonditiona are hazardous w lienever exten- 
sive surface cooling is indicated. Frontal lifting of m7’ air in winter, even after the 
surface layers have become stubilizeil, will release the convective instahilitj' and j'leld 
large amounts of precipitation in the foim of rain or snow. 

During the winter, air resi'mhling mT is occasionally ohservivl flowing itilitml over 
the Gulf and south Atlantic .states, (ieiicrally this air is cP air that had a relatively 
short trajectory over the warm watei off tlie soutlieaef coa.st. (Tear weather usually 
accompanies this type of air in contrast to cloudy wenthiT aeeompHiiying a deep cur- 
rent of mT air. On surface syiioplie eharls, the apparent mT current cun he dis- 
tinguished from true m/' curretits fiy the surface dew-7M>iut-teniperiifure value. True 
mT air will alwaj’s have dew-point-leinja-rature x-alues in excess of OO'F. 'J'he highly 
modified cP air will usually have dew-point value.s between .50 and f) 0 “K. 

mT is Summer — Atlantic Origin. TTie weather in the easlerii lialf of the United 
States is dominated by mT air in summer. As in winter, warmth and excessive 
amounts of moisture eliaraeterizo this air. In sutiimiT, convi'etive instability extends 
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to higher levels, and there is also a tendency toward increasing instability since the 
air moves over a warmer land mass 'lliib is contrary to winter conditions 

Along the coastal area of the southern states, the development of stratoeumulus 
clouds during the earlv moining is tvpicnl These clouds tend to dissipate dunng 
the middle of the nioiiiiiig and imnii<liatelv rt lorm in the shajie of scattered cumulus 
The continued dev eloiiinent of tlii'se elouds leads to eatiered show* is and thundci- 
storins during the late .ifteriioon (’eilings in the stiatoi iiinulus elouds are generallv 
ample for the operation of .tin i aft, on the ordei of 700 to 1. 100 ft ( 'f dings become 
linliniited with the dev elo))im lit ot the eiiiiiulils clouds rivii, , eoiiditions are gen- 
eially favorable despiti* tin sliowei iiid th inderstorin eonditn ns sin -e the convective 
111 tiv dies are scattered and i .in be ciicuni i.ivigated \ isibilitv is usuallv good except 
near siiniise when the mi is reli tividv s*ablc ivei land 

\\ hen inT an moves slow Iv 1 orthwanl O' i th eoniinent ground fogs fri quently 
form at night Sea fogs di v < lop w hi ni'vc r ttii . a . flow s ov er a relativelv cold current 
off the east i oast The fogs ov i r the (iiai d Ueiiks are usuallv forimsl bv this process 

In late sumini r, the lleriiiiid.i inticvilonc bfiomcs intensified at times and seems 
to letrograde vvistvvaiil 'I'liis iisults in a gtiici.il flow of mT nr ovii Texas, \cvv 
Mevieo, \ii/oiit, I tail Coloisdo mil c-v c*n soiithi rn mid Low i r ( .ilifoiiiia The niT 
an reaching tin si .ui.is is \ i rv iinst-ibic bicuuse of the intense siiri.ace heating and 
oiiigiiipliii lifting It iindiigois altir having the suiirii n gioii in the Caiibbiaii and 
(iiilf of Mexico I'^howir and Ihiindi rsoini conditions, freijuentiv of cloudburst 
iritinsitv, will thill jinv.iil iivci the scmthwesti'rii states l/Oiallj tins condition is 
teicni il •> 11110 } II weiitliei 

cT Air. Tins tvpe of mr is found over the 1 iiitcd Kt.ites onlv in summer Its 
source region isihi rclitivilv sm.ill .iii a ovci the noithc in portion of Mexico western 
Texas, New Mixiio, •mil e'lstciii \ii/i>n.i \s might bi siispiitecl. high surf'ic’P 
tempc'nitures •mil low liuniiilities.iri tin m.im ni-m.iss ilnraeteristies L irge dmriial 
teiiipeiiituii I iiigis and .ilisiim ol piec’ipit'itioii are .iililitiun.il properti s of cT air 
(•'Iv ing loiiilitions ,is |ii it.niiing to ceilings and visibilities ,ne exiilhiit I'licom- 
toitiible living loiiditioiis ]iiev ill during the davlinie in this 'iir, owing to turbulence 
ixtencling frniii the suit ice tliioiighoiit the .iveragi living levils 

Superior Air. 'llie oiigiii of this nr mass is not known It usii illv hrst appears 
III our fii Id Ilf obsei V at ion ov 1 1 I lie soiithwis-tern st des nid is belie' id to be the result 
of stiong subsiding motions Most trc(|uintlv tins an is observed oi.h at higher and 
nitermediate lev i Is of thi idniospliere. but d is not um ommon to hnd it at the surfiii’e 
partii ul.irlv in the south leidt il st des In itslowei I'lvers. d is the w .iiriiest air mass 
ohserved iii the I ndi d .States Owing to a sten-p 1 ipsi i.de. it hiiomes eolder than 
/«7’ at high h V els Itelative liuiiiuldies an iisii.ilU less tli.ni 40 pi i ei id quite often 
tliev an- too low to im.isiiie with the present me teorogr.iphs 

Superior an is obsiived ni both suiiniiei uiul vviidi i Tlv mg conditions are 
I xeelleid in this an nniss, since no i loud foinis arc' pieseiit and \ isihilities are Ufii.allv 
verv good hc'cause of the clrviiess 

From a foieeiisting stinidponil. this *\pe is veiv important It frequciitlv is 
observed with strong wesleilv winds that .is a rule w ill overrun the iiortherlj mov- 
ing niT current from the (lull ot Mexiio Inless the m7' 'Ui mass is deep, the 
superior an will put a hd on all com eetive aetivdv found in the mantnne tropical 
einrent mid thus prevent the loiniatioii of shower and Itumderatorm conditions 
If the niindime tropical eurn id is deep and a curieni ot S an is present at high levc K, 
then the eharaeteiistii div iii ss and relative coldness of .S air tend tc, steepen the lapse 
rate Convective activity within the wT mass will then he intensihed and extend 
to higher levels. 
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CHARACTERISTIC AIR-MASS PROPERTIES OVER EUROPE 

Although in general the rharaetpristira of air ninaspH ovpr Kiirope arp much the 
same as those found over North Ainpriea, pprtain differpiicps exist. One reason for 
this is the fact that an opc'n oeeaii extx-nds Is'twec'ii Europt' and North .\inpriea toward 
the arctic. This allows an influx of mA to reach Europe. 'I'his type of air is not 
eneountered ov«'r North Aiueriea. ITiP Iwafion of an extensive nionntain range in 
an east-west direetion acmss aoutliern Europe is an additional iiitiuencp not present 
ov(‘r North America, where th( prevailing range is oriented in a north-south direction. 

If the trajectory of the air is observed carefully and the modifying influenci'S of 
the underlying surface are known, little difficulty should he encountered in under- 
standing the weather and flying conditions eneountered in an air mass over any con- 
tinent or ocean. 

mA in Winter. This air is observed primarily over wc-stern Europe. Strong 
outbreaks of this air, originating in the arctic between flreenlund and Spitsbergen, 
usually follow in the wake of a di'cp cyclonic systcun moving across Scandinavia, A 
deep cold anticyclone is generally associated with this invasion of arctic air. 

By the time this air mass reaches the British Isles, it is very nnstahl(‘. f'umulus 
and cumuloiiinihus are the typical clouds, and widespread showers and squalls are 
frequent. Visibility is generally good because of turbulence. Icing conditions 
in this air mass often affect aircraft o|MTation. 


Table 2. -.Vrctic Am i.v West Ki’Uope afteh 11.avi.vo Passko the .\okwecian Sea 

(WiVTER)* 


St at ion 

Elova- 

tiori, 

Press. 

T#*inp., 

— 

ir 

e 

9iin 

Nttiicv, Colo(?nc', 
and Frankfurt 


1,000 

2 

3 a 

27.5 

274 

800 

900 

-3 

2 9 

278 

274 


1,700 

800 


1 .9 

281 

274 


2,700 

700 

-17 

1.1 

281 

274 


3,860 

600 

-26 


287 

275 


5,100 

600 

-36 

0.21 

290 

27(1 

Trappes, Dijon, 



1 ,000 

4 

3.6 

277 

275 

Lyon, and ChA- 

800 

900 

-2 

2 6 

279 

275 

tnauroux 

1,700 

800 

-8 

2 0 

282 

275 


2,700 

700 

-16 

1 2 

285 

275 


3,860 

000 

-25 

0.52 

288 

276 


5,160 

500 

-32 


294 

278 

Hamburg, Kiel, and 

— 

1,000 

3 

3.8 

■jjRQH 


Norderney 

800 

900 

-2 

3.0 




1,700 

800 

-8 

1 .7 




2,750 

700 

-14 

0.9 




3,900 

1 600 

-21 

0.5 




5,l.'-.0 

500 

-30 

0 27 

297 

279 

I.indenberg, Berlin, 
and Breslau 

— 


2 

3 7 

275 

275 

800 


-2 

2.0 

279 

275 




-9 

2.0 

282 

275 




-15 

1.1 

286 

275 


1 3,8.50 


-23 

0..56 

290 

277 


5,1.50 

.500 

-32 

0.26 

294 

278 


• ACtpr Vetterasoii. 
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With the prPBenee of a secondary cyelonic system over France or Belgium, arctic 
air will occasionally sweep southward across France to the Mediterranean, giving 
rise to the sevi’re mistral of the llhone Valley and the Gulf of Lions. Heavy showers 
and thunderstorm conditions arc typical of this situation 

mA in Summer. In summiT, this type is so shallow that in moving southward 
from its source region it modifies to the extent that it can no longer be identified as a 
separate entity. It is then indicated as mP. 


Tabi.k 3 — \ReTir \ih in Summer ni:ar SouRfi!. Ui.gion* 


Station 

Ijlcva- 

tion, 

Press. 

Temp., ' 
®C 

IF 

e 

Rsv 

Murmansk and 



9 

5 1 

282 

279 

Archangel 

8.50 


2 

3 7 

283 

278 




-2 

3 .5 

289 

281 



700 

-11 

1 8 

291 

279 


3,8.50 

600 

-16 

0 8 

298 

281 


.5,1.50 

.500 

-27 

0 3 

301 

281 


♦ Aftor 


mP in Winter. Merit line polar air obsi'rveil over F.urope usually originates in 
the form of c/' air over North .\m<Tica It n-aches the w cst coast of F.urope by vari- 

Tabi h, A — Poi,4H MsHiriMii Air ovi.k V r.si KvRoeL (Mintik)* 


I 


Station 

l.lci a- 
tion, gm 

Press 

1 

1 

IF 

e 

tfsir 

Trappes, llijon, 

i 

1 1 ,(KK) 

1 

1 ^ 

1 5 

278 

276 

bvon, and t'lia- 

8.50 

1 900 

\ 2 

3 9 

284 

279 

tcaiironx 

1 ,7.50 

, 800 

1 -4 

2 9 

287 

279 


2,7.50 

1 700 

1 -S 

1 1 9 

293 

280 


3,9.50 

' 600 

1 -16 

1 1 3 

298 

282 

1 

.5,2.50 

.500 1 

I -24 

' 0 6 

30.5 j 

' 283 

Ki<*l, mimI 

_ 1 

1 1.000 1 

A 

t t 

277 

276 

Nordcrncy 

8.50 

900 1 

1 

3 .5 

282 

277 

1,7.50 

800 


2 2 

287 

277 


2.7.50 

700 1 

1 -10 

13 

291 

278 


3,9.50 

600 1 

-18 

0 8 

29.5 

279 


.5,2.50 

j .500 1 

-27 

0 .5 

300 

281 

Nancy, Gologiic, | 

_ 

' 1,000 

4 

4 7 

277 

270 

and Frankfurt 

8.50 

900 

2 

4 1 

283 

278 


1 ,7.50 

8(K) 

—5 

2 8 

286 

278 


2,7.50 

700 

-11 

1 6 

290 

278 


3,9.50 

0(K) 

-19 

0 9 

1 29,5 

279 


.5,2.50 

.500 

-30 

1 0 .5 

297 

' 1 

280 

1 

liindenberg, Berlin, 



1,000 

1 2 

4 1 

275 

275 

and Breslau 

8.50 

900 

0 

3 3 

281 

276 


1,7.50 

8(K) 

-4 

2 3 

287 

278 


2,7.50 

700 

-11 

1 1 

290 

278 


3,9.50 

600 

-19 

0 7 

295 

279 


.5,2.50 

rm 

1 

-28 

0 4 

300 

281 


* After PctteiSHeii 
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oub trajeptones and thorefore is found in diffinent staKCfc of modification and produces 
weather similar to mV air over the west eoa&t of Isorth Ameiira Table 4 shows 
average eonditiuns of this air over West Europe. 


Table a — Poi sa MAiiiiivfh Air over West Euudi'e (Summer)* 


St at ion 

Kle\ U- 
tion, ^ni 

Pi OSS'S 

Temp , 
“C 

ir 

9 

OaSW 

Hamburg, Kiel, 


1,000 

15 

8 

5 

288 


N 0 r (1 e r 11 e V, 

850 


10 

6 

3 

291 


8w memimde, and 

1 ,800 

800 

4 

4 

7 

295 


Komgsberg 


700 

-2 

3 

1 

300 



4,050 

(lOO 

-9 

1 

8 

306 

285 


5,400 

.500 

-17 

1 

0 

312 

286 

Helsingfors, IJtti, 


1 ,000 

1 1 

7 

4 

287 

284 

.iiid Sliitsk. 

8.50 


11 

1) 

0 

293 

285 


1 ,800 

800 

1 

4 

0 

20() 

281 


2,850 


-2 

2 

8 

30 1 

2S4 


3,0.50 

bOO 

-9 

! 

9 

30(1 

285 


5,300 

500 

-19 

1 

2 

310 

286 


* A.fttr iwti 


Tabi 1 (> — I’oi AR Com isf M AT Air ovFR Kttssia am>(isikm Libom fWisiiul* 


St a* ions 

1 .!< \ ,1- 

PlI-SS 


tiun, gtii 

1 

An luiiigi 1 


1 ,000 


800 

iKH) 


1 (i50 

800 


2,(i(H) 

7(H) 


3 7(H) 

(lOO 


4,9.50 

.500 

AtosiM^ ,111(1 Snu>- 

__ 

. 1 .(XH) 

leiisk 

8(H) 

900 


1 1 ,6.50 

8(H) 


2,fi00 

700 


3, 7(H) 

()(K) 


4,9.50 

.500 

Aliimdi and Fried- 



1 ,000 

nchshaien 

8(H) 

900 


1 ,700 

8(M) 


2,6.50 

700 


3,7.50 

600 


5,0.50 

,500 

Nancy, (^iIoeik*, 


1 ,000 

.mil Frankfurt 

800 

900 


1 ,7(K) 

800 


2,().50 

700 


3,800 

flflO 


5,100 

000 


! '•'"'l’- I l| 


-26 

0 

(() 

' 217 

- (9 

0 

85 

2(i2 

-2l 

0 

N) 

, 2()9 

-27 

1 0 

50 

' 27.5 

-.36 

, 0 

2.5 

27.5 

- 12 

! 0 

l(i 

282 

'7 

, 1 

0 

250 

-14 

1 1 

0 

267 

-16 

1 1 

0 

272 

-23 

0 

.5(. 

2(>9 

- .32 

0 

39 

267 

41 

l_” 

20 

263 

-11 

1 

1 

270 

-17 

1 

0 

273 

-21 


60 

279 

-26 

0 

38 

282 

-30 

0 

16 

290 

-6 

2 

0 

267 

-9 

1 

5 

272 

-15 

1 

1 

27.5 

-20 

0 

72 

281 

-25 

0 

.50 

287 

-31 

0 

20 

292 


217 

2 <)() 

2().) 

2(.7 

2(>S 

272 


2r)fi 

2(>l 

21)0 

270 

271 

272 


267 
2f)8 

271 
275 
27b 

266 

268 
269 

272 
275 
277 


• \ftnr PptterMBeri 
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mP in Summer. This air when observed over Europe is similar to mP air, as 
observed on the west coast of North Anieriea. The weather conditions associated with 
this air arc Kcncrally good. Occasionally, because of surface heating, a shower or 
thunderstorm is observed in the daytime over land. Table 5 shows average conditions 
of this air over West Europe. 

cA and cP Air in Winter. 'I'he soun-e region for this air is over northern Russia, 
Finland, and Tiapland. It usually is olmerved over Europe in connection with an 
anticyclone cenlere<l over northern Russia and Finland. Occasionally it rt*aches the 
liritish Isles, and also at tinie.s it extends southw'iird to the Mediterranean. 

Owing to the dryness of this air, clouds arc- UHuall.v absent over the continent. 
Fair-weather <'uniulus are the typical clouds when this air is obaciwed over the British 
Isles. Over the Mediterranean, this air soon becomes unstable and gives rise to 
cuiniilus anil cuniuloninibus clouds with showers. Occ-asionally it initiates the 
development of deep cyclonic sysienis over the central Mediti'rranean. 

Visibility is usually gisid, however after ‘hia type becomes modified, haze layers 
form and reduce the visibility. 

cA and cP Air in Summer. The source region for this air is the satin' as for its 
counterpart m winter. It is a piedoniinantly dry mass and proiliiees generally fair 
weather over the coiitiucnt and the British Isles. The visibility is usuall.v reduced 
becausi' of haze and hiiioke in the surface layers. .\s this air streams southward, 
the lower hi.vers become iiiistable, and eventually convective clouds and showers 
develop in the later stages of its life cvcle 


T.vbi.k 7 .— Poi.vR CoMiMiNTvi. \iB ovKR Rf'-siv v\ 7 > KtiRorE (Bttmmeb) * 


Station 

lileva- 

llOIl, gill 

Press. 

Temp , 
'C 

ir 


flsir 

Moscow, Knioleiisk, 


1 ,000 

17 

7 4 

290 

287 

( 'raeow. and Kiev 

900 

900 

16 

7 0 

298 

289 


1 ,,S.‘iO 


9 

3 1 

301 

288 


2,900 

700 

2 

3 .5 

30.5 

286 


1 , 100 

(iOO 

— > 

2 2 

311 

287 


.•i,.'00 

■lOO 

-U 

I 1 

316 

288 

Muriiiaiisk and 



14 

8 6 

287 

28.5 

.krchaiigel 

srio 

900 

11 

7 3 

293 

287 

1,S00 

800 

'*> 

5 6 

29.5 

286 


2,S.-)0 

700 

-1 

4 0 

301 

286 


3,9.>0 


— 5 

2 4 

311 

287 


.'1,350 

.5(K) 

-1.5 

1 9 

31.5 

288 

HctIiti, LindoTiIxTR, 


l.tXK) 

17 

9 f> 

290 

288 

Breslau, Swine- 

850 

900 

14 

t •) 

296 

288 

iniuidi', and Kun- 

1 ,8.50 

800 

8 

.5 7 

.300 

287 

igsberg 

2,900 

700 

2 

,3 9 

30.5 

288 

1,0.50 

600 

-6 

2 3 

309 

287 


.5 , 1.50 

500 

-11 


316 

288 

Helsingfors, I'tti, 
and Slutsk 


I .(xm 

19 

9 2 

292 

288 

9(X) 


14 

7 3 

29<) 

288 


1 ,8.50 

800 

8 

.5 0 

.300 

287 


2,900 

700 

1 

3 .5 

304 

287 


4,100 

600 

-7 

2 2 

308 

286 


5,4.50 



1 1 

313 

287 


• After ‘Pettemiieii. 
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mT Air in Winter. Maritimp tropical air that arrives over Europe usually 
uriKinates over the southern portion of the North Atlantic under the influence of 
the Azores anticyclone. It is marked by pronounced stability in the lower layers and 
typical warm-mass cloud and weather conditions. Owing to the stability, it is 
relatively smooth even with m<Mleratoly strong winds. Relatively high tempera- 
tures aceompany the influx of this air, and the moisture content is greater than in 
any other air mass observed in the middle latitudes of Europe. 

Visibility is as a rule reduced, owing to its stable stratifieation and the presence of 
fog and drizzle, which are frequently ol>8erved with an influx of mT air. 

Maritime tropical air is must frequently observed in West Europe. By the time 
it reaches Russia, it is generally found aloft and only infrequently on the surface. 


Tabli; 8. — Mabitime TiiopicAi. Air over Europe (Winter)* 


Slat inn 

Eleva- 

Press. 

Temp., 

R" 

« 

Osw 


tion, gm 






Trappes, Dijon, 


1,000 


7 0 

283 

282 

byon, and C'iiA- 

850 

900 

6 

.5 4 

288 

282 

teauroux 

1,800 

800 

3 

4 1 

294 

283 


2,850 

700 

-2 

2 7 


284 


4,050 

600 

-9 

1 8 

306 

285 


5,400 

.■iOO 

-18 

1 0 

312 

286 

Nancy, Cologne, 



1,000 

9 

6 7 

282 

281 

anti Frankfurt 

850 


7 

5 2 

289 

283 




3 

4 0 

294 

283 


2,860 


-3 

2 5 


283 


4,000 


-11 

1 4 

301 

284 




-19 

1 0 

310 

286 

Hamburg, Kiel, and 




9 

6 2 

282 

281 

Norderiipy 

850 


«5 

.5 4 

287 

282 


1,800 


2 

.3 7 

203 

283 


2,850 


-4 

2 2 

208 

283 


4,000 


-12 

1 4 

303 

284 


5,400 


-19 

0.8 

311 

286 

Liij(lonber>7, HrrJiii; 



1,000 

6 

5 5 

279 

278 

and Breslau 

850 

900 

5 

5 5 

286 

282 


1,800 

800 

1 

4 2 

293 

283 


2,850 

700 

-6 

2.7 

297 

283 


4,000 

600 

-11 

1 8 

304 

284 


5,400 

500 

-19 

1 1 

311 

286 

Konigsberg and 


1,000 





Swincfaiunde 


900 

4 

5 6 

286 

282 



800 

1 

3 4 

292 

282 



700 

-6 

2 1 

296 

281 



600 

-14 

1 5 


282 



500 

-18 

1.3 

311 

286 

Moscow and Slutsk 
















800 

-3 

3.4 

288 

280 



700 

-10 

2.0 

292 

279 



600 

-1.5 

1.4 

299 

282 



,500 

-23 

0 8 

305 

284 


* After Pt'tteraeen 
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Table 8 gives average conditions in mT air as observed over Europe. 

mT Air in Summer. In general, this air has the same properties as its counter- 
part in winter with the exception that it is loss stable over land because of surface 
heating. This air mass loses its warm-mass characteristics soon after passing inland 
over the relatively warmer land surfai-e during the summertinie. 

Over water, this muss is still a typical warm mass Sea fogs frequently occur 
in the approaches to the English Channel during the spring and early summer in 
viT air. 

Visibility in mT air is generally lietter in summer than in winter particularly 
over land where convection currents usually develop. 


Tabi.k 9. — Maritime Thopicai. .Air over Europe (Summer)* 


Elevut ion, 
gm 

Press. 

Temp., °C 

ir 

1 

I » 

! Bsw 


1,000 

20 

8 9 

293 

288 

900 

900 

14 


296 

288 

1 ,850 

800 



301 

289 

2,900 

700 



306 

289 

4,100 

600 


3 3 

312 

289 

1 

.500 


2 1 

320 

290 


* AftiT l*ctteriuieti. 


TiBI.K 10 — Co.N'TINENTAI. TrOPK’AI. .\IR OVER Kl'ROPE (SUMMER)* 


Stations 

tion, gm 

1 

Pn*&s. 



9 

Vsn 

Konigsherg and 

_ 

1 1,000 

21 

11 6 

294 

291 

Swineraunde 

900 

{ 900 

17 

8 7 

300 

290 


1 ,8.50 

' 800 

11 

6 6 

302 

289 5 


2,925 

700 

3 

4 6 

305 

, 288 5 


4,12.5 

1 600 

-4 

2 9 

312 

' 289 


.5,, 500 

, .500 

-12 

1 6 

319 

, 289 

Berlin, Lindenherg, 



1 1 ,000 

20 

9 5 

293 

1 289 

and Breslau 

900 

I 900 

18 

8 5 

300 

270 


1,850 

800 

11 

6 5 

303 

! 289 


2,925 

700 

4 

4 6 

308 1 

1 289 


I 4,1.50 

600 

-3 

2 7 

313 

289 


5,. 500 

500 

-14 

1 6 

317 1 

288 

Helsinki, Ctti, and 



1,000 



293 1 

290 

Slutsk 

900 ! 


17 

8 0 

299 1 

289 


1,8.50 

800 


5 8 

302 1 

288 


2,900 

700 

4 

4 1 

307 1 

288 




-4 

2 6 

312 I 

288 


5,. 500 

.500 

-12 

1 3 

319 1 

289 

Moscow, Smolensk, 


1,000 



305 ! 


Kiev, and Cracoiv 


900 

23 

9 3 


293 



15 

7 2 

307 1 

291 




6 

4 5 

309 ' 

289 


4,200 

600 

-1 

3 0 

315 

290 


4,600 

500 

-10 

1 6 

321 

290 


* Uter ?«ttai 
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Maritime tropical air flowing over the Mcditerrnnoiin in summer usually changes 
to a cold mass, since the water temperature of the IMcditerraiican is then slightly 
higher than that of the air. Weak convection currents prevail then, usually suffi- 
ciently strong to form cumulus-type clouds, hut seldom sufficiently strong to 
nroduce showers, ^'ahle 9 gives average conditions in m'/’ air over Kurope in 
Hummer. 

cT in Winter. The continental tropical air that arrives over Murope in wintiT 
originates over North Africa. Itv the lime it reaches central lOurope it differs little 
from ml' air. In general, this air mass is much more prev.nlent over southern I'.uropi" 
than over central or west<‘rn lOurojM*. 

Although the moLsture content of this air is less than ohserved in ?>i7’ air, the 
visibility is not much better than in »i7' air, owing primarily to the greater dust 
content. 

This air constitutes the major source of heal for the development of the Mctliter- 
rancan cyclonic storms, most common during the winter and spring months. 

cT Air in Summer. Air in this category u.sually develops ovit .North Africa, 
Asia Minor, .and the southern Kidkans. At its source region, the air is dry and warm 
as well as unstable. In its northward How over southern l-iiirope, rT air will absorb 
moisture and increase its convective instabilit.v. 'I'he .summer showers .and thunder- 
storms observ'ed over southern Kuropr- arc often pioduccd h> a modified c7’ air 
mass. 

This air mass is much more pn'valeiit over southern Kiirojie than is its winter 
counterpart. Table 10 shows the a\crag<' condition of this air over Kurope in 
summer. 

CHARACTERISTIC AIR-MASS PROPERTIES OVER ASIA 

The air masses eommoiily observed over .Xsia, particularly eastern Asia, are 
continental polar, maritime tropical, eiiuatorial, and monsoon iiir. .Miiritinie polar 
and continental troiiieul air play a minor part in the iiii-mas.-> cycle of .Xsin. 


TaBLU 11. Pol.tn Co.'fTlNEXTAI. .\lR OVEB SlBliBI.t .\.M> ( 'HI.N.A (WiNTKH)* 


Station 

Kleva- 
tion, gm 

Press. 

Temp., 

ir 

ft 

t’sir 

Khabarovsk 



-2.5 

0,40 

248 

247 


7.W 


-27 

0.39 

2.54 

253 


1,600 

800 

-28 

0 37 

261 

259 


2,500 

700 

-32 

0 30 

267 

263 


3,. 500 


-38 

0.20 

273 

26(1 


4,7.50 


-4+ 

0 13 

280 

271 

Vladivostok 


1 .(KM) 

-19 

1 0 Ti.) 

2.54 

253 


7.50 


-22 

0 .50 

2.59 

257 


1,000 


-2.5 

0 45 

205 

201 


2,550 

700 


0.22 

2117 

263 


3,fi0() 

(HM) 

! -39 

0.16 

271 

265 



.500 

1 




Peiping 

— 


-0 

0.4 



.500 


-13 

0.3 




1 ,000 


- 18 

0.2 




1 ,600 


-22 

0.2 




2,000 


-27 

0.1 




* After Pettc'iBSCii. 
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cP Air. Conlinental polar air or arotic air as observed ovt'r Ihe interior of Asia 
is the voidest air on record. 'I’hia is brought about by the fact that the interior of 
Asia, made up of vast steppes, serves as an ideal source region. High mountain 
rarig<*8 across soutliern .'tsia aid in the production of cl’ air. They tend to keep the 
polar air over the source region for a long time and to block the inflow of tropical 
air over the higher latitudes. 

ITie weather eoiiditions over ea8t(*rji Asia are govi“nied by this air mass through- 
out the winter. Suree.ssive outbreaks of this air «H-eur over .Siberia, Clhina, and the 
.Japanese Islands and establish the winter weather regime. The weather conditions 
jirevailing in this air are similar to those found in cl’ air over the eastern jmrtion of 
North America. 

The cold air that is for<'ed southward over 'I'he Himalaya to India and Burma 
arrives in a highly modified form and is generally known as wiiitiT monsoon air. 

Table 11 gives average ciinditions of cl’ air over Siberia and China. 

mT Air. .Maritime trojiical air is usually observed along the coast of China and 
n^'er the .Tupanese Islands during the siiuuuer. In structure it is almost identical 
with i)iT air as observed off the east roust of North .\merica. The weather conditions 
encountiTcd in this air are similar to thos*’ of its North .Vmeriean counterpart. 

E Air. hkpiatorial air is observed over southeastern .\sia. During the summer 
all of Imlia and Burma .ire under the influenee of A’ air, owing to the summer 
monsoon eireulatioii. In the wintertime, when offshore wincls prevail. A’ air is found 
not over tin* laud masses lint some distaiiee offshore. 

Ktiuaforial air is an extremely warm and moist air mass. It has great vertical 
depth, often <'xtending beyond 20.000 ft in lieight. Tliis entire eolumii is unstable, 
and either any slight lifting or a small umimnt of snrfaee heating tends to release 
( he hiMtnhility and produce .showers and squnVs. 

The e(|uidorial air observed over India and Burma is almost identical in stnieture 
with K air fontid all along the equntorml /.one over the entire earth. 

Tabli' 12 gives yearly ni'erage values of A' air over Balaiia, .lava. 


Tvtll.K 12. - MglI\TOHlAI. .\lB OVMI B.iT.VVl.V, J.AV.A* 



1 

1 

11. H.. ^ 

1 

11', Y Kg 

to 

20 

80 

18 8 

I.fHKI 

21 1 

77 

13 3 

2,0(K) 

1.5 

74 

10 0 

3,001) 

III 1 

00 

7 1 

4, (MM) 

4 1 

(i-l 

1 

.'),fK«) 


m 

3 S 

0,000 

-7 

r>7 

1 2 7 

7,0tM) 

-13 

.■>3 

! 1 9 

8,(X)0 

- 10 

10 

1 1 


* Yciirl.\ averuKC utter Wukiici. 


Monsoon Air. Monsoon air a.s ohsen'cd o\cr India and Burma con.sists of 
unuiodiricd equatorial air during the summer iiionsoon and of highly modified cP 
air during the winter season. 

The weather eoiiditions during the summer iiion.smiii coii.sist of cloudy weather 
with almost emitinuous rain and widespread shower activity. High teinpcrntures 
and high Inimidities further add to the discomfort. 

'Phe weiittu'r conditions during the winter monsoon are dominated by the dry 
anil adiahntieally warmed polar air flowing equatorward. It is during this lime that 
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generally pleasant weather prevails over most of the area influenced by monsoon 
conditions 

Tables 13 and 14 give average eonditions in monsoon air over India 


TABi.r 13 — Monsoon Air in India (WimnrI* 


Stations 

hJeva- 
tion, gm 

Press 

Temp , 
°C 

It 

e 

Bair 

Agra 

■ 

996 

19 

4 3 

292 

283 


830 

900 

10 

4 2 

292 

283 


1,800 

800 

5 

3 3 

290 

283 


2,850 

700 

1 

3 1 

305 

286 


4,050 

600 

-5 

1 7 

310 

287 


5,400 

500 

-14 

1 2 

320 

288 

Pootia 

1 ,000 

900 

22 

f) 8 

304 

290 


2,(K)0 

800 

14 

4 6 

30h 

288 


3,200 

700 

7 

2 8 

311 

288 


4,300 

bOO 

0 

1 4 

317 

288 


5,700 

500 

-9 

0 G 

322 

289 

Karachi 

— 

■KSM 

18 

6 () 

291 

285 



900 

15 

5 0 

297 

286 



800 

8 

3 4 

SIX) 

285 



700 

4 

3 4 

307 

287 


4,150 

600 

-3 

2 () 

313 

291 


• After Petterssen 


TvBif 14 — Monsoon Air in Iviwv (Sttumik)* 


Stations 

IJeva- 
tion, gm 

■ 

Temp , 
'C 

II 

8 

1 

0SII 

Madras 

950 

1,950 

3,050 

4,300 

3,700 

1,000 

900 

800 

700 

600 

500 

31 

25 

17 

“ 3 ’ 

-5 

18 0 

17 0 

13 5 

10 0 

7 0 

4 2 

304 

307 

310 

314 

320 

327 

299 

298 

297 

29t> 

295 

294 

\gTa 

900 


28 

19 0 

311 

300 




21 

15 0 

314 

299 




15 

12 0 

320 

298 


4,250 


6 

7 5 

342 

29f> 




-1 

5 0 

332 

296 


Mter Pelternson 


CHASACTERISTIC AIR-MASS PROPERTIES 
IN THE SOUTHERN HEMISPHERE 

Air masses encountered in the Southern Hemisphere differ little from their counter- 
part in the Northern Hemisphere Simc bv far the greater portion of the Southern 
Hemisphere is oceanic, it is not Burpnsmg to bnd maritime climates predominating 
m that hemisphere 






DISPLACEMENT OF PRESSTTBE SYSTEMS 

By J. F. O’Connok 


The npred of individual iaubars is givpii by the expression 


where I’ = speed of isubara in N units per 3 hr 
b = 3-hr pressure eliange 

N = distance between two isobars in arbitrarj- length units (degrees of lati- 
tude will !«• ow'd here) 

Ay) = the pn-asurc' differenee between two isobars that are N distanec units 
apart 

It eiin bt> shown' tliiil the displacement of any symmetrical pressure system along a 
chosen axis is given by the average of the speeds of two isobars, equidistant from the 
trough or wedge lino 

where the aiibseripts A and B refer to the points at which the axis of computation 
interseeta the isobars, in advance, and to the rear of the symmetry line, respectively. 

SmcKithed isiilJobars niu.st be drawn through the pressure tendencies plotted on 
the map. 'I'he term b is then interpolated from these smoothed isalJobars at the 
desired point. This term may be jxisitive or negative, the isobar moving tow'ard 
higher jiri'ssure when negative, and toward lower pressure when positive. 

The term N, in eoinbiiiation with Ap, is an expression for the representative 
pressure gradient in the vicinity of the point where 6 is chosen. N is measuri'd 
along the axis chosen for eoiiiputation. Following Byers,' N is considered positive 
when the pressure decreases in the positive direction of V, and negative when the 
pressure increases in this direction. 

lUdiable results from the above expressions depend upon the proper choice of 
three things: 

A. The representative points on the isobars at which the terms h are read. 

B. The location and orientation of the axes of computation. 

C. The choice of tlic distance terms AT. 

A. The ehoiee of represenlalive points on isobars sliouid be governed by the 
following eonsiderations'. 

1. For the computation of displacements of individual isobars, points should be 
ehoseii close to the isallobaric iiiaxiniuiii or nuniiiium, in regions wliero the isobars 
are closely packed (see Fig. 1). 

2. For the computation of displacements of pressure systems, points must 
not be chosen such that either one will fall Iw.vond the isiilloharie maximum or mini- 
mum, mi'asured from the center or center line of the pressure system. Since the 
chosen points must be equidistant from the center of the pressure system along the 
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axis of computation, the point closest to the eeiitor determines tlie distance of both 
points from the center (see Fig. 2). 

Note: Point B is at the maximum distance from the center along the west-cast 
axis. Thus point A is fixed such that distance AO ecjuals distance OB. 

B. The choice of the computation axis should he governed hy the following: 

1. For the computation of displucement of an individual iaohar, the axis may he 
chosen in any direction, provided that the point at which the axis intersects the isoluir 
in qttestion fulfills <'ondition 1 in paragraph A. 

2. For the computation of displacement of a complete prr'ssurc system: 

a. It is desirable to choose the axis normal to the trough or wedge line, when 
possible. However, the axis may frequently be ehusiui in any direction oblique to 
the trough or wedge line, as long as it interse<'ts a well-defined i'-.'tllobaric field (see 
axis CD, h'ig. 2). 

b. For approximately circular pressiirc systems, llie axis may t>e chosen in any 
direction. Usually the largest conijuuient of motion is ubtiiined along an axis con- 
nc'-ting the pressure center with the isalloharic center in advance of it. 

e. To determine the future p<iKitiuu of individual pressure' centers, it is advisable 
to compute tiit' displacements along two eoiivenient axes t.sce Fig. .^j. I’oints arc 
then located on both axes representing the future positions of the center in those 
directions. The resultant position of the center is then found at the intersection 
of perpendiculars dropped from these points. 

Note: This is different from the vectorial sura or resultant, eveept for the easu of 
two axtis chosen perpendicular to ea<'h other. 


C. 'I'he choice of distance N is governed hy the following : 

1. N should ho Buftieiently long to give a true retiresi'iitntion of the pressure 
gradient in the vi(‘inity of the point where its related preshon* teiulency h is read. 

2. N should not be so long that it extends beyond the tnnigh or wedge line or cuts 
the isobars of adjacent pre-ssurc ay.stenis. 

3. N lengths in advance and in the rear of the eenfer m ' il not he cipnd. However, 
the proper pressure difference A/i corresponding 1 » each mu- 1 bi' nxeil in the ll•‘.' 1 <lIniIlll- 
tor of tlie displacement formula. 

Problem. Compute the 12-lir displacement of the 99l>-nib isobar along a w<’st-east 
axis (see Fig. 1). Bolulion. 3-hr displacement of isobar 
where b = —6.0 mb per 3 hr 
= —2.0“ lat. in length 

Ap = 6.0 mb fthe pressure dilTerpure l«'tween the extieniiiies of N) 

Note: A’ is minus in this I'ase. .since C is coiisidewd positive to the east and the 
pressure increases in this direction. ' 


V 


(- 6.01 (- 2 . 0 ' 

6,0 


2.0“ lat. per 3 hr 


= 8.0“ lilt, per 12 hr eastward 


Thus the 09G-nib isobar w'ill move eastward along the chosen .axis to the vieinitv 
n Albany, N’.V. 

Note: Individual isobars uxtrapolsited by means of the above expression will not 
pve reliable results for more than 12 hr. 


Problem, (’ompute the 2-1-hr disphicenneut of the low-pressure center and oecludpfl 
ront m Fig. 2. Solution. A west-east axis is chosen through the low center. It 
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appears that there will be nu appreriable displacoment of the low center in a north- 
south direction, since the isallobaric gradient in this direction is small. Points A and 
B arc chosen on the axis equidistant from the center. Point B is chosen at the maxi- 
mum distance fn)m the center, ».e., on the isallobaric ridge (B cannot be chosen to the 
left of this position). Thus the position of the point A is also fixed in advance of the 



Fio. 1.— Computation of (lisplacotnciit of an isfibur. The point chosen for computation is 
located at Lansing, Mich. Tliis is a portion of I'ig. 2. 


center. Distances .V nre clmseii for 0 ntb of pressure diHerence in the vicinity of 
points A and B and are expressed in units of degrw's of latitude. 


t’ = ^ f a + I a) 


1 /bjiXA , 

2 \ ^PA Apa ) 


where 6a = —2.2 mb per 3 lir 

Sa = —3.8° lat. per 9 mb of \pA 
ba = +5.0 mb per 3 hr 
Na = +2.6° lat. per 9 mb of Apa 

y = |[™(Z3:8) + (tMK+2«)] = M8»utper3hr 
= 9.4“ lat. per 24 hr. 

Thus the low center will move eastwani to the vieinity of I>)ucct, Canada. This will 
also mark the northern fix of the (wcluded front in 24 hr. 

To determine the displacement of the wuthem portion of the occlusion in the 
next 24 hr, a wmt-east axis is chosen along the 38.8° parallel of latitude. This axis is 
chosen because it intersects a well-defined isallobarie field. Points Cand Dare chosen 
on this axis, as indicated in I<^g. 2. 


V = + (f„J 
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where he = — 4 2 mb per 3 hr 

Nc = —2 2® lat per 3 mb of Ape 
ho "" +1 3 mb per 3 hr 
No +1 8® lat per 3 mb of Apo 

t; = > [L-i.2K=22) + ( + 

= 15 4° lat per 24 hr 

Thus, the or* lusion will ad\ am e eastward aloug thi southern w c st-e ist axis to approxi- 
mately the 72d mendian. The actual position of the low center and occlusion as tndicaii d 










Im 2 —Computation of aiaplaocmcnt of ciclomt centci and its ot eluded fiont 0810 

EWT Jan 14 1943 

plott^ are pressuie tendencies Isobtrs are the solid lines isdlobnis aie the 
. t® ^ isallobar and the -t-1 0 mb isallohsi north ot the setondniy 

com iront have not been drawn 

hp the 24 ^hr swcdintf aynoptir map has been indicatid in Fig 2 as a dotted curve, which 
001*668 0ui,te ll with ike cow'puifd 7>o'of%oTi^ 

ProWfTO Compute the 24 hi displacement of the antirvf Ionic center m Fig 3 
holulion Two axes for computation are ihosen Points A and B are marked off on 

^hLirforo m“b of n a are the dintanies 

ihosen for 6 mb of preasure difference along the west-iast axis, while AV and N„ arc 

cheisen for 3 mb of preosure difference In ea<h e ase, the V distances chosen are ton- 
venient and adequate to represent the true prt' ure gradients 
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Along the west-east axis 

bA = +3.2 mb per 3 hr 
Na = +3.7° lat. per 0 mb of ApA 
bs = — l.S mb P<*'' 3 hr 
Na - -3.2° lat. per 6 mb of Spa 
„ 1 r(3.2)(3.7) , (-1.5)(-J:2) 

f/ira=2[- -6~ " 6 

- 1.38° lat. per 3 hr 
= 1 1 .0° lat. per 24 lir 


Along the north-south axis 

be = +0.8 mb per 3 hr 
.Vc = +2.9° lat. per 3 mb of Ape 
bj) = +0.1 mb pcT 3 hr 
A'l) — —1.5° lat. per 3 mb of Apn 
,, _ 1 r(0.8)(2.9) , (+0.1)(-1.5)-| 

3~+ 3' J 

= 0.36° lat. per 3 hr 
= 2.9° lat. per 24 hr 

The resultant (sec B,e) of the north-south anti west-east eoniponents is the dis- 
plaeement indicated by the solid arrow pointing east-southeastward from the center 
in Kig. 3. Thus the computed 2+hr displacement of the renter places it about 60 miles 
northeiuit of ('ape Hattcras. The average speed in that direction is about 28 knots. 

Notb: In these computations, the observed tendencies have not been corrected for 
diunial variation. It was felt that the precision of both tlie method of computation 
and the accuracy of the analysis did not warrant such corrections. .Mso, the greatest 
distance used between two computation points along a chosen axis is about (kio miles. 
Over this distance, the variation of diurnal tendency is negligible compared with the 
magnitude of the isallobaric gradients involved. 
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UPPER-AIR C0NDIT10H3 

By E. Bou.ay 

Vertical Temperature Diatributios and Height of Tropopause. The distribution 
of tempcnvturc at sea level over the Rlobe n presented in ehartp eontained in the 
8€'etion <m ('limatolog^'. In geiicril these ahuw iliat 'he is'.thurnis deviate from the 
parallels of latitude on aeconnt of iiie thermal effects i f the at‘a and land distribution. 

The distribution of tenip*THt ure above thi- siirfapi- of the earth indicated in Fig. 1 
shows a H.vstematie decrease in temperature ndli altitude up to the tropopause. .\n 
isothermal lapse rate or even an increase in temperature can lie evpeeti’d in the 
stratosphere. 

The highest temperature of the troposphere is found near the etjuator on tlie 
earth’s surface. In the npiier air, too, up to an altitude of about 10 dyn km, the 



Fill. 1. 


tropical regions are the warmest. However, at higher elevations the equatorial zone 
lias the lowest temperature. In equatorial regions, tlie decrease in tempf'rature 
eontimies up to about the 17 d.vn km level, while at otlier latitudes the deereasc 
in temperuture ceases at lower levels. Thus the temperature distribution of the 
stratosphere is charaeferized in all seasons by lower temperatures over the tropics 
than over the middle and high latitudes. 

More detailed information of the vertical temperature distribution in the lower 
5 km during thi' winter months is given by the mean temperature-pressure curves 
of selected stations illustrated in Figs. 2 to 10. 

The height of the tropopause lies soinewhat higher in summer than in winter. 
Also, as indicated above, tlie tropopause is highest over the otpiatorial regions, and its 
elevation decreiisi's poleward. 
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Upper-air Preasure. Charts showing tho moan pressure at levels above the 
surface have been prepared by Shaw in his “ Manual of Meteorology,” vol. If. Owing 
to the lack of sufficient upper-air data, these charts arc baaed primarily on extra- 
polnt(>d surfaee data. With upper-air data now being observed over a wider region 
of the earth’s surface, these charts will probably be revised to fit observed conditions. 
Byers and Starr in Supplement 47 of the MonMy lYeather Review have recently refined 
the 2- and 4-km normal .January pressure charts of Shaw by means of new data made 
available from North America. These are shown in Figs. 11 and 12. 

Winds in the Upper Troposphere and lower Stratosphere over North America. 
Stevens compiled the resultant winds at 6,000, 8,000, 10,000, 12,000, aitd 14,000 m 
over the I’nited States in Supplemenl 36 of the Monthly Weather Review, 'i'he 
resultant winds during various times of the year are shown in Figs. 13 to 17. 



Fit;. 2.“ Mean January tcmpeiatures for nuithern stations. 
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Flu. — V'eriical tcnipcruturc dibiributioii ut polar statiouB in winter. 
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Temperature, ®C 


I lo 5 — \loiin wiiitpi Miundiiigs in l.urupp 
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Temperoture/C 

Flu. 6 Meau uf wiiitei iiuuiidiiiei lit southciii l!!uiu|>c<in tiid Mcditciiaiipjn iitatioiis 
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I'lu. 8. — Mottu fice-iui tciiip«iutuic!> ut wlceled UiuU><l btatioiii in Jnnuaiy 
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U. — Mean fioe-«ui teiupcratuiea In January at low-latitude American atations. 
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i iu 11 — Norniul Jauuai> pie^euie at 2 km {AfUr Bytrs atid 6^arr ) 
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I'la. 12. - Nurnial January pressure at 4 km. (After Hyns and Sturr.) 
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!• IQ U — I lilted Watoi winter reeultant winds {After Stevent ) 
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UPPER AIR CONDITIONS 
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Fig 14 — I- nitej Statee spnng resultant winds {ijter t>teten») 




■Uiuted fetates suiiiraer leaultant winds. {Afttr Stnena 





I Kt l(i I iiitcfi ''tatci autumn leaultaiit niiidii. ( 4/(cr fiteoetu ) 
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ATMOSPHERIC STABILITY AND INSTABILITY 

By 

Nohman R. Beers 

GENERAL PRINCIPLES, SUCE METHOD (C) 

The physical significance of the saturated-adisbatir ascent of air through a dry- 
ndinbatically descending environment was investigated by J. Bjerknes.' Bjerknes’ 
paper gives a theoretical treatment of the luinulus convection in an atmosphere with 
a temperature lapse rate between the saturated-adiabatic and the dry-adiabatic 
(conditional instability). Two important conclusions are made: (1) ciunulus convec- 
t ion does not convert heat into kinetic energj' unless the ratio between the width of 
the currmhiH towers and that of the cloudless intervals is below a certain critical value, 
and (2) the atmosphere is always less unstable with respect to a system of finite cloud 
Uiwers than with respect to the infinitely small saturated particle of the so-called 
“parcel method.” .Since the cloud-tower method deals with conditions that are 
more real than those of the parcel method, Bjerknc.s concludes that “Its results are 
likely to be better suited for all applications to real nature.” 

S. Petterssen* applied the elements of Bjerknes’ investigation with some important 
extensions to the practical problem of forecasting conx’cetive phenomena (with 
emphasis on thunderstorm analysis and forecast). The “slice method.” as originally 
preaented by Bjerknes and adapted by Petterssen, actually classifies the stability 
of a single level of the atmosphere of unit thickness. Although good results have 
l>c«'ii obtained generally using the techni<|Ues suggisited by Petterssen, experience has 
indicated some desirable changes. In particular, it has been found essential to take 
accfiunt of the .stability layer by layer through the atmosphere, especially through the 
coliimii where eumulu.s activity may occur. This nsiuircs an extension of the theory 
and particular attention to the distribution of moisture in the column. 

The criteria of stability developed here apply in the case of an initially barotropic 
atmosphere subject to perturbations of velocity from any soiiree. The suggested 
teehniques of analysis may be used with normal care to forecast cumulus activity 
triggered off by fronts, orographic barriers, or surface heating. The procedures can 
be leariKxl and applied by rote; the forwast itself will in most cases require some 
judgment. After n moderate amount of experience, the foreoastor can make a quick 
estimate of the situation with the sliec method. ’I’his estimate .appears to he more 
reliable than the result obtained by the parcel method. In addition to this, the slice 
or conveetive-eell method provides a quantitatiw measure of stability for the entire 
column. With this information, the forecaster has a real basis for statements on time 
and extent of developiiiciit of the expwtod runiuhis. 

The quantitative measure of stability used is the circuUUton aceeirration. The 
results follow from an appliratioii of the circulation theorem of V. Bjerknes. See a 
paper by K. Holland^ for a similar though less extensive iiidejiendent treatment. 
The atmosphere is assumed to he stratified in layers, each layer being determined by 
significant levels of radiosonde data. The eirciilation acceleration is determined for 
each layer separately; the results are sliowii to be additive for the entire column. 
Account is taken (before the computation) of known changes in the sounding before 

693 



694 


STABILITY AND INSTABILITY 


[Sac. Z 


the time of the forecast period (e.g., removal of night ground inversions by insolation). 
The cumulus activity resulting from velocity perturbations is forecast on the basis 
of the distribution of circulation aciccleration through the entire column. The 
analyst must of course base his forecast on all available information. In other words, 
he will continue to analyze the surface synoptic chart, upper-air charts, etc. Tech- 
niques and a routine for analysis are given below after a discussion of the theory. 
The whole is illustrated by several selected examples. 

State of Atmosphere. The thermodynamic state of the atmosphere over a 
particular station at a particui.vr time is given with moderate accuracy by the report 
of a modern radiosonde or aerograph. The report is plotted on a thermodynamic 
diagram and called the toundtng. Since the report does not give a continuous rei'ord 
of pressure, ti-mperature, and humidity, it is generally assumed that straight lines 
drawn between significant points will adequately represent the stiite of the atmosphere 
between siguificant levels as well as at those levels. T'he assumption is warranted, 
provided that the levels have been chosen according to current instructions (see U.S. 
Weather Bureau Circular P). 



V V V 

l''io. 1. — Hcgioti of cumulus clouds —schematic. 


The following simplifications are intnuluccd as assumptions; 

1. Horizontal motion does not maintain any net inflow to or outflow from any 
stratum determined by the air between significant levels. 

2. Conditions arc barotronie initially. 

3. AH motions are adiabatic above the surface layers. 

These assumptions are generally valid in eireiimstiiiiees where cumulus activity 
is expected because of surface heating. They may be modified by frontal or oro- 
graphic lifting. 

Consider simplification (1). The situation is represented schematiealb’ by Fig. 1. 
Attention is fixed on a horizontal area in tho atmosphere large enough to contain 
several cumulus clouds, and small enough so that isobaric surfae.es are, also geo- 
potential surfaces. Cumulus clouds indicate regions of ascending currents of air. 
Cloudless sky indicates regions of descending air. For the present, all velocities other 
than thoB*', indicated in Fig. 1 may be neglwted. For simplicity, it is assumed that 
the ascending velocities arc constant across any one region of aseeiidiiig air. It is 
also assumed that tiiis constant upward velocity persists throughout the thickness of a 
layer dctiTinined by consi'culive significant levels. More rigorously, one may define 
average values of the velocity through the stratum .ind across the horizontal area in 
([uestion. Slniilar assumptions are fhadc for descending velocities. These renditions 
are made useful by writing t he equation 

M'v' -1- .Wii = 0 (] ) 

where M' and M arc the ascending and descending masses, respectively, in one region 
and stratum, v' and v arc the corresponding velocities. Kquation (1) is the precise 
statement of simplification (1 ) above. 

Assumed barotropy means simply that the isobaric and isothermal surfaces are 
coincident initially. These surfaces arc also taken horizontal. If the atmosphere 
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is not barotropic in the case to be investigated, the solenoids computed for the baro- 
tropic field may be considered to be added to those already in existence before the 
perturbation commenced. In practice, the slice method is used only when conditions 
are almost or actually barotropic. 

Simplification (3) is the basic one made in many thermodynamic analyses. All 
evidence indicates it to be valid whenever the motions take place with moderate 
speed away from the earth’s surface. Since it is used in the analysis for air above the 
convective condensation level generally, and for periods of a few hours at most, the 
assumption is warranted. 

Velocity Perturbations. It is desired to know what changes in the state of the 
atmosphere will be produced by a cortain type of velocity perturbation. Initially 
the conditions arc as described above. When vertical velocities have persisted for a 
small interval of time, there will be changes. These changes depend upon the initial 
state and upon the perturbations received. In particular, it is essential to determine 
whether initially small perturbations will be intensified or dissipated by the dis- 
tribution of temperature and moisture originally present. It is not necessary for 
till' time being to specify the perturbations more completely than was done above. 
Their origin is also not important; they may be thought of as being due to impulsive 
or coiitiiniotis forces. 

When only vertical velocities exist at a fixed point in space, the local changes in 
temperature per unit time are given by {see Sec. VI) 

in ascending nonsaturated air (2) 

in ascending saturated air (3) 

in descending nonsaturated air (4) 

in descending saturated air (5) 

where »' and v arc the u.sccnding and descending velocities, respectively, T' and T 
an* the temperatures in the ascending and descending currents, yj is the dry-adiabatic 
lujise rate, is the saturated- or wet-adiabatic lapse rate, and y is the actual lapse 
rate in the atmosphere at the moment considered. The very small change in y^ if 
some but not 100 per cent moisture is present is neglected. 

It may be noted in passing that the local changes in pressure in the atmosphere con- 
sidered, under small perturbations of velocity, will be negligible. This is so because, 
aside from dynamic eflects, the pressure at a fixed point depends essentially upon the 
weight of the air above the level in question. This amount of weight is changed bo 
little by small changes of velocity in relatively thin layers that to an excellent approxi- 
mation geoiwlential surfaces remain isobaric surfaces throughout the motions. 

Stability of a Layer. The stability of a layer of the atmosphere is investigated 
using the circulation theorem of V. Bjerknes. This theorem gives the rate of change 
of circulation around a closed path that moves with the fluid (see Sec. VI). On 
neglecting frielionnl forces and the term 2u> dF/dt where F is the projection of the 
path on the equatorial plane, one obtains 



where C is the circulation. The rate of change of circulation is frequently called 
(and is here called) the rirculation accfleraiion. It will generally be designated by 
6 (“C dot”) for brevity. The dimensions of (J are the same as the dimensions of 


1/ 

=»(y-y,) 

^’ 1 " t, ^ 

-at ^ 
aT , 

-at = “ T'"' 

ar , , 

■^ = I-(7 - 7-) 
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energy per unit mass. KQuation (6) ifl eaaentially a prognostic equation, since it 
gives (? in terms of present values of the density (or of the specific volume) field. On 
introducing the equation of state for a perfect gas, Eq. (6) becomes 

(J = -^RT^ (6') 

where p is pressure, T absolute temperature, and R the gas constant for the air. The 
value of R depends on the moisture present. It may be noted in passing that the 
term 2u dF/dt is not always nogligible at low latitudes. The effect of it is to increase 
fj when the path of integration changes the enclosed area rapidly, e.g., afUr Cb clouds 
have formtHi. 

Consider a portion of the horizontal region that contains one area of ascending 
and one area of descending air. Applying the concepts of the model atmosphere 
already described, consider the vertical currents to persist through layers of finite 
thickness. The scheme is shown in Eig. 2. ITie closed path 1-2-3- 1 consists of two 
isobars and two vertical legs; the path is fixed in space, anil the air flows across (lie 

1 Po 2 

I'ki. 2. Sehematio view of convective cell. 

isoltars. Let the temperature at elevation z in the stratum be T initially. After uii 
interval of time At, the temperature at z in the two vertical legs is given by 



for ascending and descending air, resiK-ctively. 

Equation (6') can be applied to the path 1-2-3-4, since the layer is assumed to 
have a finite thickness, i.t., after a small interval of lime, the spare average tempera- 
tures in the vertical legs of the circuit are very closely equal to thi' average tempera- 
tures in the path that travels with the fluid. The approximation becomes better 
the thicker the layer and the smaller the time interv il. If in fact the perturbations 
were initiated by impulsive force.s, no approximation is involvetl in the iiistnut after 
the motion commenced. , Since it is desired to apply the tlnorem only for layers of 
finite thickness and for small intervals of time, the error iiitroductsl by integrating 
around 1-2-3-4 is negligible. On performing the integratioii, one readily finds 

6 = - r..\ ( 8 ) 

where Tn and Tn are the average temperatures in the vertienl legs of the circuit 
at the moment considered. The top and bottom pressures in tho stratum are p, 
and Po. The small variation in R through the layer due to the presence of water 
vapor is neglected, i.c., B will be assumed to be constant through any one layer. A 
refinement could be made by using virtual temperature, but this is not generally 
necessary 

Since conditions arc barotropic initially by assumption, the initial values of tho 
average temperatures in the vertical legs are the same. Initially of eoursc the vi'loc- 
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itios are zero. Initially then (J is zero. When, however, the perturbing velocities 
have persisted fur a time At, the average temperatures in the vertical legs are given by 

where the lapse rah's that are used to evaluate dT'/dl and dT/dt are average values 
through the stratum. On substitution into Kq. (8), one finds 

d = (9) 

Pi \ dt dt / ' 

Kqiiatinn (9) is the fundamental result of the slice or convective-cell method. 
The right-hand side of the equation can be evaluated from any sounding. On recalling 
the definition of the circulation, it is apparent that C in a, measure of the change in 
kinetic energy through the interval of time Af. In fart, it is clear from Kq. (8) that 
th<‘ difference on the right-hand side (i.c., <?in this special path of integration) is the 
difference in the g<v>polentials rcpresentc-d by the ascending and descending columns. 
Since energy is conserved in the sy.stem, this is also the difference in kinetic energy. 

When the initial temperature and moisture distributions in the atmosphere are 
such that the right-hand siile of Kq. (9) is positive (f.c., (? greater than zero), the per- 
turbing \-(‘loeities inercase with time. In siieh a case, the layer is said to bo in unxtahle 
(•/liiilibriuvi. The state of equilibrium is of course in reference to the type of per- 
Itirbat ion assumed earlier, i.c., to the vertical veloeitics u' and w where MV -f- Mii = 0. 
When, on th(> other iiand, is zero or negative, the layer is said to be in neutral or 
utahlr i quilibrium, respectively. These cases produce either no change in or a diminu- 
tion of the perturbating velocities. 

Effect of Moisture Distribution. Equation (9) gives essentially different answers 
respecting stability according to the distribution of moisture in the atmosphere. 
Tlircc ]]ossil)le cases occurring in nature must be considered. These cases and the 
results of appropriate substitutions of preceding equations are 

I. Dry Layers. Hoth ascending and descending currents are initially and remain 
BO dry that coiulcnsatioii docs not occur. Then 

(■ = li In -J" [(7 - Y..) (’ + ^) ] 

II. Liquid H'nbr J’resrnt. The layer contains enough liquid water so that both 
ascending and desccndiiig currents follow the saturated-adiabatic, / c., condensation 
occurs in the ascending current while evaporation occurs in the descending current. 
Then 

= Wln^[(Y-Y»)(l +^')]c'A( (11) 

III. HX Laytrs. 'I'lic asceudiiig current is initially so iiourly saturated that 
condensation occurs immediately the motion commences and contmues throughout 
the interval considered. The descending current produces no evaporation. Tlius 
parcels of air in the two currents follow the saturated- and the dry-adiabatic, respec- 
tively. Then 

f = In ■“ 'I'n) + ^ lY — Y</) j »' At (121 

It is clear from Eq. (10) above that, when the stratum is dry and when y < y,i, f' 
Is negative and the layer is quest ion is stable with respect to all perturbations. When 
Y > Ys there is instability in the dr.y layer. In case II, the layer is stable or unstable 
according to the sign of the term (y — Yi>)- Case III, which is the most interesting 
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in nature, will be seen from Eq. (12) to depend on the magnitude of the ratio M'/M 
when < 7 < 7 j. In this case the layer is said to be “selectively unstable.” In 
other words, 6 will in certain cases be positive for a given sounding and M' / M but 
negative for the same sounding and different M'jM. The functional dependence of 
(l on M'/M is best shown graphically (see Figs. 4 to 9). 

Thickness of the Layer. liquations (10) to ( 12 ) show that the magnitude of C 
depends on the “ thickness ” of the layer considered. More pr(visely, 6 is proportional 
to the natural logarithm of the ratio of bottom to top pressure across the layer. This 
result suggests a convenient unit of measurement for (?. For the linear distance 
between two isobars on an Emagram is exactly proportional to In po/pi. Also the 
linear distance between isobars on a pseudoadiabatic diagram is approximately pro- 
portional to this factor. The effect of the thickness of the layer considered on its 
stability is then very conveniently obtained by multiplication by the linear spread of 
top and bottom isobars for the layer on the thermodynamic diagram. In present 
practice, the linear scale of temperature on the pseudoadiabatic diagram is used. 

Bjerknes' Method. Kjerkncs‘ arrives at resutls similar to those given in Eqs. (9) 
and ( 12 ) by considering the “accumulation of heat per second” within a layer that is 
kept fixed in space, while the air passes through it upward and downward. The 
pressure at the level remains almost constant. Then the rate of change of heat (more 
precisely cnthalpyl is given by 


aQ 

ai 


r, [ m ' f-' + Af f ] - CAM' + M) + c.M' - ij) (13) 


Small variations of the specific heat Cp with changes in moisture content arc neglected. 
The right-hand side of Eq. (13) is divided up into two terms (1) the “uniform h(>uting’' 
of the whole unit layer at the rate OT/at, and (2) the “surplus heating” (positive or 
negative) of the cloud parts of the layer at a rate proiiortioual U) OT'/ai) — {dT/Ol). 
The surplus heating in the layer for the three cases considered is found to be 

(I) -CpMV (l + a 

(II) CpMv(^H-^')d (14) 

(III) CpAfV (d - a 

where a = — 7 and jS s 7 — 7 „. .\s Bjerknes remarks, “The surplus heating 

of the clouds is the only part of the heat of condensation available for the ]irodiirtion 
or annihilation of kinetic energy.” The uniform heating of the layer under ordinary 
circumstances consumes most of the energj- put into the system by the heat of con- 
densation. The uniform heating also involves a raising of the center of gravity of 
the whole air mass, i.e., an increase of its potential energy. 

Note on the DeiivationB. It will be noted that the only difference hewocn the 
expressions (14) for the surplus heating and the right-hand side of E()s. (10) to (12) 
is the factor involving the thickness of the layer considered. 'I'he term K In pa/pi At 
has been replaced by CpA/'. Bjerknes’ expressions apply to a layer of unit thickness. 
The equations derived for (J apply to the stratum between the pressures po and p\. 
In each case, the sign of the result is the same for a given sounding; the difference lies 
in the magnitude of the “stabiUty” to be assignud. 

Intuitively it is not difficult to see that ()' is a measure of the change in kinetic 
energy. It may be noted, however, that no effort has so far been made to suggest 
precisely what system has this amount of energy. The refinement may be made 
using the circulation theorem, provided that some additional simplifications are intro- 
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duced. Consider the following special case; At time to when there is no motion, a per- 
turbation of velocity Vo' is applied as an impulse. Assume the layer to be so thick 
that the ratio of the length of the ascending column to the length of the descending 
column is almost unity. This assumption is valid for even very thin layers if the 
interval of time is small enough. 

Initially the circulation around a path consisting of two isobars and two verticals 
is zero. After the motion has commenced, it is C — Lv' — Lv or Lv'{l -|- M' jM) 
where L is the thickness of the stratum in linear measure. For this simple path, 
the circulation acceleration is given by direct differentiation to be (J = Ii dr'/dl 
(1 -|- M'/M). Is?t k he the elevation above an arbitrary base of the lower boundary 
of the layer in question. Then dh/dt “ */. The linear thickness of the layer is 
given in terms of the mean temperature through it to be A = KTm In po/pi ■ 1/ff. 
Un combining the two expressions for 6 and eliminating L, one obtains 


where 


dt* 

a* 

K 


- a*h 

gy ^/K 

“ r.ll + {M'/M)] 

“ if In — • yjv' AZ 
i>i 


The solutions of the above differential equations for the cases where a* > 0 and 
< 0 nri' 


A = — sinh at 

v' — Do' cosh at 

o» > 0 

a 



1 • I '1 

A — — ^1 sm a 1 

v' = Vo' COB 

a» < 0 

1“1 




with the boundary conditions that r' = »«' and A = 0 when < = 0. It will be noted 
that a’ is determined by the sounding and choice of the ratio M'/M. The above 
form for a* Mas .selected because it is later found convenient to plot C/K for use in 
liraetieal analysis (Figs. 4 to 9). 

In applying the above equations for h or if, it is essential to remember the condi- 
tions under which they are valid. The time t must be so small that the displacement 
h does not muteriully alter the original fields of temperature and pressure. It is 
reasonable, for example, to take I large enough to make h/L about 0.10. 

It is seen that, when «’ > 0, the perturbing velocities are increased. When, on 
the other hand, a’ < 0, the result of the perturbation is an oscillation of simple har- 
monic motion about the original position. These two cases respond to unstable and 
stable stratification, respectively. 

In nature, the effect of friction cannot be neglected. Without a complete analysis, 
one <-an stdl conclude qualitatively that friction will set an upper limit to the velocity 
that will be attained in the case of instability. Similarly, friction will damp out the 
oscillations in the case of a stable stratification. 

A numerical example for the above solutions neglecting friction is as follows 
(for M'/M = 0.2): 


I'listuble I.aycr 

(; 

= 0.40 (from sounding) 

7'„ = 270''K 

= 1.21 X 10-*sec-» 

I'll' = 2 mps (assumed) 

A = 182 sinh at 
t}' = 9 enati mi 


Stable Layer 

(5 

^ = —1.60 (from sounding) 
r* = 270°K 

a' = —4.84 X 10“* sec * 

Vo = 2 mps (assumed) 
Amplitude = 91 m 

PnpirtH B J. TK hp 
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JVoia the velocities as given by the shove equations, one can find the kinetic 
energy of the motion. In all that follows, attention is centered, however, on the 
quantity fJ rather than on the velocity in either the ascending or the descending air. 
This is done in order to avoid the additional assumptions made above. It will also 
be seen that (? more readily than the velocities lends itself to a description of the 
stability of the column as a whole. 

Staiillity of Stratified Atmosphere. — Inspection of two or more soundings token 
within one air mass will show that the atmosphere is more or less stratified in parallel 
layers. In the following, it i.s assumed that this stratification is iieeurately enough 
represented by the layers between consecutive significant levels of radiosonde 
data for the station desin'd. Through each such layer, the therniodynainic proper- 



H cunmluK ,H-Hurhationa reach any 

tower. Hatched portion represeiitH cloud; i , ■ , ! , ' mjir, 

clear portion represonta clear eky. about now l;irK(‘ tlu* porturbntions ar(‘. 

Such ndditionni iiiformiition would permit 
more detailed analysis and forecast hut could lie added in our present state of 
knowledge only as assumjitions. Since tlie signifieant levels are isobars, the circu- 
lation theorem provides the value of d for the cumulu.s tower ns a whole, ie. 


ties and the mixing ratio have either eon- 
slant magnitudes or constant vertical gradi- 
ents. Thus lapse rate is about constant 
through one layer, us is the decrease (or 
increase) of mixing ratio, \^here these 
-fif (iiiantities have sudden changes, new signifi- 
cant levels are inserted in the report. 

The assumed dynamical structure of the 
_ atmosphere during eumulus formation is 
shown schematically in Fig. 3. Much layer 
is assumed to have the simple structure used 
-/it investigating the stability in one 

stratum. The hatched area ri’prescnts the 
cloud area. It is not iiecessury to make 
any statement about jireciaely when velocity 


(}(l-2-3-4) “ i't' (each stratum) 


where the siunmation on the right-hand side will take account of the fact that indi- 
vidual layers may be either wet or dry. 

For use in the above, it is convenient to rewrite Kqs. (10) to (12) as follows: 


C 

K 

6 

K 

t 

K 

K 


~ 0 "Sf ) ascent and descent 

ascent and descent 

~ wet ascent and dry descc 


18 In — ■ yjv' M 
Pi 


(I) 

(TI) 

(HI) 

(IV) 


Since the liquid water content of the strata is generally unknown (and in any case 
must be very small during early stages of formation), the ease of wel-adiahatic ascent 
and descent is excluded by assumption. 'Hie circulation acceleration for flie entire 
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cumulus tower is then given by the sum of Eqs. (I) and (III) determined for the dry 
and wet strata, respectively. Then 


0 - 2 * - 0 + 2 * J(‘ + f) - te + f )] <■« 


A 


wet 

layers 


It will be noted that both the factor K and the lapse rates used in Eq. (1.5) may vary 
from layer to layer. As implied by the sketch, one may also consider M'lM to have 
different values for different strata. Equation (15) is the general expression for the 
stability of the entire sounding. 

Total Heating at Any Elevation. It is of some Interest to note, following Bjerknes* 
and Petterssen,* the total heating of the layers ir the three cases considered. By 
substitution into the appropriate part of Eq. (13), it is easily found that 


(I) 

f- 


(II) 


< ( 16 ) 

fill) 

= e,,l/V(y, - Y.) 



The rate of change of heat (enthalpy) at any level is then sero except in the case of 
wot-adiabalic ascent accompanied by dry-adiabatic descent. This means that the 
tcm|KTat ure averaged over a large horizontal area is constant in time in case I and 
esse II. 'J'he temperature change within the ascending and descending streams is 
of course given by the appropriate one of Kqs. (2) to (5). In the case of wet ascent 
and dry descent, however, the average temperature over a large horizontal area will 
increase with time, 'rids follows from (III) almve since yj > always. 

'I'hc net effect of wet-adiabatic ascent and dry-adiabatic descent in parallel streams 
as visualized here is then to warm the levels eoneiTned. This warming over a hori- 
zontal area of appreciable extent will increase the stability of the warmed layers with 
respect to the air below and will decrease the stability with respect to the air above. 
When, for example, condensation occurs just under a dry layer, the warmed air beneath 
will become very unstable with respect to the dry air above. 

Formation of Cumulus. Physicall.v the sequence of events that ends in the 
existence of cumulus clouds is not simple. The fact of vertical gust velocities through 
the atmosphere is u ell established by observation. These vertical velocities may be 
thought of as initiating in a great variety of ways. The turbulent surface layer, 
for example, in flowing over any but a mirror smooth surfaee will provide vertical 
perturbations to the layers alxive. When the circulation acceleration is positive in 
the layer over the source of the gust, greater velocities result. When the turbulent 
layer is eapped with a strong inversion (in whieh 6 becomes negative), perturbations 
from below arc soon damped out. 

The preceding analysis shows that the atmosphere is more unstable to perturba- 
tions with M' /M small. The result is that, while initially there may he no “pre- 
ferred value" for M'/M, yet the smaller towers will build up while those of greater 
cross-sectional area w ill be dampc'd out. Observation of the growth of cumulus shows, 
especially in the early stages, tliat the cloud urea is small compared with the clear 
spaces. After many clouds form, the entire sky may of course be covered because 
of wind shear in the vertical and consequent spreading out of the individual towers. 
There is also a physical limit to the smallness of M'/M. For as the ascending current 
becomes very small in area, turbulent mixing in the horizontal will destroy cloud as 
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soon as it forma. It ia difficult to viaualize a real caae in which M' {M would be leaa 
than about 0.10. 

There aeema to be no baaia in fact for atating that M'/M will have any particular 
value in nature. A complete atatiatical investigation may provi<lc further information 
on what value ahould be used in practice. Experience to date indicates that M'/Al 
assumed to be from 0.20 to 0.30 in mid-latitudes will lead to a correct analysis in most 
cases. It may be noted that the ratio M'/M is aasociatod with cloud cover; cloud 
cover = M'/{M' -f M). It is evident also that, as M'/M approaches zero, the slieo 
method nsduoes to the parcel method (see Sec. V). 

It is considered probable that the effecta of impulses from below are transmitted 
upward through the atmosphere somcwliat like a shock wave. The rate of upward 
development of cumulus as obaerv<yl shows definitely that this “wave” speed is rela- 
tively small (order of magnitude a few meters per second). The impulses will be 
transmitted relatively rapidly through layers where (J > > 0 and will penetrate 
slowly if at all those layers where (? < 0. The growth of velocity in the simplest case 
is of course given by the preceding equations. These cannot be used t(» give an 
exact time of development of the complete cloud, for the equations are only approxi- 
mately true after the displacements have a finite value. Tlu’y may, however, bn 
used in a qualitative way as indicate<l. 

If the layers arc all completely dry (ic = 0), there will naturally be no cloud forma- 
tion. Whether a given layer should l»e considered “wet” or “dry” in the deter- 
mination of (J depends on the amount of moisture present. If the permitted 
displacements produce condensation, the layer is wet and (? is given by Eq. (12). If 
no condensation results from the displacements, the layer is dry and 6 is given by Eq. 
(10). It will bo recalled that condensation may occur when relative humidities are 
below 100 per cent. The rule that relative humidities arc usually at 100 per rent in 
cumulus clouds does not apply in the analysis, for during the time of perturbations 
and small displacements the cloud ia only beginning to form, .tfter the formation 
is complete, the simplifications introduced do not apply in any rase. In partieular 
the atmosphere is not barotropic after cumulus have fornii'd. 

The “weather” resulting from cumulus forniutiuii dejwnds on a nuinbcr of fnelors 
beyond the scope of this stability investigation. Si>e Sec. Ill for the physics of 
condensation. It is adequate here merely to reinarh that if in.stahility is large 
through relatively thick layers around the 0-deg isotherm, tliuiulerstornis, liiiil, etc., 
are bound to result when perturbations of velocity trigger off the instability. 

Modification of the Real Atmoaphere. The applieatiou of Eq. (15) to a sounding 
gives a quantitative measure of the stability of the atinospbere as it was at the lime 
of the radiosonde (or aerograph) flight. The soundings used in forecasts are generally 
taken at night when very stable conditions exist in the lower layers (over land). 
Unless the insolation of the early day is sufficient to remove the inversions and to 
steepen the lapse rate in the lower layers, cumulus formation is improbable. The 
analyst must then take probable modifications of the sounding into consideration 
before making a forecast. 

The major changes in the sounding will he due to one or more of the following: 
(1) surface heating, (2) lifting of the entire layer os by a front or an orographic barrier, 
(3) advcction, and (4) large-scale divergent or ixinvergeiit flow. These changes may 
he taken into account before (? is computed. Minor changes in the atmospheric 
structure will also occur because of change in moisture by mixing aloft and evaporation 
at the surface. Under certain circumslauces, radiation from moist layers aloft will 
cause appreciable changes in lapse rate. This is a cause of some nocturnal thundcr- 
storms. The latter modifications may generally be accounted for after C? is computed 
for the sounding. 
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Evaluation of the Record. Given a sounding modified by the analyst to take 
aeeount of surfaee heating, divergence or convergence, advection, and lifting expected, 
the circulation acceleration may he computed by Eq. (15). In practice, the ratio 
M' IM will be taken to be 0.20 or 0.30. Xiimerical results are given for c' and A< 
equal to unity. The final 6 is given in arbitrary units resulting from using the linear 
spacing of isobars on a pseudoadiabutic diagram as "thickness factor” (Hee page 707). 

The distribution of 6 fur the sounding gives the stability of the atmosphere. In 
drawing conclusions from the result, one must remember the restrictions on it. Thus 
the stability is accurately indicated only for the atmosphere satisfying the original 
assumptions and for (1) relatively small displacements and (2) perturbations of 
velocity that fit the equation M'e' + Me = 0. One may extrapolate the results 
qualitatively beyond these, rigid boundaries, but the extrapolated values can be 
approximations to reality at best. 

In drawing conclusions from the record for forecasting the weather, one must also 
have some knowledge of th<‘ physical structure of the clouds. The atmosphere may' 
lx- vi'ry unstable (in tlie seiis<- of having much turbulence) without resulting wcathcT. 
'I’hi' slice or conveet ive-eell method like all others requires some judgment and physical 
knowledge to ensure accurate foreea.sts. 'Jlie inherent advantage of the presimt 
method is that its- simplifying assumptions are close approximations to reality. What 
has hem accomplished is a meafis of mating slability or instability in terms of the mag- 
nitude arui distribution of one variable (C), instead of the several variables previously 
employed. It also appears that, in a gootl percentage of eases investigated, a correct 
forecast may be issued with relatively small reliance on general experience. 

PROCEDURES AWD TECHNIQUES OF ANALYSIS FOR CUMULUS ACTIVITY 

The procedures and techniques suggeste<l Ix'low arc designed to meet two tieeds: 
(1) to giv<> additional inforination to the experienced analyst through convenient 
use of the slice or <'oiiV<'el ive-e«'ll inetlnMl and (2) to establish systematie routines by 
which the nonexpert may improve his analysis and forc'cast. 

Surface Synoptic Chart. Kxuniiiie the surface synoptic chart to answer the 
(luestions 

1. What air mass is expert<>d over the station? What moditications are expected 
ill it during the forecast period? What will be the trajectory of the air arriving over 
the station? What changes may be exiM'cteil in moisture content in lower layers? 

2. What fronts are in the vicinity? What is the general How pattern (convergent 
or divergent)? 

3. What is the expected cloud cover? Will insolation be sufficient to remove night 
ground inversions? 

4. Is the stiition in a region of a dynamic anticyclone? 

5. What is the expected maximum temperature? 

6. What surface winds will prevail through the foit’cast period? 

In many cases, the analyst can easily make a correct forecast from the synoptic 
chart alone. If the answers to the above questions show that intense cumulus 
activity is possible, he should proceed to use other data. In passing, it is always 
wise to consult a reliable climatological atlas unless the climute is fumiliiir (see 
Sec. XII). 

Upper-ail Charts. Examine the constant-level charts, the isentropic rharts, the 
constant pressure charts, and the pilot-balloon charts to answer the questions. 

1 . Is the air over the station unusually wet (dry)? What ehunges are expected? 

2. Will mixing along the isentropic surfaces increase (or decrease) the moisture 
content? 
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3. Is upslope (or downslope) motion expected along the iaontropic surfaces? 

4. Will the upper winds increase so rapidly with elevation that the tops of cumulus 
will be sheared off and dissipated by horizontal turbulence? 

5. Is the flow pattern convergent (divergent) over the station? What levels are 
affected? 

6. Will adveetion aloft bring in colder (warmer) air? What levels? 

Radiosonde Reports, hlxamine radiosonde reports from the station and from 
one or more stations upwind to answer the questions 

1. Is the atmosphere clearly so stable that cumulus activity will not occur? Such 
is generally the case under a strong subsidence inversion. 

2. Is there sufficient moisture present to permit clouds? 

The radiosonde reports plotted on a thermodynamic diagram will also pcmiit a 
quick estimate of the situation by either the parrel method or the slice method. 
If the parcel method shows absolute stability for air carried above the convective 
condensation level ((XU..), no cumulus will show any appreciable ilevelopment. If 
the parcel method shows a positive area, the slice method should be applied. A 
quick qualitative estimate may be made by inspection. If the sounding shows near 
saturation everywhere and has a lapse rate clow to or leas than the wet-adiabatic, the 
atmosphere is stable. If the sounding is wet and lies appreciably to the left of the 
wet-adiabatics (greater than wet-adiabatic lapw rate), cuiiiulus /orniution may be 
severe, if the air aloft is dry, the atmosphere is stable except when liftcel frontally 
ororographically unless the sounding shows a lapse rate greater than the dry-adiabatii*. 
Stability from the surface up through 10,000 to 15,000 ft will almost always stop 
extensive cumulus activity. 

Slice Method Procedures. After analysis of the synoptic chart, modify the 
appropriate sounding accordmg to what type of convcc'five activil.v is expected. 

1. Cumulus Due to Surface Healing, (o) -Mark the convective eoiidensHtion level 

(Cdj) of the air in the surface layers. The (XX. is loeated at the intersertion of the 
sounding with the saturation mixing ratio line equal to the average mixing ratio in 
the lower layers. Hiile: Take the average mixing ratio to be the arit limetieal mean 
of the mixing ratios transmitted for the lowest three signifleant levels plus 2 grams per 
kg. The 2 grams added are to take account of the- usual diurnal increase. Circum- 
stances may iiidieate that a greater orleisser value .should he addisl (t.g., surface winds 
coming from wet or dry terrain). The addition nstially lowers the CX'I... (f>) Draw 

the dry-adiahatie intersecting the CCL fnim the t'CL to the surface isobar. The 
stratum between the CCX and the surface isobar is the source of velocity perturbations 
to the upper layers; this is called the turbulent surface layer. The temperature at the 
intersection of the surface isobar and the dry-adiabatic is the temperature to which 
the surface must he warmed before cumulus activity may become pronounced. At 
lesser temperatures, velocity perturbations will not exist at the CCL. Creater surface 
temperatures will increase the magnitude of the turbulent transfer and, consequently, 
the magnitude of the perturbing velocities. 

2. Cumulus Due to Frontal or Orographic Lifting. If the initial lifting of the air 
leaves undisturbed its barotropio condition, the slice method may he applied. Some 
account should be taken of divergence and convergi'iiee in inquirtarit eases. The 
general effects of lifting may he determined by computing C (circulation acceleration) 
after modification of the sounding us follows; (o) Move the surface level isobarically 
to the expected temperature before the frontal passage for as the air approaches the 
orographic barrier), (b) Lift each significant point of the sounding (surface point 
after the above change) adiabatically a predetermined number of millibars. It is 
generally sufEcient to hft each level the same amount in niillihars, thus assuming 
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there is zero convergenre. Hic amoiuit of lift will depend on the slope of the front or 
the orographic barrier. In praetiee, it seeniH b(>st to lift all points 100 mb. The 
analyst may then use his judgment to decide whether in this particular case a greater 
or less lift should have been employed. 

3. Make a mental note or jot on the thermodynamic diagram what minor 
ehanges are expected in the sounding between the time of the sounding and the time 
of expected cumulus activitj’. Pay particular attention to ehanges expected in mixing 
ratio and temperature aloft. (Sev a rec-ent paper by Martin* for discussion of ehanges 
due to adveetion.) When current upper winds are available, show their values on 
the thermodynamic diagram (see illustrationB on succeeding pages). 

4. Divide the sounding into layers. Tlie lowest layer lies between the CCL 
and the first significant level above it. Other layers lie between consecutive significant 
levels above. Kach layer is considered separately in the analysis. It is usually 
aullieient (and desirable) to proceed to the limits of the first “raob” transmission (400 
mb). When aerograph soundings arc used, this elevation is generally not reached. 

5. I.ahel each layer ns "wet” or “dry." A layer is said to he wet when per- 
turbing velocities produce condensation in the upward currents. A layer is said to 
be dry when there is no condensation in upward currents. Huh: Kxpcrience indicates 
that in mid-latitudes a layer may be assumed wet whei> the relative humidity is greater 
than about 70 per cent; otherwise the layer is taken to be dry. 

Note: 'I’hisstep is clearly very important. P'or the sign of Twill generally depend 
upon w hethor the layer is wet or dry. In ease of doubt, use anotluT sounding if avail- 
able. It is some! inies desirable to make eoniputation for a layer both wet and dry. 

6. Determine the circulation accelerotion for each wet layer separately. Tho 
equatioik for wet layers is 

K yA ^Mj \yuM/ 

where A' = H In -- - yut'' At 

and C = circidation acceleration (positive for instability) 

M'/M = ratio of the masses of ttscendiiig anil di'sci'iiding currents of air in a 
convection cell 

y, 7 ,y, 7 m = actual lapse rate, dry-adiabatic lapse rate, and aet-adiabatie lapse rate, 
respectively 

H = gas constant for the air 
Po and Pi = pressures at bottom and top of the layer 

v' = magnitude of the ascending velocity in the cell 
At = duration of the velocity pi'rturbation 


(HI) 

(IV) 


Note: The ratio M'/M may be interpretcsl in terms of the expected cloud cover 
at the start of the cumulus activity (m casts clouds are due to surface heating). In 
fart 


Cloud cover “ 


M’ M 

1 -I- (M'/M) 


Figures 4 to 9 give for convenience the value of C/K for different ratios M'/M and for 
all likely lapse rates. To apply the above equation proceed ns follows: 

a. For each layer separately mark off the temperature change along the sounding, 
the dry-adiabatic, and the wet-adiabatic. The average values of the latios of the 
lapse rates through the layer arc given by 

7- _ AT. ^ Ar_ 
yt A2’i yd ATd 


( 17 ) 
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Fio. 4. — Nomogram for eirculaiiou acceleration. (C/JC.) 
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The procedure is illustrated in Fig. 10. Alternatively look up the mean value of 
7 k in Fig. 33 or Table 74 in Sec. I. Care should be used in finding these values. 

b. Select a value of M'/Af. Rule: Experience indicates that in mid-latitudes 
M' IM will be from 0.20 to 0.30. Reference to the figures shows that, if a layer is 
slightly unstable for a pertain M'jM, it is more unstable for smaller Al'/M and stable 
for larger Al' /Ai, I^se Ai' /A1 = 0.3 first. 

r. hlnter the appropriate figure (for selected Al' lAi) with the ratios ym/ya and 
y/ya. Road off the value of CJK (positive or negative). Record this value on the 
theriiiodynamic diagram in the layer. 




EsissKiilfB 



0 0.1 0.2 03 Q4 05 06 0.7 0.5 0.9 10 0 0.1 02 03 0.4 0.5 05 0.7 08 09 1.0 

-TmJyd ym/7d. 

I'lu. 5. -Noiiiograiii fnt ciiculatioii acccler- Fio. G. NuiiiUBiaiii for cirrulatinii acceler- 
ation. atiou. 

d. Take the thifkiiess of the luyer into account, rsing dividers or marks on a 
piece of white jiaper, iiicusurc the iiii<‘ar distance between isobars for the layer. Use 
08 scale the linear scale for temperature at the base of the pseudoadiabatic diagram. 
Thus a layer will be so many “degrees centigrade thick” (sec Fig. 10). This choice of 
unit is arbitrary but has the advantage of convenience. Record this thickness in 
the layer. 

r. Multiply CjK by the thickness of the layer. Record this product in the layer. 
In the arbitrary unit* seUrted, this nuinhrr is the stability of the layer. 

Notu: The value of C may be computed in specific energy units le.g., joules per 
gram) if desired [see Eq. (IV)]. 

7. lleterminc the circulation acceleration for each dry layer separately. The 
equation for dry layers is 
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where the symbols have the mpaiiinK used in Eq. (IV) above. It will be noted 
that d/K is negative unless the sounding has a suprradiabatic lapse rate. Since this 
is unlikely in the upper air save for very thin layers, the effect of dry layers is generally 
stabilizing to initial velocity perturbations. 

Note: When a dry layer overlies a wet layer that becomes warmed because of 
cumulus formation, the lapse rate will increase appreciably, and instability will 
develop. 

o. Find v/ri as in Eq. (171 above. 

b. Use same JH'/M as in wet layers. Compute d/K by 8im])le multiplication, as 
shown in Eq. (I). 

c. Multiply 6/K by thieknesu of layer as in wet las’ers. Record final 6 in the 
arbitrary units explained above m the layers on thermodynamic diagram. 
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I'lQ. 7.— Nomogram for ciieulation accelei- Fig. 8 .— Nomogram for circulation accoler- 
atiou ation. 

Note on Computal-ion. In the rather rare cases when lapse rate and moisture dia- 
tributiop are almost constant through la>erB thicker than those transmitted on the 
teletype sequence, it is> correct to apply the above procedures to the thicker layer os 
if it were one. Particular care must be taken t-i obtain average values for the patios 
of the lapse rates m such cases. In working up a sounding, read off lapse rates to the 
nearest 0.01 °C per 100m. MeasuretliiekiiehsoflayerBtothcnearestO.lO'C. Reeord 
final C to the nearest 0.1 arbitrary unit. 

Distribution of C- Figur<-s 11, 12, and 13 show the Order of magnitude of C' in 
Bome general cases. Figure 1 1 is a skeleton pseudoadiabatie diagram [JV Ait. 448(f)]. 
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Tlip numbers in the rectanf^lar blocks (each 1 00 mb by 10°(1) show, readinR from top 
to bottom; 

1. The average ratio of the wel-adiabatie lapse rate to the dry-adiabatic lapse 
rate in the block (a pure number). 

2. The value of (! in the arbitrary unita explained above for a sounding that is 
saturated along the dry-adiabatic tlirough the middle of the block — a very unstable 
case. 

3. The value of 6 in same units when the sounding is saturated, M'/M — 0.3, 
and the lapse rate is the mean of the wet- and diy-adinbatie lapse rates for the bloek. 

4. The value of 6 in same units when the sounding is saturated, M'/M = 0.3, 
and the lapst' rate is equal to the average wet-adinbatie lapse rate in the block. 



Temperalure.'C. 


Tiu. 11.^ — Average wet-adiabatic lopHe rates and cirrulation aceeleiation for various lapse 
rates tlirough lOU nib iiiteivals. t<ec KEY in figuie. 

Reference to Fig. 11 will prevent any gross errors in ealeulation. It will be not<-d 
tliat interpolation from block to block is not linear. 

Figure 12 shows il computed for average values of mV air in summer in F.urope. 
It will be noted that the. atmosphere is unstable below 900 mb ; above 900 mb there is 
considerable stability. Figure 13 shows C for cP air in summer in Kurope. The air 
is very stable in its lowest 100 mb. From 900 to 800 mb there is some instability. 
Above 800 mb the sounding is stable or neutral (700 to 600 mb). All layers have 
been assumed “wet” and M'/M taken to be 0.3 in the calculation. Both figures 
are for average conditions. 
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THUNDERSTORMS AND THUNDERSTORM FORECASTING 

Three major ronsidoratioii!) arise in a study of thunderstorms: 

1. AT eteorologicnl problem: What are the eonditions of the air inasafea) eoneernod? 
What lifting will oeeur? W'here and when will thiindiTstorms occur? W hut will be 
their violence? 

2. (itrncture and li/e hiaUtry: What is the physical structure in the thunderstorin 
throughoxit its life history? What arc the probable trajectories t)f various thunder- 
storms? 

3. Operations: What instructions will be issued to personnel who will be in or in the 
vicinity of thunderstorms (aloft or at the surface)? Whiil nieasures will be taken to 
safeguard equipment? 

The meteorological problem must be solved by Ihi* meteorologist. lie may be 
guided in his conclusions Iiy pilot report.-*. The structure anrl life history of thuiwh-r- 
storins will be understood only through ibe wholehearted eooi^eration of meteorologist 
and pilot. Without this cooperation, forecasts will bo issued m terms not understood 
by the pilot. The too often earth-lmund aerologist must rely on the descriptions 
given by the man who has flown the weather. 'Ibe question of what to do about tins 
weather is the final responsibility of the operations officer. Ho cannot make the 
correct decisions without correct forecasts from the aerologist. 

General Structure and Description of Thunderstorma. thunderstorm consists 
of a core of uprushing air fed by an inrush of air from the front ■ if tin- storm. Inertia 
carries the rising mass far above its equilibrium levi-l. 'I'he toj) of the rising column 
finally falls over and pours d*)wn. (’old rain, Imil. or sitow nmy assist in cooling the 
downdrafts. 'Phese increase in violence and .sometimes reach tin- .surface as cold 
currents. A strong downdraft is usiiall.v foiiiKl immi'diiitel.v behiml fli<‘ updraft, 
until the air further to the* rear si-ltlmg more gradually. 

The intensity of a tluuKlcrstorm is an indefinite term. One .storm may jirovidc 
strong tiiTb*ilence and hnil at a station while le.ss than a mile ana.v tlx- storm is con- 
sidered mild. Moreover, the s(-verity of the sl*irii;i msy change greatly in an hour's 
titm . At the right time ami place, the conditions witlim a locsdiml couveetiv*- 
thunderstorm can be just a.s bad as they arc- ,ct any spot in a long line .s(|indl 'J’hi- 
classification of thundenstorms must be b.-,-ssl hirgelv on nhat .starts them ofl. .'dter 
they have commenced, the n.ssociat<-d liirbul'-nce and pn-cipilatioti will m-iii-nd on 
what the st met lire of the atrao.sphore w:us when tiny .stinted and upon how it modifies 
as they progress. 

Note; Xo tliumlerstorm will be reiiortecl as “mild ’’ by a pilot caught in its center. 

There is no reliable method of rc-cogni/ing in advance a tlmnderstorm that will 
prodiiee large hailstones, ft iqipears tli.at large hailstones occur In eonvi-etive tlnm- 
derstorms as often as in line squalls. .Vbout one storm in KOO on tin- T)enver-N'ew 
Vork airway produces hail us large as walnuts. Chie in .5, IKK) ]>rodnees hail as largo 
as baseballs. Large hail apjiears more frequi-ntl.v when the ba.se of the unstable r<-gi(m 
is below 7,000 ft and when hip,se rates are per 1,000 ft or gri-afer. The moist 

la.ver generally stradilles the freezing level ami is at least l.o.OOO ft deep, flail some- 
tiraea occurs only in a very small column of the .storm. Severe hail has been observed 
to full apparently from the blue sky close in advanc-u of and beliind the storm. 'Phis 
has apparently formed in the chimney ami Wn thrown out at the top. 

It appears that lightning strikes on airplanes are more eommoii in cuitiulus- or 
thunderstorm-type clouds and preeipitation at s temiierature within 0 deg either side 
of freezing. The majority of strikes arc proemlod by St. Klmo’s fire (coronal dis- 
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charRC, visihlr at iiiRht). This bcRina when precipitation is encountered. Static 
in the radio and turbulence generally increase with the increase of the St. Klmo’a 
fire. The entire cycle including the strike often takes place within less than ^ min. 
'I'lie strike may often be avoided by choosing a new flight level. Pilots should turn 
on the coekpit light and Watch the instrument panel to guard against being blinded 
by flashes. Striietural damage to the aircraft is unlikely. The radio and flight instru- 
inents may be pennanently damaged by a strike; they will generally be temporarily 
out of commission at least. 

'rurbulcnee appears to occur largely at the boundary surfaces between vertical 
eurreiits. A number of exporienees have been reported in whi«'h the plane has been 
ciirried rapidly hut smoothly within a strong VJsrtieal current. More frerjucntly 
the elTeet is that of n ‘‘sharp (slge gust.” Aceelerations up to lOg have been reeorded 
by aircraft. Visual evidence of turbulence is given by the scud roll observed at the 
forward tnlge of a typical thunderstorm Iwtween an upilraft and the following down- 
draft. iStrongc'st vertical currents generally occur in the lower two-thirds of the 
tluind<-rcloud. 

(iiiatv winds and wind sliifts generally accompanying the passage of a thunder- 
.storiii over the station may iiverturii grounded aircraft. Loose gear may be picked 
II]) and tlirown against other ohjects, causing considerable damage. Meteorologists 
are eviieeti-d to notify hangar )iersoiiiicl in advance of such winds. 

Two tilings are necessary before a thunderstorm will occur; (1) a potentially 
unstable atm(is|ihere with some of the air warmer than 0'’(’ and (2) a trigger action to 
start tile vertical motions. TliimderstormH ait' generidly classified according to the 
manner in which the v(>r(ieal niolions are started. Once started, the potenfial 
iiistaiiilitv of tile atiiiospliere i.s turned into real instability that produces strong 
vertical velocities and the attendant thiinderstorm. 

Thunderstorm Types. Tiiuiidi'rsturius may be clas.sifled as follows: 

1. Air-mass thunderstorms. 

a. Convective. 

b. tfrographie. 

r. Xoclurnal. 

li. Iscntrojiic. 

2. I'Vontiil thunder-storms. 

a. t'old front. 

b. I’refrontal. 

r. tt'arin front . 

(/. Stationary front. 

c. I’pper front. 

It should he noted that the thunderstorm occurs in the warm air mass in all cases. 
Ill air-mass thunderstorms, this is obvious, for only one air mass is in the vicinity. 
The stnteiiient is still true when cold and warm air iniusses are present and the thunder- 
stnrni is fnuital in character. In this case, the cold air serves only as a means of lifting 
the warm air, thus triggeriug olT its instuliility. 

Convictive tiumderstoriiis occur with greater frequency than any other t>’pe and 
arc eoiiimon to most temperate latitudes during the surnnier months. Other names 
aie fl) heat thunderstorin, (2) thundershower, (31 local tlumderstorm, and (4) thuii- 
dcrscpiall. The triggering action is provided by perturbations of velocity, local in 
character, from the turbulent surface layers of the air after they are heated by the 
sun. (‘haraeleristics are (1) rapid development, (2) small area, (3) slow mov'ement, 
(4) intetiHu local prt'cipitation, (.'ll strong downdrafts and local squalls, (61 risk of 
local hail, and (7) rlissipate by midnight at the latest (over land). They are most 
eominon at the time of maximum temperature or shortly thereafter.' 
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Orographic thundcistornis occur when conditionally or convectively unntable air 
iH lifted by the terrain. Very rapid development and rather large area covered are 
characteriatic. The atorm frequently remains stationary over the elevated land 
causing its start. It is fed by new supplies of moisture brought in by fresh air. 
“Cloudbursts” are generall.y caused by orographic tlmndi'i storms. Contact flight 
should not be attempted beneath such storms, since they have a tendency to hug the 
peaks. Hail is a common feature in terrain such as the eastern slopes of the Itockies 
south of Montana. The orographic thunderstorm is fniquently found along with 
frontal thunderstorms. 

Nocturnal thunderstorms arc common in the plains states between 2200 and 0600. 
They arc generally scattered. They are frcciuently due to radiation from the top of 
the moi.st layer. Nocturnal thunderstorms are often associated with obscure over- 
running conditions in which a weak warm front was indicated on the surface map. 
Factors that seem to precede these storms arc (1) a wc'ak warm front overrunning from 
the southwest, (2) a convectively unstable air muss, and (3) altocumulus or strato- 
eumuluB clouds, generally broken. 

/aentropir thunderstorms occur as the result of ismitropic vertical displacement of 
a convectively unstable air niHhs. These may be associated with warm-front or 
nocturnal tluindersforTns in inuny' eases. 

CoM-froni or "line-squall” thunderstorms arc started by tlii' lifting of convectively 
unstable air by the intrusion of the cold air along a cold front. 'I'hey occur in the 
warm air. (Ireater energy is generally releast-d when the front moves rapidly and/or 
when it has a steep slope. The thundersloims on u cold front may piTsist along 
hundreds of miles of the front. Hence the name bin xquall. The storms are generally 
intensified in the afternoon and weakened at night. This indicates that eonvectivo 
action in the day is a large factor. In some eases, thi‘ coutra.^’t in thi‘ air masses is 
80 great that very violent storms occur even at night Toivigraphical features distort 
the nucroscopic structure of tlic front and cause great viiriation in the strength of 
storms along it. Thunderheads at 12,000 ft or so arc frequently separated by clear 
spaces. At other times, the cold front may present a srilid wall rising above 40,000 ft. 

Prefrontal thunderstorms, often without breaks, sometimes develop between 7a 
and 300 miles ahead of a cold front. Thc.se storms arc most active from afternoon to 
midnight with a concentration around the end of tin' afternoon. During the period 
of greatest activity, the original cold front b(s-omcs greatly weakened but intensifies 
again after the prefrontal line squall diHsi[>ates. These stoim.s are frequently accom- 
panied by tornadoes in the TTiiitisl States. There are various explanations for the 
development of these squall lines (see pnge 653b .No completely reliable procedure 
for forecasting nil prefrontal line squalls is known. 

irarm-/roiit thunderslurins are relatively' infrequent. In geni'ml, they oepur 
at high altitude. They then give showers supi-riiuposed on the usual warm-front 
weather. ' High-level storms appear to be most active from later in the evening to 
sunrise anil li'iist active in the afternoon, the reveise of the eold-fnmt type. This 
fact may be due to radiation from the top of the moist layer at night. When the 
instability of the warm air is great, the storm will occur after only slight lifting and 
may become violent at low levels. 

Thunderstorms produced by utallonary or quoKi-nlatimuiry fronU may have warm- 
front or eold-front ehiiraetprislies according to the slight movement of the front. 
Violent storms may result, especially if the front is near the edges of cold water in the 
spring. 

V ppt r-cohUfront thunderstorms are similar to the warm-front type but are usually 
more severe, nicy oeeur along tli- upper cold front where the lifting of the warin 
air ahead of the front is greatly increased. Ihere is a layer of stable air bpiieutli the 
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Htorni base except where the upper front becomes a surface front over higher country. 

Time of Occurrence of Thunderstorms. Unless the climate of the region is 
familiar, the forecaster should roiisult a reliable climatological atlas (see the section 
on Climatology, page 995). Convective thunderstorms are most likely tooceur when 
the temperature of the surface minus the temperature of the air over the surface is a 
maximum. Such maxima occur over land in the afternoon and over the oceans at 
night. Frontal thunderstorms occur whenever the unstable air is lifted by the front. 
They are likely to be most violent when aided by convective activity (cold front) 
or radiation from the top (warm front). 

Forecasting of Thunderstorms. Tliundnrstorm forecasting may be done a few 
hours ahead with a little praotiee hy observation of the clouds. Flat cumulus that 
show no tendency to develop indicate stable conditions aloft and no possibility of 
thunder or showers. If towers show, precipitation is prohalilc. If the clouds show 
higiis of icc-ery.s(al development, pre<-ipitati(m with thunder is certain. liadio static 
increasing is fri-quently a good sign of approaching t huiiderstonns. 

From the pseudoadiabatic diagruin it is jKissible to determine certain properties 
of the atmosphere iw they existed at the time the sounding was made. Allowance 
must bi' made for modifications between the time of the sounding and the time of 
))ossible t bunderstoriii development. -Vll information available from npper-air data 
and pdot reports should be used. I.apse rates in the atmosphere under thunderstorm 
conditions arc getn-rally between 3'^ and 5'2°F per 1,000 ft. In general, the steeper 
the l(ips<> rate (the nearer to deg), the more unstable is the atmosphere. Lapse 
rates liy thenisi-lvea .are of little use since even n nU'op lup.se rate i.s not serious if sufK- 
cient moisture, initial perlnrliations (lifting forei's), ami other factors are not available. 

Farly-morniiig inversions will geiK'rally be eliminated by enrly-dny surface heating. 
Inversions at higher levels may limit the development to stratocumulus clouds. 
Wlieii strong diffcreiioes of wind exist at different levels, uir>mass thunderstorms fail 
to appi'ar cvi'ii when other conditions are right. This is probably due to shear and 
turbulence in 1 li(‘ liorixoii tal. I.ow-pres.sure arena and troughs generally favor thnnder- 
sloriii.s. {'onvergciicc effects may be dominant even when fronts are not present. 
Ispiitnipic upslope mot inn iiiny produce tliuiiderstorins over wide areas. 

Thunderstorms in in id-la titudi's in other than the summer season will not generally 
extend to great heights. Tliunderstorms in the tropics at any season, and in summer 
in mid-latitudes, may extend to great heights. Pilots have reported the tops of 
eumuloiiimbus elauds wi'II above .50,000 ft. The deeper the storm, in general, the 
more intense it is. 

Detailed procedures and techniques for foreeasting thunderstorms due to con- 
v'eetive activity will be found on pages 703 to 711. The methods follow some of the 
original ideas of .1. Hjerknes. The parcel method is discussed on pages 402 to 405. 
Frontal and orographic thunderstorinb are forecast after the atmosphere is found to be 
unstable to lifting in layers. The effects of the lifting arc discussi'd on pages 405 to 
408. The effects of convergence and divergence arc discussi'd on pages 407 to 408. 
A disenssioii of how to estimate the sign of divergenee or convergence that will occur 
in a given flow pattern is given on pages 813 to 815. The physics of condensation 
and pn'cipitatiun is given on pages 252 to 262. The thermodynamic approach and 
the general analysis of thermodynainic diagrams are treated in See. V. 

The discuHsiuns referri'd to almve are eomplete in thcmaelves. A thorough under- 
standing of their principles is requisite to correct forecasting in the wide variety of 
Hitustions that muy develop. It is impossible to illustrate all possible combinations 
of eircumstaiiee.s; tin* understanding that comes from a knowlixlge of the principles 
plus experience will ensure the best possible forecasts. From n combination of 
experience and principles, the individual will deduce his own set of forecasting rules. 
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Since a long set of such rules is unneecssorj' for fhe exj>crieiieed nuui ana is likely to 
provide unwarranted confidence in the beginner, no such set is given here. 

It should be noted that the forecaster can hope to do no more than determine 
whether thunderstorms are due in the vicinit)', their proinible liiiu* of dei'elopinent, 
and their probable severity texpreased in terms of vertical di'velopiiieiit, turbulence, 
hail, etc.). Forecasts of exact time and place of occurrence are almost impossible 
except after long experience with the terrain in question. 

EXAMPLES OF ANALYSIS AND FORECAST 

After the routine work of finding the distribution of f’ along the Hounding is done, 
the forecast is made. A few general rules for forecasting may be given, but emphasis 
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clear to severe thuiwlerstorms and liail. Expericnee and ronstant attention to all 
available synoptie data arc required before correct foreeastH can be made in some 
easen; in otliers tlie distribution of <? is so strikine that a correct forecast rnny be made 
l)v a beginner. 'I’he follfiwing statements may !«■ uwd as guides: 

1. The distribution of f"' worked up fora sounding i.‘ for the siitinding as modified; 
the analyst must decide iroin synoptic data what other modifications will occur during 
the forecast period. 



Fill, 15. Soiiiiding for \V:o-liiuatoii. June 29, 19411, OUlK) KW"!'. 


2. Dry layers aie stable uiih’ss the liqiM' rate is siqieradiabntic. 

d Wet layc'r.s are stable unk'ss the lapse rate is appreciably greater than th(> 
wet-adiabatic lapse rate. 

4. The tune factor may be considered qualitatively. Thus perturbations per- 
sisting for several hours in layers where f' is positive will result in velocities large 
I’liough to penetrate thin stable layers above. 

5. 'Phe magnitude of tin- initial perturbstions may lie considered qualitatively. 
Thus impulses from a thick tiirhulciit surface layer in which the wind is strong will be 
greater than if light winds were present in a thui surfaee layer. 

9. Wh(>n is positive for all layers separately, the instability will certainly result 
in cumulonimbus, thunderstorms, and hail- 
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7. Whpn C is negative for all laj'crs separately, the stability present will pn'vent 
any cumulus formation. 

8. Wien C summed over all layers is positive and greater than a eertain magni- 

tude (depending on the scale used to aeeouiit for thickness of layers), cumulus activity 
is certain. . , . , 

9. When C summed over all layers is negative and its absolute magnitude is large 
enough, extensive cumulus setivity is inijKissible. 



10. >^rn C is alternately positive and negative up the himnding (the usual ease in 
nature), the analyst must pay partieular attention to the locution and thickness of the 
layers: 

a. It positive C occurs through several thick layers and clusters around the 0-dcg 
isotherm, thunderstorm activity with precipitation is pnibable. 

b. If positive 6 occurs only well below the 0-deg isotherm, cumulus clouds may 
form (extent depends on thickness of layers in which 6 is positive), but precipitation 
is improbable. 

Noi'e; Precipitation is not uncommon in the tropics even when the tops of the 
cumulus are well below the 0-deg isotherm. 

Figure 14 is plotted from the teletype sequence for Washington, D.C., .Tune 28, 
1943j 0000 The synoptic situation was such that the early day was expected 
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to he clear. The maximum temperature expected was Q2‘’F. The average mixing 
ratio in the turbulent surface layer was assumed to be 19 grams per kg, since a con- 
sidornble increase was expected during the day with southerly winds. The CCL was 
at about 884 mb. The parcel method showed a substantial positive area. Wind 
aiiear aloft was not expected to be excessive. Considerable moisture was found at all 
levels. On the basis of th<‘ parcel niethml, thuud(‘rstornis were forecast for the area. 

The slice-method analysis gives {Kisitivc with considerable instability up to 
71.S mb at 10°('. Above this layer, there is great stability except for the relatively 



Fio. 17. — Sounding for Washington, I).C., Apr. Ii7, 1944, 0000 EWt 


t Iiiii layer FG which has positive 6. The table shows (? computed for M'/M •• 0.2 and 
0.3. Since the instability is confined largely to layers below the 0-dcg isotherm, and 
since xC is negative and large in magnitude, partly eluudy should be forecast on the 
basis of the slice method. Observation at Annapolis on June 28 showed about one- 
fourth cloud cover from 0800 KWT throughout the day; cumulus humilis wore logged 
with bases estimated at 3,500 ft. Maximum temperature attained 90°F. Winds 
were about southerly, Ucaufort 4, throughout the day. 

Figure 15 is plotted from the teletype sequence for Washington, D.C., June 29, 
1043, 0000 EWT. Circles and letters A, B, etc., represent the significant levels The 
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parcel method again shows a positive area. The slice method again shows great 
cumulus activity improbable from surface heating. The synoptic chart showed, 
however, that a cold front of good depth and strength was expected to pass Annapolis 
about 1400. Therefore the 6 was computed for the “lifted sounding.” ITie points 
in squares and with letters A', B', et<-., represent the result of lifting the sounding point 
by point. Eaeh level was lifted 100 mb. The lift is along the dry-adiabatie until 
saturation and then along the wet-adiabatic until the 100 mb have been passed. The 



Flo. 18. —Sounding for Lake Charles, La., Mar. 27, 1944, UUUU EWT. 


resulting C for the lifted sounding with d/'/.U = () 2 is shown for each layer in Fig. 1 5 
The pseudo-wet-hulb potential temperature decreases about 5°C through the sounding 
The distribution of C shows instability through and below the 0-deg isotherm with 
great instabUity from F' to G'. Fair stabiUty exists from B' to E'. There is insta- 
bility in the lowest lifted layer. The sum of <? is positive. On the basis of instability 
around the 0-<leg isotherm, frontal passage expected during period of maximum insola- 
tion, and considerable depth to front, thunderstorms should be forecast. Hail is 
unlikely, since the total instability in lower layers is smuU. The thunderstorms should 
bo "moderate." Obsen-ation at Annapolis on June 29 showed light thunderstorms 
and showers beginning at 1330. The cold front passed the station at about 1430 
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Note: some allowance may also be made for convergence. Thus, if the flow is 
convergent in the layer BC, for example, one should lift level C more than B. When 
the flow is divergent, on the other hand, the final spread between the levels in millibars 
is less than it was originally. 

P’igures 16 and 17 show extreme stability. In the Miami sounding, the stability 
is ]irodueed by the effect of a dynamic high centered about 400 miles to the northeast. 
All layers aloft are dry. In the Washington sounding, the stability is produced by 
iidvection aloft of warm moist air. These examples are stable by any analysis. 



Fio. 10. — Sounding for Brownsville, Tex., May 4, 1044, 0000 bWT. 


Figure 18 is for Lake ('harles, La., Mar. 27, 1944, 0000 EWT. The sounding 
levels are shown by circles and letters A, B, etc. It is desired to know the result of 
lifting. Each level was lifted 100 mb; the result is shown by squari's and letters A', 
B', etc. The distribution of d shows great instability through and around the 0-deg 
isotherm. On the basis of the slice analysis, s«’ven' thunderstorms and hail should be 
forecast for this lifted air. Actually, when a strong cold front lifted the column 
sunii'tiiiip later large hailstones fell at Memphis and Nashville. 

Figure 19 is for Brownsville, Tex., May 4, 1944, 0000 EWT. A cold front was 
expected to pass the station sometime after 1200. The lifted sounding (100 mb) 
and the distribution of (5 is shown in the figure. There is strong instability in lower 
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layers and neutral equilibrium through the 0-deg isotherm. Sinee the front is expected 
close to the time of maximum insolation, thunderstorms should be forecast. “Slight- 
intensity ” thunderstorms 4 hr ago were reported by Brownsville on the 1430 map 
of May 4 with the cold front by the station. There was a trace of precipitation. 
Present thunderstorms of moderate intensity were shown on the same map. 

Figure 20 shows another case of the effect of considi'rable dry air aloft and of the 
time of frontal passage. The sounding as received shows moderate instability around 



the Meg isotherm. Insolation was not expected to give c<.nve.-tive thunderstorms 
A cold front was expeete<l during the afternoon. The lifted sounding shows instability' 
and thunderstorms were forecast. Actimll.v the front did not pass Annapolis until 
very late evening. A light shower was loggisl beginning at 2030. Hhowers eon- 
tmued throughout the night. No thunder was logged. Washington on the other 
hand received moderate thunderstorms with showerb in the late afternoon 

‘•nrly autumn. 

0000 lo'al time The pareel method shows a tremendous positive area. On taking 
account of the dryness of the atmosphere, the slice method shows stability Using 
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a slightly different version of the present method, partly cloudy was forecast. Obser- 
vations show<‘d }-io Cu, 0 As from 0600 to 0900; Cii, ffo Ci from 1200 to 1600. 
No convective clouds seem to have penetrated the stable dry layer BCD. 

Figure 22 is a sounding taken at Henlow (llcds), Kngland, 0600 OMl', June 25, 
1935. The parcel method shows a mmlerately large positive area. The slice method 
shows all layers unstable up to 700 mb. .Mmve 700 mb there is rather small stability, 
finec C' is uniformly positive llin.upli all lower layers, severe thunderstorms should 



be forcs-ast. Observations showeil clear sky in the early morning. Violent thunder* 
storms occurretl all over soiitluTii Fiighind shortly after noon. Maximum tempera- 
ture attained 81 "K. 

Figure 23 is a .sounding taken at Pasadena, Calif. Cumulus clouds were already 
in i-vidcnce at the time of the flight. The distriliutiou of (' shows that clouds will 
carry well past the 0-deg isotherm with considerable velocity. Thunder and kail 
should be forecast, particularly since some orographic lifting will occur in the vicinity 
of Pasadena. Observation showed light thunderstorms and considerable hail and 
showers bt'ginning at 1245, 
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FOG AND FOG FORECASTING 

By .1. F. O’CoNNOK 

Fog results from the condensation of atmospheric water vapor into water droplets 
that remain suspended in the air in sufficient concentration to reduce the surface 
visibility below 1,100 yd. Saturation of the air and the presence of sufficient nuclei 
of condensation are usually neceasary for fog formation. In some rases, however, 
deliquescent nuclei may produce foggy air with K'lative humidity considerably below 
100 p«-r cent (see page 2i'55). These nuclei are frequently found in industrial areas _ 
in the form of sulfur compounds resulting from combustion, and also in masses of 
air with large concentrations of hygroscopic salts due to previous trajectory over 
oceanic areas. ’ 

'I'he principal physical processes that cause saturation arc evaporation and cooling. 
The common types of fog resulting from each process are 

1. Kvaporation fogs. 

a. Frontal fog. 

b. Steam fog. 

2. Cooling fogs. . 

o. .\dvcetian fog. 

b. lladiation fug. 

c. Inversion fog (stratus). 

tl. Upslope fog. 

Frontal Fog and Stratus. IVIk-ii warm rain falls through cold airj'c.p., at a frontal 
surface, supersatnrntion develops owing to evaporation from the warm rain into the 
cooler air, ui\d coiuleuwitioii on the nuclei procwHls, forming stratus cloud or fog, '"It 
tlic air through which the wiiriiier rain falls is origitially un.satiirated,^ will be cooled 
to its wet-bulb temperaturd by tU<' evaporation process. ■'‘Thus, ’wherever the rain 
temperature exceeds'the 7',„ of "the cold air,'^tratus or'fog will form. Oeorge^ has 
show'n that pre-wnriu-froiital fogs offer the grenb-at obstacle to operation of scheduled 
flying during winter mouths in the aoxilhem and eastern Tnited States. 

^JlFthe rear of fast -moving cold fronts, fog does m)t result from this process, owing 
principally to turbulent mixing (see page 399) of the cold air beneath the front,' In 
general, cold air that is thoroughly mixed beneath a front because of high wind 
velocity is usually characterized bs' a stratus cloud with no fog. 

Note: If the cold air mass is so 7uuch colder than the warm mass that, even with 1 
an adiabatic lapse rate estnblishe<l through mixing, its trmperatiin' at the ground is 
appreciably colder than the falling rain, then fog will form regardless of the intensity 
of tiirliulent mixing. 

Following are given some vertical-temperature distributions through frontal 
surfaces, hi'fore rain starts to fall from the frontal cloud (hatched zone). The tenipera- 
ture of the falling rain T\ is considered to be the temperature at the top of the frontal 
inversion AD. When the air below the frontal inversion has beeome saturated by 
evaporation from the falling rain, the original lapse rates (solid lines) will have cooled 
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to the wet-bulb lapse rates (dashed lines) between those levels whore the dashed lines 
fall to the left of the 7’i isotherms (line of cireles). (loiiaider the four cases in Fig. 1. 

Case I. Rain at temperature T, falls through the cold iiir below, imparting the 
saturation vapor pressure at its temperature T, to the air. .\hove the level C, this 
will be in excess of the saturation value at the air temperature, and condensation will 
occur. A stratus cloud will form in stratum HC. Melow level C, th<‘ air temperature 
exceeds the rain temperature, and no eoiidensation occurs. 

Cose II. Frontal fog forms from the bam- of warm-front cloud B down to surface, 
since the rain is wanner than the cold air throughout. Furthermore, the lapse rate 
after saturation will have changed to the dashed line (7'„. rurve). After the air 
reuehes its wet-bulb temperature, the energy for further evaporation of the rain is 
provided by the enthalpy of the rain itself. If the air eoluiiin below the fnintal 
surface is too deep, the rain will cool to the air temperature before it reuehes the 
ground. In such eases, the stratus does not build dow n to the siirfuee. Thus frontal 
fogs are usually found in the shallow weilge of cold air near the front. This ease 



Fiq. 1. — Vertical temperature distiihutioiis through preci pi tatiag frontal surfaces, together 
witii stiata doveloiniiR fog oi slriitus. 

represents negligible turbulent mixing in the cold mr, as indicateil by its stable 
lapse rate. 

Case IIT. Figure 1 represents ease II with turlmlent mixing having developed 
in the air below the frontal surface, 'Phe lapse rate below the froiit.al inversion is 
therefore adiabatic. The fog that existed at the g,nMmd in case II has been lifted to 
level C by turbulent mixing. Tins has raised the surfaee temperature to 'I\, which 
now exceeds J i, ihusthe linul lapse rate below level (condensation level of surface 
air) is dry-adiabatie (solid line), moist-adiabatic from level C to B where the stratus 
exists, with the frontal inversion fiom R to A, wlieie the base of the frontal uimbo- 
stratus is found. 

Case IV. The inversion at the surface is caused by cooling from below (cold air 
under the front moving northward over colder ground). In this ease, a stratus deck 
should develop in the stratum liC. .No ^•..mlens!, i ion would occur in the stratum CD. 
Fog would also exist in a shallow layer between the surface and level I). Inereasing 
velocities would rapidly dissipate the surface fog, since the mixing would destroy the 
surface inversion. 

. -steam Fog. Steam fog is an unstable fog type, produced by intense evaporation 
from a water surface into relatively cold air. Rapid (ondensat ion then oeeurs, and, 
since this process involves heating from below as well as addition of moisture, a strong 
hd in the form of an inversion some distance above the surfaee must be present to 
prevent the fog particles from dissipating into the drier air aliove Steam fogs are 
observed in the middle latitudes in the vicinity of lakes and rivers in autumn when 
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the water surfaces are still warm and the air cold. For example, at night after stag- 
[lant air has developed a strong radiationalljr produced surface inversion, it may drift 
over the adjacent warm water. 'I’ho heating from below destroys the lower portion 
of the surface inversion, and the steam fog fills this stratum. This is frequently a 
hazard to aviation, since many airports are located along rivers. This process is 
shown diagrammatically in Fig. 2. If the heating from below is sufficient, it may 
entirely wipe out the inversion, and then the fog dissipates owing to mixing with the 
dry air above. 

Oceanic areas adjacent to source regions of arctic air in winter frequently experience 
this type of fog. In such regions, c.g., the Aleutians, it is known as arctic sea smoke, 
occasionally building up from the water surface to heiglits of 5,000 ft.’ . In such eases, 
it takes the form of cumulus clouds with bases on the water, often with clear spaces 
between. Flying is hazardous through this type lieeause of sei-ere icing and tur- 
bulence. At other times, the "sea smoke” forms a continuous sheet over the water 
surface, and then it is ^ucli shallower. > 

Advection Fog. yfldvcction fog is produced by the transport of moist air over a 
collier hiirfiiec, resulting in the cooling of the surface layers below their dew points, 



Fio. 2. — h'oi matiun of steam foe over a vaim bod> of water, due to diaiiiaec of i udiationally 
cooled ail in the suifuce la>eis ovei the ailjaccnt laud. 

with coiidensntion taking jffacc in the form of fog. All sea fogs are of the ailveetion 
type^eept the steam fogdiieiitioncd above. 

Jlioisl air wliose dew point is in excess of water temperature, moving at gentle to 
moderate' velocities over an underlying surface tliat becomes progressively eoldiT 
downwind, gives the conditions favorable for its formation. The niaxinium frequency 
of adveetion fog is observed witii light to gentle winds. Tuder such conditions, tlic 
fog is relatively sliallow and stable, f.e., it is ebaracterized by surfare inversion. With 
lower vidocities, the efTeetivc temperature differeiiee between air anil water decreases, 
and the almost eoiiiplete iibseuee of turbulent mixing perinits only a very shallow 
layer at the surface to be cooled. 

With winds ill CM'esB of luodenite velocity, the effeetive temperature iblTerenee 
iiiereuses, and the ehiiuge favors fog forination. On tlie other liand, inteiisi' turbulent 
mixing develops, lifting the fog otf the surfacij/to a stratus deck. '^lowever, some 
eases of sea fog liave been reported with very high winds ttropieal air fogl, i.ff., in tlie 
North Pacific in suitinier. In such easi-s, the fog i.s quite deep and turbulent, filling 
the entire area below the inveraiou. Such a condition can c'xist only in regions wliere 
the sea surface is mueli colder tluin tlie air trax’eliiig over it. For example, tropical 
Pacific air moving nortliwanl over the cold waters of the Horing Sen and tlio Oyashio 
current, is cooled in excess of 20‘’F, resulting in fog over large areas. ^ ^ 

I’he Pacific Oyasliio waters off Kauielmtka and the Atiaiitie waters of the 
t-abrador eiirreiil off tlie Grand Banks of Newfoundland experience the maximum 
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yearly fog frequency in the Northern Hemisphere, with the stiason of greatest fre- 
quency being summer (see the chart on page 994). High fr<‘t|uem'ie8 of advcction 
fog also occur in sumuicr along the west consls of coiitineiits (f-g-, the San iTancisco 
area) where low sea-surface tcmperatjirca cxial hccHiisc of iiiiwi’lling (sec page 1042). 
Prevailing onshore winds transport the warmer air from farthiT out to .Nca inland over 
the cold coastal wat<>rs, pnahicing fog. However, the suhtropical latitudes along w(>st 
coasts experience a high frequency in summer of what is csstuitially “inversion fog*' 
(sec page 731). 

Cold waters off the (“ast "oasts of continents frequently pn)dncc fog in summer, 
owing to warm moist air blowing seaward from the continent. Frequently the fog 
banks can he observed lying some distance offshon' while a land hreezi' prevails, 
e.g., along the New England coast. During late iifternoons, these fog hanks may he 
transported inlaml hy the sea breeze. With clear skies, ho^^e^er, the fog dissipates 
because of convection over the warm land, while in the evening after tin* land has 
cooled off, the fog may be transported for a considerable distance inland and persist 
until convection is set up by the sun’s heating in-xl inorning. 

It should he, noted that, when warm moist air is triinsjMirted ov(‘r a snow surface, 
although tlie initial rapid cooling may produce a fog, there is a marked tendency for 
dissipation inland. Petterssen** aserihes this coiidilkm to eddy flux of moisture don ii- 
ward on the snow, which has a constant temperature o) O^C isitiee tlie snow is nielling 
because of warmer air aliove), thus tending to keep the humidity of the air below 
saturation. 8ulis«‘quent condensation on the snow liherabs l.dent heat, eolitrihutiug 
further to the snow's ablation. 

It is also observed that sea fog drifting in over eoiistii) snow surfnees results in 
rapid dissipation of the snow and a reciprocal dissiimtioii of the fog. Thus, advection 
fogs transported inland over snow surfaces can persist only for a certain distance, 
but, of course, as long as tlic fog contiiiucs to hlovi inland, tlie ennslal stations remain 
befogged. Arctic suninier fogs are predoniim ntb’ lulveetion fogs that eventually 
dissipate with sufficiently long trajectory' over the iiielliiig ice. 

^diation Fog. lladiat ion fog, or “ground iog '' is iinalueed « hen slagiiaiit moist 
air is in contact with ground that has heeoliie progre'-sn elv eisiler during the night 
because of an excess of outgoing radiation, 'iiie i-oolieg iroin below produces ;i teiii- 
perature inversion in the layers next to ihi ground, ’i'lie depth oi this inversion 
depends upon the amount of turbul. nt i..i\inK. I inlei enlni eoiiditions, tiirhiilent 
mixing is practieally zeni, and uii extrcin-ly i-halloa inversion results in fog only a 
few feet thick, or simply in the inniiatioi. of di « or frost. Freiiuently, shortly after 
sunrise, stirring develops, and llic l«>g rapidly iiieii-ases in ih ptb-. For the proiiuetion 
of a ground fog sutlieicnt to hamper teriuiiial wtailher conditions on airways, a breeze 
of Beaufort force I or 2 is iicceh.sary. W itli \eloeitie,s in e,\i-e.sh of the.sc' values, tur- 
bulent heat redistribution within the niixcjF'laye. iiiunteraets surface radiiitional 
cooling,' and fog usually doc-s not develop. “*niu.s. .'or the format ion of rji illation fog, 
the most favorablo (•ondition** arf* * 


■ 1’*’''“ high enough that the exiipctcd cooling during the 

night will lower the air temperature a few degrees below this value 

2. Initios 1 gradient wmd not in excess of gentle velocities, so that, when the air is 

stabilized by sttrfaee cooling just enough f urlmlcnt .stirring will remain to kis-p a fairly 
deep layer cooled below its dew point. * ^ 

3. Constant or increasing mixing lafio with height In the surface layers initiallv 

so that the stirring will increase the dew point near the Burfsee ^ . ' «■ y. 

4. Cloudless or only high eirriform clouds i,, IIk- skv, in „rder to nrnmote the 

maximum heat loss from the ground to outer space hy long-wave radiation ^ 
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Sec. xy' 

•^^ladiation foRS do not form at sea, owinR to the iieRliRihle diurnal variation of sea- 
surfaop temperatures. Iladiation water fogs do not develop over snow, owing to the 
ifp-erystal effeet^fsee page 2.^3). Briefly, at air temperatures below 0°f' moisture 
sublimes on the snow at relative bumidities less than lOt) jx-r rent, and saturation 
cannot occur. This is precisely the mechanism of desiccation that operates in tho 
source regains of polar air. Figure 1, page 2.53, indicates the values of relative 
humiditj' existing in 1 lie air in exeesa of which sublimation occurs on the snow surface, 
at various tempcratur<-H behiw O^C. If the air contains active sublimation nuclei, 
however, dense radiation ieo fogs may then form. Sucly^ublimation nuelei are aetive 
only at temperatures substantially hclow fri'^ing. vrticsc fogs arc common in con- 
tinental areas at high latitudes in wint«‘r.^/It should bn noted that water-droplet 
fogs have been ohst'rved at temperatures as low as — 30“('. Simpson^ described such 
an observation in the antarctic. However, these arc. prohalily of an advcctive 
iiatiin*./' 

I^'is usually difticult to distinguish true radiation fog, since frequently other 
processes arc in operatuin. \ fic<iuent combination of processes resulting in fog 
format ion is advcctUin of warm moist air inland or northward over r<iUler ground in 
winter, resulting in near saturation of the air. with subsequent radiatioiml cooling / 
of the surface liiyjTs, producing siifficictil further cooling to cause fog fonnution. 

ValU'VS are particularly subject to radiation fogs. Drainage of air cooled at higher 
elevations into tlic valleys prevents exci-ssive tsioling or fog formatioti on the slopes 
and riilges. 'riiis eooleil air accumnlat«‘^'ln the valleys, resulting in fogs of con- 
siderable intensity in l<iw-lying terrainV' This .sjuiie nieelianism, i.r., railiation plus 
air drainage, accounts for the high tre<|ueney of frost conditions in low-lying places 
in certain si'asons, wliiU* higher elevations are frtsiuently frost-free. 

Inversion Fog. Inversion fog is the name given to any type of fog or stratu.s cloud 
that initially develops al the top of a moist layer under a subsidence inversion, 
('ooliiig, iioth by tiirbulenee and radiation at the lop of the moi.st layer, accompanied 
by sub.siilence above the inversion, iciten.stfios the latter niul proiluces the stratus that 
may build down t*. the groiiiul ii.s ii fog. The most persistent inver.sion fogs are those 
oeciirring on t^e subtropical wi'st coast.s of eontiaents in summer, e.g.. .southern 
t'alit'oriiin.'’ .The trnji'ctory of the onshore flow takes the air over isotherm.s of 
increasing temperature (.since the luinimum sea-,surface tempcraturc,s arc farther 
iiorthi; thus, the air ap)irnacliing the coast both I>y day and by night is unstable 
below the inversion. .Aihlisl to tliis elTis't, radiation to space from the top of the 
nioi.st strutiiiii cools the air at Ibis level below its dew point, producing .stratus. With 
.Midiciciit radiatioiuil cooling. th(“ cloud may liiiihl down to the surface. 

N'cibiirgcr'-' recently suggested tbiil adiabatic ciHiliiig of the top of the moist 
.''trafiirii, resulting from verlieal motion, plays an inifxirtant role. The land-sea 
breeze elTect is ailvaneeil a.s the probable cau.se of llii.s xerfical motion. Briefly, off 
the coast the iioriiial wiiifl (low is asHiiiiicd to rcmiiiii unchanged. Near the coast 
during (lie day, the onshore coinponeiit is aiigiueiited by the sen bri'eze. .\s a result, 
the niaritiiiie air stratum beloxx’ the inversion is spread farther inland, bet'oiiiing 
thinner vertically. The inversion thus lowers, warming udiabatically, and dissipates 
the stratus. At night, on the otiicr hand, the iniiritituc air stratum stretclios verti- 
cally, with the inversion ascending and cxailing adiiibatically, causing thc.stratus to 
form below the inversion. After its formation, radiational eooling from the top of 
the stratus is suggested ns playing a major role in the thickening of the stnitus. 

Inversion stratus is a frc<iuciit occurreiico in winter over any locality' whore cold 
air flows untieyclonically over warm liodioH of water. For example, polar air flowing 
aiiticyclonieally soutliwanl over the tJreat laikes in winter acquires heat and nioisturo 
from below, diwelopiiig ii convective stratus dwk below the base of the subsidence 
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inversion. Radiation from the top of the moist layer at night results in thickening 
of the stratus deck below the inversion, whieh may even cause preeipitatioii in the 
form of granular snow. Analogous developments occur when polar air moves off 
the northeast coast of the United States and returns as an antieyelonie eiirreiit to 
eastern United States coastal regions after a trajectory over the relatively warm ocean 
surface. Light precipitation in the form of drizzle-typi' snow may then occur along 
the coast. Similarly, cold air pas.sing southward off the tlulf er>ast, experiencing an 
antieyelonie trajectory over the warm Gulf waters in winter, returns inland over 
the Gulf coastal regions emheddcHl with stratus format icni-., from which precipita- 
tion frequently falls as an air-mass drizzle after radialional coolitig frmn (Ik* top of the 
moist layer during the night has intensified the eooliiig from above. In such eases, 
however, surface temperatun-s rarely rise during the day to the values necessary for 
the dissipation of the stratus decks, except along the Gulf coa-t. Thus, the stratus 
is very persistent as long as the antieyelonie flow eonditioii- l•olltlIlue, although some 
lifting of the cloud base during tlie day docs" cwcur. 

Other oeeurroiices of inversion fog over the I'liiled States occur in winter in west 


coast valleys with access to the sea, e.g., the San .h>n(|uiii t iillcj in ('alifornia. 'J'he 
synoptic conditions necessary are the presence of a Great Uasin iiigli, witli its iieeom- 
panying persistent siibsidenee inver.sioii alaive the vallej floor. Heneath this inver- 
sion exists stagnating moist maritime air. JJeeause of the e.\ccssive outgoing radiation 
at night due to exceedingly dry air in the suhsiding an tie\ clone, stratus fri'quently 
develops at th<' base of the inversion and builds downward to tlii' floor of the valley, 
,aTie8e fogs arc rcmai*ahly persistent, soinetinies coiitnuniig for ti» long as 2 weeks 
without breaking. '•"Similar persist enjidiigh fogs oeeiir witli stiignatiiig polar maritime 
anticyclones over central Kuropen/' These fogs eventually dissipate with a ehange 
in the synoptic situation, ,.g., when an oeelusioii moves into this region terminating 
the 8ubH.den,.e. Sometimes these fogs hiiild up f.oin tlie ground, „nd „n,ji, arc 
not true inversion fogs, but rather ndv-ction-r.idii.tioii tvpe imaritime fogj ^ 

,...IfpBlope Fog. Upslope fog is a stable-tvin fog resulting from tin gradual oro- 
graphie uplift of tsonvoetively stable air (sei- page 407,. Tlie air cooIm »,lial,„,i,.„liy 
and the fog bpfems to form when ,t re-sches an .levation where the air has cooled to 
saturahon. v^h.s elevation may be determimsl on an ad.abal.e eharl from the initial 
TOnditions and is its lifting condeiisatioii level ,s,s> page 3«:u. 'Phe dew iKiint must be 
^^Ily sulHeiently close to the air t-inpcraturr tlial .saturation be attained 
before the ascending iiiolion eiase.s. ^Thewii.d clocucs mu,| i,„| be 
turbulent lifting of the fog away bom (h- surface will result JJ the ■iir i imt; II 
convocWvely unstable, convective currents will develop on .saliirationV^ ^ ^ 

the United States, this type of tog is fri'qucntlv oliscrvi'd on (Tie ... i i 

of Sip Rockies. wheneasferJy winds prodiiceawneraiiiscenf of ' i >''‘>I''".s 

condition is, of course, different from what is uuderatmifl *'^1 
convective clouds ciigidl the observer freouent ele ^ 

convective elements move past the station. Observers ha^e vlll *>’« 

report this condition for «-hat it truly is. m., cumulus clouds 

Actually, there is no physical difference between a foe- ,i j 

clouds have a greater variety of forms. Whether a mass of w ! ^ i "'"f ’ ‘ 

the visibUity is reported as fog or cloud depends merely uirthe i 

with respect to it. ^ n'wrver s position 
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FOG FORECASTING 

The forecasting of radiation fog depends up>on 

1 . A determination of tlie amniint of nocturnal cooling that will be necessary to 
li>w<>r the air tonipcrntnrc* sufficiently below the dew point to produce a fog. 

2. Tht' dcicrmination that the temperature will or will not drop to that value 
(hiring the night. 

Kog-predietion diagrams that facilitate the determination of (1) arc available 
(see page Sil.H. Knteriiig the diagram with the air and dew-point temperatures of the 
previous <*vcriing, the teinperiiture necessary for fog formation can be obtained. The 
dctcrniination of (2) depends upon expected wind, .sky, and soil conditions, t.e., 
involves the gciieriil techni((ues of miniinuin-tcmperature forecasting. Gimeral rulra 
(or fog forecast iiig can, at be.st, serve only os a guide, since fog formation depends to a 
great extent \\\Mn local factors. 

statistical ajiprouch to the problem of fog foreeasting has been found to give 
valuable n-sul1s. For example, fog-prodietion diagrams for individual loealities 
mat be constructed on the basis of piust fre<|iienries of fog formation related to the 
giadicnt wind, “spread” or dew-point depn-ssion, and visibility prevailing at some 
liiiur on the previou.s (‘Veiling, .t diagram for use on clear nights with light winds is 
given on page .3116. Tliis diagram relates the fog expectation under such conditions 
to llie dcw-i>(iiiit tlcprcssion prevailing at various hours during the nigiit. Other fog- 
c\Ii(‘ctiition ditagruins relate gradient wind ns well ns dew-point depression prevailing 
(he previous evening to the time of morning when the visibility will decrease below 
ccrtnin limits.* 

F.ven with the best fog-pr<sh'ction diagriun.s available, attention must continuall.r 
lie paid to the citiier fuetor.s affecting fog fornuitiou. Topography, for example, is 
(••>Ii(’('iiilly important, with its aeeompan.viiig drainage efforts iiieiitinncd above. 
Haze and smoke in industrial areas iiecelerate fornintion. other conditions being the 
xinic. The gradi 'iil-wind direction also affects fog fornitilion. This is, however, 
a more important factor for coa.vtal areas, where adveetion plays the most important 
role. .\ noneoiiveetive middle or low overcast during the day re.stricting the sun’s 
licaiiiig. with subsc(iu('iit cleariiig ut night, will permit the air to cool nipldl.v at night 
liclow Its dew point niid result in fog. TliU is usually ii post-eold-fRuital situation, or 
viumg-radialion fog after (icorge.’ 

Tlie forecasting of tlic development of inversion fog depends ujxm a knowledge of 
tile ainoimt of radiation that will eiuiiiiate from the moist la.ver to space during the 
iiiglit, as well ns a knowledge of air trajtx-tories. .An npproiieh to the sululioti of this 
problem may lu' made through the use of the Klsasser radiation chart (see page 301). 
Since (‘xperieuee indicates that, under the eondilions indicated jireviousl.v, its develop- 
ment is pniluilile, some procwlurea for its quantitative estimation may be mentioned. 

Tlie elevation ut which tlie top of the stratus will be located is determined by the 
height of the base of the subsidence inversion. 'I'lie latter is easil.v obtained from a 
temperature-height ('I'-H) eun'e and is assumed to be invariant within the forecast 
jieriod, unless rapid ehniigcs in circulation are impending. The form-a-stiiig of the 
height to which stratus will build down after forming is apparently elosoly related to 
the wind velocity near the gradient level. •“ relntioiisliip between these two factors 
cun he geuerally determined for each locality. 

To forecast the time of dissipation of such a fog,** a T-H curve extending at le.a8t 
*ip into the inversion stratum must he at hand in the curly niorniiig after the stratus 
has been formed. If an aerologieul sounding is at hand, this is sufficient. However, 
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in its absonce, a T-H curve may be constructed as follows on an adiabatic chart 
(see Fig. 3): 

1. From the isobar corresponding to the surface pressure, draw a dry adiabat 
through the surface dry-bulb bemperatiuv T. 

2. Terminate dry adiabat found in (1) at the elevation of the cloud base (level 2), 
which may be determined by ceiling measurement. 

3. The u>-line through the point where the dry adinbat intersects th<‘ levi‘1 of th(‘ 
cloud base represents the “effective” specific humidity^of the turbulent layer. This 
specific humidity is usually sniaUcr than the surface specific humidity, and the cloud 
base is therefore found to be higher than the IX'L* of the surface air. 

4. The cloud top must be known from pilot’s reports or other sources. 

5. The T-II curve from the cloud base (level 2) to the reported elevation of the 
cloud top (level 4) will be a moist adiabat continuous with the termination of the 
dry adiabat found in (1). 



Fio. 3.— Detcrnunatioii of surfa.e teinperstme 7', necps-aij |„ .h^nii.iite inversion stratus. 


0. 'I’o construct the T-H curve of the inversion stratum, the temperature at some 
elevation above the cloud top must be known, -it her from a pilot’s report or from some 
high-level observation station in the viciiiitj. Ofcour.se, the temperature determined 
m the latter fashion must he repiesentativc of the free aii . 

P«''> detcnriimsl by a line drawn from the termina- 
tion of the nioist mliabat lo.-ated in (^) at the elevation of the cloud’s top flevel 4i 
thiuTevd leniperature detemiined aliove the cloud top at its proper eleva- 

The T-ir curve from the surface through the subsidence inversion may thus be 
synthesized from available data, and consists of . dry adiabat up to the cloud base 
a moist adiabat tlirough the cloud stratum, and an iiiv(>rsion above the cloud ton’ 
lo determine the surface tein^-rature 7\ that wiUbe necessary to dissipate the cloud: 
a dry adiahat is dropped to the surfare nsoliar from the iuti'rseetion of the icline (3) 
and the mversio.i (7) The Kunperature at the iuterseetion of this adiabat with 
the surface isobai (7.) must be attaim^ during the day to just dissipate tlie cloud 
k rora the curve of the normal diurnal temperature variation that has been constructed 
statistically for the particular locality unde, previous eoi.ditioris of s.ratusTvere st 
for the varioi^ seasons, the time at which this temperature will be attaimrniav bl 
* tjftiTig condensation level. ^ ^ 
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f^timatcd. Also, in this manner, the time at whieh the cloud will lift to any elevation 
necessary for fli|;ht operations may be forecast. It should be realized that the time 
of dissipation of the stratus determined in this manner will be the earliest possible. 
Actually, it may take longer, since under normal conditions there is a certain amount 
of evaporation from the soil with diurnal heating, which raises the dew point, requiring 
a consequent higher surface temperature for the dissolution of the stratus. This 
procedure may he used in any lo<'ality where radiationally produced stratus has 


1-u.. J.- 



Plut of imiiilirr of Iiouis of Minhluiie iiere.s.'sirj for breaking var} ing thicknesses of 
cloud at indicated localitiec. {After Wood.) 


developed during the night, if the necc-siuiry data, sueh ns height of cloud tops, free-air 
teniperiiture, etc., arc known. 

It may be st'en from the above method thiit a general relationship must exist 
betwwn clotid tbickne.ss and time necessary for elearing. Figure 4, after Wood,** 
is a plot of the lumiber of hours of simsbine required to produee elearing against 
Ihieknt'ss of the stratus. This plot is an average based on observations at lioston, 
San Antonio, and Siin Diego. It appears from the scatter that the amount of day- 
light to dissipate a given stratus tliiekiiess may vary by a few hours. There does 
appear to be an average linear relatioiisliip that may serve os a rough guide. 
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EVAPORATION AND DISTRIBUTION OF WATER VAPOR 
IN THE ATMOSPHERE 

By Nohman li. Beers 


Onp of the fundampntal questioiiB arising in syuoptin meteorology is, "What is 
the- moisture distribution?” A ])roniinpnt scientist lias remarked privately, “Once 
you know the distribution of moisture in the atmosphere, then you can attempt 
to forecast.” The snswer to this question is supplied as fully as cireumstances warrant 
by surface and upper-air synoptic data. Although desired information is sometimes 
lacking b(>raUHO of jjaucity of reports or breakdown of facilities, yet in principle the 
moisture distribution at a given time may he determined with reasonable speed and 
accuracy. One of the fundamental elements leading to correct forecasts is then the 
answer to, “What will the moisture distribution become?” This is fundamental, 
because, if the analyst could accurately preclict (J) the flow of the air, fS) the tempera- 
lure Held, and f3) the moisture distribution, he would not fail also to forecast aceu- 
riilcly the “weather.” The jdiove thn-e elements are of course not independent. 
-Nor are they the only three that may be selected lor attention. But whatever the 
choice of elements may bi‘, on<' must be the m«>isture distribution. 

'I'wo aspects of the problem arc reeognized; (1) how does the water vapor get into 
the air and (2) what happens to it after it is in the air? The first of these Bsppet.s is 
the Buhjoi't of itHtpontliiin (generally enlled guhlimaiion if water vapor results from ice 
or snow dire<'tly). Kvaporution is the name usually given to the pliysical proeess by 
which liquid water becomes water vajarr, whetlicr from a free-watcr surface, from a 
soil surfiiee, or from transpiration from plants. W. Thornthwaite refers to evapo- 
ration from liqiinl water plus transpiration from plants as empotranspiration. The 
c\uestioii of the further dLstrihutiou of the vapor after it is in the air is the subject of 
diffiiitiini. DilTusion is taken to include molecrdar dilTusion and, of far greater magni- 
tude outsid(' of laniinnr boundary layers, eddy diffu.sion or transfer of the water vapor. 
'J'hese are both, strictly s{)eakiiig, threcMlimensional problems unsteady in time. 
Solutions of an exact nature are available only in relatively simple cases. Approxi- 
mate solutions arc however generally available. 

Notk: Kvi'nluully, of course, the water vapor may condense and precipitation 
niny n'sull, thus completing the hydrologic cycle. Tin- subjects of condensation and 
precipitation arc treated on pages 232 to 2(i3. 

'I’bi' necessity for close attention to all nsirects of evaporation and diffusion is 
easily demonstrated. Byers' comments, for example, “In a moist, fc-rtile region 
such as tliu eastern part of the I'liittsl Slat(>H in summer, the rate of addition of water 
vapor to tli(' atinosj)hen< by evaporation and the transpiration of plants is probably 
greater tlinn the addition of moisture by an ocean surface.” It is to be noted, of 
course, that the addition of water vniK)r to the lower surface layers is not enough to 
cause much “weather.” 'I’he moisture must also Ive dislriVuitcd throvigh the vertical. 
Striking proof of Ibis statement is evident on the svnoptie chart when a dynamic 
high with strongly subsiding air aloft lii*8 over the southeastern United States. In 
such a ease, only radiation fog can prevent the logging of partly cloudy or clear skies. 
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Similarly, in the tropios, when the trade-wind inversion is low mid sfronR, if dry air 
is aloft, no severe cumulus activity will occur. 

Process and Factors of Evaporation. The fundamental mechanism of evaporation 
is a problem in kinetic tln'ory. When a Bulwianee and its vapor are in equilibrium 
together, molecules of the substance arc continually passing into the vapor phase, 
while at the same time an equal iiiimher of molecules (on the average) are passing 
from vapor into liquid (or solid). If the vajior dtmsity in the space surrounding the 
substance is lowered a little, as by the removal of some moleeuli’S to a separate space, 
there is a net passage of the liquid into the vapor phase. If, on the other hand, the 
density of the vapor is somewhat increased, there is a net flow of molecules into the 
liquid phase. What is usually called evaporation is a net flow of luoleeules from liquid 
to vapor. When the flow is in the other direction, “condensation” is occurring. 

The prediction of precisely how much substance will c\aporate under specified 
conditions is difficult enough in the lalmratory. In the field of meteorology, where 
there is no control of the factors and where it is difficult to nicosure the conditions 
accurately, the prediction is approximate at best. A few (jualitative statements may 
he mode, however. 

1. Olhci things remaining the same, the evaporation is proportional to the dilTcr- 
ence between the saturation vapor pressure at the teinjieiatiire of the water and the 
actual vapor pressure of the air. 

2. I'ivaporation will be continuous only if energy is coutiniioiisly received from 
some outside source (<.g., insrilation). 

3. Evaporation will be proportional to the rate at which \iipor is curried away from 
the immediate vicinity of the evaporating suKstance. 'I'lic evaporation rate into 
still air, for example, is much smaller than etaijoratimi into a wind. 

4. Evaporation is more rapid from fresh ‘han Irom salt water. 

Determination of Evaporation. Thomthwaite and llolzniaii’ have published 
promising results of theoretical and obM>rva(ioji;d procedures. Their method is to 
measure accurately the vertical distiibution of nKiisturc in the atmosphere, measurc- 
niciits being taken at two or more lev els. Vsing theoretical developments of Praiidtl, 
liossby, Sverdrup, and others, they find the formula 

„ _ 17.1 l»i — CjKwj — «,) 

7' + 4.59.4 

where E = evaporation, in. per lit. foi an iiutallution where the upper observations 
are taken at 28.0 ft and the lower al 2 ft above the ground 
T = tcmperaturi', 'T 

fi and 01 = vapor pressures, in. Hg at upper and lower levels 
«2 and Ui = wind velocities, mph at upjier and lov.cr levels 

The formula is rigorously correct for an adiabatic atmosphere. Some corrections 
arc made for other conditions, but these are minor except when inv'ersions are strung 
or when the adiabatic lapse rate is considerably eveecded. 

With respect to evaporation studies generally, Thoriiwaite and Ilolzman comnient: 

In general, most researehes on the problem of evaporation have been directed 
toward the determination of moisture U«jw>s from bodies of water. This has led to a 
deficiency in basic and quantitative information icganliiig actual moisture losses from 
watersheds or land surfaces. Studies of the evaporation from free water surfaces 
alone have proved wholly inadequate from the atandpoint of soil conservation What 
is required is the actual moisture losses from all t,ypeB of geographic surfaces or in 
other words, a quantitative estimate of the evaporative phase of the hydrologic’ evele 
... In an effort to supply this much m>eded information a method for determining 
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the evaporation from either land or water areas has been presented in this preliminary 
report. The practicability of the technique has been completely demonstrated. It is 
hoped that with proper instrumental installation it will be possible to determine 
transpiration rates and moisture requirements of various field crops and forest trees, 
the effectiveness of various moisture conserving practices, and the relative importance 
of evaporation and transpiration in the hydrologic cycle. 

Because of the fundamental nature of the methods used by Thornthwaite and 
Hoirman,* much may be expected from measurements made along the lines sug- 
gested. A network of observation points over an area, with readings taken at several 
levels on each, would give invaluable information to all interested in this important 
question. Some rathei brief rase histories arc given by the above authors. 

Other Methods. A number of other methods have been applied to the study of 
evaporation. Among these may be mentioned 

1. Formulas based on meteorological elements. 

2. Heat balanec. 

3. Correlation uitli climatic records. 

4. Direct mf’iisurcmcnt from ptins, etc. 

Formulas based on meteorological elements vary from the simple expression given 
bv Dalton in 1802 \E = cfc, — Crfl] to the rather complex equations of Jeffreys, 
Sutton, c< al. fsec Brunt’). Dalton’s equation with a factor 1 -I- ku added to account 
for wind is about as useful n.s any for the simpler applications. Here c, is the satura- 
tion vapor pressure at thi- temperature of the wiitcr, f i is the saturation vapor pressure 
at the dew-point temperuture of the air, ii is the wind veloeity, and k is a constant. 

'I’Ih* ciiuutions have* iiee(“«inrily been derived for certain spi>eial systems, 

( .g., i-vaporation from circular pans holding n free surface of water. They do not in 
any case give much inuiieibatoly u«*ful iiiforiimtion to the synoptic meteorologist. 

1'li(> study of evaporation from the [siint of view of lieat balance has bc'cn used with 
considerahle suceea.H in determuuitions of the evaporation from the oceans by Sver- 
drup.’ His tiieoretical results agrw' well with those of It'tist based on observations 
(afti-r a eorreetion factor is applied to the results of tVustl. Tho method consists in 
eiiiiatiiig the energy received from the sun to the energy used by evaporation, warming, 
back radiation, etc. The results would, of course, be exact, provided that exact 
iiieasuremoutB could be made of all the energies uivolvod. 

'I'he correlation of (■hniatic records offers another means of making exact deter- 
iniiiatinns of evn|xiration from large ureas, provided that the records are complete 
.and accurate. ’I'hus, if the total prc'cipitation is known as well as the total runoff 
by .surface and ground watiT and the rhangi* in storage over a given an'ii, the difference 
will be the amount of total evajwiration (soil, free-w liter surface, snow surface, and 
tranH])irntioti). The method has been applied with some sueeeas by the I'.S. (h>ologi- 
eal Survey. See the artiele by II. la>p in Meinispr’s “Hydrology.”* 

A new method of deterimiiing the amount of water transferred to the atmosphere 
from land surfaces tiinmgh proeesses of evaporiition and transpiration has recently 
been developed by Thornthwaite. A pitdiniuiary deseription of the method appears 
in the annual report for 1944 of the t’oiuiiiitti’e on Transpiration and Evaporation 
of the American Cloophysieal Viiion.* 

Thornthwaite olitiiiiied all of the avnilahle observations of water losses from land 
areas in different parts of the country. Tliese inehide water requirements in various 
irrigation districts in the Wt'st and the data on evnpotranspiration from different 
types of eover on the weighing lysimeters of the Soil (’oiiservation Service in 
f'oshoeton, Oliio. They also iiielude ccmiputalioiis of water loss from small water- 
.stii'ds as a iliffereiiee between prtsdpilatioii and runoff for immtlis when it was apparent 
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that there was no redurtion of evapotranspiration because of a moisture deficiency 
in the soil and where jt was possible to cstiinatc the lag in runoff and thus to assign 
the water available for runoff to the month when the rainfall occurn*d. 

h'rom these observations Thornthwaite derived a general equation by means of 
which daily, monthly, and annual evapotranspiration can be dclemiined from records 
of temperature, length of day, and precipitation. Since runoff can then be eoinpii ted 
as a difference between precipitation and evapotranspiration, the many runoff 
measurements of the Geological Survey and other agcni-les provide a rigorous test 
of the validity of the fonnida. A map of average annual runoff in eastern United 
States computed from Weather Bureau data of teniperaturc and precipitation and 
published in the report of the American < itsiphysical Union f'oniinittee on transpira- 
tion and evaporation shows that the formula is trustworthy. Maps of average aiinuHl 
and average July evapotranspiration coniputial by Thornthwaite’s method ap])ear 
on pages 741 and 742. Thej' are preliminarj- and subject to revision. 

The direct measurement of evaporation from p.ms offers niiiny advantages in some 
applications. A variety of pans and siiecial Hirfaces has bi-eii devised. See Meinzer* 
tor examples. Measurements must be conxK-ted for size and shape of the i«iii. More- 
over, any pan placed in the open is subject to various di.-.tiirbanccs. sotiii* of which are 
difficult to predict and to account for. Finally the rate of evaporation from such a 
device is so dependent on the teinperaltire and wind that ^ erv accurate' meahurciiients 
of those elements must be made befort' completi' correlations are [losMble. 

Quantitative Reaulta of Measurement of Evaporation, '^ine (|uantitntive results 
of Wuat and Sverdrup for the oci'ans arc given in Table 1. .Vccordmg to Wiist, the 
figures foi the oceans as a whole arc as follows: 

Total evaporation fTOiu oceans = 334,000 km’ [ler yt'iir 
Total iins'ijiitalion on oceans = 297,(KH) km • jier yi'iir 
.\mount supplieil oceans l>y runoff = 37,000 kne' per year 

The figures for the land surfaces of llie earth are as fiJhms: 


Total precipilatum on laad ^ 99,000 km ' per year 
Kvaporation from land surfaees and inland waters = f!2,000 km’ jier year 


TABl.b ]. AvBRSOI- Vsi.VKS ol llvAeoRATIOV E SMI Pkm ICITA I'loX /•*, 
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Sec. Z| QVA.NTITAT1VS RESf/JjTS Of MEASUREMENT OF EVAPORATION 741 

Plant physiologiBtB and foresters have accumulated a vast amount of interesting 
data on the amount of transpiration by plants. Plants were grown in pots or tanks 
and the amount of water utilized by them was carefully measured. The ratio of 
total water lost by a plant through transpiration in a given time interval to the weight 
of dry matter produced is called the water requirement. In the experiments con- 
ducted by Briggs and Shantz,' between 1911 and 1917, the wafer requirement of 



I'll.. 1. Average annual cvu|llltrun^pirut^ull in fa.iteru United Stutes in inches. Pre- 
liminary, subject to revision, (t'ourtcsj/ of t'. 11’. Thornthwaiie.) 


alfalfa grown at Akron, ('olonidn, averaged nlMiiit 8.i0, and ranged between 657 in 
1912 and l,0(i8 in 1911. The gniwing season lenqH'ruture was low in 1912 and high 
III 191 1. 'I’hey found that the water n*quiTenieiit varied through the season; it was 
miicli higher in iiiidsuiniiier than in spring or nutiiiiiii. In an experiment conducted 
in 1912 the wider requireinent of the first crtipof alfalfa (June 3 to July 26) was 615, 
of the second crop (.fuly 26 to Sept. 7) was 975. and of the third crop (Sept. 7 to 
Nov. 4) was 479. The average water requirement for a uumlier of field eiops 
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studied at Akron ranged from about 250 to nearly 900. The water requirement of 
forest trees appears to be somewhat higher, e.g., larch about 1,200. See Meinzer* for 
more complete data. These observations suggest that the variation in water effi- 
ciency (reciprocal of water requirement) of a single plant under the changing con- 
ditions of temperature and insolation during the growing season is as great as that 
found in different species. Thus it is virtually impossible to estimate the transpiration 
rates of these plants from the determinations of their water requirements. 



Fia. 2.- Averuse July evHpotrauspiratioii in enhteiii lunted States, in inches I'le- 
liininary, subject to reviBiou. yi'ouHiau oj W. Thornthwaile.) 


The recent studies of Tliorntliwaite suggest that transpiration is a function of 
incident radiation upon the plant surface ami of the ambient temperature and is 
practicaUy mdependent of the kind of t egrtatiou involved. Although this conclusion 
IS contrary to current notions concerning transpiration rates it is not unreasonable 
when we consider that transpiration, like evaporation, is related to the energy received 
from the Bun, so long as there is no moisture defipjeney in the plant 




Sec. Z| 


PBOCESS OF DIFFUSION 


743 


ArcordinK to Thornthwaite’s preliminary map (Fig. 1), the average annual water 
transfer into the atmosphere in eastern United States is less than 20 in. along the 
('anadian border and more than 50 in. in southern Florida. In the Great Plains 
evapotranspiration drops off sharply in response to redueed preeipitation. This is 
striking along the Gulf C'uast of Texas and in the lower Kio Grande valley where 
almost every drop of rain returns dir<*etly to the atmosphere and practically none 
appears as ninoff. An annual evnpotranapiratinn of less than 18 in. there corresponds 
to more than 48 in. in the same latitude in Florida. Thus the loss to the atmosphere 
in south Texas would he at least 30 in. greater than it is if the water were available. 

.\ccordiiig to Thomthwaite’s map, the range of evapotraisspiration from north to 
south in .July is ()uite small (see Fig. 2). It is about 5 in. along the ('anadian border 
and le.ss than 7 in. along most of the Gulf Coast. Only in southern Louisiana and in 
two small areas in Georgia and Florida does it rise above 7 in. In the major part of 
the area east of the IflOth meridian the average loss to the atmosphere is between 
and in., about (i.O in. This is approximately 0.2 in. per day. 

IIulxmuu>' has computed the total average depth of water in the atmosphere for 
July, 193(i. In eastern Uniteil States it ranged from less than 0.9 in. in the north to 
more than 1.7 in. on tlie Gulf Coast. If Holzman’s computations for 193G can be 
considered representative, then it is evident that the daily increment of moisture to 
the utmo-.pliere is ii considerable part of the total. From Thonithwaite’s map it 
appears that the average daily evajiotranspiration is about 0.16 in. in the north and 
0.22 in. ui the south. A/ijmiinl/j/, then, tfu moisliin in the almosphtri can be increased 
ddity by um-sulh t» nw-nghth. 

h'roiii Wust's'* data, the July evaporation from the surface of the Gulf of Mexico 
and the Caribbean is estimated at levs than 5..') in. Over most of the land area of 
eastern United States the eMi[S)transpiratioii is greater than this amount. 

The anioiint of evaporation from bare soil is a function of the depth of the water 
table. When the .sod is .saturated ut the surface, evaporation is rapid. When the 
Mater table reaches s de|ith esceisling the liniits of ciipillar.v action, evaixiration 
ceases. For praclieid purposes, there is no evaporation after the water table is 
liclou 4 ft Mvaporation from .saiiil. satiirateil at the siirfnce, is slightly in excess 
of th.- evaporation from a free-water surface. Lvnjiorat ion from average loamy soil 
is about 90 per cent of that from a free-«ater surface. Data for various bare well- 
ilriuned sods for the year are given by Meiiizer.* Some representative viiluea follow: 


Typi' of Sod 
Fine .sand 
Clav 
liOain 

Sandv loam 
Feat ■ 


■Vvenige evaporation ^ 
Average precipitation 
16 
72 
69 
69 
. 35 


The eviiporat ion from soil itself Mhen coverial with vegetation is less than indicated 
abine. The total eMiporiition, including trHns]>iriition, la usually larger, however. 

Process of Diffusion. Water vajKir that has been evaporated into the atmosphere 
Mill be dilTustal through the available space ncconling to the magnitude of the eildy 
cocdlieii’iits of dilTusivity. These coefficients are functions of the type and velocity of 
Hum- 'I'liey are large, and large ddfusioii results when the air is turbulent: diffusion 
Is small M hen the floM- is laminar and winds arc light. In the lower surfaces, when the 
lapse rate' is close to the ilry-ndiiibiitie, diffusion along the vertical is considerable. 
'I’hiis, M-ithin a period of a few hours, the mixing ratio M'ill become almost constant 
thniugh several thousand fwl of turbulent surface layer, even when the moisture was 
originally largely confined to the lower few hundred feet or less. In the upper layers 
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of the atmosphere when there is no pronounred eorivertive activity and no cumulus 
clouds, diffusion is largely along iaontropir surfaces. 

In theoretical studies of diffusion, one investigates the triiiisfcr of the quantity 
mixing ratio (or sometimes spoeific humidity). Thus (Iriitirninger'' h.is made a study 
of the lateral mixing from isentropic charts. His results derive from an application 
of the fundamental equation of diffusion 
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where Aj, A„ ti are the coeffieients of eddy diifusivity in the x, y, z directions (z-axis 
up); p is the density; 4 is specihe humidity; and 11 , 11 , w are x, y, z velocities. After 
making eertain simplifying assumptions, Grimiuingei was able to evaluate the eddy 
coefficients for the isentropic sheet both for mean isentropic maps and for daily iiiaps. 
Average values of thefcineniaftc cocjhciint of tddyiHJfusiun (r = /l^/p) runabout 5 X 10* 
em* aee“*. The value of 17 wa.s taken to he between zero and HO prams cni“’ bec~t. It 
must be borne in mind that the A’h will varj' .somenliat with lapse rate and with the 
wind speed. Kxlrcnie value.s of e found by eaJi'uliition were 0.,? X 10“ and 40 X 10’. 

Important theoretical investigations of the lateral diffusion of currents have been 
based numerically on the results olitnineil from the stuily ref(*rr(‘(l to above. Sk?e a 
second paper by Oritrimuiger.’ Sec iiImi 8<>c VI of this book. 

Qualitative Estimates of Diffusion. No ready meains exists at present for the 
calculation of diffusion in the atniosphert*, and the niialysl must in gi'iieral rely on 
qualitative esiiinates. Some very general synoptic aitiiatioiis ma.v lie recognized. 
For e.xamplc, the presence of considerable iiioisfurc in the lower .3,0tX) ft, say, of Ihe 
air over Miami, Fla.. dof>*, not iieee.ssarily mean that tlie atiiiuspheie will he moist at 
10.000 ft next day over tlie South Central s>lale.s. Before the moisture can he carried 
aloft in quantity, some meehunisiii must exist whereby vertical dilTusiou is laige. 
This vertical distribution ia accomplished generally by one or more of the following: 
(1) fronts, (2) iwntropic upslope, (3) orographic barriers, and '4; convectr-e stoiiiis. 

A frequent demonstration of the above is found in summer on the isc'iitiopie cliurt 
(or on the 10,000-ft map). Here, for example, it is not unroiumoii to fir.O i.sulated 
patches of moisture at higher levels. It is generally easy to estahlish that the pateli 
of moisture was caused by thunderstorm activity or orogruphie lifting local m char- 
acter. Fronts or large-scale iscntropie npslopc will generally jiroduee tongue.s of 
moisture on the upper-iex'el charts. 

It should also be noted that, just as oertain trajectories of the air tend to increase 
the moisture present, other trajectories will decrease- the moisture. Since mixing 
ratio is conservative (in the absence of condensation), moist tongues will become le,HS 
moist as the water vapor is diffused into dry air. Similarly, moisture may bo lost 
in the lower layers when the air mass travels over desert regions. 
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DIURNAL VARIATION OF THE METEOROLOGICAL ELEMENTS 

By Geokgj-: R. Iknicinr 
PRESSURE 

In low and middlo InlitudoH, moan hourly prpswirps an* found to follow nil iipjiroxi- 
mately systeinatip daily aupcpsaion which is usually i‘liiiract«“riz(sl by two mimnia 
ocpurrinn near 0400 and 1600 and two maxima occurring near 10(X) and 2200, local 
time. Commonly, this total daily succpshion is called the iliiirnnl vaiiaiioti of prrxxure. 
When the diurnal variation ia subjectetl to hnrinoiiic analj'ais, it is found to liavi' at 
least two important components and possibly four.“ 

The first harmonic ia usually explained as lieing due to the' alteriiale daily heating 
of the air by the sun and nocturnal crKiling of the air by tcrrestial radiation. ‘ It 
varies with cloudiness; between oceanic and eontmeulal areii'.; nitli latitude; and, 
over the oceans, between the major subdivisioict therwif'; over e(|uatornil oci'ans 
(10°N to 10°S), it has an amplitude between 0.35 and 0.52 mb, licing least over the 
Atlantic, between latitudes 10 and 20“N and S, the amplitude generally decreases to 
around 0.3 mb. 

The second harmonic has maxima and minima closely corresponding to those of 
the diurnal succession. It varies with latitude, the time of year, and location; over 
eipiatorial oceans, its amplitude is generall.v 1.1 to I 2 mb; this decreases to 1.0 to 
1.1 mb in latitudes 10 to 20'’X and S.’ .\t Washington, it is very nearly 1.2 mb.* 
The third harmonic, the terdiiiriml variiitioii. accoidiiig to .Mbright,® is absent 
over the equator, reaches a inaxiiniim at latimile. has ojipo.site niendional phases 
between Northern and Southern Hemispheres, and shifts 180° between winter and 
summer. A quatrodiuriiiil variation is also ofTcri'd by .Vlhnglit. 

Not entirely satisfaetory explaiiiitiona have been developed for these several eoiu- 
ponents of the iioimal diurnal varmtion of pressure, nor have the (fleets of various 
locations been analyzed. Diurnal pressure chaiigi's in liigb latitudes and at Iiigli 
altitudes are quite different from those at low elevations in middle and low latitudes 
for which the harmonics have been mentioned. A.s a coiisciiucncc of the many 
variations that enter into the diurnal variations at different plan's, a thoniiigli sys- 
tematization for the world is not possible. Kxumplos of diurnal variations reprc'- 
sentative of different situations are given in Fig. 1. 

'iVopiral stations A, H, li', and C show n-markably uniform diurnal variations of 
pressure. Total daily amplitude is 3 to 4 mb; and this total iim])litudc is Ofiuiil to 
the daytime variation from 1000 to 1000. The variation at Batavia is presented for 
the 2 months of minimum (.June) and maximum (September) iim]>litudes. As a 
generalization, tropical diurnal amplitudf's are least at the solstices and largest at the 
equinoxes; at Batavia, a secondary muxiinum is observed in March and a secondary 
minimum in December. At Singapore, the monthly successions of amplitude are 
essentially the same as at Batavia.* The total difference in amplitude ns shown by 
H and B' is not large, however; as a consequence, curve seems gi'nerally representa- 
tive for tropical regions, and this uiiiforniily iicvoiints for the gi'iieriil uscfuliu'ss of 
table 1 . No examples of diurnal vimation ol ]>ressur(' at tropical continental locations 
are available for inclusion in the data for piirpoM's of noting tlii' effect of contiiientality 
in low latitudes. 
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I’ui. 1. Itopicnentulivc cxiiinples of diurnal variation of pressure. Examples A, C, 
if, and *V me annual tMji\ca and, owiiiK to the annual variatiun of pressure, are usu^ly 
derived n>i uvernKe.-, of hoiiilj dopai tuies fiom iiiuiithly nieaii pressures; henee, the base line 
is *' zerodepartuio.” Kxa tuples D, D\S, E\ L, and L' are monthly curves computed as 
the mean hourly ptcasitios {dotted fiom a base line of the monthly mean pressure usually 
tedueed to mean sea level. .Ml other examples are plots of nioiilhb averages of hourly 
.station {iressuies. In all eii.se.s, oidinate scale units are 0.2 mb, and abscissa units are 
hums. An index of the eiiives, iueluding latitude, longitude, elevation, time interval of 
eurve, atid sum re, is us folloivs; 

A, Singapore (l°N, 104®li), annual." 

/i, Batavia lOT^E, S in), .fiiiie; B', fh’ptembei.*" 

Ptirifie ffeeari (4 ' 2 “, eomiiosite general curve), annual.* 
f>, Calcutta (224°N, 8H‘>K, O.S m), Januarv; Jiilv.” 

B, Cape of (iood Hope (:14°S, 1S’2°E), July; E\ Januarv.” 

Sati Diego (:«°N, lU'W, 28 ft), Junuart ; E', Julv.>»‘ 

«, Seattle (48“N, 122°%', :«) ft), .lumiat v; July.” 

«, Kansas t'ity (3i)°N, fl6°W, 750 ft), januarv; i/’, July.” 

I, (irand Junction (sg'N. lOH^W, 4002 ft), Januarv; J',‘ July." 

J, Jacksouville (30°N, H2°\V, 31 ft), Januarv; J', July.” 

K, Boston (42°N, 71°W, 20 ft). Januiiri ; A'. July.” 

tf ooo"*''''" -*■’•** Ja«uai.v: L', jul.\ 

at' general curve), annual.’ 

, 33 (composite general curve, oceanic), annual.* 
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In middle latitudes, oontinentality and elevation as well as latitude and season 
have signifieant effects on the diurnal variation of pn'ssure. It is notable that, at 
most stations and seasons, the absolute maxinium is around 1000, the absolute mini- 
mum around 1600. Seasonal variations are distinctive, but are not consistent; 
Calcutta, f'ape of Good Hope, San Diceo, Jneksonville, Boston, and Aberdeen show 
larger amplitude in winter than in summer; the reverse is true at Seattle, Kansas 
City, and Grand Junction, the last two showing the ctTects of contincntality. The 
Pacific coast stations show considerable differences from the Atlnntie coast stations of 
the United States; Jacksonville ahons an expected larger amplitude than higher lati- 
tude Son Iliego, but the Jiinuaiv amplitude at Boston is double that at Seattle; and 
in ri'versal of normal latitudinal variation, the July amplitude at Seattle is larger 
than that at Boston. Perhaps the dominant fontures of the middle-latitude curves 
are the damping out of the iiocltirnal range at Kansas City and Grand Junction. 
In January, the 2000 niaxirtmm is nearly absent and is displaced to 0200 or 0300, 
while the usual 0400 minimum, also nearly absent, occurs at 0500 at both stations; 
in July, the nocturnal range is entindy alksent at Grand Junction and barely dis- 
cernible at Kansas City. Especially prominent is the daytime range at Grand Junc- 
tion in July; the maximum is 2 hr earlier than normal, the minimum is Ij hr later 
than normal, and the total range exceeds slightly that of any presented for the tropics. 
The same kind of curve is characterlsf le foi inner Asia in siinimer.® Continental effects 
are also noticeable when curve Jlf is compared with thosi“ for Calcutta; the latter shows 
considerably larger amplitude than the average for the' Pacific Ocean in about the 
same latitude. The coastal stutioim in the I'liited Rtiitt's nnd Cape of Good Hope 
show less viiriatioii from the oceanic average iimplitude m comparable latitudes; 
the ocean curve is notable, however, for its absolute imninmni at 0400 instead of the 
usual 1600; it is matched in this respect only by .\berdeen in both months and Cape 
of Good Hope in January. 


Tabus 1. — To Coiihkit* BAHOMh'nuo Piis-.Miiii. fob IIujknao Banqk at Sea 

WITHIN Tin; Tboi'Iis 


Zone 


Xorthorn lleiruspherc 


iSoiiihcrii Hemisphere 


time 

Spring 

Huiimirr 

j 

! 

Winlcr 

Sjirmg 

1 KiiinnuT 

■Vutuinii 

‘Winter 

0400 

-po S 

-PO 7 

-PO 8 1 

4 0 3 

-PO (i 

' -PO 7 

-PO 7 

-PO.5 

0800 

-1 1 

-0 9 

-0 9 1 

-0 9 

-1 0 

-in 

-0 8 

“0 9 

1200 

-0 9 

-0 6 

-0 7 1 

-06' 

-9 .) 

' -0 4 

-0 4 

“0 4 

1600 

-PI 3 

-PI 2 

f 1 3 , 

-PI » 

-PI 4 

1 -11 3 

-pi 1 

-pi 2 

20(X) 

-10 1 

PO 1 

-01, 
-0 3 1 

1 

0 0 

0 0 

' -0 1 

-0 2 

-0 2 

2400 

-0 4 

-0 3 

-0 2 

-0 5 

1 -0 4 

-0.4 

-0.5 


« The aiimimt- goeii oliuuld he elgehriLitalll aUdetl tu Ihe oheeiied jin-Miiiire to extract the effect of 
the diurnal variation. 


High latitudes show departures from the characteristics noted for low latitudes. 
The Aberdeen curves show that the total amplitude is small, especially in July, and 
the noeturnnl range is as iniportaut as the davtinie. Sliaw*' gives data showing the 
maximum ranges to be 0 5 mb in the nrctie (February) and 0.68 in the antarctic 
(.August); thus the maximum range oceurs near the time of low sun in each case. 
The average amplitude in both the polar ranges is near 0.3 mb, and the diurnal range 
of pressure may properly be considered ns negligible. 
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Interest in the nae of pressure tendeneios for extrapolating the motions of pressun; 
systems and in single-station forecasting has accentuated the need for systematic 
knowledge of the diurnal variation of pressure. For the United States, this need 
has been largely mot.’* In the tropics, the amplitude of normal pressure variation 
is so great that the 3-hr pressure tendeneies have little significance, and 24-hr tend- 
encies have more forecasting valu<‘ (sec pages 782). However, for purposes of aiding 
in the identification of developments of tropical storms, Table 1 is useful; it is sug- 
gested’ that, when pressure tendencies are huH (algebraically) than those of the table, 
and the corrected pressure is more than 3 mb below the normal for the time and place, 
it is likely that a tropical storm is forming or is near by. 

WIND 

Wind Velocity. At the earth’s surface, over land areas, the variation of wind 
during the day is a well-marked phenomenon. The time of maximum velocity is 
commonly in the early-aftcrnoon hours, when thermal convection is at a maximum 
and provides a coupling ciToct between suiface air and the usually more rapidly moving 
air aloft. Tho time of minimum is usually in the early-morning hours when the 
atmosphere is most stable. This variation obviously is dependent on the synoptic 
situation, but the situation is favorable often enough that the variation is clearly 
defined in experience and statistics. 

'I’lie same coupling efTects that cause the surface winds to increasi' during the day 
cause winds aloft above plains regions and surface winds at high-altitude stations to 
show an average minimum of velocity during midday hours. The doercase is not 
precisely the converse in time or amount of the uicroasc in surface w inds. This effect 
presumably is noticeable to the beiglit to which convection pimetrates. The shift in 
the nature of the diurnal variation takes place comparatively close to the earth’s 
surface; bandsberg’* suggests that the level is as low as 200 ft, while Hruiit* cites 
a study by Heilman indicating (hat with light winds the shift is definable at 16 m. 
in winter and between 1(1 and 32 rii. in summer. 

There are considerable seasonal difference in the amplitude and frequency of 
well-marked diurnal variation m wind velocity in middle latitudes; moreover, there 
are wide differences between topogruiibic situations. Along coasts and lake shores, 
the diurnal variation is not solely a function of vertical convection but is enhanced 
by the accompanying development of land and sea breezes. Since the latter are 
usually stronger than the land breezes, the resulting regime is not much different 
from that over land surfaces. In regions of rugged topography, the diurnal variation 
of wind is eoiiiplieated by (lu* nocturnal development of katabatic mountain breezes 
that arc generally stronger than the daytime valley bn'ezes and may result in a 
diurnal variation contrary to that of plain.s regions. 

Diurnal variation of wind over the oeoans has not been explored as thoroughly 
as lias that over land. The small diurnal variation of sea-surface temperature has 
Biiggcsti-d’ that tlicrc is no significant variation in wind. In middle latitudes, it is 
likely that this is substantially conwt. Over tho tropical oceans, however, the 
large amplitude of diurnal variation of pressure suggests that there may well be small 
but definable corollary variations in wind. Moreover, average nocturnal maximum 
of convection produced by tho vertical distribution of nocturnal radiation implies a 
likelihood of maximum wind velocity at night. Brunt* cites a single reference to 
Gall 6 to the effect that there is a maximum velocity at night in the southeast trade 
winds over the Indian Ocean. If such variation is real and has the causation sug- 
gested, there might well be a shift in winds with sunrise, when convection is lessened 
hy insolational warming of the air. Observational data are insufficient to establish 
the facts. 
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Wind Direction, Diurnal variations in wind direction are stronn where local 
conditions result in the domination of the wind.s by such effects as land and sea breeses 
(such as at some low-latitude coastal stations) and mountain and valley breezes. 
Other variations appear in statistics but are small in amplitude. For example, 
associated with the inereasinR wind force ns convection couples the surface and 
upper-air flows, there is a slight veer in the Northern Hemisphere (a back in the 
Southern Hemisphere). Momiver, Humphreys*® notes what may be called heliotropic 
variations, whereby the wind veers gradually during the day from cast to west, follow- 
ing the sun ; this, of course, is a statistical product and is not observed as an actual 
shift in the wind. I^andsbcrg** gives data from II. H. (’Inyton on time of maximum 
frequency of cloud drift from variation directions at Hlue Hill Observatory, which show 
also a continued veer during the day and night from east at 0500 to west at 1700 to 
north at 2300 and return to east at 0.500. Humphreys offers the explanation that 
wind will tend to blow toward the region of highest heating. 

TEMPERATURE 

The fact of diurnal variation of temperature needs no .impliflcation. The amount 
of the daily range, however, varies widely witli many factons. Among these, cloudi- 
ness and humidity of the air, natun- of the, earth’s siirfacc (principally a flinctioti 
also of moisture ns well as vegetative cover and other properties of the surface), the 
vertical lajise rate of temperature, wind, elevation, and latitude may be mentioned. 
The first is C|uite obxious in its influence on the penetration of insolation to the earth’s 
svirface by day and retardation of the net loss of heat by terrestial radiiition at night. 
The Bccoiui is dourly demonstrated by the verv small diurnal variation of temperature 
over the oceans; oJi land, after heavy rains when soil is itxiist and water stands on the 
surface, temperature ranges are less than during dry w(‘nth(>r, apart from the cloudi- 
BosB. In general, the average diurnal range ot teinj)eraturc increases with distance 
from W'atcr bodies. 

In air masses with Htee[> lapse rates, heating during the day is aceompuniral by 
deep convection whereby energy absorbeil by air near the earth's surface (over land) 
is rapidly distributed through a thick layer of air. Similarly, at night, sleep lajisc 
rates are often accompanied by consiilerablc winds and liirbiileiit mixing that keens 
the lower layers wanner than in conditions of still, stable air in which ground invfu- 
sions develop. Stable air during the davtime damps convection and eonfiiiea tur- 
bulent mixing to a small thickness of air. .\s a consequence, then, air with stis'p 
lapse rates is likely to show sm.sllfr diurnal temix-ratiire raiige.s than stulde air, pro- 
vided, of course, that cloudiness dties not overwhelmingly interfere. 'J'hese same 
eonditions in general aecount for the fact that diurnal ranges of temperature are 
usually smaller at high-level stations than in iiear-by \ alleys; niorti prevalent windi- 
11088 and mixing of the air iit high levels is in contniBl to air drainage at night and 
high heating by day in valleys. 

There is no simple statement for latitude effects. Daily ranges of temperature 
normally increase with latitude up to subtropiral latitudes. Maximum daily ranges 
have been recxirded in subtropical deserts, where clear air, dry land surfaces, and weak 
pressure gradients combine to make coiKlitions ideal for high maximum and minimum 
temperaturt'B. In these same latitudes, however, along foggy' eoasts paralleled by 
cool ocean currents, sea breezes elTcelively chop off the maximum temperatures, and 
fog often interferes with terrestial radiation at night, so that daily ranges are among 
the lowest in the world, hi middle latitudes, daily ranges vary less with latitude than 
with distance from the sea and season; ma.xiniuin ranges usually occur in summer, 
minimum ranges in winter. In very high latitudes, diurnal ranges decrease again’ 
owing to the lessened effectiveness of the daily miccessiori of sunlight and darkness. ’ 
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HUMIDITY OF SUHFACE AIR 

There are many expreHsionn for the moisture content of the air. Of these, relative 
humidity shows the larf^est and most regular diurnal variation, in response primarily 
to thc' diurnal variation in temperature. For synoptie purposes, more sigiiifieancc 
is found in dew point and mixing ratio; for practical purposes, these may be eonsideind 
to vary together, and the following discussion is confined largely to mixing ratio. 

Diurnal variation of mixing ratio depends upon thc diurnal distribution of eon- 
densation, evaporation, diffusion of water vapor, and, to a negligible degree, air pres- 
sure. On thc basis of average diurnal conditions, condensation is a night to 
early-morning phenomenon. Kvaporation, on the other hand, inemises during the 
day-time period of rising teinperatiirei,, although it is al.io strongly infiueneed by wind, 
relnlive humidity (both of these normally correlate with temperature), and nature 
of the surface. Diffusion of water vapor depends upon vertical convection and the 
vertical distriliution of moisture. Obviouslj', the diurnal variation of mixing ratio 
must vary with different loeaiities. 

Over the oceans, small diurnal variation of temperature of the sea surface and of 
the lower levels of the atmo.<!phr‘re prohibits strong diurnal variation in mixing ratio. 
Along mid-latitude coasts, and in low latitudes, where daily temperature ranges are 
not large. th(“ iiomial diurnal variation of mixing ratio consists of a lati'-night to early- 
morning miiiinium, and an afternoon maximum, with a small total amplitude on the 
(irdt'r of 1 gram per kg. However, during the summer season, when transpiration and 
other surface conditions may yield as much or more water vapor to thc air than do 
free-water surfaces,'' Die jimplitude may reach as much as 4 grams per kg on .some days. 
Such conditions arc probably typical of continental interiors of the tropics with rain- 
forest vegetation. 

In arid regions and continental interiors in middle latitudes in summer, the large 
(litirtinl temperature ranges initiate ixitentially large diurnal variations of moisture, 
Ilo\tever, iiir aloft is iiormtilly druT than low-level air; and, as eonvi'Ction develops, 
vertical diffitsion of watt'r va|)or may offset evaporation processes and cause a second- 
ary afternoon minimum of mixing ratio. 'Hiis is shown in data presented by Shaw'"' 
for several stations (the data give diunial variation of vapor pressure, which may bo 
eonvcrled to an apjiroxiination of variation of mixing ratio from the expression 
(ilw/w) = (tle/t) — \d(p — e}/p — e], the last term of which is negligible). In 
extreme conditions such as at C'ulcutta in March, the premonsoon hot dry season, 
the nveragi’ daily viirintion of mixing ratio is near 2.5 grams per kg. Ahsolute daily 
minima of vapor pressure in the nftemoon to early-evening hours are quite common 
aiijiarently ; they are reported by Shaw at t’aleutta from October through April, at 
Haris from April through .\ugust, at Dar es Salaam, coast of Tanganyika, in .June 
and .luly, at Stuart, central Australia, from November through March, and at Naha, 
Osliimii Shoto, south of Japan, from July through September. Thus thc minimum 
is not coiifinoil to arid regions; it is a summer phenomenon except at Dar es Salaam. 
In general, howex'cr, (he magnitude of the variation is not large, the one given for 
Calcutta being the largest reported in the data. 

In polar regions, the average vapor pressures and mixing ratios are so low that 
diurnal variation can necessarily be only minute. 

CLOUDINESS 

Diurnal variation in cloudiness appears where either radiative or convective 
processes of cloud formation arc dominant. Thus, in tropical regions, at land sta- 
tions, cloudiness shows a strong tendency to a maximum in the afternoon. Over 
tropical oceans, the periodicity is not so pronounced; there is a tendency toward a 
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late-night or early-morning (0600) maximum of rloudincHH, related to noeturnal 
radiation from upper levels and possibly to convergcnee in advance of the morning 
crest of the diurnal pressure variation (see the section on Oceanography, pages 
1048-1049). 

In middle latitudes, there is considerable seasonal variation in cloudiness. In 
general, summer shows afternoon maximum of cloudiness associated with convective 
eumulus. Winter, on the other hand, usually shows a sunrise maximum associated 
with radiatioiial stratiform typj's; but the winter maximum is much less distinct than 
the summer one at most stations, owing to the smaller hourly range in cloudiness 
associated with high frequency of cyclonic systems. 

Polar regions are reported by Lund.sherg'* to have a midday to afternoon maximum 
of cloudiness; data presented by Shaw ” for the arctic verify this in general; 8 months 
including both winter and summer periods, have slight maxima of cloudiness from 
1200 to 2000, inclusive. 

PRECIPITATION 

Diurnal variation of rainfall has much m common with tliiil of cloudiness, but it is 
li.ss jiroiiounced. There is also a distinction to he made between variation in fre- 
quency of rtnnfaK and variation in <|uaiitif,v of precipitation. In refiTciice to the 
lattiT, most inland stations at all latilinlis, but piirticiiliirly in the trtiiiics and in the 
middle latitudes in summer, show an afternoon maximum in amount of rainfall pcT 
hour, asbociiiti-d with the commonly heaxy falls from afternoon and enrly-evening 
eouvi’ctionnl storms. On tropical islands, coasts, and 'iceiins, the most distinctive 
diurnal patt('ni.s appear, with maximum ol pn>ci|>ifation at niglit; this is related to 
iqiper-air convection released by radiation from cloud and moist layers. In middle 
latitudes, the total magnitude of the xariation is usually (|uile small ; the more cyclon- 
ically controlled the climate is, the less is the variation Tims at Xew Vorlc, tin* 
amplitude of variation of intensity of prei'ipitalion in inche.s per hour for 3-hourly 
intervals of the day is only 0.009 m,'* The same order of magnitude has been found 
for I'liiglish stations." 

Tune of maximum frequency of pn'cipitalioii may show much or little relation 
to time of maMiniim intensity. In the tinpics nnd in iiiiddle-hititiide inland stations 
in summer, the correlntioii is high. Hut at nnddle-liit itiidc coastal stations, and in 
tile winter period in the middle lutitudfs geiieiully. tiie eorrelulion is slight. Pome 
stations show quite marked periodicity in time of rainfall, howiwcr; e.g., Valencia, 
Ireland,’* has rain on 2.') to 30 per cent of all days at 0800, and on only 15 per cent of 
days at 1200; it does not have well-defiiicd uenods of maximum intensity. Other 
stations in the British Isles do not show tlie maiked diurnal variation that occurs at 
Valencia. At Bareeiona, Spam, tlie time of maximum frequency of riiinfidl sliowa 
particularly low order of relation w itli time of niaxiniuiii intensity, and both vary 
widely fruin muiilh to month." 

Most land statiima having tliunderstni-ms show a strong maximum of incidence 
in the afternoon. A secondary maximum often appears lietween 0300 and 0400; 
and, at maritime loeiitioiis (western and northwestern I'Jurope), this secondary 
period is (piite pnmouneed." As noti-d in eonneetion witli eloudiiieBS, over tropical 
oceans and coasts, convective activity reaches a maximum in the early-morning hours, 
while the aftcriiuoii liours show only a secondary maximum. 

VISIBILITY 

Diurnal variation of visiliility is marked commonly by a maximum in the afternoon 
and a minimum in the moriiing in humid regions The factors involved are several. 
Fog usually shows maximum frequency in the early morning; this is naturally reflected 
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in. the morning minimum of visibility, and that minimum varies with the seasons and 
consequent incidence of radiational fogs. The afternoon maximum is associated with 
the average minimum of relative humidity and maximum convective turbulence that 
thins air-plankton by distributing it through maximum depth of air. Consequently, 
the diurnal variation is usually greater in summer than in winter in middle latitudes. 
It is, of course, much gn'ater over land than over the oceans. 

In arid regions, the afternoon maximum of visibility is reduced or eliminated 
by the increasing quantity of dust that is picked up from the ground as winds increase 
to their afternoon maximum. Similarly, near forest fires, accelerated rate of burning 
during afternoon hours produces more smoke and haze than at other times of the 
day.” 
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ICING ON AIRCRAFT 

By E. B 01 .LAY 

Aircraft icing constitutes one of the chief hazards to the safe operation of aircraft. 
The condition favorable for icing will always require careful study and attention 
by the forecaster and pilot, despite the introduction of mechanical deicing devices. 
The present trend of going to higher flight levels, particularly on long flights, will 
greatly reduce the icing hazard. Icing conditions at the terminals will then constitute 
the major problem. 

Icing will result when liquid water is present at temperatures below freezing. 
It is well known that liquid water can exist at temperutiires below 0°('. llic region 
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where liquid water in the supereoolcd state is most frequeiitl}' observed is between 
0 and — 18°C. Any cloud area with temperatures between 0 and — i* therefore a 
potential icing zone. Liquid water and icing have been observed with temperatures 
as low as — 40°C. 

Types of Icing. Icing as eneounlercd by aircraft is divided into three main 
categories. 

1. Clear lee. Transparent ice formed by the freezing of large-sized droplets is 
known as clear ice. It presents the greatest hazard of the three types. Clear ice 
forms clear deposit of ice, defcTning the contours of the airplane and adding much 
additional weight. The clear ice on the leading edge of the airfoils greatly changes 
the aerodynamic properties of the w ing and rr-siilts in decreased lift and increased drag. 

2. liime lee. Opiiqtie ice, forniisl in clouds by the rapid freezing of ininuti'-sized 
droplets is known as rime ice. This type of ice consists of a rough opaque mass that 
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builds into the wind and w ill affwi the operation of I he nil craft sooner than clear ice. 
Mechanical deicing equipment removes tlins type of ice niori' effectively than it 
reniovcB clear ice. 

3. Hoarfrost. Ice crystals dc|)osited cliiiH-tlv on the alreruft from the water vapor 
ill the air aVe known as hoarfrost. This presents far less difficulty to aircraft, particu- 
larly while in flight. During landing and take-off operations, the presence of hoar- 
frost presents hazards of which the pilot must be aware With hoarfrost present, the 
normal relationships between stalling spissl and wing attitude may change appreeiably. 
Only power luaJiiigs should be attempted with boarfnist, nine ice, or clear ice present. 
No take-offs should he made with ice or hoarfrost covering the wings or coiit rol surfaces. 

W'et snow also presents hazards to flying, piirtieuliirly at low speeds. Under such 
circumstanees, snow clings to the surfaces more readily and thus deforms the aero- 
dymamie propi'rties of the airfoils in a fa.shioii quite similar to that of ice. C'limhing 
to higher levels will usually remed.v this situation. 

Meteorological Conditions for Icing. Icing conditions will be found to exist in 
most cloud typi'B with tliu proper temperature distrihution. The intensity of icing 
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is more pronouneed if turbulence is present, and it also is believed to increase with the 
speed of the aircraft, llime iee is more eomnion with little turbulence, and clear ice 
predominates when turbulence and vertical velocities arc observed. Occasionally 
clear iee and rime ice form Himjtltan(*ouHly, indicating the presence of both small and 
large droplets of supercooled water. Since vertical velocities are usually associated 
with icing conditions, they are most frequently observed with warm fronts, cold fronts, 
occlusions, and cumulus clouds, and over inountaineous terrain where vertical currents 
are orogrnpliically induced. 

Warm Fronts. Owing to the extensive cloud systems, both in the vertical and 
horizontal, associated with warm fronts, severe icing may be associated with them. 
'I'he temperature distribution in both the cold and the warm air should be carefully 
studied, and regions in the 0 to — IS'C zone should be delineated as icing zones when 



I'to. 2 . — A csiUl-fioiit icing situation. t51in<U*d uieas indicate zones of jioteutial aircraft 

icing. 

clouds arc present or su.spected. Particularly severe icing conditions rrault when 
warm rain falls through a very cold layer near the ground. In such cases, the freezing 
rain will ])roducc impassible flying conditions. 

Cold Fronts. With cold fronts, the primary eloiul system is in advance of the front 
ill the warm air. This region is therefore the zone of potential icing, in cloud areas 
w'ith teiuperatures between 0 and — IS^C. Strong vertical currents are frequently 
found in this zone, carrying large iimnnnts of liquid water into the critical icing area. 
It warm rain is falling from tlic overlying warm air through the cold air, freezing rain 
may rc-snlt if the cold-air b'/iiperjitiircs are below freezing. 

Cumulus CUuiils. Aside from the dangers from struetural strains and control 
diflioulties from the violent vertical currents experienced with certain cumulus-type 
elouds, these clouds present a great icing hazard. Whenever possible, they should be 
eirciimnavignted. Plying ovit the top may be impossible, and flying below' them is 
often dnngeroiiH because of turbulence and strong descending and aseending currents. 

Orographic Conditions. -Mountain ranges introduce severe icing hazards whenever 
an air mass with a suitable temperature range and high moisture content is forced 
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to ascend Under such eircumstanct's, the clouds forming 'ihould he avoided^ ring 
conditions will be most severe where the ■verlit.il velocities are greatest iiguro 3 
shows the distribution of the icing zone over nioiintuins 

Carburetor Icing. Carbiiri'tor icing is ciuouiitercd bv aircraft when flying through 
humid air with tempeiatuies generally above fris /ing hen the air passes through 
the expansion channels of (‘arbiiietors, the reduction of the air tcinperature due to 
expansion and the high inoisturc content will pioduee a dangerous icing bituatioii. 



^Moaferafe to heavy icinq zone 

111. J. — Icing bituaUuu cwei luountsius. 

lAith prc'C-iit aiiciaft equipiiient, heating doMcos aio a\ail iblt whereby the tempera- 
ture in the carburetors ( in be icgulated, thereby gieitlj reducing this leiiig h.i/.utd 

ATMOSPHERIC CROSS SECTIONS FOR FLIGHT OPERATIONS 

By E Bui i \y 

Vtmospheric cross see turns arc cvtr.iiiiK useful in depicting weather conditions 
along a ci'rt'iin p.ith .it a gi\ en tun • Thee arc o' gn it issist inec in preparing a sale 
ns wc-11 .is cthiieiit flight jil.iii foi extended flight 'iper.ilieiiis Atmospheric cross 
si’ctions usually indicate the location ol the front el siiil le-es, cloud type’s with esti- 
inutudlitighth of the tcipg and t)isc>sot I’louds prec ijiit it ion an is, thuiidc rstoi in nones, 
regioiib of aircraft iciiig, the disliibiitioii of the uppir-aii winds along the flight path, 
aiiii the distribution of the iri-c-air teiiipciatuie 1 iguie I is an cx.inipli' of such a 
c rosb becti6ii The dal a plotted on ntiuosphcric cm s see tions e onsist of the infoi ma- 
tion received fiom radiosonde and airplane soundings and the pilot-b.iIloon data us 
well as leports from othiT aircraft flying along the s uni* loule f he surface poaition 
of the fronts and current siirlaie observations an plotted on the base of the cross 
section and ate obtained from surface synoptic charts 

Method of Analysis. In analyzing trobs se’ctions, the frontal suifaees are located 
first These should be located in aceordanit with the charatteribtic s of frontal 
inversions and wind xanations outlined m the- section on Fronts, pages 643 to 650. 

Care must be taki’n not to confubc all teinpciaturc invcrbions as fioiital inversions. 
Inversions also develop because of but.h processes as cooling, tuibuleiicc, and sub- 
sidence Often more than one of these procc bses is actiy e in fornimg an iiiverbion. 
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such as GOuliitK from below and Hubaidoiicc aloft, or eoolinR and birhnlont mixing. 
Figure 2 indicates the various criteria of nonfrontnl temperature inversions. 

Nonfrontal temperature discontinuities are drawn on miss sections to indicate to 
the forecaster regiuns of great vertical stability, 'i'o the pilot, these layers appear as 
haze layers and regions of smooth flying condition!.. Hiimpiness is usually observed 
at the base of the inversion; therefore no difficulty will be had in recognizing these 
nonfrontal temperature dimaintinuities. 
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Jmo. 2. — Chaiai'tviibtu; luopertiea of iioiifroiitul tempi^iiituio inv^WMoiih. 


Fretiuently the frontal slopes cannot be uniquely determined by frontal inversions 
or pilot-balloon data. In such cases, the iJope of the potential-temperature surfaces 
should be utilized. It is generally eoiicedeil that a frontal zone eonsists of pronounced 
concentration of potential-temperature surfaces as shown in Fig. 3. Since these 
surfaces arc nearly parallel, the frontal surface can bo drawn parallel to the general 
slope of the potential-temperature surfaces. 

The cloud types, precipitation areas, and thunderstorm zones are indicated on the 
basis of the surface observations, and on the ihila from the soundings and uirpluiio 
observations. It should be remembered that, when indicating cloud areas, relative 
humidities may be less than 100 per cent, as explained in Sec. Ill, page 253. 
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RoKions of aircraft icing arc indicated in cloud areas between the temperatures of 
0 and — IS'T!. Whenever vertical currents arc suspected in these potential icing 
areas, moderate to heavy icing should be anticipated. For additional information 
on icing, see pages 753 to ’^56. 

The distribution of the free-air temperature and the upper-air winds are included 
in the plotted data on cross sections and therefore become apparent at a glance. On 
long flights, those data are extremely um'ful since the free-^ir temperature and upper- 
air winds enter into the performance computations of aircraft power plants. 

In performance coniputations of aircraft power plants, the free-air temperature 
is of considerable importance. The actual flight level may be determined by the 
free-air temperature in order to obtain the maximum range with the minimum fuel 
eonsumption. Winds aloft, unless strong, may play a sceondary role in sueh cases. 
In actual practice, the determination of the flight lecel is of course a compromise 



Fia. 3. — Potential teiiipcialuio distiibutiou thruugli a fiuntal cone. 


between (he gain achieved by a suitable temperature distribution and the gain of 
speed due to winds, provided that other meteorological conditions are the same at the 
levels under consideration. 

Atmospheric cross sections show the vertical structure of the atmosphere along a 
selected route as interpreted liy the mcteorolngist from the surface synoptic chart 
and the upper-air data. Owing to the paucity of upper-air data, the cross sections 
are by necessity estimates of existing conditions. Since forecasts full in the same 
category, the meteorologist sliould illustrate as realistically us possible the weather 
conditions along the route. 


AIR TRAJECTORIES 

By li. A. Batjmgahtner 

'riie trajectory of a parcel of air is its track over the earth’s surface. Assuming 
gradient-flow eonditions, the isobars repri-sent trajectories orilj' when the pressure 
system is stationary and its structure is unchanging. Since pressure systems move 
rather than remain stationary, the isobars on synoptic maps will rarely indicate the 
actual path of a parcel of air for any appreciable length of time. It is desirable to 
foresee the actual paths for various air parcels in eonsideriiig the movements within 
air masses for forecasting temperatures at fixeil stations, for fog forecasting,' and for 
a general understanding of the existing distribution of meteorologieal elements. 

A simple n-latioiisliip hss tieen deterniiiiiHl' between the curx'ature of isobars and 
till' curvature of trajectories as follows: 


1 

r. 
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where n = radius of curvature of the trajectory 
n = radius of curvature of the isobar 
c — sp<!ed of the pressure system 

♦ = angle between the direction of motion of the system and direction of the 
gradient wind (v) 

The Ti of a parcel is determined by first finding the center of curvature of the isobar 
in its vicinity. The center of curvature is found at the intersection of the perpendicu- 
lar bisector of two chords of the isobar in the vicinity of the parcel. 



t’lo. 1 .-^Synoptic weather map of Tcb. 12, 1944, 2030 KWT, showing trajectories of 
air parcels A, Ii,C, and D in an anticyclone over Eastern United States. Arabic' numerals 
locate succesaivu sis-hourly positions of tiie air parcels. Itoinan nuiucrals rcfei to six- 
hourly positions of the center of the anticyclone. 

The speed and direction of motion of the pressure system may be estimated from 
previous history or computed by means of the displacement formula on page 609. 
The speed of the gradient wind may be iletermiiied on the assumption that the wind 
blows along the isobars from a gradient-wind nomogram such as that found on page 
.')4. The angle * is considered as the angle, smaller than 180 deg, between the 
positive direction of motion of the system and the positive direction of the wind 
vector. 
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The trajectories of a few pareels of air in an anticyclone (see Fig. 1) were com- 
puted with the above equation, it was determined that the antiryelone moved east- 
southeast at approximately 28 knots. The following indicates the procedure used in 
obtaining the trajectory of parcel A : 

At the initial point on trajectory A, which is located at position A (1) in Fig. 1, 
the following values were detenninod: 

t,^EA~ 5.8° lat. 
c = 28 knots = 2.8° lat. per 6 hr 
» = 43 knots = 4.3° lat. per 6 hr 
4' = 40 deg 

Substituting in the formula 

“S 40 deg) 

T, = 11.4“ lat. 

Along EA, the radius of curvature of the isobar, mark off 1 1.4° latitude (AF). Using 
this radiiis, AF = ri, construct an arc of a circle from A (1) equal to the computed 
6-hr displacement (4.3° latitude). This will doterniine the position of point (2), 
which, to a first approximation, is its position on the earth’s surface 6 hr from the 
current map. Point 2 is now located on the next C-hourly map where, the above 
procedure is followed in locating point 3. After repeating the above for successive 
G-lir intervals, the complete, 30-lir trajectorj' of point A is determined as indicated in 
Fig. 1. 

For forecast purposes, it may be ns8umc>d the structure of the system will not 
change appreciably in the next 24 to 36 hr. The trajectory of a parcel may then be 
computed from the current map for a given period of time. For example, point 2 
of parcel .1 is located from the current map ns described above. Since the pressure 
system will be cculercd at point 11 0 hr later (from previous history or calculation), 
the parcel A is thus located in a dilTercnt position relative to the system’s center from 
the current map. To determine jaiiiit 3, the above procedure is repeated lor point 2 
with the pressure system centered at its new position 1 1. This is repeated for as many 
6-liourlv intervals as it may be assumed that the movement and structure of the 
system remain unchanged. 

'I'lie following table gives an illustration of the air temperatures in degrees Fahren- 
heit as reported by the stations over wliich the various parcels were located (Fig. 1) 
at each successive 6 hr. 


'i'imc 

P<witiunL 

B 

B 

C 

D 

2030 


BB 

33 

43 


0230 



30 

37 


0830 



32 

31 
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27 

32 

31 


2030 

5 

26 

32 

26 


0230 

6 

13 

27 

24 


0830 

7 

15 

24 

25 



It is of interest to note that temperatures of parcel A at 24-hr intervals are prac- 
tically the same with the exception of points 4 and 5. Increased temperatures at 
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these points are due to increased daytime heating. Temperatures at the end of 
36 hr, under similar sky conditions, arc considerably warmer for parcels B and C 
in comparison with parcel A, which is as one would expect from the trajectories of the 
air parcels. 
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TROPICAL SYNOPTIC METEOROLOGY 

By Civilian Staff, Institutk of Tropical Meteorology, 

Rio I'lEDRAs, Puerto Rico* 

INTRODUCTION 

Appri>xinnilf'ly llii’ IropDsphpn' lira abin't* IhnI portion of the earth’s surfaee 
iiiclurteil lietweeii the Tropies of (’amser and ('aprieorn. On the whole, synoptie 
iiK'teoiYiIofcists have ne<tleeted this region, partly heeause ndiable weather data are 
scanty, partly hecause an ill-founded traditiosi is current among high-latitude mete- 
orolngists, that tropical w<‘ather is determined in a simple manner and, except for 
oceasLoiial hurricanes in some parts, is unaffected by secondary circulations. In 
tlic last few years, however, pra<-tieal necessity has demanded that synoptie analysis 
near f h(! ecpiator reeeive closer attention; military and civil meteorologists whose duty 
has taki'ii them into ('(luatorial and aiiho<iuatorial regions have soon learned how ill- 
f(imid<“d the standard accounts of those regions may be. The picture tliese accounts 
give would indicate that roiiveetion in the tropies is intense, ehaotin, and unorganized, 
espeeially on and near the etnintor, that the wind nystows are sintple, and that the 
weather is dominated i)riinarily by the diurnal and seasonal variation of insolation. 
'I’liis eoneept is (Ieriv<'<l from cliiiiatology, and the elimatologieal means are based 
largely on reoords from land stations, many of them quite unrepresentative. Such a 
picture is of little or no use to the forecaster and may oeeasionally lead him seriously 
astray. 

In their attempt to grapple with the difFieuIt problem of the aperiodic variations 
of low-latitude weather, forecasters have naturall.v availed themselves of ideas 
devi’lop<‘d in the temperate zone. It is unquestionable that organized systems of 
had weather, bearing a .striking resemhlanee to the fronts of th(! temperate zone, arc 
frecpieiitly eiieouiitcred by aircraft Hying over the tropical oceans. It is also imques- 
fionnhle that such orgariiz<'d systems jii.ay he observed to pass over M'ell-exposed land 
stations, their passage tiring accompanietl by r.«tin. wind shifts, cloud sequences, and 
sometimes teiiipcraturc oscillations so marked as to tempt the most conservative to 
recognize- them as fronts. Mori-over, it is <iften possible to draw the systems as fronts 
on one or a few syiiopt ie maps. Ilul these “fronts” will soon behave in a manner quite 
uiijiredietnlile hy the usual rules for high-latitude forecasting: they will move at 
iiiiprohahle spe-eds, and the nnti<'ipntion of intensity changes will he mainly guesswork. 
Under these conditions, it is not pn.ssihle to maintain continuity, and the forecasting 
prohleiu becomes correspondingly difficult. 

PRINCIPLES OF TROPICAL METEOROLOGY 

Lack of Well-defined Air Masses. In temperate meteorology, great emphasis 
is plaei-d upon the eoneept of the air muss, a huge body of air possessing properties 
that are more or less homogeneous in the horizontal. It is recognized, of course, that 

* Th(> Inbtitutv of Tropicul Molporoloff^ in lornteft oi> Iho ranipUH of the Univeraity of Puerto Riro 
and in npoiated jointly by tlio IJiiivcihity of ('’hiceKO and the Uiiivernity of Puerto Rico. The initiul 
orieaiiinution of the leiicliing aiuI research jirofcr&ni vtan carried out hy Mr. C. R. Palmer of the New 
Zeulutid AietcoroloitipRl Service, who HOived an director of thu Iiintitiite during the firet year ito 
exiHteneo. 
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this horizontal homoponeiiy is only approximate— that convection, radiation, and 
other processes will always produce gradients of property within, the air mass; but 


Ascent curve yMo/st 


Sm 

mssaam 


Temperoiturc,®C. 

FiO. 1. — diagram for San Juan, Piiorto Itico, at 2300 local time oi. Doc. IS, 1943 bhowiii^ 
Iho **trade iiiveibiun** and tho moibt and di> layci8. 


I 


Temperature, ”0. 

Fiu. 2 . — Tip diagram for Henderson Field, Guadalcanal, at 1000 local time on Mar. 5, 
showing the separation of the so-callod “monsoon air” into moist and dry layers. 

such gradients are insignificant compared with those found at the boundaries of the 
air masses. In the tnjpics, however, the changes in property that occur across zones 
that could possibly he regarded as air-moss boundaries ore insignifirant eompored 
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with those that result from the action of convection and radiation upon the “air 
masses.” 

The Moist and Dry Layers. The horizontal gradients of air-mass properties, 
therefore, are of subordinate utility in tropical analysis. On the other hand, the 
vortical distribution of moisture is of greatest importanen. A series of upper-air 
soundings obtained from a representative tropical station, especially in an area where 
trade winds prevail for a large part of the year, will show that for long periods the 
humid air supposedly eharaeteristic of the tropics extends to only moderate heights 
(Figs. 1 and 2). At a comparatively low level, the moisture content falls off very 
rapidly with height; and the region of rapid change may be marked by an inversion 
of temperature or, failing this, a change of lapse rate. Above lies extremely dry air, 
the superior air. This inversion of temperature has long been known as the “trade- 
wind invt'rsion,” and much significance has been attached to it. However, it now 
seems advisable to recognize that a sharp zone of demarcation between the humid 
lower layer and the dry upper air almost always exists — even in the absence of any 
tenipcrnturp inversion — and to name the layeni the moist and dry layers, respectively. 
The distinction between these layers is evident not only in the trade-wind zones but 
also in regions that are traditionally supposed to be the seat of widespread chaotic 
convection, e.g., the equatorial Pacific Ocean. It cannot be too strongly emphasized 
that the atmosphere in the tropics is not nccesBarily highly unstable, not even in the 
ccjuatorial zone. In some regions, it retains a stable stratification for very long 
pc'riods, showing woU-marked moist and dry layers on the equator itself. Figures 1 
and 2 illustrate this separation of the tropical atmosphere into moist and dry layers. 
Both show a marked inversion in the zone of separation. The sounding at Henderson 
Field (Fig. 2) is particularly important, since it was made in tlic “monsoon air” on 
the northern side of the equatorial front. 

The forecaster thus encounters his first analytic problem: to detc'rmine the depth 
of the moist lu.ver and its variations in space and time. The solution is not so simple 
as it appearf., since, in (he tropical 
current, areas of ascending air several 
miles wid(‘ alternate with clear areas 
where the air sunsides. For this reason, 
riidiobondc or airplane observations will 
report the depth of the moist layer 
differently according to whether the 
flight is made in an area of ascent or 
one of subsidence. Moreover, many 
soundings are made on islands or in 
mountainous terrain, where the local 
effects overshadow those of synoptic 
importance. The data from the sound- 



Fio. 3.— titreauiliiies disappeniing in a rcgioii 
of convergence. 


iiigs may then completely mislead the analyst. Accurate measurements or expert 
cstiiuntion of the height of the tops of convective clouds taken from aircraft flying 
over the open sea provide the best means of iletermiriing the depth of the moist layer. 
These observations have shown how widespread is the separation of the tropical 
atmosphere into well-marked moist and dry layers. 

Representation of the Velocity Field. In addition to the depth of the moist layer, 
the tropical forecaster needs to determine the structure of the velocity field at all 
levels in the troposphere, and probably also in the lower stratosphere. TTirough the 
wartime extension of aircraft operations and the establishment of close pilot-balloon 
networks, wind observations are now available in some tropieal regions in great 
quantity. Using them, some tropieal meteorologists have attempted to develop 
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Btreamline analysis, with special emphasis on locating areas of appearing and dis- 
appearing streamlines. Those areas where streamlines disappear are regions in 
which there is horisnnt al convergence in the vclmitj' field, and those where new streani- 



ito. 4. — Stroamlines spaced m inverse 
pioportion to the wind speed. New sti cam- 
lines appear in an aiea of hoiisuiital 
divergence. 


lines appear arc regions of horizontal 
diveigenee (Kigs. 3 and 4). 

In the low troposphere, convergence 
in a layer several thousand feet thick 
nearly always results in ohcendibg mo- 
tion because the air cannot move 
through the earth’s surface, and diver- 
gence results in descending motion. In 
that part of the atmosphere to which on 
the average we find the moist layer 
restrirted, then, the disappearance of 
streamlines implies a slrctehing of tlie 
air columns and derpening of the moist 
layer , and the appearance of streaiiihncs 


IS acrompanied i)v suKsidenee ami a 
contraction of the moist layer. Streamline maps that also contain lines of dc>pth of 
the moist layer bring out this rclatioiiKhip clearly. In the regions in which stream- 
lines disappear, the moist layer is deep; in regions in which they appear, there is 
evidence of subsidence. Such maps (Kig. 6) used in conjunction with the surface 
charts, constitute a powerful instrument in tropical iinnlysm. 



Cnixente of the Tropics. If areas of horizontal eonvergenee and divei^enee 

rre^he l«vcr could be anticipated. 

^etc^ Sc ‘'loud ooiiid be pre^ 

dieted. Neither the surface map nor the rtreamhne analysis automatically makes 

this possible. It 18 necessary first to understand the processes goveriung the develop- 
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ment and travel of the arpaa of convergence and divergence and the manner in which 
these areas appear in the pressure and velocity fields. The knowledge so far acquired 
may best be summarized in the form of synoptic models. 

Before discussing the models as such, it is useful to consider the broad currents 
in which the different systems may lie. Three general wind regimes occur in the 
tropics: 

1. Deep easterlies extending to great heights, at leant to 6 km. This current is 
found usually between 15°N and 15°8 and extends farther poleward in summer than in 
winter. 

2. Equatorial westerlies overlain by easterlies at high levels. They also lie within 
the belt mentioned in (1) and are generally st'parated from the polar westerlies by the 
deep easterlies. 

3. Shallow easterlies overlain by the polar westerlies of temperate latitudes. 
'Phesp occur on the poleward sides of the tropical zone and extend farthest equator- 
ward in winter. 

It is not correct to think that west winds are found above the easterlies along all 
irieridians Or in all tropical latitudes. Observations show quite clearly that the upper 
winds of the tropics arc controlled by the anticyclonic cells centered at high levels 
at about 15 to 2.'i°N and S. On the eqiiatorward side of these cells are deep easterlies, 
Tlius the clear-cut sebeniatic diagram sometimes given, showing the surface easterlies 
everywhere overlain by westerlies, is an oversimplification. The height of the base 
of the westerlies increases very rapidly near the central parts of the subtropical highs. 
In a few degrees of latitude, it may rise from 1.5 to 8 km or more. 

In addition, the equator is not neeessarily the warmt'st region in the tropics, even 
on the average. Bather it may be said that witbm 20°N and S, at least over the open 
oceans, temperature gradients in the lower troposphere an* weak or absent. A general 
poleward outflow from the equatorial zone aloft is rarely observed. 

SYNOPTIC MODELS OF THE TROPICS 

'I'he models <les<Tibed below Ix'loiig to two general categories: (1 ) those of the 
tropics proper, generally steered by the deep easterlies, though westerlies may ehar- 
aeterizc the lower layers, and (21 those representing modifications of temperate 
systems, steered by the polar w(’slerlies, though easterlies may occur near the surfaee. 

Waves in the Easterlies. Although the disturbanees known as toners in the eastir- 
Hes occur in many parts of the tropics, they have beeti primarily studied in the tropical 
North Atlantic and the Caribbean (Kig. 6). Dunn’ has pointed out that during sum- 
mer a series of isallobaric highs and lows moves froni east to west over the region and 
that the intensity of convection within the current varies with the succession of these 
isallobaric centers. More insight into the mechanism of these systems has recently 
been gained by Biehl.* Figures 7 and 8 show a model wave in the easterlies in the 
Northern Hemisphere. 

The deformation in the isobars is more pronounced near 10,000 ft than at the 
surfaee. Indeed, sometimes when a disturbance passes aloft, the surface-pressure 
change is less than 1 mb. Also, the wave appears best in the velocity field. Thus a 
streandine analysis at various levels outlines the wave better than the isobaric analysis. 
^'he onset of the wave is attended by a turning of the trade wind, both at the surface 
and aloft, toward the northeast in the Northern Hemisphere. When the axis of the 
trough has passed, the wind shifts fairly rapidly to the southeast. 

Streamlines drawn to a sufficiently dense network of winds show that the forward 
part of the wave (west of the wave axis) is a region of divergence and descending 
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motion; to the rear, however, there is usually convergence with ascending motion 
The wave crest generally slopes eastward with elevation. 

It is noteworthj that, with a northeast wind and falling pressure, the weather 
over the sea and even over the mountainous islands of the f'aribbean is fine, the moist 
layer varying between 5,000 and 8,000 ft in depth , and the bud weather is concentrated 
not so inech at the axis of the wave but some little dihtunce behind. A deep moist 



Fig. 0. Gcnciullorafinnsiii which wave, in the ensfeilies liave hei )• obsei ved or suspm ted. 
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A -SuiiKe pressure disfnbufior} ossoaaMwifh a sfrongi easierfy wave 
B - Sfreamhnes at 3000 ff for the same wave, arjc! jsol/nes stiowmg 
the depth of the mast Jayer 


Fig. 7. — The easterly wave in the NortUoin Ilemisphoro. 

layer and an extensive area of unsettled weather accompany the isallobaric high behind 
the wave axis. 

There is evidence that many waves in the easterlies are generated near the west 
eoast of North Afnea, more especially when the low-pressure trough usually associated 
with the equatorial regions has moved far mto the Northern Hemisphere; that is to 
say, 111 the northern summer. It secinb that the waves develop inland rather than 
along the coast line and that they pass on to the ocean and then travel more or less 
uniformly toward the west. Easterly waves, of the type described, occur also m 
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the South Pacific as far west as the northern Cook Islands. There they can he traced 
in summer first passing across the Marquesas Islands and later over Penrhyn Island 
and Nassau. Observations at Palmyra and the Caroline Islands in the North Pacific 
indicate that they pass these islands also. At Natal, on the east coast of South 
America, weather and wind sequences suggest that the South Atlantic is also subject to 
easterly waves. This distribution suggests that the waves develop mainly in those 
regions where the oceanic anticyclones arc large, quasi-stationary, and very stable. 
In regions where the high-prc'ssure belt is largely made up of a succession of migratory 
anticyclones, easterly waves arc comparatively rare, so far as is known. As an exam- 
ple, the western South Pacific west of the Cook Islands h.as few. Occasionally, 
liowevcr, even in this region, a migtatory high-pressure cell will slow up and become 
stationary, and then small easterly waves may develop along its northern border. 

Tropical Modifications of Temperate Systems. The waves in the easterlies dis- 
cussed in the preceding section arc comparatively simple in that there is little or no 
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Pro. 8. — Vortical cross section alona the 15® N parallel of latitude through the wave shown 

in Pig. 7. 

temperature gradient in the lower troposphere when they occur (in summer), and hence 
advective changes are negligible. 

Strong temperature gradients on the other hand arc usually .associated with mid- 
latitude wavi'H in the westerlies. Specifically, the air behind the trotigli is colder than 
that ahead of it. This distribution means that the trough must slope iqiward towanl 
the rear. 

With the trough is, more often than not, a cold front that has, of course, the two 
essential charaeteristics of a front ; 

1. A gradient of temperature. 

2. A cyclonic wind shear. 

Quasi-pcriodic outbreaks of polar air into the tropics occur in the Northern 
Hemisphere almost exclusively in winter, but in the Southern Hemisphere the pole- 
ward parts of the tropics arc affected by temperate systems throughout the year. 
During such an outbreak, several developments may occur. 
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1. The upper trough may adv'ance to tho east of the cold front. 

2. The density discont'nuity across tho front may disappear while the wind shear 
persists. 

3. A new trough may develop by the sphttinB of a high on tho equatorward side of 
a developing middle latitude cyclone. 



C= VbrfKal E-W cross section mrouqh a polar trough 

9. — The polat tioiigh. 

The structures that wsult from thi>be processes are enllcd (1) polar troughs (2) 
shear hues, and (3) induced troughs ’ 

The To/or Troiiph. In most eases when a cold front reaches lower latitudes tho 
accompanying wave m the upper westerlies advBnecs far to the east of the suriaeo 
front (Fig. 9). In the lower troposphere, the front soon boeomes weak, because it 
lies in a frontolytic wind field. A temperature discontinuity at low levels may persist 
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for a short time, but in most eases it bwomes very diffuse. However, the wave in 
the upper westerlies continues to advance above the surface easterly winds. Since 
the wave b accompanied by a pronounced pressure trouRh aloft, the surface easterly 
isobars also show a cyclonic wave pattern. l”he surface-pressure trough, it must be 
emphasized, is a reflection of the trough in the higher westerlies. Since the latter 
is continuous with the surface trough of higher latitudes, the whole structure is termed 
the polar trough. Beeausi' of the presence of deep wi'StcrUes above the shallow layer of 
easterlies, the direction of movement of the polar trough is opposite to that of the 
waves in the deep easterlies and therefore cannot be understood without reference to 
these upper winds. 

The convergence and divergence in the lower levels have the same distribution 
os about a wave in the deep easterlies. Kast of the trough line, there is usually hori- 
zontal convergence with bad weather. To its west, .mo finds divergence with a shal- 



I'ii.. 10.- I'oliii front in the South Iiuliaii Ocean. 


low moist layer ami fine weather, 'nie bad weather east of the trough line consists 
of convective clouds, either cumulus congestus or cumulonimbus. But sheets of 
altostratiKS associated with the cunudoiiiinbi miiy link up and form a continuous deck, 
from which steady rain falls. Figure 9 n-pre-sents » model polar trough at the stage 
whcMi the surface front is still fairly strong though undergoing frontolysis. The 
streamlines arc drawn for the 5,000-ft level. Figure OC is a vertical cross section 
through the polar trough. The axis of the trough is drawn to slope eastward at high 
h'vels, a frequent but not necessary event. The contour of the base of the westerlies 
deserves close attention because of its importance in forecasting the upper winds and 
the steering current. 

In the large regions between the subtropical highs, the speed of the polar troughs 
is relatively fast, and their intensity may be very persistent. Immediately to the 
west of the subtropical cells, on the other hand, the troughs arc quosi-stationary. 
Here they present an equatorward extension of the mean positions of the oceanic polar 
fronts. 

A “doubling” of the oceanic anticyclones is associated with the formation of an 
additional polar trough in mid-ocean. Under such circumstances, there are two com.. 
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plete polar-front systems in temperate latitudes and two pronounced quasi-stationary 
polar troughs in the tropics. 

In general, the moving polar troughs form near the west coasts of the continents. 
They tend to dissipate as they approach the semipermanent troughs and to merge with 
the latter. For example, consider the occlusions that develop in the South Indian 
Ocean’ and move toward Australia (Fig. 10). As they approach the continent, 
polar troughs form along the west coast well in advance of the occlusions and extend 
fur equatorward. 



Flo. 11 - A polar tiough in the West Indies. 


In the subtropics and lower midtlle latitudes, a tnigiatorv ;uii ieyeloiie follows the 
occlusion, somewhat equatorward from the low center, and an inverted V-shaped 
depression appears on the surface map between this anticyclone and its predecessor. 
The trough in the upper westerlies lies far to the esist of the weak surface front in the 
tropics, and it keeps this reJative position during the whole of the passage toward the 
east, at least until it reaches the region of Tahiti (ISO^W) where it encounters the South 
Pacific cell. 

Figures 11 to 13 show a polar trough over the West Indies. Significant 
features of the surface map (I'ig. 11) are (1) the separation of a small anticyelonic 
eiroulation over the Bahamas, (2) the formation of the trough over Haiti, and (3) the 
persistence of the principal high farther to Hie east. The antieycloiiic circulation 
over western (luba and the trough over Haiti appetir clearly in the upper winds (Fig. 
12). The similarity of air-mass structure on both sides of the trough is illustrated by 
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thi‘ soundings in Fig. 13. Notice that the air above San Juan is actually colder than 
that to the west. 

The Shear Line. The fast-moving troughs just described coincide with an eastward 
progression of migratory warm highs that frequently reinforce the semipermanent 
highs. 




The latter, however, may be replaced in another manner. If a very strong polar 
outbreak occurs behind a deep depression on the poleward side of the quasi-permanent 
high, a marked cold front with a predominantly east-west orientation will advance 
into the subtropics. The oceanic high then collapses, and it is replaced, not by a 
warm high proceeding from the west, but by the cold high associated with the polar 
outbreak, moving equatorward. This high rapidly assumes warm characteristics, 
building up soon into the higher atmosphere. Clonsiderablc subsidence in the cold 
air above a shallow surface layer euincides with the transformation of the high (Fig. 
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14). Therefore, the density discontinuity at the front quickly disappears above the 
surface layer. But the zone of cyclonic wind shear not only persists but may actually 
strengthen, especially if subsidence on its poleward aide is extreme. This persistent 
velocity discontinuity is known as a thear line. 

In the lower levels, the cyclonic shear exists between strong cast winds on the 
poleward side of the line and weak east winds on the equatorward side. At high levels. 



Fio. 14. — The “shear line.” .4. surface pressure pattern associated with a “shear 
line" moving into very low latitudes. H. streamlines at the 5,0(K)-ft level corresponding 
with the pressure pattern in A. (' and />, replarcinent of an oceanic anticyclone by a 
migrating high moving from the west behind a polar trough. E and F, replacement of 
the ooeanic anticyclone by an iiiteiibe high asMiciated with a cold outbreak. A “shear 
line” moves rapidly into low latitudes. 


it is evidenced by a trough between two highs; (1 ) the old oceanic high still persisting 
aloft but decreasing in intensity, and (2) the new high replacing the former and build- 
ing into the upper air. While this new anticyclone continues to intensify and the 
old one to weaken, the shear line will move into lower latitudes, sometimes reaching 
the equatorial zone itself. Its arrival produces a sudden freshening of the trade wmd 
which has long been known in the tropics as the surge of the trades or reestablishment 
of the trades. 
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Severe -weather, including several linea of cumulonimbus and thunderstorms, 
acpompanies the shear line. At some distance to the rear of the shear line, the weather 
usually becomes very fine with a shallow moist layer and very dry air aloft; near the 
top of this moist layer, radiation stratus or stratoeumulus may form. 

The Induced Trough. The formation of an induced trough can be expected when a 
front, while moving into fairly low latitudes, preserves its extratropieal character- 
istics and becomes quaai-stationary there. The front -will be oriented nearly east- 
west, giving ris(> to frontal waves. The increase in the westerlies above the frontal 
surface in connection with such a wave development may result in the formation of a 
new closed aiiticyclonie eddy on its p<iuatorward side. The dyeamie trough between 
this eddy and the principal high farthest east is called the indui ed trough (Fig. 15). 

The distribution of weather at the indnred trough is similai to that about the 
polar trough, pro-vided that the itiduced trough moves to the east. A deep moist 
layer with bad weather is located on the eastward side, and to the west there is good 
weather. 

If the frontal depression responsible for the formation of the trough moves toward 
the east, the induced trough will move with it but will die quickly. 



J-'ii.. IS. — Two .-suiliico iiiiipb bho'W'iug the dcvelojiinciit of the induced trough. 


If, however, the frontid depression remains stationary, the induced trough will 
also remain stationary, and it may intensify with bad weather on both sides. 

The Equatorial Trough and the Equatorial Front. Several concepts of the synoptic 
systems in (bo equatorial zone liave been advanced. Brooks and Braby* described a 
synoptic structure which they called the equatorial front. Basing their discussion 
chiefly on the climatological records of certain islands in the equatorial westi'ru Pacific, 
they came to the eom-lusion that in that region the trade winds from the two hemi- 
spheres converge along a narrow zone and that the Southoni Hemisphere air of the 
southeast trades ascends over the Nortliem Hemisphere air, forming a front rather 
similar to the warm front of extratropieal latitudes. Bast of the 180th meridian, 
they stated, the two trade sj'steins do not meet at a “sharp angle”; consequently 
there is less convergeiiec and loss precipitation and cloud. 

Ijater the Norwegian meteorologists adopted the idea of the equatorial front 
(Bergeron*) and extended it. According to their concept, the trade winds of the 
licmispheres meet along a zone of convergence that completely encircles the earth. 
This zone they call the irdertropical front, similar to the polar front, with one of the 
air masses ascending over the other. 
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At the same time, a considerable group of meteorologists have continued to use 
the old concept of the doldruin zone, in which the trade winds of the two hemispheres 
ai« thought to merge not along a narrow band, but in a fairly broad belt of light and 
variable winds and unorganized, heavy convective showers. Tins concept is based 
on climatology, and it should he emphasized that climatological records are inadequate 
as a basis for synoptic forecasting. 

The Eqiialorial Trough. The high-pressure belts of the two hemispheres are 
separated by a trough of low pressure, which in general coincides with the equator in 



I'lo. 16.— The eiiiiatoiial tioiigli and llie equatoii.i! fiom A, the eqiintoiial trough 
neat 0°. H, btreamliiiea foi A. C, the etiualoiiul frinit buutli of 0° iciiifoieed b> a shear 
line. D, streuiiiliiies for C. 


oceanic regions but which fluctuates with the seasons, especially in the neighborhood 
of the great land masses. This is the “equatorial trough’’ (Fig. 16A, B). When the 
trough hea along the equator or within 3° latitude N or 8 of it, the winds on both sides 
are predominantly easterly in direction. Whtm it departs widely from the equator, 
however, the trough wilt frequently contain a closed depression with predominantly 
westerly winds on the equatorward side and easterlies on the poleward side only. 
As an approximate rule, w'e may say that the equatorial trough must depart more 
than 5° away from the equator for a closed system to exist within it. 

Equatorial westerlies, however, may be found also in certain seasons when the 
trough is located very close to the equator, especially above a shallow layer of surface 
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easterlies. Hiim they appear along the equatorial coast of Brazil during the wet 
season. The difference may best be stated as follows: 

1. When the trough departs more than 5° latitude away from the equator, the 
appearance of equatorial westerlies ran be counted upon in nearly all instances. 

2. When the trough lies near the equator, the westerlies will be found only in 
specific synoptic situations favorable for their formatian. 

Observations show definitely that along only a portion of its length is 1 he equatorial 
trough a zone of convergence. Rather it is a zone in which regions of convergence 
alternate with regions of divergence. Wliere there is an cast-we 't gradient of pressure 
along the equator, divergence occurs in the equatorial trough to the west of a lino 
joining the center of the subtropical anticyclonra; to the east of this line there is 
convergence. 

Such a distribution of convergence and divergence may also be deduced from the 
cell theory of the general circulation: the east witidc of subequatorial regions cannot 
everywhere have a component toward the equator. Rather, there will be alternating 
regions round the globe in the first of which the east wind has a slight component 
toward the equator and in the next of which it has a slight component away from the 
equator. In view of the fact that deep easterlies prevail predominantly in the sub- 
equatorial oceanic regions, tliis velocity distribution will exist through the larger part 
of the troposphere. 

These alternate regions of convergence and divergence arc abundantly confirmed 
by the climatological means of precipitation, eloudiiK'us, and thunderstorm activity 
along the equator and also hy the daily synoptie charts. Tlic regions of horizontal 
divergence* are drj' zones, and fine weather prevails for long periods. A strong 
inversion usually exists at about 8,000 ft with very drj- air above. As a result, the 
clouds arc mainly cumulus humilis or trade cumulus. There is very little precipita- 
tion. In the equatorial dry zone of the Pacific, many islands, e.g., Malden, ( 'hristmas, 
and C’unton Islands arc practically devoid of vegetation. In the western parts of the 
equatorial Atlaiiti<', somewhat similar, though less extreme, conditions prevail over a 
eoii8id<Tablp p.irt of the year. 

Thi‘ Eqiwlorial Front. When the (*quatorial trough is more than 5° latitude away 
from the equator, convergence tietwcen the w'inds on llie polar side of the trough and 
tliose on the equatorward side t.ikca place along a narrow elongated zone, called the 
e(}uatorial front (h’ig. IOC, P). The streamliau analysis shows that there is consider- 
able ascent of air at th<* front but that both Northern and Southern Hemisphere air 
masses ascend; there is little, if any, evidence of overrunning. The result is the 
foriiiatiou of a hand of eumulonimbi with bases reaching almost to the surface and the 
tops frequently to above 40,000 ft. An extensive sbect of altostratus is usually asso- 
ciated with the cumulonimbus. TTie height and thickness of this altostratus may 
differ in the two currents. Fighter aircraft ascending through the altostratus some- 
times report as many as six separate shr'ets of this cloud. .\t high levels, a broad 
deck of eirrostratus spreads out on either side of the front. Heavy squalls, water 
spouts, and thunderstorms may accompany an intense equatorial front, and frequently 
the convective clouds 8<*em to be oriented in two or three parallel bands separated by 
comparatively clear spaces approximately 50 miles wide. * 

* This phenomenon can he linked to tho structure of tropirul clouds over the open sea. Far from 
land, cuiivectivo olouda ia the equatorial zone tend to orient thomBelves in long lines (cumulus en 
lying parallel to the direction of the wind. With fine-weatliet cumulus and trade ouniulUB. tho 
lineu are rloHo tugether, but as the depth of the rloud incrcuseH ho also dooa the distance betwi^en the 
cloud linos. The same tendency of the equatorial air to form longitudinal vortices parallel to the wind 
probably accounts for the double and triple structure that is sniuctiiues associated with a strong equa- 
torial front. 
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ITip equatorial front does not always luive the structure outlined above. Its inten- 
sify varies eonsiderably fnjm day to day, and a front of the intensity just described 
may in 2 days be reduced to a n.arrow line of euiuulus eongestus. 

The equatorial front furthermore is subject to rapid dissipation after a niarkt'd 
poleward advance. When this occurs, a new front will develop, usually in the mean 
seasonal position. This sequenee of evivits is associated with the development of 
depressions on the front, some of which attain hurricane intensity. 

Tropical Depressions.* The dcprt'ssion characteristic of th(‘ tropica is that known 
in different parts of the world as the typhoon, hurricane, or tropical cyclone. The 
extension of the ol)servation„l network into low latitudes, however, has shown quite 
clearly that m,.ny more low-pressure centers arc found in the tropics than W'aa pre- 
viously suspects d and that only a small proportion of them attain hurricane intensity. 
Indeed, the hurricane or typhoon is a rather rare and extreme form of a fairly common 
develojiment. 

Tropical depressions can form in any of the systems discussed in the previous 
sections and not only in the wet season, as has previously been supposed, but in the 
winter mouths as well. While the systems previously discussed are difficult to detect 
by the analysis of the surface synoptic chart alone, tropical lows are picked up fairly 
easily with an adequate network. 

The following clasBification is in use by the U.S. Weather Hureau and has been 
adopted by the Institute of Tropical Meteorology, llio I’iedras. Puerto Rico: 

1. TVopical disturbance: circulation slight or absent on the surface, possibly nion* 
marked aloft, but no closed surface isobars. 

2. Tropical depression ; one or more closed surface isobars ; w ind force equal or less 
than Beaufort 8. 

3. Trojiical storm : closed surface isobars wind force inori' than Beaufort 6. 

4. llurrh'nnc: wind force Beaufort 12 (7!> nii>h) or more. 

The lif<‘ history of tropical lows also may be divided into four stages: 

1. The formative stage, which lu-gins when the circulation diwelojis along the 
equatorial front, in an easterly wave or in a polar trough, and ends when thecirculatiiin 
reaches hurricane intensity. 

2. The stage of immaturity during wliieh the circulation reaches its maxiimim 
intensity, is most symmetrical, and covers a relatively small area. 

3. The stage of maturity, when the isobam associated w ith the storm are gradually 
spreading out over a wide area and there is no further deepending. The intensity may 
be slowly decrea.sing, although the area coveri<l by the cvclonic wind system may be 
larger than at any other period during the life of the storm. 

4. The stag(‘ of decay, when the circulation either assumes extratropical charae- 
t eristics or dissipates. 

Hurricanes sometimes go through all four stages entirely within the tropics, but 
winter storms nia.y recurve and move so quickly that they reach the polar front quite 
early, perhaps in stage 1. 

The exact causes of the formation of tropical depressions are unknown. In spite 
of this, however, it is possible to divide them into different types according to the 
synoptic systems in which they original!'. We mnv distinguish the following: 

1 . Kasterly wave depressions : any wave in the easterlies in midsummer and early 
fall is likely to give rise to a closed circulation which in many cases will attain hurri- 
cane intensity. It is characteristic of this type of depression that it is very small and 
violent in the stage of immaturity and that it may develop with great suddenness. 
It usually develops in that part of the wave known as the crest, that is to say, the region 

* Moet of the material on hurricaneb ia fiom an uiipubliahed bummary hy G. E. IDuun. 
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where the surface isobars show the greatest amplitude. Many of the most destnie- 
tive storms in the ('arribbcan and Gulf of Mexico belong to this category. Not all 
easterly wave depressions attain hurricane intensity, however. In the fall and spring, 
there is a great tendency for such depressions to be feeble, to move fairly rapidly away 
from the parent wave, and to recurve into a polar trough over the United States or 
in the western Atlantic. In this case*, they will induce on the polar front wave 
depressions that may become verj" strong. 

2. Kquatorial front depressions: the equatorial front gives rise to scries of depres- 
sions of various intensities. When this occurs, the front will usually be well marked 
and will lie along the greater or east-west axis of the depressions, a '.lieh in the earliest 
stage will show little movement but increasing intensity. Kro-n the beginning, the 
region of low pressure is extensive, sometiims covering 30° longitude and 10° latitude 
within the central isobar. Inside 'his “envelope'" tk-re an light variable winds, with 
easterly din'ctions predominating on the poleward -tide of the equatorial front and 
westerly directions on the equatorward side. Invariably, however, in this early stage 
the winds have a marked component toward the front. 

Eventually one or two smaller depressions will develop within the flat low-pressure 
area, but the rate of development is usually much slower than that characteristic of 
easterly wave depn-asions. Soon after such a small intensifying depression is estab- 
lished, it will begin to move toward the west. At the same time, the equatorial front 
will move farther away from the equator, at least on the eastern side of the low. Once 
this hiipiicns, deepening in the central depression is usuiilb rapid, and a true hurricane 
may develop. In nil easeh when the equatorial front shows a pronounced poleward 
excursion to the east of the major low-primsun* center, a smaller depression of at least 
storm intensity may be suspecteil within the outer flat “envelope." 

3. In winter, strong polar troughs in the tropics show a pronounced tendency 
to produce small depressions, which will appi'ar to develop some coiihiderable distance 
on the equatorward side of the frontal system. The up])er-air analysis shows that 
they form in the polar trough. Thev seldom attain any great intensity in the tropics 
but move riipidiv poleward, iiieet the front associated with the temperate part of the 
polar trough, and induce a frontal wave in middle latitudes. Some of the violent 
storms olT the east coast of the United Stati-s may be traced to such small depressions 
develojjing near Cuba or Hispanola. Tlie Kona storms of Ilaw'aii also appear to 
belong to tins category. 

4. Di'pressioiis may develop in the induced trough but only if the polar front 
wave that has induced the trough remains stationary. Such depressions, like those 
forming in the polar trough, are likely to produce wave cyclones on the polar front in 
higher latitudes. 

In their formative stage, equatorial-front depressions may show a pronounced 
asymmetry in thi- distribution of weather and cloud, whereas most easterly wave 
storms are symmetrical about the center. In all cases, there is a marked tendency for 
the weather on the left of the track in the Northern Hemisphere to bo particularly 
fine. In some cases, strong aiiticyclogenesis on the equatorward side of the center 
fakes place, and a small high appears even on the surface map. This is especiiilly 
the case in the South Pacific. Soundings in the area of anticyclogencsis show that 
the moist layer there is very shallow and is topped by a strong inversion. It has 
long been known that, in many hurriciHies, both before and during recurve, there is a 
tendency for the bad weather to be concentrated in the poleward portions and ahead 
of the moving depression. It now appears that this applies also to small and weak 
depressions, such as those developing in the polar trough. 

It should be mentioned that the equatorial front ran he detected for long periods 
during the development of the equatorial-front hurricane. In the ecntral region of 
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stroiiK winds, the bad weather is more or Ic'ss uniformly distributed, but outside this 
urea a definite discontinuity in wind and weather can often be found long after the 
storm has reached full intensity. 

It is noteworthy that in all typ«-s of depressions the cyrlonie circulation can fre- 
quently be observed at 8,000 to 10,000 ft before it reaches the surface. This fact is 
often useful in forecasting. When a well-dev(“loped storm or hurricane moves through 
a sparse network of observing stations, the circulation aloft is often more extensive 
than at the surface, and the 10,000-ft wind chart will therefore show a circulation that 
is too small to pick up accurately on the surface chart. 

TROPICAL ANALYSIS 

As in higher latitudes, an analyst in the tropics must consider 

1 . The region he is analysing. UTie variations of weather and climate from place to 
place are considerable. 

2. The seasonal variation of the weather. In some regions, the primary circula- 
tion changes little with the season whereas in others it undergoes large variations. 

3. Migratory synoptic systi-nis. 

4. Ijocal effects. Th<- changes in the meteorological I'lements due to the diiirnul 
v.nriation of insulation and to the effects of orography are in general far grenti’r than 
those due to all except the most intense sc'condary circulations. Consequently it is 
necessary to separate the diurnal and orographie variations from those attributable to 
the synoptic systems. 

An important difference between high and low latitudes is the more complicated 
relat ionsliip bet w ei-n wind and pressure' in the tropics. The gradic'iit wind is approxi- 
mated in only the higher troiiical Intitudi's; and even there it is often a very poor 
approximation. Hence new methods of analysis of the velocity field are essential. 

Methods of Analysis 

The charts and cross seetions on which tropical analysis currently is based are 

1. For the general anal.vsis: 

«. The surface charts. 

h Upper-level I'harts — mostly of wind data. 

c. Time sections showing the variation of the weather elements with time at one 
station. 

2. For the special anal.vsis haseil on aircraft n'ports: 

n. .Aircraft spot reports — a method of repn'sentiiig aircraft reports on maps. 

h. Flight cross si'ctions — a section along the track of aircraft showing in detail the 
vertical distrihiitioii of clouds and weather. 

c. Weatlier-distributioii charts — a method of collecting a large number of visual 
observations into u graphic, us.able form, especially one that con be used by 
nonmeteorological personnel. 

3. For microHnal,y8is: 

a. Application of all items listed under I and 2 to u small area. 

b. Station-circle reports — a graphic method of representing the weather visible 
from observations at one station. 

The Surface Map. iSurface TemprruluTr. The surface temperatures at land 
stations in the tropics are entirely uim-presentative for synoptic analysis. Those 
taken on very small, flat islands far removed from large land masses are somewhat 
more useful. 
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1 . The diumal far exceeds the seasonal range of temperature. At Fcnrhyn Island, 
an atoll of the South Pacific (9°S, 1 58°E), the mean diurnal range is 8°F and the iiican 
seasonal range only 2°F. At stations in the interior of continents, the diurnal range 
is much greater. An an example, a portion of the thermogram at Medellin, Colombia, 
is given in Fig. 17. This trace is typical also of stations on large mountainous islands, 
especially on the lee side, where a diumal range of 20°F is not uncommon. Tlie 
foehn effect tends to give these stations a continental >'haractcr. 

2. The diurnal variation of temperature is most marked on clear days. Clouds, 
even in small amounts, will lower the surface temperature in dayiime. Precipitation, 
however, including small orographic showers, has the greatest effee' , since the evapora- 
tion from falling rain quickly cools the air to the wet-hulh tempi rature. If the 
showers occur during what is ordinarily the hottest part of the day, the temperature 
will fall so suddenly and markedly as to resemble the typical temperature change 
with mid-latitude cold fronts. The coincidence of temperaturi' chiiiigc and rainfall 
often has li*d to faulty frontal analyses. 


27 28 29 JO 
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So closelj' does the feiiiiieraturc at land stations follow the trend of clouditieas and 
rainfall that under no circunistanees should it he used except for iiuenianalysis. 

The Dew Poitit. The dew imiiit la affected in the tropics by two pnicesses: 


1. Evaporation from falling rain or from surface water. 

2. Mixing processes that bring dry air from .aloft to the surface. 

These effects far exeia-d those which are duo to difference in origin of the air 
miusses; conseiiucntly, the dew point is not used in tropical as in temperate analysis. 
It serves to detect sulisidenee inversions at comparatively low^ levels and hence to 
give evidence of descending motion. Tlie dew point should not be used when the 
station recording it is reporting rain or has reported rain within the last hour. In 
addition, it becomes uiireprescntatix'c on the lee sides of mountains, where often it 
shows a considerable diurnal vanation. On low fropie.al islands, however, this diur- 
nal variation is very small, and marked changes can in moat eases be traced to vi-rtical 
mixing. 

Pressure. Pressiin' readings are representative except for dynamic effects in 
mountainous areas. The gradient oi pressure due to dynamic causes across a chain 
of mountainous islands may be as much as 3 mb. This can lead to a fietitious picture 
of pressure troughs between individual islands. For the drawing of isobars, it should 
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always bo remerabered that tho prossure-wind relationship cannot be relied upon as an 
aid. It is best to earry out tho isoharie analysis with the use of the pressures alone. 

Pressure Changes. The diurnal variation of pressure in the tropics is very Rroat 
and beeomos Rreator as one approiu-hea the equator in oeoanie refjions or proceeds 
from the shores inland in continental regions. The 3-hr pressure changes which arc 
still being recorded at most tropical stations are without value in the analysis. On 
the other hand, the 24-hr tendencies are very valuable, so much so that, where 
possible, they should be coni]>iited hour by hour. 

Surjnee Wind. The .surface w'ind at tropical land stations is notoriously unre- 
p«‘scntative. At coastal stations, the land and sea breeze is more marked near the 
equator than anywhere else. Orograpliie distortions of the wind (low arc very great 
in mountainous country. An analyst should be constantly on his guard against 
using wind shifts due to the land and sea breeze to identify the passage of synoptic 
systems. (Ibservntioiis over the open sea far from large land masses, however, are 
representative. 

llydrometeors. ('louds and precipitation at land stations arc largely di'ter- 
niined by the orogra]ihy. Kven islands of small <-levalion tend to become convection 

points during the daylight hours and to be 
fre<‘ of cloud at night. The intensity of 
convection on the other hand depends on 
the synoptic situation. 'I'hus it is possible 
to ii'-e the height of t lu' orographic cloud and 
tho tune of comniencenieiit of orographic 
precipitation as tin index of stability. 

Upper-level Charts. Rince the radio- 
sonde network in the tropics lias not yet 
alt.iiiieil huflicient density to permit accurate 
drawing of upper isobars, upper-level chin la 
s(>rvc mainly for analysis of the wiml field, 
ns given bv pilot balloons and aircraft rc- 
piirts. Since the wind changes and the 
zones of convergence and divergence are 
usually more iironounc-cd aloft than at the 
surface, such analyses outline the sviioptic 
situation r|ui(e clearly, especially if carried 
Tio. IH. -Uccipiocal s.ules of the t.Mw „„t lor .■<evcral levels, e.g., 5,000, 10,000, and 
used for Hticnliiliiic analysis 20 000 ft 

Streamline aualyaia should be ustal if the reporting network is dense enough. Its 
value is the same as that of the representation ot the flow by isoharic analysis in middle 
and high latitudes, in that it peiniits an estimate of voilieity and divergence and 
locates discoiitinuities in the wind field. 

The objects of streamline analysis are to represent the direction and speed of the 
flovi' and to show the v crtical motion. The streamline is parallel everywhere to the 
wind direction. The distance betwei-ii iMljocenl st ntimliiies is drawn inversely pro- 
portional to the wind speeds, * e.g., a spi'ed of 5 mph is represented by a spacing twice 
as great as that for 10 mph, a speed of 10 mph by a sparing twice as great as that for 
20 mph, etc. (Fig. 18). Usually the htnvuiiliueH an- not everywhere continuous but 
begin and end in certain regions. beginning streamline shows divergenee in the 
velocity field and an ending streamline convergence (Fig. 19). 

Because of the direct relationship of the streaniline pattern to weather, tin- analysis 
should not be carried out without reference to the other data, especially the weather- 

* njc'tearoicigiNtM umi> other iiiefhodH »/ repreHetitine wind Br>ood. 
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distribution chart. Such a procedure is less necessary when the network of winds is 
very dense and accurate If the streamlines are drawn for a level near the surface, 
duwnvi ard motion from that level is not likely, and the ending of a streamline will 
represent an upward motion of the air at that point. If it is necessary to start a 
new htreainline at any point of the same low-level chart, that point will lie within an 
area of subsidence. 

For higher levels, it must be remembereil that at any level, the vertical motion 
depends on the total divergence between that level and the earth's sui'face. If there 



is a net divergence between the surface and 10,000 ft, tlie wind \elocity at 10,000 ft 
will have a downward component, even though theie may be convergence at the 
10,0()0-ft level itself. At a liighei level, then, it is possible to have cither upward or 
downw'iird motion, oi even no vertical motion at all, regardless of whether or not con- 
vergence, divergence, or neither is occurring at that particular level. 

Therefore, streamline analysis for one upper-level chart, e g., 10,000 ft, does not 
necessarily indicate the sign of the vertical motion. A simultaneous analysis of several 
charts between the surface and 10,000 it gives the information nceessary. For 
instance, if the Imcs disappear at 5,000 and 10,000 ft in the same area, upward motion 
can nearly always be inferred. However, if streamlines disappear at 10,000 ft and 
appear at 5,000 ft, subsidence between 5,000 and 10,000 ft is probable. For an occu- 
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rate determination of vertical motion at a particular level, all heights between the 
surface and that level must be considered. 

Spot Reports from Aircraft. In. order to acquaint the forecaater as quickly as 
possible with obsen'ntioiis from aircraft, a number of codes for the transmission of 
in-flight reports by radio have been devised. 

A brief summary of the clnmenta that arc most desirable in such observations is 
presented here. However, it should be emphasized that spot reports arc not con- 
sidered to be so satisfactorj’ as a plain-language report by the pilot or observer. 
They should never be used as a substitute for briefing the pilot after the flight. 

Standard elements in aircraft position reports are (1) the time of report, usually 
Greenwich civil time, (2) the position of the aircraft in degrees and tenths of latitude 
and longitude, and (3) the flight altitude in thoiisands of feet. The positions of suc- 
cessive observations should be close enough together to have overlapping visibility 
fields. This usually requires that olisen ation.s he made each quarter hour, with 
additional obsiTvations where special ph<-nomenii or rapid changes occur. Winds 
at flight altitude are readily obtained by mciisuremcnt of drift with the drift meter. 
Tlie double-drift midhod is recommended, although other methods using thi- drift 
meter ar<' reasonably accurate. Intimated winds should never be reported, because 
they are often wrong and may be misleading. 

All different types and layers of elouils sliould be reported aeparately, each with 
amount in tenths, and heights of tops and bases. Since several different types of 
low cloud are often observed at th<‘ same tune, it is desirable to allow for three or four. 
It makes little difference if several t.^jics of high cloud are present except in speeial 
eases. Most of the weather in the tropics is shower-type pri'eipitntion, and for 
forecasting purposes it is useful to expand the classifleation of showers aeeordiiig to 
frequency and intensity. 

The following such classifleation is suggested: 


V 

V 

V 

V 
(V) 
(V) 
(V) 

VV 

VV 

w 

VV 

(W) 

(vV) 

(VV) 

(VV) 


shower unspecified 
light shower 
moderate shower 
lieavy shower , 


Airerafi flyirig in Blu/wer 


shower unspecified in sight 
light shower in siglit 
moderate shower in sight 
heavy shower in sight 


■Aircraft not flying in shower 


frequent showers unsjK-eifieil 
frequent light showers 
frequent moderate showers 
frequent heavy showers 


Aircraft in shower 


frequent showers unspecified in sight ' 
frequent light showers in sight 
frequent moderate showers in sight 
frequent heavy showers in sight j 


Aircraft not flying in showers 


Other weather may be described using the International rlassifioation. Visibility 
is seldom seriously restricted in the tropics, except in clouds or precipitation. Haze, 
however, is useful ss an index to stability conditions, and visibility is therefore 
included in aircraft reports. Below is a model of an aircraft report: 
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T 

Nb Cn I 



T 

Ni. C\ g 


1. Surfarp wind is ({iven by a barbrd arrcm , 10 knots for a full barb and 5 knots 
for a half barb. 

2. Wind at'fliRlit level is given by an arrow with the veloeity in knots written in. 

3. Nk is the total amount of low rlouds. 

4. Ni. is the amount of loiv elouds of one t>T)e. Ci is the type of low elouds. 

5. J' /B is the height of the tops and the height of the bases in thousands of feet. 

6- NbCm is the amount and type of middle elouds. 

7. NhCh is th<> amount and type of high rlouds. 

8. TT is the temperature in degr<H>6 rentigrade. 

9. VV is the visibility in miles. 

10. irir is the symbol for weather. 

11. GG'jgg is Greenwich civil time. 

12. /fa is the height of the aircraft. 

13. 11' is the weather eneountered since the last observation. 

It is recommended that aircraft reports be plotted on .a base map of large seale. 

Flight Cross Section. Drawn by the pilot or obseirer while in flight, the flight 
eroHS seetioii shows, in pictorial form, all the weather eneountered by the airplane. 
It is intended to be as true as possible a repn>s«‘nt ation of eloiid patterns, distribution 
of haze, fog, and precipitiilion, togethiT with notes on wind direction, amount of sky 
cover and of different eloud deeks, and other weather phenomena (Fig. 20). 

The vertieal settle is in thnusiinda of feet, and the horizontal scale may be of either 
time or distance. Use of a time seale has the advantage of leaving the observer free 
of navigation problems until the end of the flight when the position of the airplane at 
various times can he worked out from air spc<‘d, wind directions, and headings. Fur- 
thermore, the time scale permits the observer to change the horizontal scale at will. 
For speeds of near 200 mph, a seale of 15 rain of flight to 1 in. of section gives a very 
satisfactory spread of elouds. Where weather conditions change rapidly, as in a 
thunderstorm area, a scale of 10 or even 5 min of flight per inch of section is desirable. 
Ihc flight path is drawn to aid in entering the eloud heights and to show the chosen 
flight elevation in the variou.s weather situations. Pertinent navigational data should 
be put on the section or in the notes. If a time scale is used, it suffices to check the 
exaet times when the heading is changed and to mark the new heading along the base 
of the section together with either the air speed or the ground speed. 



Altitude, feet 
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Clouds are sketcliod as they appear during the flight, except for tho distortion due 
to the exaggeration of the vertical scale. They are outlined m blue pencil; and, in 
cases of large cumuloiiiinhi or thick blralus, (he body of the cloud is hatched in or 
shaded m blue. Vertical green hatching denotes showers or ram b(‘tw(‘en the cloud 
and the surface, and a dashed line gives the height of the probable inversions All 
indications of shear in the wind iield should be caiefullj noted. At the base of the 
section are entered appropriate symbols for weather phenomena, such as thunder- 
storms, haze, virga, squall lines, and halos, and albo wind observations both at the 
flight level and at the surface. 

The obsert'er should wiite remarks in blank space's of the section, covering such 
subjects as air temperature, weather observed on either side of the flight path, and 
positions of the airplane relative to lundniarkb uiiil, more porticularlj , to topographic 
features and land and water areas 



a - Shower at Waller Field, 10 min before faheoff 
b - Large B dissolving fo Fast 
C- Headed inland 
d In and out of clouds 
e Started to ram after landing 

Fio. 20. — 1- light cioss ■wet ion. 

'Weather-distribution Chart. To provide a simple and complete method of 
represciitiiig cloud and weather conditions, many forecasters have found llii' weatln'r- 
distribution chart useful. This is a graphic chart upon which weather data are 
entered ns appropriate symbols (I'lg 21). It is used us a supplement to the standard 
synoptic map It gives the location of the cloud systems with lespect to coast Imes, 
islands, inountams, as well as synoptic pressure patterns .Weroft and ship reports, 
as well ns representative land reports, are used in the preparation of the chart (Fig. 
22). Nevertheless, personal mterviews with pilots who patrol the areas furnish the 
best information conccriiiiig the weather on and surrounding the flight path. These 
data cannot be expressed completely on the aireraft weather-report form. 

Time Sections. The use of time sections, a standard tool of meteorologists for 
many years, is a special aid in the tropics, where stations are widely spaced. Several 
of the most applicable types of time sections are listed below. 

1. Surface pressure: Graphs of the 24-hr pressure change arc particularly helpful 
since they represent the synoptic changes. 
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2. Upper prcssuros: The 24^hr rhange is used in the same manner as, and in con- 
junction yrith, the surface-pressure variations. 

The upper-pressure changes can also be represented in the form of altimeter cor- 
rections, as developed by John C. Bellamy. Centers of high positive values of altim- 


SYMBOLS 

CLOUD AND WEATHER DISTRIBUTION 


Scattered small clouds 
(Cumulus , Fracto-cumulus) 

Large heap clouds 
(Towering cumulus) 

Tall shower clouds 
with anvil tops 
(Cumulonimbus) 

Broken layer cloud 
(Stratocumulus, stratus) 

Continuous layer cloud 
(Stratocumulus, stratus, 
nimbostratus) 

Sharp edge of cloud sheet 
or clear area marked 
by boundary line 
Area where cloud cover 



WEATHER 

PRECIPITATION IN GREEN 
FOG IN YELLOW 


Ram (ordnzzle) 

Scattered or intermittent 
rtiiin(orclrizzle)ifdistinquished 
from continuous ram 

Moving showers 
(of ram) 


Moving showert 
(ofsnoworsteet) 

Drizzle, if distinguished 
from rain 

R)q (yellow) 

Or, area of yellow 
shading 



IN BLACK 


Middle cloud in patches, 
globules, etc 
(Altocumulus) 

Middle cloud m layer, 

continuous 

(Altostratus) 

High chudjScafhred 
or broken 

(Cirrus, Cirrucumulus) 
High cloud in continuous 
sheet 

CCirrostratus) 


Combinations of symbols may be 
used, relative spacing indicates 
amount of cloud cover, precise 
amount may be entered m tenths if 
desired Relative size ofsymbols 
indicates relative size of 
individual clouds(notamouni) 
or of showers, thunderstorms, 
etc 


SPECIAL PHENOMENA 
IN RED 



U U LJ 

u u u 




•' zoooo 
'////// ^ 



Gale at surface 
Freezing level 
Icing level (Base) 

Visibility in miles 
or yards (Purple) 

Upper wind .n knots 
orm.ph at standard 
level,or level on shaft 
Cold front (Blue line) 
Warm front (Red line) 
Occludedfront (Purple line) 
Eguaton’alfront or other wind 
discontinuity (Orange line) 


[El] 


V= 500 YDS 



Fig. 21. — Synibuls: cloud and woather distribution. 


eter correction arc also centers of high pressure relative to their surroundings in the 
horizontal and vertical, and vice versa. Thus the altitude of the greatest intensity 
of the centers may be determined immediately. Greatest variation of the altimeter 
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rorreGtions is found above 6 km, but, for operational use, a running plot of tho daily 
soundings should be kept for all heights (Fig. 23). 

3. Height of the moist layer: Preferably from aircraft reports. A cross section of 
S, may be kept in eonneetion with that of the height of the moist layer, or it is some- 
times kept separate (Fig. 24). 

4. Upper winds: Together with the 24-hr pressure changes at the surface, this 
cross section is currently the most important one for the forecaster. It commonly 
consists of arrows plotted for each 2,(XK)-ft interval. It is of especial importance to 
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I'lu. 22. — Weather distribution chart. 


determine the base of the polar westerlies during the winter season, but that level is 
often impossible to locate because of the small number of pilot balloons reaching it. 

I.ike all analyses in the tropics, that of the time section should not confuse the local 
and the synoptic effects. The weather at a station may be affecte-d by its leeward or 
windward position and not show a change representative for its position in a synoptic 
system. 

The various types of time section just described are usually combined in a single 
form. One illustration of such a form is contoini'd in Fig. 25. 

Microanalysis. For military air operations in tho tropics, forecasts of a general 
nature indicating roughly the presence of cloud and rain in an area are insufficient. 
A forecast for operational use requires information of specific and detailed nature, 
e.g., whether a particular target or landing strip will be in a shower or under cloud at a 
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Fio. 23. — Time ficrtioii of nitiinetei- coiicrtion hliowio* (toiifhwaid movement of old 
5K)lar hiuU followed by iiasaaue of a polar troush. Notice that both me preceded by 
dibtinctive patterna only in the liighor tiopobpheie and lower bti atoBphcre. 


Dec. 23,1943 Dec 25,1943 


1300 1300 1300 



Ji'iG. 24. — Time section of Se showing strong mixing preceding passage of a polar trough 
and relative position of the trough aloft and at the surface. 
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given time, or exactly when and where tighterH will leave a cloud cover. The prepara- 
tion of such a forecast in a region where lo<-al and diurnal effects are as marked as 
synoptic changes requirc's Bom<‘thing more* than the usual large-ecalc analysis. The 
technique developed to facilitate such detailed forccosts is called microanalyais. 

Fundamental to the mieroanalj-tie approi«'h is specialization to fit the particular 
problem of the area. In the Panama region, for instance, this problem is primarily 


Dec.17,1943 18 19 



Fio. 25.— 8an Juan, Fucirto Itico. Cross section of winds and altimeter corrections. 

to provide the best possible defense of the Canal Zone. To do this it is necessary that 
interceptor aircraft be able to strike at maximum range as rapidly as possilde. Whi-n 
they return from such a mission, fuel supplies will usually be insufEcient toennlde the 
aircraft to wait out a shower before landing or to reach a weather-free field unless 
warned in advance. The weather officer is able to supply the necessary information 
readily because a dense network of weather-reporting stations makes possible the 
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charting of all major cloud groups in the area. He follows the hourly development 
and movement of these clouds and showers and can make satisfactory short-term 
forecasts. In this region, the primary concern is not whether there will he showers, 
but rather when they will form and where they will move. 

The weather-distribution chart and the station-circle plot form the basic tools for 
microanalysis. 

Wtaiher-dutrUnUion Chart (Fig. 221. The scale of the weather-distribution chart 
is large enough so that individual large clouds may be located on it. A scale of 1° 
latitude per inch will satisfy most purposes. Each individual cumulonimbus cloud 

RIO PIEDRAS.PR 

STATION CIRCLE OBSERVATIONS 




is drawn on the map in its exact position at the observation time. Towering cumuli 
are entered individually if proniiiicnt enough, but where many euiiiuliform clouds are 
present over a considerable urea, scattered symbols suthee without specifying indi- 
vidual clouils. In the latter case, the density of symbols is pioportional to the 
number ot tenths of clouds of the particular type, and the size of the symbols is 
proportional to the size of the cloud Hatched areas or a variation ot the Lt sym- 
bol of the International cloud code represent stratiform clouds. The heights of the 
tops and bases of all clouds am entered in feet besides the cloud symbols. Green 
shading indicates arena of continuous precipitation and areas of rain from a stationary 
cumulii.s or cuuiulonimhtis. Green shower symbols designate moving showers, with 
a distinction between light and heavy showers. 
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Wind directions nuiy be entered for partieulnr levels using red arrows, but the 
chart is generally used in conjunction with a separate streamline map. 

In operations, a prognostic weather-distribution chart h.as far more meaning to a 
pilot than the same forecast in writing. A glance locates the. areas of good and of bad 
weather and gives a definite idea of the intensity and extent of convective activity and 
of cloud heights throughout the area. Another great advantage of the weather-dis- 
tribution chart is that it makes the weather fori-cast popular with the using personnel. 
This popularity makes it well worth the added labor of its eonstruction. 

Station-cirde Reporfu. At stations where the weather depends largely on the 
distribution of sea and hind masses and on topography, detailed visual observations of 
the location of weather with respect to these features aid the forecaster considerably. 
The station eireh* (Fig. 26) is designed to record such observations against prominent 
hills, mountain ridges, roast lines, and other referenre points. The outline of clouds 
in the distance is drawn around the periphery of the circle. Tliose clouds lying within 
the circle of vision are located as accurately us possible within the circumfereiici*, using 
the same .symbols as described for the weather-distribution chart. Blue syniliols 
represent clouds; green symbols and shading delineate shower and rain areas. Wind 
arrow's with liartis show the direction and force of the surfaci' wind. 

Beside the station circle, the observer should make notes eovering the amount of 
each cloud typo, the heights of fops and bases, the visibility, and ollii-r phenomena. 
Since the direction of clouds is of major importance for forecasting, the observer must 
determine it with great accuracy. 

Observations of this type must be frequent to be of valut'. Usi' of successive 
reports makes it possible to trace across the sky the path of each prominent cloud or 
shower from the time it appears in the field of vision until it passes out of sight or 
dissipates. For devi'lopnicnts near the station, observations should be made every' 
15 min, certainly' at no longer intervals than ^3 hr. 

dlahilily Analysin. Stability of the atmosphere may lie determined Instrumeiitally 
or visually. A general, but very useful, visual classification is 

1 . Extreme etuhiliiy throughout atmosphere. Poor visibility, liiise layers, stratiform 
clouds only or none at all. 

2. Extreme stability in one layer. One stable layer such as at the toil of n layer of 
cold-air advectiou, flat-topped cumulus humilis, haze lay'er, perhaps iiltostratus nr 
altocumulus, sometimes stratucumulus eumiilogeii it us. 

3. Elight stability. Haze layers, trade cumulus over the ocean, limited tojis to the 
cumulus and often stratocumuius. 

4. Slight insUMHiy, Good visibility, no haze layer, cumulus congesfus and 
chimney cumulus, cumulonimbi over the mountains, nccuBiomi] light showers. 

5. Extreme instability. Organized eumuloninibus systems with associiiled eirnis, 
altostratus, and stratocumuius decks, turbulence, frequent moderate to heavy showers, 
often with steady light rain between showers. 

Clouds. Clouds in the tmpii's form primarily as a result of vertical motion. In 
fact, the eumuloninibus is the parent cloud of low latitudes, i.c., the stratiform and 
eirrifomi types usuiilly observed are outgrowths from cumulonimbus. Some of these 
outgrowths may reseinhle the warm-front sequence of cirrus, eirrostratus, and alto- 
stratus observc'd in middle latitudes; but they do not indicate overrunning. One 
important type of cloud — stratus due to radiation and turbulence — does not form 
because of vertical motion. 

Clouds Due to Vertical Motion. The factors that control the development of cumuli- 
form clouds in the tropics are (1) the depth of the moist layer, (2) orography, (3) 
horisontal convi'rgenee in the wind field, and (4) to a lesser extent, stability conditions. 
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Depending on the intensity and distribution of these factors, various types of cumuli- 
form clouds develop. 

1. Cumvlvs humili* is far more frequent in the tropics than was formerly supposed. 
It often has a rough, tattered appearance caused by turbulence (then it is frequently 
railed fractoeumulm). It indicates a shallow moist layer and negligible convergence 
(Fig. 27a). 

2. Trade cumulus in general has a “blocklike” appearance since it ends abruptly 
at the trade inveraion. A group of tlieso eiouds shows considerabh* symmetry because 
their bases are all at the same level and they all have nearly the same vertical extent 
(Fig. 271»). 

3. Chimney dmids have greater vertical than horizontal extent. Frequently they 
take the form of long “necks” protruding above the trade inversion from the tops of 
the lower cumuli. Chimney clouds indicate a moist layer of moderate height. The 
observer should note whether or not the necks are dissipating or developing with time. 
The “nr'cks” may lean with height, thus indicating the vertical wind shear (Fig. 27c). 



I'n.. 27.- t'uiiuliforni cloudc. 


4. Cumulus ennyestus foriiiH when cumulus builds to a considerable height and 
takes on a massive, mountainous appearance. At the edges of the main body of this 
cloud are smaller developments, called outriders, which give the cloud a very broad 
base. Sliowers fall from cumulus corigestus when the cloud has reached a thickness 
of at least 6,000 to 8,000 ft, regardless of whether or not it has reached the icc-crystal 
level. These showers can be heavy (Fig. 27d). 

5. Cumulonimbus forms when a cumulus congestus builds far into the freezing 
layer. The height of individual cuniulouimbi varies from 20,000 to 50,000 ft. The 
cloud has many outriders, and .sheets of idtostratua and eirroslratus formed by the 
lateral spreading of the developing eloud. Since tliese sheets frequently spread far 
from the parent eloud, they have often htn-n mistaken for frontal surfaces. After 
the parent cloud disintegrates, some of these layers may remain. Thiek anvil cirrus 
persisting under siieli eireumstanues is called cirrus nothiis (Fig. 28). 

Array of Clouds, h’requeiitly cumuli are observed in ordered files with definite 
clear areas between. Theoretically, tlie orientation of such files should depend upon 
the direction and iiiiignitude of the vertical wind shear. With small shear, the files 
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should be oriented normal to llie din'ction of shear; wilh great sliear, the files should 
he parallel to this dircel ion. However, (o« few ohservatioiis have bet‘n taken to cheek 
the validity of this rule in praetiee. 

Clouds in Relation to the Dislnbntion of Land and f^ra. It is generally supposed that 
eonveotion over land tends to reach n maximum during the afternoon; while that 
over the sea reaches a niaxiimmi near sunrise. However, there arc many exceptions 
to this simple rule. On inoiuitninous islands, nocturnal showers occur in some 
localities, and afternoon showers occur in oOiers. Jn still others, there are two niuxima 
of convective activity, one at night and one in the afti'rnoon. Also, during the night 
and again during the forenoon near such islands, a line of cumulus congestus or cumulo- 
nimbus may form parallel to the coast mid at a distance of 30 to 50 miles from it. 

Radiation^tvThulencc Stratus. Stratus forming at the base of an inversion is an 
exception to the predoininanco of cumuliform clouds in the tropica. The causes of 



this cloud are (1) moisture transport aloft by vcrticid mixing due to turbulence and 
(2) cooling by radiation of the top of the moist layer, ^’his type of stratus occurs in 
many parts of t he tropics. Some of the principal t ropical regioms are t he west coast of 
South America from a few di'gnvs south ol the eijuator to northern t'liile, the coast 
of Southwest Africa off Angola, the coast of Northwest Africa, off Itio de Oro, the roast 
of Driuil betwi'cn Sfto l.uiz and Natal and the coast of Ltiwer California. Hadiation 
cloiiAs iiiiiy occur also in many parts of the tropics in modified polar air behind a cold 
front or slieitr line when this air is undergoing sulisidcnce. 

Over wide ureas, both the height of the base and that of the top of the stratus are 
nearly uniform, 'fhe clou<l reaches its maximum development in the early morning 
near sunrisi'. During the forenoon, it weakens, especially near coasts, and it may 
dissipate there entirely. The first stagi- in the breaking up of the stratus is its trans- 
formation to stratocuniulus. However, in many places a sheet of this cloud persists 
for weeks at a time, particularly over oceanic regions. 

Siunmory of Analysis Rules. This section will present a survey of methods of 
analysis for the synoptic, systims of the tropics. The analysis is based on the weather 
elements and charts previously described. 
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Waves in the Easterlies. Onrc' formed, waves in the easterlies can be recognized by 

1. 24-hr pressure fulls, generally less than 3 mb, ahead of, and corresponding rises 
behind the waves. Because* of the considerable time interval over which the pressure 
changes is computed, the wave crest itself will usually be located in the region of 
greatest 24-hr falls. 

2. A cyclonic deformation of the surface isobars. 

3. The presence of easterlies to at least 20,000 ft. 

4. A turning of the upper winds, especially between .'>,000 and l.'i.OOO ft to north- 
east ahead of the w'ave crest (Northern Hemisphere) and a shift to southeast behind. 

6. linusuolly fine weather ahead of the wave crest and broad convection areas with 
showers to its rear. 

Intensity. The intensity of a wave is proportional (1) to the amount of deforma- 
tion in th(> flow pattern and f2) to the magnitude of the 24-hr pressure changes. 
Increases of intensity of the Wiives will be discussed under tropical storms. 

A decrease of the intensity is indicated by 

1. A decrease of the magnitude of the 24-hr pressure variations. 

2. A decrease of the deformation in the upper wind field. 

3. A lessening in the changes of the height of the moist layer across the wave. 

4. A decrease of the convection behind the nave; and n inainteuance of the trade 
cumuli ahead of it. 

The Equatorial Tiongh. The eqmitoriiil trough can simply be located by the 
surface isoharie analysis near the equator. 

The Equatorial Front. The iinal.vst may suspect the presence of an equatorial 
front when the eijuatorial trough is about 5” latitude away from the equator. It 
can readily be loenteii bi'tween a current of deep easterlies on the poleward side, and 
equatorial westerlies on its equntorwiird side. These wisiterlics are found not always 
at the surface hut frequently .shove a shallow layer of ciieterlics, 1,000 to 2,<XX) ft thick. 
It 18 important to ascertain the depth of the westerlies, which may range from only a 
few tlioiisand feet (.notably in (lie 1‘last .Vtlantie Ocean) to 20,000 ft and more (Dutch 
East Indies). Dmg bands of emnulonimhus oriented mainly east-west serve as a 
further indication. 

The 24-hr pressure change is not a reliable indicator, since it di'pends entirely on 
the type of transtonnntion the equatorial front is undergoing. A stationary equa- 
torial front may have no change at all. 

The J'otiir Trough. A polar trough moving eastward in the tropics can bo recog- 
nized by 

1. 24-lir pressure fulls, rarely in c.vceas of .I mb, ahead of the trough with usually 
smaller rises to its rear. 

2. A cyclonic deformation of the surface isobars. 

3. A low base of the polar westerlies; determination of its heights is of the greatest 
importance. 

4. Southeast winds ahead of the trough below the base of the westerlies. 

TROPICAL FORECASTING 

Two kinds of short-term foreeaat ore usually demanded (1) those that require 
predietiou of only a few hours and (2) those thot extend over a period of 1 to 2 days. 
The latter can be prepared only after analyses of weather maps eovering a wide region. 
The technique of foiwastirig only a few hours ahead is usually much simpler. The 
two kinds will be considered separately h«"re. Since forecasting in the tropics is still 
in the development stage, some of the forecasting principles indicated must necessarily 
remain more vague than would be desired. 
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Forecasts for Periods Not Exceeding 12 Hr 

Short-term forecasts for periods not exceeding 12 hr cun be subdivided into 

1. Terminal, patrol, and operational forecasts for coastal areas and islands. 

2. Forecasts for the open sea. 

3. Itoute forecasts for aircraft in transit. 

The forecasts arc prepared from (1) microanaJysis and (2) modifications imposed 
by the larger scale synoptic situation. 

1. For forecasts over coastal areas and islands the dependency of the daily weather 
sequence on the local orography and the land and water distribution is of primary 
importance. Synoptic systeniH will modify this diurnal cycle, but only the strongest 
will suppress it altogether. 

The forecast from inicroanalysis is dependent Inrgtdy on the wind in the lower 
10,000 ft in addition to the topography ot the forecasting area. Since the winds arc 
very steads’ in most parts of the tropics for considerable periods of the year, one should 
determine, as a preparation to forecasting during periods of the prevailing wind: 

For the Land and Sea Breeze. 

1. Duration, depth, and extent. 

2. Time of beginning and ending. 

For Daytime Conueetton over Land. 

1. A stability scale on which the expected amount of build-up can be baseil. 

2. Time of beginning and end of convection. 

3. Fuvoml sites for development ot eonviKdive clouds. 

4. Sites where the clouds break off from area* of origin. 

5. Prmcipal lines of drift of showers. 

6. Time of day at which clouds begin to move <m1 over the open sea. 

7. Areas in which clouds move out over the open sea. 

For Nocturnal Showers along the Coast. 

1. Ixication of principal build-ups. 

2. Time of beginning and dissipation of coastal clouds. 

3. Periods of principal shower activity along the coast . 

4. Distances that showers extend inland. 

5. Duration of relatively clear periods between the diurnal convection maxima. 

The following rules serve to guide in the forecasting: 

1. The best esliriiate of stability conditions can Ik* made a short time after convee- 
tion has started. 

2. Usually the clouds can be forecast to move with their steering current as repre- 
sented by wind direction and velocity between 5,000 and 8,000 ft. St ationary clouds, 
however, are frequently found over the favored sites of convection. 

3. Strong wind shear with height is detrimental to the development of large cumuli 
and showers. 

Different synoptic systems will produce variations from normal of wind and 
stability conditions. Because both the rate of movement of these secondary circula- 
tions and the weather associated with them change but gradually in the tropica, 
extrapolation of these systems assuming constant velocity and weather pattern will 
usually be successful. * 

* ExoeptioDB are aa equatorial front moving aotively poleward, and a tropical storm deepening 
r&pidly or recurving. 
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The abnormal wind velocities necessitate entirely diiforcnt forecasts from micro- 
analysis. Thus, for instance, the site of origin and the time of formation of clouds will 
change, as well as their track and time of dissipation. Fon'castcrs should, for the 
more frequent abnormal wind direction, make the same study outlined for the normal. 
The effect of changed stability conditions is much easier to estimate, since it depends 
on the intensity of the synoptic system that produces it and on the position of the 
forecasting area relative to the system. 

2. Forecasts over the open sea usually need to consider the secondary circulations 
only. However, microanalysis with subsequent forecast of the areas of formation 
and tracks of large individual clouds will still be of value in many types of operation. 
For carrier-based aircraft, the problem is similar to that for fighter aircraft based in 
the Fun.imu (.’anal Zone, outlined under microanalysis. Upon return from missions, 
Hk'sc airplanes also arc generally short of fuel and need to land almost immediately. 
Frediction of the movement of individual clouds and squall lines will permit steering 
of the carrier into the clear zones between clouds. A similar type of forecast of 
squall lines can be made for terniinal conditioirs at seaports. 

Route forecasts can be based primarily on the extrapolation of synoptic sys- 
tems and their atti-iidaiit areas of good and bad weather. The position of individual 
clouds i.s of little importance, unless the pilot is expected to encounter a solid wall of 
eumuiuniiiibus. 


Forecasts for Periods of 24 to 46 Hr 

As stated previously, a fon-caster n<*eds to analyze maps covering a wide region 
on ull sides of his forecasting area in order to pix-pure forecasts 1 or 2 days ahead. For 



instance, in order to understand the sequence of events in the Antilles, maps for 
North America and the North Atlantic Ocean os well as the equiitoriul zone have to 
be drawn, Kvents taking place ut the Azores or Seattle may profoundly affect 
weather over the Antilles 2 days later. 

The fon'eastiiig methods are 

1. Kxtrapolatinn for shear lines and troughs. 

2. Path method for centers. 

3. Special rules for formation, intensifiontion, and dissolution. 

The subjert may bp conveniently divided into (1) summer (wet-season) forecasting 
and (2) winter (drj'-season) forecasting. 






798 


TROPICAL SYUOPTIC MBTEOROUXtY 


ISec. Z 


Summer (Wet-seaeon) Forecasting. The Equatorial Front. In those regions 
of the world whore the equatorial front undorgooB large seasonal departures from the 
equator, it furnishes the principal forecasting problem. This front differs from other 
systems in that it moves toward the north or south rather than toward the east and 
west, and in that, while other systems may move oviT the oeeans for 1,000 miles or 
more without changes in intensity, the equatorial front necessarily intensities while 
moving actively poleward. In addition, it usually does not move oquatorward over 
considerable distani'cs. 

The equatorial front will persist in a steady state when 

1. It lies near its mean position for the season. 

2. It undergoes only minor oscillations north and south. 

3. The weather at the front Is light or luoilerate. 

4. Winds normal to it on either side do not increase. 



Fro. 30. clogciiesis on tlie cquntoiial flout duu to sticiigthoiiiag of tho tiudes. 

Increasing activity is to be expected when the current on either side of thi' front 
strengtheiiH and the wind component uomiul to it increases. Such an iutensiticatiuii 
is primarily derived from 

1. Formation of a triple point between the front and a polar trough on its poleward 
side (Fig. 29). 

2. Strengthening of the deep easterlies, geiKTally due to the ajiproai'h of a shear 
line from the poleward side (Fig. 30). 

3. Strengthening of the I'quatori.al westerlies, piimarily due to a shorter trajectory 
of the air flowing across the e<iuat«r fFigs. 31 and 32). 

In case of a triple-point formation, bad weather can be expected to develop fairly 
uniformly w'ithin the three currents involved; in the other cases, the current whose 
activity causes deepening at the equatorial front will contain the worst weather. In 
all three situations described, there will form on the equatorial front a tropical dis- 
turbance, which may develop to hurricane intensity. This tropical disturbance 
need not form in the region where the equatorial front at any given instant has its 
greatest poh'ward bulge; and the orientation of the front need not change for some 
time after the center has begun to move Blowly along it, generally westward. 

Deepening disturbances can be rwognizc-d by their tendency to move poleward, 
while continued movement along the front, especially where the* front bends equator- 
ward, leads to gradual dissipation of the center. If deepening occurs, that part of 
tho equatorial front which lies to the east of the forming depression can be expected 
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to move poleward with the center to about latitude 15 to 20“; while on the equator- 
ward side of the whole system very fine weather will develop. After reachini? latitude 
16 to 20°, the front can be forecast to break down and to reform simultaneously near 
its mean seasonal position. As mentioned before, equatorward movement of the 
front, other than the small oscillations during sfe'ady state, should not be forecast. 

The exact time of re-formation of the front is diffii-ult to estimate. Indications 
will usually be furnished by a break of the streamline pattern near the seasonal mean 



h'r<,. 31. Strengthciimg of the southwest monsoon duo to shortening of the trajectory 

ucroMi the equator. 



Fro. 32. — Cyclogciiosis on the oquatoiial front due to sti ongthoiuug of the southwest 

monsoon. 

position of the front. As soon as this oceurs, rapid reestablishment of a zone of 
moderately bad weather can be forecast at once. 

Wavn in the Easterlies. Since waves in the easterlies are embedded in a deep 
easterly steering current, usually of more than 1,000 miles’ extent, they often advance 
steadily for very long distances over the tropical oceans. A forecast of regular pro- 
gression is therefore usually accurate. The wave moves with constant speed of about 
10 to 15 mph, the direction of movement being about normal to the trough line and 
parallel to the steering eurrciil . If 3-hr tendencies are available, application of the 
kinematic methods of Petterssen* should yield excellent results. 
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Forecasters should watch primarily the equatorward (sastern side of the sub- 
tropical highs for formation of waves in the easterlies, especially if a marked semi- 
permanent trough is located east of the high. Weakening and often dissipation 
can be expected in the wide area to the west of the oceanic highs. 

Intensification of the 24-hr pressure Wls and strong inereases of the wind velocities, 
especially near the 5,000-ft level, together with a marked increase of the meridional 
wind components, may be taken as a warning that a closed surface center is forming. 
Deceleration should be forecast immediately, together with dissolution of that part 
of the wave in which the deepening is taking place. The part well on the ('quator- 
ward side of the forming center, however, will continue its movement westward us an 
independent unit. 

Trojiiral Ulorms. IrUemtiJwalion. The foreciisting principles regarding the 
formation of tropical storms, us far us now known, were presented in the two preceding 
sections. For forecasting intensification, the following rules have been found useful 
in the West Atlantic: 

1. tropical storm in the formative- stage moving in excess of 20 m|)h will not 
intensify. 

2. rate of movement of 1 5 mph or leas is favorable for intensificiit ion. 

3. Storms developing coincident with or following the intrusion of polar or superior 
air into the tropics will not become intense. 

4. If a depression has attained winds of Beaufort force 6 at the surface, it will 
usually increase to hurricane intensity during the main hurricane season, provided 
that fl) no polar or superior air i-nters the system, (2) it doe.s not pass inland over a 
large land mass or reach a high mountain range on an island, and (3) the depression 
stays below 25° latitude. 

The following rule will also hold in general: .\ tropical disturbance will intensify 
strongly if it is passi-d by a polar trough moving eastward on its poleward side, while 
deep easterlies of at least 20,000 ft of thiekness maintain themselves bi-tween the two 
systems. 

Movement. Wliile the storm is in the tropics, the deep easterlies are nearly always 
the steering current. In (leterniining this stn-ring current, care mu.st be taken not 
to make use of stations that are affected by the hurricane eirculation itself. For 
immature storms, the average wind between 8,000 and 12,000 ft will be most repre- 
sentative; for mature sloriiis, higlu-r elevatioiui to the cirrus level must be included. 
If a strong turning of winds with height exists, in particular if the base of the (lolar 
westerlies lies at a relatively low level, the steering current is weak or nonexistent. 
The problem of reeurvature then confronts the forecaster. 

Steady progre.s8ion can be forecast for all storms that are moving westward or 
west-northwestward under the influence of th<- trade wind us in the ca.se of waves in 
the easterlies. The storms will move slightly to the right of the steering current 
(Xorthern Hemisphere), about 20 to 30 deg, and, according to recent studies, will 
be displaced with 70 to 80 per cent of its speed. 

Reeurvature. It was believed by MitchelF that 

. . . all tropical storms apparently seek to move northward (in Ibeuorlheni hemi- 
sphere) at the first favorable opportunity. Any tropical storm will recurve into a 
trough of relatively low pressure that may exist when the tnipieal storm arrives in the 
same region. No storm will break through and recurve unt U it reaches a n-gion where 
south or southwest winds prevail aloft and relatively low pressure to the northward is 
shown on the weather map. 

Since, as was just brought out, the upper winds play a vital role in determining the 
reeurvature, and since the surface map docs not necessarily show the flow aloft, a 
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forpcast of ri'curvature from the surface map alone should not bo attempted. Many 
hurricanes have by-passed trouf;hs and low-pressure centers on their poleward side 
and continued their westward movement under circumstances that presented a 
picture on the surface map similar to other situations in which rccurvature did take 
place. A decision as to whether recurvature will occur, then, has to be made more 
than once in the lifetime of many tropical draturbaiicps. 

The following rules, as yet quite imperfj'ct, may he taken as guiding priuciplcs: 

1. hlastward movement of polar troughs in excess of 2.j mi)h is uiifavtirable for 
reciirv'ature. 

2. If a polar trough is followed by a strong secondary cold front at some distance, 
the probability of recurvature is greatly increased. 

3. Tropical storms will not recurve eastward away from the polar trough into 
which they are moving. 

4. The farther the polar westerlies intrude into the tropics and the lower their base 
west of the hurricane, the more likely r»>eurvatiire will be. Mitchell's statement con- 
cerning the upper flow is entirely applicable, but as yet it has not been determined to 
what level f he base of the westerlies must lower to warrant a fori'east of recurvature. 

During recurvature, very slow movement, often 6 to 10 mph, can be foreeast. 
After eompletion of the recurvature, when the storm has come fully under the influence 
of the upper south or soutliwest current, considerable acceleration will often take 
place. The rate of aei-elerutioii dejH-iidb on the strength of that upper eiirrent, and 
niovpUH'iits of as much as l.)° latitude in 24 hr or more have been observed. 

The storm can be expected to pick up the polar front or 1 o develop fronts of its own 
while moving into the polar sone. Its isobars will tend to become k’-shaped or oval, 
and the rainfall and wind distribution will lose tin* synimptry of the tropics. 

Ihxiipattnn wilhmil Reaching High Lalitudis. Dissipation in the tropics can bo fore- 
cast if a tropical storm moves on a tropical continent, such as Clentral America or 
Iiido-Cliitia. Dissipation can also be exp«*tcd, when the storm reaches a subtnipical 
continent, such as the isnitiierti Ihiitcd Stat«*s or southern riiina, and is blocked from 
moving jioleward by a large warm high over tlie continent. Hardly ever does dis- 
sipatioii over a tropical ocean oeeur. 

Winter (Dry-season) Forecasting. Kspecially m the poleward parts of the 
tropics, winter foreeiisliiig is eoiiiplieatcd by the fact that a uniform sti*ering current 
does not exist. During the quasi-periodie outbreaks of cold air, the base of the polar 
westerlies extends far into the tropics; while, in the periods between outbreaks, the 
deep easterlies ti'iid to reestablish themselves. The forecasting of the huiglit of the 
base of the polar wcsterlie.s thus assumes great importance, both for the upper-wind 
forecast and for lieterniiniiig the type and diroetiou of motion of distiirbanees to be 
expected in the tropics. During the period when the base of llie westerlies is low, 
motion with a eomponent toward the east can be expected; iind tin* disturbances will 
be polar troughs, frontolyzing cold fronts and wintsTtime tropical disturbances. The 
reestablishment of deep easterlies eoineidcs with the equatorward advaneo of very 
active shear lines. 

Polar Tremghs. Polar troughs will not ehaiigc speed, unless undorgoiiig changes 
of intensity. Again, the kiiieniatical methods of Petterssen' should yic'ld good results, 
if the 3-hourly tendeneii's are available. 

Steady progression of polar troughs wrill occur primarily in the broad regions 
between the si-mipormuncnt subtropical cells and can be forecast with assurance if 
the migratory anticyclones of the subtropics are expected to move steadily from west 
to east, without much meridional displacement, and if no large-scale outbreak of 
arctic air is predicted. 



802 


TROPICAL SYHOPTIC METEOROLOOY 


[Sec. X 


As a migratory polar trough approwlira a ..r-mipormanent cell from the west, 
it ran be forecast to iner^e witii the quasi-ststionary |)oIar irouKii found there. 'Die 
latter will move slowly westward at the approach of a migratory trough; after tli«‘ 
two systems have conibiiif^f it will return to its jwevious position. 

Weakening of polar troughs other than that just descrihecl is iiidicatc'd by a general 
rise of the base of the polar westerlies, a lessening of the upper thermal gradient across 
the trough and a decrease of the meridional w iud eompouenls. If strengthening of 
the trades occurs ahead of a polar trough, the latter should be forecast to decelerate 
and weaken rapidly. It may even reverse its direction of movement while in the 
process of dissolution. 

CoM F rants. Jorecastirig the displacement of the cold front <'an best be done by 
the standard methods. After the thermal gradient across the front loses its impor- 
tance, the forecaster will depend mainly on a correct jiidgnu'nt of the intensity and 
diH))laeement of the upper anticyclone foriiiiiig to the rear and over the front. Since 
this aiitieyelogenc'sis is associated with strong subsidenee in the middle troposphere, 
high ronveetive eUaids will rapidly disappr-ar except at the forward edge of the front, 
and there will remain only a low deck of stratorumulus due tx> turbulcnee in the old 
jKilar air. 

IVinlerlimc Tropical Disliirbanres. The forecasting of displacement of tropiral 
storms ill winter is (juite analognus to that for the summertime storms. The- steering 
current usually flows from the south or even est of south at the time of the format ion 
of the disturbance. Therefore, immediate movement northward or east of north 
can be pri'dieted. The speed will generally be more rapid than in summer, cor- 
responding to the stronger circulation of wmter. Wintertime storms can randy be 
forecast to acquire the intensity of the summer storms, and flay will reach the polur 
front usually within 2 or 3 days after their format ion. 

As ill sumnior, the disturbances at times Iom* connection with the polar trough 
in which they are moving poleward. This si'jMirntion is followed by westward 
reeurvature and deepening of the disturbances. Since a breakaw.ay from tlie fast- 
moving troughs of winter takes place more reailily than from the slow-moving troughs 
of summer, the forecaster must bo constantly on the alert tor such a separation during 
tlie colder season. 

MairUainrd Shear lAnes. The displacement of cquatorward- and al.so westward- 
moving shear lines in connection with the reestablishment ot the deep ensferlies is 
more diflieult to forecast and is part of the general prolilem of determining the direction 
of the steering current. This probh'in is closely eonneeted with 1 lie expected changes 
of the zonal indices. The index of the Mibtropi<‘al easterlies generally increases alioiit 
5 days after the index ot the polar westerlies strengthens. This development follows 
a strong arctic outbreak and the simultaneous cquatorward movement over the 
oceans of a large polar high, which rapidly is transforiniKl into a dynamic high as it 
progresses into tlie subtropics. 

If this si-qucnce is observed on the weather map, a rapid rist' — and often dis- 
uppearnnee — of the base of the polar westerlies in the tropics can be forecast. At the 
forward edge of the deepening easterlies, a strong shear line with an elongated belt of 
severe weather and a rapid inerense of the easterlies to its rear can be expected to move 
cquatorward. This shear lino will frequently reach the equatorial front or the 
equatorial trough and e.auBe deepening there. 
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SOUTHERN HEMISPHERE SYNOPTIC METEOROLOGY 

By Civilian Staff, Institute of Tropical Mijteoroloqy, 

Rio I’lEDRAs, Puerto Rico* 

INTRODUCTION 

To the sytiopiic uirteoroloKist who Ima acquired his training and experienee in 
the Northern lletiiispiiere, weatlier niapH of any portion of tlie Southern Hemisphere 
present some unfamiliar features. There are, €»f t-ourse, the well-known dilTercnees 
that depend upon the relation of wind and pressure south of the equator; the sense of 
the wind cireulatioti ahout anticyclones and depressions is opposite to that to which 
he is accustomed; vortieity relationshijis at frontal boundaries w'ein strange, and 
frontal waves and occlusions have unfamiliar shapes. But oyer and above these 
differences, wliieh are after all not unexpi'cted, there are those that are more difficult 
to analyze, that are apparent in the diwelopinent and movement of high- and low- 
pressure systems, in the properties of the air masses and in the nature of thi* disturb- 
ances of such frontal s.vsteins as are found in the hemisphero. This chapter is 
concerned with the description and elucidation of the latter more subtle differences. 
It is also concerned with the mechanical difficulties that, arising out of the nature of 
the weather-reporting networks, bew't the northern meteorologist in his first attempts 
at the construction of a southern anal.ysis. 

All these differi'nees and difficultiea can be traced to tin* prime geographical 
feature in which the Southern Hemisphere differs from the Xorlli(*rn. The great 
land ma.sscs of the earth are ronrentratnl north of the e<|uator: for most praetieal 
purposes, the Southern Hemisphere is a water hemisphere, and its nieteorolog.V is 
oceanic iiicteorologv. This is particularly apparent in the higher latitudes. It is 
true that the antan-tie eoiitiriental ieiTap surrounds the pole and extends to flic 
antarctic circle, but, as will be seen later, there are reasons for suspeetiiig tliiit its 
iiiiportaiiee as a source <if a continental air ma.ss is not so great as has beiui supposed 
Apart from the narrow southern part of South America, the stretch between 45 and 
65°S is unbroken oeiviii right around the heiiiispliere. 

THE GENERAL CIRCULATION 

The mean annual pressure map of the Southern Hemisphere shows the following 
salient features: three large quasi-permanent aiitieyeUmes are located in middle 
latitudes over the great oceans, one in the eastern South Pacific extending from tin* 
west const of South America to longitude 140°VV, the second almost completely cover- 
ing the South Atlantic Ocean, and the third more or less centrally placed in the South 
Indian Ocean. Between the highs, the axes of which run approximately along 30“8 
latitude, lie indifferent regions, or cols. South of the antieyelonie belt, with its quasi- 
permanent centers and intervening cols, the mean isobars run almost parallel to the 
latitude eireles. Southward pressure decreases rapidly to about the 65th circle of 

* The Institute of Tropical Meteorology ia located on the campua of the Utiiveiaity of Puerto Rioo 
and la operated jointly by the Univereity of Chicago and the TTnix'ciBity of Puerto Rico. The initial 
OTgaoisation of the teacliing and irncuich program cm tied out by Mi C. K. Palmer of the New 
Zealand Meteoiological Bervice, who served as diieutoi of the Institute duiiitg the first year of its 
ezistenoe. 
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latitude, where in the mean ia found, not separate low-pressure cells, as in the Northern 
Hemisphere, but a eontinuous pressure trough that eneireles the antarctic continent 
(the so-called “antarctic trough”). South of the trough, pressure again rises under 
the influence of a eontinent.>il anticyclone that is coextuasive with the antarctic con- 
tinent. Nortli of the anticycionic belt, alao, pre-ssure dccreaseB toward the equator, 
and here we find the so-called “equatorial trough,” which separates the high-pressure 
belt of one hemisphere from that of the other. 

As a whole, the pressure pattern in the Southern Hemisphere shows far less seasonal 
variation than that of the Northern Hemisphere. Moreover, the major seasonal 
changes affect the tropics, and this is to be expected, since the major part of the 
Boutliern land masses lies in low latitudes. In Hummer, “heat lows” appear south 
of the Amazon Itabiii in South America, over the whole of the eastern part of South 
Africa and over northern Australia. The largest of these low-pressun- areas is that 
which covers northern Australia, the Dutch East Indies, and Central Indian Ocean. 
’I'hcse “lient lows” arc to lie regarded as more extensive sections of the equatorial 
trough, which, under the incivased surface heating of summer, moves southward 
from the equator on and near the land masses. In winter, although pressure is 
relatively high over tlie land, separate subtropical anticyclones can still he dis- 
tingiii.shed. The qiiasi-permaneiit high that, according to the me.m-pressure maps, 
appears over Australia in the winter months has misled many northern meteorologists, 
who have regarded it as a continental anticyclone similar to that found over Oreen- 
land. Synoptic charts, howeyer, show clearly that Australia is only rarely, even in 
the wintertime, the seat of ii stationary anticyclone. It must be cmphasizwl that, 
BO far as it is known, tlic only pronounced seasonal variation of pressure in middle 
and high latitudes in the Southern Hemisphere is the shift of the avis of the suli- 
tropicivl highs. Doth these and tlie tracks of the migratory anticyclones presently 
to he descrilied move northward during summer and southward in winter. The 
oveursion, howevi'r, is only over a very few degree.s of latitude, mueli less, indeed, than 
the Homewtiat similar movement in the Northern Hemisphere. 

Hefore we paxs to a consideration of the air mnsses and frontal configuration of 
the iSouthcrn llcmispliero, it will be well to compare the picture given by the mean 
annual and seasonal pressure maps with that revealed by experu'iiee with daily maps. 
'I'be latter show that tlie quu.si-permauent oceanic liiglis liave indeed ii eon.sidcra)>le 
peniiiiiieiiee on the day-to-day synoptic charts. However, tlie regions lietween the 
highs, whieli appear ns cols in the mean-presbure pattern, are oreupicd on the synoptic 
ehiirt.s by a train of warm migratory anticyelom's. These are best developi*d in 
till- Aiistralinn and western Soiitli Pacific regions but also appear on South African 
and South .\merican iiia])s. As an example, w'c may take the Austrahiin region. 
Between the permanent antieyetone of the South Paeifie and that in the Indian Ocean, 
there are usually two or three migratory highs moving steadily at about 10° longitude 
per day from west to east. Between these antiey'cloucs protrude northward the upper 
parts of inverted V-shaped depressions whieh, of course, move with the aiitiryelones 
from west to east. The f<-w analyses that have l>een found possible over the great 
southeni ocean in high latitinles show that the V-shaped depression is but the northern 
part of a great closed cyelonie system somewhat similar to the stationary leelandie 
or Aleutian low of the Northern Hemisphere but, unlike those depressions, moving 
from west to east with tlie antiryeloncs to the north. 

The synopt le charts also show that, along the western border of the great South 
Pacific, South Indian Ocean and South Atlantic cells there is a quasi-stationary low- 
pressure trough, which not only extends through the belt of the westerlies but, at 
least in the upper air, also runs into the tropirs. Even the mean-wind charts of the 
oceans show very clearly the deformation fields associated with these permanent polar 
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troughs. It has alrpady been pointed out that the daily maps show that the scMialled 
“rontinental anticyclone” of Australian mean-pressure maps is not a quasi-stationary 
cold high but is ts) be attributed to the fact that the migratory anticyclones moving 
from the west are usually most intense in winter over the continent and lose their 
vigor after they pass eastward into the Pacific. In summer, the huge low-pressure 
area over and about northern Australia is soon on synoptic maps to be composed of 
several separate centers. Some of them over the neighboring open sea attain hurri- 
cane intensity and recurve toward the south and east. A similar low-pressure area, 
in which equatorial-front hurricanes develop, lies north and northeast of Madagascar 
and is continuous with the extensive summer low-pressure area over South Africa. 
On the other hand, the ocean to the east of the tropical parts of the fSouth American 
continent only rarely seems to be an area of very low pressure, since in the Atlantic, 
the equatorial trough remains in the Northern Hemisphere both summer and winter. 

AIR MASSES 

We are now in a position to inquire if frontal zones exist in the Southern Hemi- 
sphere. From the mean-pressure maps and the synoptic charts, we should expect to 
find continental polar air (antarctic air) over the antarctic continent. We should also 
expect to find that the quasi-permanent anticyclones over the great oceans are source 
regions for the production of trcipical air. In both these n-gions, of course, observa- 
tions are scanty, but those that exist confirm this expectation. The antarctic air has 
properties similar to those of the arctic air found over (Irccnland. Similarl.y, the 
tropical air that originates in tho great anticyclones resembles the air that moves 
out of the northern subtropical highs, e.g., tho Azores anticyclone. The few high- 
latitudc H.vnoptic charts available show that antarctic air rarely, if ever, moves out 
from the continent in a great outburst, accompanying a cold polar anticyclone moving 
from antarctic to lower latitudes. It seems rather ns if this coiilinental air, moving 
northward to the west of the great traveling depressions already meni loru'd, becomes 
very rapidly transformed ovej the ocean into maritiiiic polar air. There is very little 
evidence that it advances as a body behind an “antarctic front,” but rather evidence 
seems to indicate that it mixes with the air over the polar oceans. Thus the chief 
polar air mass of the Southern Ilcmisphcrc appears to be maritime polar air. The 
history and properties of this air mass differ from those expected on the classical air- 
mass theory. In tho mean, the west winds of middle and high latitudes blow parallel 
to the surface isotherms of the polar seas. Thus, though they are of considerable 
strength, the moving air undergoes little transforiiiatioii by heating or cooling from 
below. In these zones, then, the maritime polar air nmss moves rapidlv and shows a 
considerable gradient of property (particularly of temperature) along the meridians. 

It is not homogeneous in the horizontal nor does it originate in an anticycloiiic region. 

The groat permanent subtropical anticyclones arc source regions for a tropical 
maritime air moss entirely similar to that found in similar situations north of the 
equator. As already pointed out, a quasi-permanent polar trough lies along the west- 
ern border of each subtropical oceanic high. This provides a good wind field along 
which frontogciiGsis can take place. On the western and southern sides of the high, 
then, we expect to find, and do find, a polar-front system following the classical model 
of the Northern Hemisphere. It is tar otherwise with the regions in which migratory 
anticyclones are found. Here a more or less uniform gradient of temperature extends 
from the center of the anticyclone into high latitudes. The air-mass contrast is not 
so much between the air masses originating in the moving anticyclones and the polar 
westerlies to the south, but rather between the air which moves southward along the 
western border of the anticyelone and that which moves northward along the eastern 
border of its successor. 
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An air mass which appears to have considerable importance in some synoptic 
situations is that which originates in the dry central regions of South Africa and 
Australia. This has all the properties associated with continental tropical air. At 
its source it is dry and cloudless anrl posscs.scs characteristically a sleep lapse rate of 
temperature. When it moves from its source onto the neighboring oceans, a strong 
inversion usually forms in the lower layers towing to cooling ami lurhulence above the 
sea surface). The moisture added from the sea is then restricted to the lower layers. 
Sheets of stratoeumulus and stratus are charaeterLstic of continental tropical air when 
it passes on to the ocean. 

It has already been pointed out in a proeeding chapter that, in the tropics, espe- 
cially in oei-anie rf'gions, the concept of an air mass is of only limited application. 
Wo shall therefore not describe the hypothetical equatorial air mass that appears in 
the rather confused accounts of equatorial meteorology in the standard texts. 

FRONTS 

It is apparent from the preceding neeoiint that, on the average, we should find 
three major frontal systems in the Southern Ilcmisphere (1) that which runs from a 
point a little south of 'I’ahiti southeastward along the southern boundary of the 
quasi-statioiiary subtropical anticyclone of the iSoutli Pacific, (2) that which crosses 
South Africa somewhere between 30 and 40“S latitude and extends southeastward on 
the poleward side of the South Iiidiaii anticyclone, and (3) that which lies in the 
vicinity of the mouth of the Plat a River and stretehes across the .South Atlantic Ocean 
and far to the south of South .\trica. The three major fronts are subject to wave dis- 
turbanee.s entirely similar to those of the polar fronts of the North Atlantic Ocean and 
of the North Pacific. As an example, wo may take a wave originating on the South 
Paeifie polar front to the south of Tahiti. It moves rapidly toward the southeast as 
an unstable wave, which finally occludes off the southern tip of South America. Ry 
the time it reuehes that position, the depression associated with the wave has become 
M foriiiidable evelonc, and this passes south of the south Orkney Islands into the 
Weiidell fiea; here it nsiialU remains stntioiiury and fills up. Such depressions, of 
course, are the great storins for which the passage around ('ape Horn was famous 
111 sailing-ship days. Similar .sequences are foiiiirl in tlie South .Atlantic and South 
Indian Oceana. In the South Indian Ocean, however, tlie great depressions that 
form ns a result of wave activity on the South Indian polar front do not remain sta- 
lioniirv but eontinuc to move eastward soutli of .tuatriilin and \ow ifealanil. It 
should be mentioned that the young wave eyeloiies on the South Atlantic and South 
Indian jMilar fronts can frequently be deteetisl in their early stages over the eon- 
tiiients of South .\meriea and South .Nfriea, ri-speetively. In that condition, they 
seem to be in everj way similar to waves on the polar fronts in the Northern ITemi- 
uphpTP, and, as in the N'ortheni Hemisphere, they rarely form .singly on the polar 
front but form instead in families of from two to six, usually in rapid sueeession. The 
wave seqiieiiee on the polar front ends when the final members of the series run 
together and occlude in a great central oyelone to the southeast of the quasi-per- 
manent anticyclone. The great mass of maritime polar air that sweeps around the 
western and northern parts of this cyclone then carries the fronts away eastward. 

As already mentioned, both the mean-pressure and wind charts and the daily 
synoptic maps show us that the whole of the southern atmosphere is organized into 
regions that alternate along the latitude circles. The fir.st of these regions corresponds 
roughly to the area where the great siibtropicid anticyclones arc located, where the 
zonal circulation is strong and is interrupted only occasionally by the passage of large 
wave depressions on the polar front. But between these regions lie others in which 
the meridional circulation, though intermittent, is more intense. These are the 
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regions in which migratory anticyclones are found, nnd b«‘fween them ®re the intenw 
troughs that end in the great migratory depreHsions centered at about 60 h latitude 
A compnrahh" region in tlie Norflierii Hemisphere is the I nited States, hut here the 
jiieturi- is considerably complicated by thepri'sencc iii wintertiiiic of continental polar 
iiir. Tlie anticycloiiCH under these eirruinsfaiicc'. are at first cold and have a con- 
siderable cqiiaforward componi-nt in fln‘ir trajectories. 

The t -shaped depression that lies between two migratory anticyclones is in most 
eaaes oi'cupieil by a strong front of the cold-front type’. Itci’cnt w'ork has shown that 
this cold front can he derived historically from an occlusion Hint originates as u result 
of wave activity on the polar front aasociated with the stationary subtropical anti- 
cyclone lying to the west of the region of migratory highs. In most cases, this front 
is not oriented norlhwcst-southcaat except in its northern subtropical parts; rntlu'r 
it sweeps in the form of a great arc with a meridian as cliord. In the South Pacific, it 
has hccii termed the mcrntiimaf front. Vtlieii the procession of migratory ant icyclonc-s 
from west to east is regular, the meridional fronts will move from western tustralia 
across Xcw Zealand and into the South Pacific without showing the slightest sign of 
the in.stabilil.v that results in frontal-wave formation. This .scqnenee, ealleil normn! 
/»og)ei.iiion, of imdcformed meridional fnmts and miuratorv aiilicychnies, though 
basie to an understanding nf the met tsirology of the area, is not very eoiiimon. More 
often the east eoast of .Vnatralia acta as a region of disturbance, so that irieridioiial 
fronts passing from the west into the region will undergo wave deformation there. 
The waves thus formed will move a(Tos.s to the north or to the south of New Zealand, 
giving rise to storms that sometimes reaeh formidable diinensions and intensity 

.\s they approach the region of the quasi-iM‘rniunent autii’velone of the South 
Pacific, the migratory highs and their associated mrridiomil fronts mn\ have one of 
two fates. 1’he most usual sequenei- is tor the migrator.v liigh to the east of the 
meridional front to collapse and disappear, Tlie approaelimg meridional front then 
tends to become weak and to move into the c|UBBi-perinnneiit polar trough along the 
western border of the subtropical high, where it reinforces the alread.v existent polar 
front. The, second sequence is for the anticyclone following the meridional frotil 
to become very intense, bringing up much cold air from southern latitudes. The 
meridional front then becomes the new quiLsi-stationary polar front of the South 
Pacific. When this happens, the migratory high that preceded it replaces the old 
subtropical anticyclone, and the old qua.si-permnncnt polar trough moves into the 
eastern South Pacific; here under most eireumstanees it quickly becomes reiliieed to a 
weak trough between the two high-pressure cells. Occasiouaily, however, it may 
preserve its intensity, and in this ease we have iloiibled cells in the- South Pacific 
anticyclone, and two polar fronts. 

Both Northern and Southern Hemisphere synoptic meteorology, but more espe- 
cially the latter, show us that the quasi-permaiieiit oceanic high-pressure cells can be 
replaced in two ways, depending on the strength of the zonal index. The first has 
just been described; it is the replacement of the high by a warm migratory cell of 
great vertical extent that moves in from the west behind a meridional or some similar 
front. The second is perhaps better known and has been described by the Norwegian 
meteorologists. Periodieally, the great migratory eyclories centered at 60‘’S latitude, 
after their establishment at the eastern end of the polar-front system, will not move 
away eastward but will remain stationary. In this case, the anticyclone forming 
in the polar maritime air to the we-st of the cyclone will not migrate eastward and 
become a wann moving high, but will remain stationar.v and intensify in hHu. As it 
intensifies, the old subtropical high to the north rapidly loses intensity and is com- 
pletely replaced by the new high as the latter builds up into the higher atmosphere. 
Future research should show that the type of replacement of the subtropical cells 
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dependri on the zonal index. When the index is hi^h, the replacement should he from 
the wc.st. When the index is low, the eastward progress of the systems slows down, 
and replacement comes from the south. 

TROPICAL METEOROLOGY 

The more theoretical aspects of tropical meteorology and those principles that 
arc of wide application have already been discussed in a previous chapter. Here 
it suffices to treat the loeal peculiarities of tropical meteorology in the Southern 
Hemisphere. 

In spring fOctober, November, and December), the equatorial trough migrates from 
the Northern into the Southern Hemisphere in two regions, the western Pacific from 
about IfiO^W to the Timor Sea, and the western Indian Ocean. 

The (‘qnatorial front reiudies the peak of its development and its farthest south 
position in late Kebmary and early March. It is then found in the Pacific missing 
the equator west of the 160th west meridian, from whieli position it pas.set> between the 
Solomon Islands and the New llehrides across the Coral Sea on to iiorlhern .\ustralia. 
It leaves the western .Austriiliaii coast in the neighborhood of Broome, but its position 
in the Timor Sea varies greatly from 3 ’ear to year. In the middle part of the Indian 
Ocean, it usuallv runs south of the equator fat .shout .^“S latitude). 'Fhen' is, how- 
ever, a strong protialiility that at atiout 80°i; lougitiiile an equatorial dry zone is inter- 
mittently established, but there are few <>b>M‘rvatiiins to confirm this. Ttn> Indian 
cciu.itorial front runs from about 65‘’K longitude and latitude southwestward 
on 10 the eoast of South .\rrica n«-ar the northern tip of .Mmlagasciir. Ko far as is 
kiicwn, the equatorial front is not active in the Houth Atlantic Ocean. Similarly, 
in the eastern Pacific cast of l(iO°\V, the e<iuatorial front appears to lie 3° or more 
north of the equator throughout the year. .1 pronouncerl erpiatorial dr.v zone lies 
in the central Pacific from about 140°\V, 5'’K to about 170 or 180'’M. Islands like 
Canton Island, Malden Island, lloMland Island, and Christmas Island, winch have 
a dry climate, lie wtiolly witliin the dry zone, and the great variability of rainfall on 
such islands as Penrhyn and Ocean Islands which arc on its southern and western 
borders, respectivel.V, depends upon a shift in the position of the ilry zone. 

Hurricanes are found, as would be expected, in those regions where the equatorial 
front is active, tliat is to say, the w I'steru South Pacific from about 170°\\ to the coast 
of Australia; occasionally in tfic (!ulf of C.arpenteria; in (he Timor Sea; in the western 
South Indian Ocean and about Madagitecar. At the height of the hurricane season, 
sturnis may form near the northwest coast of \ustralia and move entirely across the 
Indian Ocean to recurve in llie neigliliorlioorl of Mauritius iiml Madagascar, just as 
in the Nortlieni Hemisjiliere hurricanes are kiiow'n to form near ttie ('api- Verde 
Tslands, move across the Atlantic ami pass info the f-'aribbean iinii the tJulf of Mexico. 
So fur as it is known, hurricanes do not occur in the far (‘astern Soiitli Pacific nor do 
they occur in the South Atlantic. In forivasting for southern hurricane areas, it 
must he remembered tliat tlie storms will recurve rupidiy into the qna.si-perniunent 
polar trough should they form in the neighborlnxMl of the w'esterii buuiidarios of the 
quasi-permanent anticyclones. Thus, some hurricane tracks show very little cast- 
to-west movement, the storms apparently passing straight into the polar trough after 
formation. Another point to remember is that the jjolur trough between two migra- 
tory aiitiryelones is in most cases just as effective os a channel for the passage of tho 
hurricane into high latitudes. Dii the other hand, in the South Pacific many caw's 
are known of hurricanes moving southward to about 3o°S meeting a largo stable 
migratory anticyclone and thi'ii becoming stationary and filling up. 

In winter, the equatorial low-pri'ssurc trough lies wholly in the Nortliern Hemi- 
sphere; consequently those narrow zones of eonvergeiiee associati'd with it and known 
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as the tquatorial front are not found south of the equator. The southeast trades 
then extend into the Northern Hemisphere, turning to become the southwest monsoon 
in those regions wliore the equatorial tnnigh is far enough removed from the equator. 
However, in winter, strong “shear lines” are eomnion in low southern latitudes, and 
these may be mistaken for the e<iuatorial front. This is particularly th(' ease in the 
eastern Pacific south of Ualdpagos Lslaiids and in th** eastern Atlantic in the vicinity 
of Ascension Island. 

The troughs associated witli the qiiasi-perniancnl polar-frontal systems, ns already 
pointed out, arc of considerable strength and permanence. Moreover, they extend 
in the upper westerlu's in the tropics to a very low latitude. 'I'liis is especially true 
of the polar trough of the South Pacific, which extends almost to the equator in winter- 
time. Naturally, it is subject to considerable changes of intensity with variation in 
the zonal index and the consequent movement and development of the migratory 
antieyelones to the west of its position. Eastt'rl.v wav(‘s are known to oecur in the 
eastern South Paeific. They form somewhere e;isl of the Marquesas Islands, passing 
over these islands and over Peiirhyn and Danger Islands to lose their idenlitv in the 
quasi-permaiH'nt trough in the South Pacifie. Tliere .sei'ins to he evidetieu tliat they 
exist also m the , South Atlantic, hut this i.s a matter for future research. Nothing 
is known of tlieir appearance in the Indian (Venn, hnl oliservations at Mauritius 
suggest that thev will he found here also. 

ANALYTICAL PECULIAWTIES OF THE SOUTHERN HEMISPHERE 

The leehiiique of synoptic analysis in IheHoutherri Hemispliere does not differ in 
principle lr<im that used In the iiortli. But the emphasis on certain aspects that do 
not, p<Th(ips, receive very great attention north of the oqwttor is eonsidcrahle. Sinec 
the f^mtlieni llemispliore is largely a water hemisphere, oceanic analvsis assumes the 
grcat(“st iiiip<irt!inee. The principles of oceanic analysLS in middle and high latitudes 
may be summarized as follows: 

1. Most w'oight should he given to observations made on sliips and iiireraft. 'J'liis 
particularly applies to the wind and (in the case of .ships) the pressure observations. 
Everj’ attempt sliould he made to space the isobars ovei oeeaiiie regions by using these 
representative winds in conjunction with a gradient-wind scale. 'I’lie isobars can 
then he boldly extrapolated toward neighboring land masses. The cloud and pre- 
cipitation observations also should receive great xs'eiglit. 

2. Observations from representative Island slalioiis should receive the next 
greatest weight. To do tliis correctly, however, requires very accurate knowledge 
of the topographic character of the islands and of the situation of the stations upon 
them. It is advisable to clussify the Islands aeeonliiig to their topography and to 
weight them in the following order: 

a. Low-lying coral islands or atolls si'rve brat as observing slatiiins. The observa- 
tions are probably as representative as those taken on hoard ship. 

b. Small islands of moderate elex-ation, soeh as the pho,spliatic islands of the 
South Pacific make excellent st.ations, especially if the observation point can he 
located on the windward side with reajK-ct to the prevailuig xvind. Orographic effects 
arc usually slight enough to be iieglecteil (r.g., Ocean Island, (Ihntliam Islands). 

c. Small islands of cousidcratile elevation will show marked orographie effects, 
usually on the cloud and wind. Stations on the windward side should receive the 
moat weight (e.g., Lord Howe Island). 

d. Stations situated on large mountainous islands yield data that must be handled 
with great caution. Tlie oliservatioiis taken from stations on the windward side of 
an island may he fairly reproseiitative os regards wmd, but precipitation and cloud 
will be quite unrepresentative. Lee-side stations usually show marked orographic 
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effects of the foehn type and may be quite misluadini; if used uncritically in the 
analysis. 

3. Over the continents of Australia, South Africa, and South .America, the prin- 
ciples applicable to continental analysis should be used. However, two facts must be 
kept in mind: 

a. The interior of South Africa is a plateau of considerable elevation, and the 
continent of South America, more esiM-cially, the Andes, offers a tremendous olistrue- 
tion to the air flow of all latitud<-s. To a minor eytent, the islands of New Zealand 
constitute a similar obstruetioii to the hifth-Iatitudc flow. 

'I'he distortion proiiuei-d by high mountain chains in middle and high latitudes i.s 
well known in the Northern Hemisphere. In such regions in the north, however, 
there is iis\ially a large continental space to the cost of the chain, so that there is no 
diflieulty in dm wing isobars in the Iw side of the mountains. South America and, 
to a lesser dc'gree, New Zealand arc so narrow in middle and high latitudes that we 
have virtually a mountain chain rising from the sea. The oVjser vat ions on both sides 
of the ehaiii are eonsidernbly iufluenc(sl; indcc-d, in many situations they appear quite 
urirepresi'utative. When the wind blows almost at right angles to the chain, there 
is eonsiderahle local increase of pressure on the windward side and a corresponding 
decrease in pressure on the leeuard side of the ohstacle. This results in a great 
distortion of the surfitce isobars aiul, of eours*-, the wind flow. A ridge of high pressure 
is built up on the wiudwurtl aide of tlie land mass with a eomptnisating low-pressure 
trotigh on the le<'«ard sale. 'I'o one inexperienced in mountain meteorology, this 
eonsiderahle fall of jiressure across the chain is very puzzling. It may lead in the 
anal.v.sis to a fictitious front, entered on the lee side of the mountain. In the actual 
drawing of the isolinrs over .1 narrow mountainous country likt' New Zealand, it is 
best to sketch in tentatively i.sobars of the imdefornnxl flow (which cun be iwlimated 
by snioolliiiig the observed pressuri's across the mounlain chain) and then later to 
correct them to agree with tlie actual pressun's on the coast. If this is not done, an 
(•xaggerated curvature will appear in the isobars over the ocean, .and thm in turn 
will nlleet the location on the map of fronts moving toward the land mass. 

In both the analysis and tlu- loreeast, southern meteorologists should rcraemher 
that orograpliie distortion of the Isohnrs is greatest in air masses that are stable. 
II«»<>ver, uiiiStabie flow, if .at all .strong, will .almost invariably show some onigraphical 
distortion, jirovided tliat it strikes tlie mountain ohnin at an angle greater than 3o deg. 

M'lien a largi’ number of stations exist on a small mountainous island, orographic 
elTeets similar to the one just deseribed can be delected with a strong wind flow. 
Tlie elTect imi.sl b(> alloned for in the isolmrie analysis. 

Isoliarie analysis over Houtli Africa presi'iits considerable diffieulty, especially 
ill the siiminertiine. In that season, the eentnd plateau is very strongly heated. The 
surface }.sohars in the iiiti'i'lor tlien give verv little iiiforriiafioii that can aid in locating 
fronts; it is often advi.sahle to draw merely for the pressures recorded hj’ stations 
situated along the coastal plain. .Viialjmis of the interior is best based upon pilot- 
balloon observations. 

b. In siiniiner the interior of South Africa, Australia, and to a lesser degree the 
tropical part.s of South America are ecivereil by quasi-]iermaiient low-pressure areas 
due Ui prolongeil heating. I’o analysts who are not aerustoiueil to dealing xvith such 
regions, so-<-alled “h<>at lows” present very difficult problems, iiartieiilarly since the* 
air flow aloft is so markedly dilfereiit fniiii that of the surface. 

It slinuld always he remcinb(>red that ‘‘hixit lows” may he fletitious, that is to sa.v, 
the low sea-level pressure may he due to faulty tcmpi'ratiire correction of barometers 
situatod on strongly Jieated Iiigh plateaus. Nevertheless, ex'en when this effect is 
allowed for, there will often remain low-pressure areas that must be directly attributed 
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to tbp pffppts of prolongpcl hpating on thp ilriisity of the lower atmosphere. If thi“ 
low is Bufliciently far removed from the ecjiiator, a eyelonie wind eireulatiori and 
marked horizontal eonvergimee will develop in the lower atmosphere over the heated 
area. It is ehararteri-stic of siieh systems, however, that they are replaeed at no great 
height (usually below 10,000 ft) by relatively liigli pressure, antieyclonic eireulatitm, 
and horizontal divergence. Uecause "heat lows" Jisiially develop only over d«‘serts 
arid .seiiiiarid regions, the ste(*p lapse rates of the lower atmosphere are not aeeom- 
panied by cloud or precipitnti<in, but dii.st storms, dust lU'vils, and other instability 
phenomena charaj'teristic of hot arid eonditions are coitinioii. 

()cea,sionally a front will move into a region that is the seat of a “beat low." 
High-level thunderstorms may then develop. These are not persistent, and the 
front will quickly dissipate. \ new heat low is likely to develop in the region where 
the- front has di.snppeared, and this may tempt the ine\-pcrirnced to ret.ain the front 
on the map and attribute the low to a frontal wave disturbance. Esuminatinn of 
the pilot-balloon and radiosonde observations from the area should quiekly reveal 
the fallac.v in such analyws. 

t. Since tlie data, even over the continents, are so scanty, special ileviees must 
be used, more particularly at the repn-seiitat ive island stations, to follow closely 
ehungi’s in the iiieti'orological elements with time. It is advisable to ('house certain 
ki'V at at ions from the island groups, together with a few rc'presenlative coastal stations 
from the eoiitineiits, and to maintain lor tlu-se stations time cross sect ions or mete- 
orograms. Wherever possihle, each iiietcmrognim should slpow in the form of time 
s('(pienc<'s th<‘ following inetcsirologieal elements: surface pri'ssiire; IO,(K)0-ft pressure 
and 2(),t)00-ft pressure; surface wind: upper winds plottisl in the .so-called "ladder 
form”, temperature at the surface, 10,(H)0 and 20,(K)0 ft; surfnee dew point; specific 
humidity at ."i.OOO, 10,000, 15,000, and 20,000 ft; the cloud forms and precipiiatioii. 

5. t'ortain key pilot-bulloon stations should he chosen; for these hodographs 
should Ix' drawn and the metiiods of single-station loreeaslirig as developed at the 
I'liiversity of Chicago should he applitsl. 

6. Since southern lands lie to a great esieiit in low latitudes, great attention must 
be paid to the relation between the secondary eireiilaf ions of the trojiical and tem- 
perate zones. Ill particular, the tropics should he aiial.vzed very eurefully at all 
times in order to trace the development and travel of troitical depressions, wliieh may 
recurve into higher latitudes. In certain areas, it is most important ill the summer to 
ki'ep a close watch on old liurrie:ines, since these are likely to accelerate consideraltl}' 
afti'r recurving into the toiiqieratc zone. 



FORECASTING THE WEATHER WITH THE AID OF 
UPPER-AIR DATA* 

By Vincent J. Oeiveh and Mildhed B. Oiaver 


FORECASTING THE WEATHER IN MIDDLE LATITUDES 
FROM THE DIRECTION AND CHANGE OF DIRECTION 
OF THE WINDS AT 10,000 FT 


Tho flow pattern of the air in the free atmosphere above the layer of frietional 
inflnenee next to tlie earth is indieative of the type of weather that should occur at 
tlie surfaet' of the earth. Meteorologists long ago noted that a eurri-iit of air moving 
frmii south to north (in tlie -Vorfhern Hemisphere) will usually turn antieyelonieally 
to the ('nat and that a current (rf air moving frtun nortli to south will turn eyelonically 
to tho east. More recently, investigations have lieiui made to determine the exact 
paths of these currents and under what eircumstnnec-s they deviate from these normal 
paths. Uftssbyt has demoiistrided that, if a current of air conserves its absolute 
vortieity us it mov(>s across latitude lines, it must change its vorticily relative to the 
earth. This vortieit v u ill show up as a eur\ atiire of its path or as a shear in the cur- 
rent. Any current moving across latitude lines toward the south will ne(|uire increased 
ej’eloni<j vortieity ('Northern H<-miaphen‘) with respect to the earth. In more familiar 
terms, this means that the current will turn eyelonically or will acquire a cyclonic 
shear fthe wind will <leereaae from the right side of the curnuit toward the h'ft side). 
'I'he change in vorticily usually ai)iK‘ai-s as a change in curvature of the BtrcumlincB 
rather than shear. 


* At tlx' tiint* of Htion of niuuuscti;it. < Icvi'l clinttn were 1>Hiig riniwn 

llu’ I’liifcd Sljitcs; hmeo all «f tin' ilhmlratiorm imd ciiM<*uv.iont> hcii* rrfrr ilirer-tly to IIipbp ronatant- 
Ipvo’ phuitH. Sniir «1 (In* tiiuc »if pulilifa-tum rharta have ri’iihicod pouBtutil-ievel 

cliarts, it iiiiKlit li(‘ h>uiit)<>s4'(l that tliis ^livcussion ib no lonjcpi of rurient nitcicst, Jt in the purpose of 
this iiitiofliiclion to sIioh that nil tlmt hus been haul about tlu* IO,(MK)-fl i-liait ih equally true of the 
7(K)>tiili ciiait. 

Contour liiu'b of the 7<K)-iiil» fhint aip drawn parallel t<» thr windH niid hpnci‘d iuvciRely as the 
sliniRth of the wind junl Hb on tbe lO.tWtbfl ehait. Thnrbm ,ill the iliwiissiim in the following piigea 
that denlh with the *»|uutiik oi curvnlnrc or direction «f the isobars at 10 (KHI ft holds equally well for 
the ffijiblant-presstiie ehnrt for 7(K1 mb. 

IsotlieniiH me ijriiwn (hiouffli isiual voliio of tem|w>rature on botli elinttB and their niofioia and 
oiirntiLtioii Midi lespec't to (Ik* isoburh oi enntoui lines me of the nniiie foreenbtiriK importunee on liofh 
rhnrts. 'Die isotherniN on the eniiNtaiit-preNvuie ehurt have the tiddLlioiial sifciiificnnee of beiiiK lines 
of coiuilmit potential teinpcruture ainl conatonl detiHit.\. wlueh the ibothetms at 10.000 ft only 
upproximntr. 

The mriistuTe liiiPB are drawn and uw*d identieall.N on either chait. On the eonslHnt-preHSure ehnrt 
the nuxitiff ratio linen have the additional bignifiennee of l>eni|i (*quivalpnt-|iotehtial temperature litias 
and condensation temperature Iinea ftir purtieies at 700 mb. 

The overlay ot intersection method of drawing mean isotUcinis as in<lieatrd on i»aire 820 can also 
be done W’itli roii<ittitit-pTeH.sine ehartn. The fnirfaee map nliould be diaw’n foi inteivals of 4 nib and 
the 7()0-nil) contours for intervalR of lOU ft in older to have the linen diawn thioiigh the interhectioiis 
approximute the mean leiiipeiatiiies. The interaertioii method will give lineR of exact mean value<i 
when two coiiHtant-pressuTe tuhtik me used — n«eli hr between 1 .CMK) hiuI 7(H) mb. 

In at? other renpecta tlie 7<Xl>mh and (he lO.OOO-ft charta arc (he same and all rulea for their use aa 
itii aid to foreeuMtiiiK llie weather me iilcntienl for both cbiirtH. 

t The iirinrijiles diRCUsaed here may be atatea in terina of the following equation: 


/ + r 


coiwt 


III this /is the ('orioliN paramoier, i‘ h the vortieity rehilivT to the earth, and Ap in the pressure 

difference bet ween the bottom and the top of an individual fluid eolutnii. 'Die abnolute Vortieity is the 
quantity / + f. 
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Consider now a deep current of air from near tlie surface to 10,000 ft which con- 
tinues to move in a straight line toward the north for some time. If this current were 
moving with a constant absolute vorticity, it should be turning anticyelonicnlly to 
the right. Since it is observed to be moving in a straight line instead, wc know that 
there must be something acting to change the absolute vorticity of the stream. The 
only proci'BB by which tlie absolute vorticity of a current in the free atmosphere may 
be changed is horizontal convergence (causing cyclonic vorticit.v) or divergence 
(causing antiryclonic vorticit.v). In this case, since the vorticity of the stream with 
respei’t to the earth is le-ss antieyelonie th.an ivould be <>vpf'e1ed if th<’ absolute vor- 
ticity remaiiK'd constant, we see that horizontiil convergence must be occurring. 
Krom this wc can make the rule that follows; 

Any exlensivr current of air niomng across latitude lines from file south, which is 
moving in a st/aighf or a cycloriicalty curved juith, must he converging horisnnially. 

Hinee in this di.seuasi(>n we are referring to a current of air evtendmg from near 
the Burfar'c up to at least 10, (KM) ft, the gradual convergence in the above-mentioned 
current will jiroduee slow upward inotion in the air muss. This will usually cause 
shower-type precipitation if the .air niusb is convcctively unstable or steady precipita^ 
lion and stratus-type clouds if the air mass is couveetively stable. If this latter type 
of weather occurs in the warm sector of a cyclone, it will often be niisiiiterpreted by 
the analyst as an indii-ation that overniuiiing is occurring and that there is a warm 
front to the south of the region of steady rain and altostratiis oIoikIk. In reality, the 
clouds and rain are due to the gradual upward motion in th(‘ warm air as the result 
of horizontal convergence. 

It is evident from the above discussion that the more slnarply the current of air 
fr<im the south turns cyclonically, the more rapid must be the convergence, and 
therefore the more pronounced the vertical motions and weather. 

ConsiUcr now a curn-iit of air moving from the nortli. Owing to the change in 
the vortieitv of the earth with latitude, this eurreiif should iiet|uire u eyeloiiie eiirvatiin' 
and turn to the east if the absolute vortieit.v were to reiiiiun eonslanl \Va hiid that 
the usual motion of sueli a furrenl is not in accord with the assumption of const ant 
.atisolute vorticity. The central portion of the stream will travel m a straiglit line 
while the extreme right edge will turn antieycloiiieally. ^^e know that horizontal 
divergence mu.st lie <H-eurring in tli<‘ right side of the current, since it is aeijuinng a 
greater antieyelonie vorticity relative to the earth tlian it had when it started. There- 
fore, w'e ran deduce that this portion of the current must he aiibsidiiig. It follows 
that the portion of the air mass wliieli is turning eyidoiiieally will liave a steeper lapse 
rate than the portion of the air mass wliirli is moving in a straight line from the north 
or turning anticyelonically, for the subsidenee in the inlli-r two pi>rlion.s of the current 
would be stabilizing tlie air mass. In the portion turning eyelonieaily, more insta- 
bility and shower-type precipitation oerura than in the other parts. A quantitative 
determination of the amount of eonvergenee and divergence taking place can be made 
by comparing the observed trajectories of the air stream with the trajectory the stream 
would have if it maintained its original nlisolutc vortieity^. A method of computing 
this latter trajeetor.v has been developi-d by Hossby,' 

The above principles can be used in practical fonn-asting as follows: 

1. Cloudiness and precipitation arc pivvalent under eyelonieaily curved isobars 
aloft fallout 10,000 ftl, regiirdles.s of the presence or absence of fronts on the surface- 
weather map. 

2. In a cold air mass the instability showers, cumulus, and stratoeumulus clouds 
will be found only in the portion of tlie air mass moving in a eyelonieaily eurv'ed path. 

3. In a warm air mass mov'ing with a component from the south, cloudiness and 
precipitation will be iihunduiit under a current turning eyelonieaily or even moving in a 
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.straight lino. Only where the current tume sharply anlieyelonically will there be no 
clouds and precipitation. 

Rule 1 will hold best in mountainous regions, over the oceans, and in the warm 
sectors of cyclones. The mountains will help release the instability of the air mass 
ill the region of eyelonie curvature; the oceans will supply suflicienl moisture so that, 
wherever instability is indicated, precipitation will occur; and wann-sector air will 
usually be moist enough so that small amounts of convergence will bring about the 
eloudiiiesB and precipitation as indicated. In the summer in warm sectors containing 
mT air, thunderstorms iiiul occasionally tornadoes will bo observed if the air flow 
aloft is cyclonic. 

4. t'lear skies will occur wherever a current of air is moving from the north in a 
straight line or in an anticyclonically cuived path. Clear skies will also be observed 
in a current of air moving from the south if it is turning sharply anticyclonically. 

Kxamplos of the above four rules will be found in Figs. 10 to 23. On nearly all 
these maps, the precipitation is under the regions of cyclonic curvuture, and clear or 
scattered skies occur under the regions of antieyclonie curvature. These rules hold 
regardless of the proximity of surtuce frontal systems. 

The method used by the authors in these figun-s to illustrate the relation between 
the weather and the upper-air curvature is to supt'Tunpose the upper-nir map on the 
surface map. This technique is quite fiuitful in bringing to light the relationships 
between the two levels and is suggested for forecasters as a standard pniccdurc to be 
followed when analyzing the two maps. 

KlongaUsl V-shaped troughs will have elmidiness and precipitation in the 
southerly current in advance ol the trough with elcariiig nt the trougli line and behind 
it. 


An illustration of this luh' w ill be found on the map for Sept. 27, 1942, shown in 
Fig. 12. This figure shows a deep 10,{KK)-fl trough in the ei'iitral Vnited States with 
overcast skies and precipitation in the entire aren covered by the southwesterly flow. 
Tin- trough line at 1 0,000 It marks tin* change to clear skies. The entire region under 
the strong How from the northwest has clear skies, even though there is a frontal 
system in that current as well as in the southerly current. 

FORECASTING FRONTAL WEATHER FROM WINDS ALOFT 

Whi'ii the coniponcnl of the wind perprn<liculnr to a cold front increases with 
height through the front, the front will prodiKU- no weather, since the front will not 
be lifting the air inas.s above it. Rather, the iippiT air niii.s.s will bi‘ flow ing downslopp 
along the frontal surface. The weather at the front will he due to eonvergeiico 
along the siirfaee trough line, and not clue to any lifting by the front. Under these 
eireumstanei-s, the general weather distribution is ns folhnvs: Convergenee produces 
a certain amount of weather in tlie warm sector, I’his weather increases toward 
the cold front where the effi-cts of the convergenee become greatest, but stops abruptly 
after the front has pnH,"ied. 

Frequently, W'ith the above wind di.stribution, the weather at the cold front is 
absent, while the weather some distance ahead of the front is still present. The 
zone of weather ahead of the front is often called a prrfrmUal squall line. This con- 
dition is to be explained as follows: 

If the air above the cold front is moving faster than the front, that air will be 
Mowing downslope and will be warmed adiabatieally (see Pig. 1), and the relative 
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humidity will decrense. This drier air over and just ahead of the surface cold front 
will prevent much cloudiness or precipitation from occurring there. Farther ahead 
of the front, the warm air will be converging into the trough, rising as it does so. 
As it reaches higher elevations where the win<lB are stronger, this air will move away 
from the front and carry the prefrontal clouds with it. The prefrontal squall lines 
and weather will occur in the portion of the warm sector where the upward motion 




Fig. 2. — Active cold fioiit. Wind sliced decrenhcs with height normal to front. 


1011 ™ place. The distance of this weather ahead of the cold front will flepend upon 
the rate of increase of the winds with height, for that determines the distance ahead 
of the, front at which the dry subsiding air will be found. 

Thcsi* types of eold fronts arc referred t« as inocliiic eold fronts and usually move 
rapidly . Active cold iroitlB ate those in which the component oi the wind pcrpendicn- 

Active cold CmrifH face Fig. 2 ) have widespreiid fniritul cloiidincss anil precipitnbi'n 
at and behind them, since the air above the fnnit w actually being lifted in this cii'' 
Relative to the front, the air above the front moves backward up along the front 
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With warm fronts, an inercosp of the wind component with height perpendinilar 
to the front gives an active front, one with pronounced prefrontal clouds and pre- 
cipitation. Inactive fronts, chiiract<‘rized hy broken cirrus and altocumulus, are 
produced by a decrease with height of the wind componi-nt perp<‘iidicular to the front. 
However, the activity of a warm front depends ns much on the ourvature of the 
isobars at 10,000 ft above it as upon the direction of these isobars. If the wind is 
turning cyclonically as it erosses the front, the front is far more active than if the flow 
is auticyelonie above the front. Where the wind is blowing aiitieyclonieally over 
the warm front, the rold air mass will usually be subsiding so rapidly that the apparent 
upslope motion of the warm .air over the cold air will bi! r,ompletely neutralized by the 
subsidence, and no upslope motion will actually t)c occurring, llesides this, if the 
w'nrni air muss is t\irniiig aiitieyclonieally. the relative humidity will usually be much 
lower than if it is tvirning cyclonically, a.nd greater lifting will therefore he required to 
bring the air to saturation. 

The activity of a cold or warm front may lie recognized by a comparison between 
the 10,000-ft wind flow and the frontal positions as follows: 

6. If the 10,000-ft flow is perp<‘ndieuliir to the cold front , the front will be inactive, 
because the winds normally increas*' with height. 

7. If the J0,0<M)-ft flow is parallel to lln* cold front, the front will be active. The 
cloiuliiiess and precipitation will extend as far iM'hind the front as the winds at 10,000-ft 
are parallel to the front. 

8. Warm-front cloudiness and precipitation will occur where thi' )0.000-ft wiiiil 
How is across the warm front from the warm to the cold side and turning cyclonically 
or moving in a straight line. 

9. Tim 10,000-ft ridge line is usually the forward limit of the ijrewarm-frontal 
cloiKluiess. The slmriier the ridge, the more accurate the nile is. 

10. Warm fronts are aecoinpiuiied by no weather nnd few clouds if the 10,000-ft 
flow nbovp them is aiitieyeloiiic. Krimtolysis of such fronts is usual. 

FORECASTING THE MOTION OF SURFACE SYSTEMS AND THE WEATHER 
ASSOCIATED WITH THEM FROM THE DIRECTION OF UPRER-AIR FLOW 

1 1. Centers of ri.'.ing and falling pres.sure on the snrfnee map move jiarallel to tho 
wind flow at 10,000 ft across the surface isallobaric center, with a speed proportional 
to that of the 10,000-fl wind. 


Hence, mo.st low s ni<iv<‘ pandlel to the lO.OOCKft winds with a rrloritr proportional 
to that of these winds since most surface lows move with the surface iisalloburic centers. 
Surface highs are for the most part larger than surfai-e low's nnd will often intensifj- 
or merely bulge in the direetion of the surface isallobarie inaxiiua. 

,\ surface low with the (low at 10,000 ft aeross it is a warm low and is low' only 
because it is warm. It will move with the How at 10,000 ft since the Avarm air will 
do so. Surface lows that arc merely the reftcction of a closed iipper-hwei miter are 
usually cold lows nnd will move in the direction of and with the speed of the upper- 
level center. 

Pettersson® has pointed out that wave eyelonea move in the direction of the w'arni- 
sector isobars. This rule is identical with the above statement whenever the tempera- 
tures in the wann aeetoi ate homogeneous or whenovei the iaothetma ate, pataWeV 
to the warm-seetor isobars. Whenever there is some other tempernturp distribution 

in tli«> warm s<*etor, the surface isobars in the warm sector are not parallel to the winds 
nlofi. Ill su(‘h a Hir Mirfac(« low will t.-iid to n.uvi* in ihv din^t tion of the upper 

flow rathor than pnniIK‘I f<t fht* isobwa. 
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(The above guiding of surface sysietns by the upper-level flow has been referred 
to as the uteering prineiple.) I'he following statements refer to the principal steering 
patterns observed in North America: 

12. During periods of continued strong westerly flow aloft (high index) over North 
America, surface fronts move rapidly etistwanl with little air-mass contrast acrtias 
them and practically no frontal precipitation or cloudiness south of the belt of strong- 
est westerlies aloft. 

Hast of the Tlockies, such fronts are accompanied by cirrus and altocumulus or clear 
skies with little or no preciiiitiition, but on the west c-oast the westerly flow up the 
mountains may prod\ice copious rain. For an example of the former cfTect, see Fig. 19. 

13. During periods of northwest flow at lO.tXlO ft from western Canada to the 
eastern Ihiileil States, surface lows move rapidly from iiorthwi-st to southeast bringing 
eold air outlireaks southward east of the Continental Divide. 

Till' amount of precipitation occurring ahead of these surface lows depends upon 
the position of the ridge aloft. With the 10,000-fl ridge centered on the west coast 
and the main trough aloft over the rvestern (Ireat Lake's, ('yelonie eiirvatiire aloft 
will f'xist between the Continental Divide and the (Jreat Lakes n'gioii. This favors 
widespread cloudiness and precipitation in lulvaiiee of cae'li new outbreak of cold air 
from the uorthw'est. For an example, see. the 01.30 maps for Sept. 25 and 26, 1942 
(l*igs. 10 and 11), Note particularly the l<iw that eonu's iu north of Montana and 
moves to the border of South Dakota and .Minnesota. 

If the 10,0(Kl-ft ridge is centered over the Continental Divide, anticyclonie cuiwa- 
ture aloft will prevail through the eeninil Ciiiled Slates, and preeipitation will be 
localized in llie northeastern portion of tlu- country. In general, the cold-air out- 
breaks will jnove into the country farther east. See the 0130 map for Nov. 13, 1942 
(Fig. 16). 

14. lit hen uiitieyelonie flow aloft prevails over the Mississippi Ihisin, fair weather 
occurs throughout the region under the antieyelonie flow, and storms move around the 
periphery of tlio high. 

Thesfi large high-pressure ari-ns frequently stall and prevent eold air from entering 
the t nited Stales except in New Kngland. TJii'y st.agnntr mori' often in slimmer 
than in winter. See the maps for June 19 and 20, 1913 (Figs. 20 mid 21 1. 

15. When southwest or southerly flow aloft pix'vails over the United States, storiiis 
move t<iwar(l the north, giving widespread bad w'eatlier. 

16. During periods of southerly flow at 10,000 ft along the east coast, seeoiuliiry 
storms freipiently develop in the vicinity of Cape Hutti'ras. 

With sueli a flow aloft, primary distiirbiineea form in tlie (Julf nr lower Mississippi 
Valley and move nortlieastwaril just tK^st of the Appniaehiaiis. 'I'hese lows mv- 
generally occluded by the lime thi'y reach the Great Tsikes region. Then secondaries 
form along the Atlantic coast where the flow aloft Ims the gri'iitest eyelonic curvature. 
The energy for these storms is eonei'iitrated where the tropical air over tlie (Julf 
Stream comes into eontaet with cold air trapped between thu Appalachians and the 
coast. 

The motion of these secondaries, once they have formed, can he foreoaat from 
the ]0,00()-ft pri'sBurc' pattern. With aoutli westerly flow aloft, the storms move 
parallel to the Atlantic coast, producing northeasterly gales and heavy pree.ipitation 
along the eonst. See the maps for Mar. 6 and 7, 1943 (Figs. 14 and 15). If the flow 
at 10,(100 ft is southerly or southeasterly, the storms move inland. Heavy snow or 
rain and atixmg east winds occur along the coast, but west of the low the northerly 
winds are very light. 
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forecasting displacement of surface systems by use 
OF pressure changes aloft 

Tho ruk; that follows is banc'cl on statiflticul atudios inado by liioe and Stephonfl.* 
Previously it bad been siif^grstf'd l>y (Irrman iiieteorolofrists^ l)ut no aupporting 
Htatisiical evideiieo of its validity ff»r the I'nited States was given by them. 

17. The 21-1^ siirfiiee isallobarie minimum will move parallel to thp upper wind 
flow to the eurreiit position of the 20,000-ft 24-hr iHullobarie ridge line in 24 hr. Pres- 
sure {■hiinge.s aloft siiould ix- .1 mb or larger for lhi.s rule to apply. 

'Phe above empirieal rule may be explained physienlly and geometrieally OS follows: 
Pressure rises at 20, (KK) ft are usually eau8(*d by rising pressure in the stratosphere 
ami upper troposphere, 'riiese preasui.- rises aernmi)any tropieal air in the strato- 
sphere and upper troposphere as the air moves in aloft from its sourec region. It 
has been observed that this inflow of tropienl air in the Etratospheri' oeeurs approxi- 
mately 24 hr before the tropieal air reaehes the same region in the lower levels. The 
forward I'dge of the inflow of trojiieal air at low levels is the region of greatest surfaee- 
pre,ssure fulls, for it is there that the lighter air is replaeing hc'avier air most rapidly. 
In this manner, the 21-hr isallobarie maximum at 20,000 ft is related to the 24-hr 
surfaee isallobarie miiiinitun. 

(JeonK'trieally, the .above rule may Im“ explained as follows: Consider a surfaee 
wave in 'I'eMis u ith tho 20,000-ft flow approximately west to east with slight eydonir. 
eiirvuture in-er the wave. Hupjjose now that, during the next 24 hr. large pressure 
rises oeeur at 20,000 ft in New England, and during this same pi-riod the Burfaee 
low imni's from 'J'exus to 'JVniicssee parallel to the 2l),()00-/t wind flow. Tlie large 
pressure rises aloft in New England will have changed the isobar direction at 20,000 ft 
from nearly \vest-<'ast to more s<)ulhwe.sl-iiorth<‘a.st. 'The surface low during the nc'xt 
24 hr will follow this modilied steering pattern up to the northeast. We see, then, 
ill orrler for the storm to move from Texas to New England, it was nw-essary for the 
pressure to rise nhift in the .New Eiigliuid region. This reasoning may be applied to 
other f.\peH of systems with similar results. 

FORECASTING THE DEEPENING AND FILLING OF WAVES BY USE 
OF THE 10,000-FT CHART 

IS. A wave will be unstable and deejM-ii if the 10,000-ft wind field over it possesses 
eyelonie relative vortieity (i.c„ eyelonie eurvalure of the i.soburs, or eyelonic shear). 
A wave will be stable if the 10,006-ft windo\eril posse.s.>.es aiitieyelonie vortieity. 

Tn applying this ruli'. it is necessary to consider the shear ns well as the curvature 
of the atn'amlmes. I'liiis the relative vortieity of a I’urrenf is given by the following 
e.xpression : 

Vortiritv = - -h 

r Sr 

where e is the wind speed and r is the radius of curvature of the streamlines. It is 
clear that a current may have vortieity even though it is straight tr infinite) if it has 
shear. The shear is taken as positive (eyelonie) if thi- velocity increases from left 
to right (Northern Hemisphere) when looking downstream. 

We know from observation that in all intense cyclones the cyclonic, rotation is 
present at all levels. If we assume tViat the development of an incipient wave into a 
large slomi is produced by tho release and redistribution of the potential energy in 
the air masses whose boundaries form the wave, we can reason as follows: Whenever 
the circulation over nii incipient wave cyclone is cyclonic to high levels, there is very 
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littl6 rf^lease or roadj usttnont of onenrj' Moodod io prodiiop ii largo storin oxoopt in 
tho lower levels, since the circulation in the higher levels already corresponds to that 
observed over all largo storms. On the i>lher hand, whenever the circulation over an 
inejpiiuii wavi’ is anticyrlonic at high levels, tins portion of the circulation must be 
completely changed before the wave can become an intense storm, Since the amount 
of change nctt'ssaty for tin* d«‘velopnient of the Wine is much less when the upper 
atmosphere already possesses cyclonic vortieity, the- wave will be more likely to 
develop when it is under a current posaeshing cyclonic vortieity than when it is undi-r 
a current possessing anticyclouic Mirticity. 

19. If there are several waves along a front, the one w ith the most intense cyclonic 
vortieity aloft will diwelop .at the expense of the others. This is usually the one 
nearest the axis of the trough .aloft. 

Minor local inHuences frequently produce irregularities in the shape of a front. 
When the winds aloft are perpendicular to the front, these irreguliirities art' usually 
unimportant, since they produce no xxealher and ur<‘ transitory in charaeter. 'I'liey 
arc usually disregarded on 6-Jiourly siirfaee iiiups. But wlieii fhi‘ winds aloft arc 
jiarallel to the front, even a slight bend in the front will produce ujislope motion. 
The winds aloft will blow upslope over the forward edge of tin* bend and produce 
clouds and/or precipitation. 'I’lius, eiiergx is released that is used to cause further 
development of (he wave. The winds aloft blowing down over the cold air (o the 
rear of the Ik'ikI pull tlie cold air along and make the Ix-nd pi rsist so that there is no 
tendency for the wavi' to flatten out oiiee it has formed. 

20. M’aves devidop along fronts when the 10,000-ft flow is iiarallel to the front, or 
nearly so. 

(In the 0130 map of Mar. 12, 1943 (Fig. 17), there is a good example of this type of 
activity. 

FORECASTING WITH THE AID OF MEAN TEMPERATURES AND 
MEAN-TEMPERATURE CHANGES 

21. fToudiness and precipitation will occur wlieip the 10,000-ft winds blow across 
the mean isotliiTnis from (he warm side to the cold side : rlenr skii'S will occur w here the 
10,000-ft w iiids hlow acniss mean isotherms from the cold side to (he W'arrii side. 

When the winds aloft blow nernss the mean isotherius from xviirm to cold air, thev 
are blowdng up over the more slowly moving cold dome. 'I'hiis the iiir aloft is lifted 
This results in cloudiness and pris-ipitnlion. WJien the winds aloft lilmv from cold 
to warm air, they blow downslojie over the cold dome, and weather is at a iniiiinium. 

22. If the mean isntliernih in the cold air are packed along a front, it is n strong 
front and will tend to produce weather. 

Where the mean isotherms arc elosely packed, there is consiclerablp potential 
energy. W'lien a storm enters this region, thi> potential energy is released, and the 
storm develops. If there is the same packing of iiiixan isotherms on both sides of a 
frontal zone, there is no marked front as yet. A marked front can dex-elop only along 
the warm side of the closely packed isotherms. This follows from the definition of a 
front. See maps for Sept. 25 to 27, 1942 (Figs. 10 to 12). 

23. If the mean isotherms are perpendicular to a front, the front is weak, will 
produce little weather, and is subject to frontalysis. 

If the mean isotherms are iicrpendieular to the front, there is no temperature or 
density contrast across the front. Hence, by definition it can hardly be called a 
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front, but is merely a trouf^b line. The following rules were derived from research 
being conducted by t be aiit hors on mean temperatures. The research is by no means 
completed, and the following results should therefore be regarded as tentative. 

With warm lows, the mean isotherms show the highest temperature directly over 
the surface low, which is about halfway between the 10,000.ft trough and ridge line, 
i.e., the mean isotherms and 10,000-ft isobars are 90 deg out of phase. Since warm 
lows move with the mean speed of the w'arm air over them, they will be rapidly moving 
systems. 

If, on the other hand, the highest mean temperatures oeeur under the 10,000-ft 
riilge (mean isotherms and 10,000-ft isobars in phase), the ridge itself is warm while 
the low is a cold and therefore slowly moving low. From these ndationships, wc 
obtain the following rules: 

24. If the inean-temperatuip ehart shows the maximum temperature along a 
latitude line to be about halfway belwemi the 10,000-ft high and the next low, the 
surface low beneath will iiioxe rapidly. If the maximum temperatures occur in the 
liigli alott, the surface low will tend to stagnate, with weak fronts moving rapidly 
around it. 

25. A change in th(> type of adveetion ladiind a slowly moving cold front is a sign 
of a new frontal wax e forming. 

Instead of uniform cold-air adveetion behind the front, there will be a decrease 
in eold-air adveetion or even slight warm-air adveetion behind one portion of the 
front with continued strong cold-iiir adveetion on both sides of this region. This 
oliango in adveetion may be detected on niean-leinperature charts or b.v inspection 
of pilol-biilloon observations at stations behind the front. 

2(i. 'I'lio first iiulieation of prow arm-frontal clouds over a cold high is a layer 
charaeteriiied by adveetion of warm air at some height between 10,000 and 20,000 ft. 

This IiiyiT of warm-air adveetion will show up as a veering of the wind with eleva- 
tion at those heights. 

FORECASTING THE lO.OOO-FT CHART 

'ITie following are several general iiielliods for foreeasting 10,000-ft charts: 

1. Extrapolation. The easiest methoii of foreeasting the 10,000-ft pattern is 
extrapolation, fiitlier trough lines and ridge lines or 21-hr isallobarie eentera may lie 
extrapolated. .Since the patterns at 10,000 It an* more persistent than at the surface, 
extrapolation gives better results at 10,000 ft. 

In using pressure changes aloft, the proeedure is to extrapolate the isallobarie 
centers and add the clmiiges to the present pressures in order to get the prognostic 
map. ( 'hanges in the shape of the 10,000-ft pattern may be forecast by this method, 
whereas pure extrapolation would not indicate these viirialions. 

2. Isotherm-isobar Relationships. Tlie 10,000-ft pressure pattern may be fore- 
cast from the isobars and i.sotherins at that level. From tlie kinematics of wave 
motion, assuming that temperature is a conservative element and that there is no 
convergence or divergence, Rossby* derived the following etiuation: 

U ^ ^ 

U — c ~ Ap 

where c is the speed of a system, f/ is the mean speed of the westerlies, Ar is the 
amplitude of the isotherms, and A,, is the amplitude of the isobars. 
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The authors have found that for praetioal purposes the above equation indicates 
tliat, wherever eold air moves into a system, the pressures at 10,000 ft will fall; where 
warm air moves in, the pressures at 10,000 ft will rise. This can be demonstrated 
as follows: 

Let us first consider the case where At < A f. From the above equation, it is 
seen that I' — r must he larger than i.e., that r must be negative. This means 
that the system should retrograde, which in turn means that pressures should fall 



Ki«. 3 - Hetiogiade trough nitli arniilitude of isot helms smalloi tliun amplitude of isoh.ns. 


to the west of the system and rise to the east. The preceding dingrain (Fig 3) show- 
ing At < Ap indicates that colder air is being brought into the western end of the 
trough and warmer air into the eastern ]M>rtion, since the winds will move the isothenui 
in that manner, 'riius, where the isobars iiidiciitc that temperatures will fidl, the 
equation indicates that the pressures .should fall; and similarly, wdiere the rising 
tciiiperntures are expected, rising pressures are indicated. .\ny mdicutions of retro- 
grade motion from this formula should orrimarily be interpreted as deepening of 
the system ratlier than as ret rngression. 

Consider now the ea.so when A,, < Ar (Fig. 4). From tlie above temperature and 
pressure distribution, it is eU-ar that teiiijieraturps would bo iiicreiismg to the rear 
of the trough and decrea.sing in advanee ot it. .\t tlie same time, the above eipiatioii 
shows that the trough slioiild move eastward. In other words, pressures will fall in 
front of tlie trough and rise iM'hiiid if. Again we siv that the region of temperature 
fall is the region of pressure fall, and likewise* the regions of teinjieriiture and pressiiri* 
rise are eoineideiit. Moreover, the formula show.s that the larger llii* .sinphtnde of 
the isotherms relative to the aiiiphltide of the isobars, i.i ., the more nearly the winds 
blow perpendieular to the isotliernis, the foster the trough will iiiovi*. This means 
that the greater the temperature change at a given point at 10,000 ft, the greater the 
pressure change is. 

If the iHOtherms and isobars are parallel, ff = ft —c, hence c = 0. Such a system 
will have no temperature adveetion around it and will .sftignale without appreciiible 
deepening or filling. For example, sec Sejit. 2.'i, 1942 (Fig. 10). 

If At! A p is negative, the te,iiipuruture and pressure changes would be of the oppo- 
site sign. However, it is the opinion of the authors that such lows seldom occur 
at 10,000 ft. 
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If wc asBuiue that the pressure eliangca at 10,000 ft arc tlue to horizontal adveeition 
of air in the stratosphere, we ean explain the above relationship between temperature 
and pressure ehanges as follows: 

Cold, heavy air in the stratosphere is moat frequently found in tropical regions 
where the 10,000-ff temperatures are highest. A.b the cold sir in the stratosphere 
moves northward, the warm air at 10,000 ft aer-ompanies it. If, then, we can predict 
the place to which the warm air at 10,000 ft will move and can assume that the cold 



l-'iG. 4.' Hlowly prrifriohsiiif; eiild t luugli with amplitude of iMOtlierms g* eater than amplitude 

of iMihais. 


air in the stratosphere will move with it, we ean fon*cii.Ht that pressure rises will occur 
there at 10,000 ft because of the inroad of cold dense air in the stratosphere above it. 

Converselv, eold air at 10.000 ft is associated with warm light air in the strato- 
spticro. Hence, in regions wlicre cold air inovi’S in at 10,000 ft, there will he pressure 
falls, since above 10,000 ft the atnitospheric air is becoming less dense and exerts 
less pressure. 

3. Solenoids. If we examine the temperature and pressure field for solenoids, 
we B(*e that they, too, indicate rising preasure xvhere the temperature is rising, and 
falling pressure whore the temperature is falliiig. IVliorevor warm-air adveetion is 
indicated, the horizontal solemiidal field indicates anticyeUmic circulation acceleration. 
This increasing anticycloriic circulation may he interpreted as indicating rising 
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pressure, for the two usually occur tojjether. On the other hand, wnerever the iso- 
therm-isol)ar mlcrBOctions indicate cold-air ndvection, the solenoidal field indicates 
cyclonic circulation intensification and therefore fallinK pressures. We see then 
that the ride that temperature falls indicate pressure falls and temperature rises indi- 
cate pressure rises is indicated by all three typi's of reasuniii);: first, the formula based 
on kineniatics alone; second, thi' stratospheric changes that should accompany the 
temperature changes; and third, the solenoidal field. 

In forecasting the 10,000-ft pattern, it is ncsessary to use the above relationships 
quantitatively, hlnipirical results show that the temperature eluinge in degrees eenti- 
grade is in the mean approiiuiati hi equal to the pressure change in millibars (luring the 
same period of tinu.* 

The procedure in forcensting is to move the temperature at one point on the 
10,n00-ft chart along the trajectory of that point detorniined hy the present and fuiiire 
winds at 10,000 ft. Ordinarily thi.H tnijindory will not he coincident with the isobar.s, 
nor wdl it he a straight lino. Having niovial the jioint in qiiOKtion, auhtract its tem- 
perature troni (hat observed at its ternunus to determine the temperature change in 
the forecast period. Add this change algebraically to the present pressure at the 
terinimi.s to determine the prognostic po'ssiire. The future winds at 10,000 ft may he 
arriv»‘d at hvsiiiipk' approximation of air trajectories or, more accurately, by Hosshy’s 
method outlined bulow. 

4. Rossby’s Trajectory Method. This method of forecasting the future trajec- 
tories of air particles, and hence the future streiimline pattern, is bn.sed on the assuniji- 
tion that free-air flow proceeds with constant absolute vorticity. 

Particles are selecti'il where (he vorticity ri'lative to the earth is aero, i.e., where 
the isobars are straight and there is no shear. If these particles change latitude but 
conserve (heir absolute vorticitv, they acquire a vorticity relative to the earth and 
travel in a eorveil path. 'I'h(‘ nirve tliey follow i.s iM'riodic, with eon.staiil amplitude, 
w ave length, and frequency as far as the partiele is followed This obviously does 
not take into account the loss of energy, and henee monieiilum, due to lateral mixing 
or changes in viirticity due to coiivergeiiee and divergence. 

After many particles have been followed, a map eaii he cimstructed with isobars 
drawn from (h(‘ |>redieti‘d wind directions .and I'eloeities. Heilainv has madi' some 
simple charts that facilitate and ex'teiid the usi* of this method, making it uniieeessary 
to use only Itie inflection points. 

h’oiecnstiiig the l(),00(f-ft map, when extrapoJatioii fails because Ihe palleni is 
changing, may be done adequately l>y the tempeniture-ehange method, hy eonipiiting 
trajectories, or prelerahly hy a conibinntion of both. Two examples of these methods 
will he given liclow. 

Consider first the ease of a deep, cold trough in eastern Xorth \inerien (h'ig. .ol 
with a surface low in the region marked A. We sec, from the pres-sure and tempera- 
ture distribution indii'atcd on this map, that large temperaliire rises will occur in the 
northern jxirtioii of the trough in the region marked “Itising” where the strong 
westerly flow wouhl bring warm air into the trough, while temperature falls will occur 
in the southern part of the, trough, markeil “Falling.” Hy the temperiiliire-rhange 
method, wo should therefore forecast pressure risi-s in the north and falls in the south. 
These pressure changes would gradually alter the map until it looks li'vc Fig. (5, with 
the northern portion of the trough filling up and the south(>rn portion becoming a 
more pronounced low. This also means that the northern portion of the trough will 
he displaced eastward more rapidly than the southern portion, and the trough Uiie 
will tilt fnim northeast tsi southwest. 

• This principlo was hrousht to the attention of tlio autliorn l»v C. I.. Mileiiell of llio IT.S. Wnalhor 
Bureau. 
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As these changes continue, a closed low will develop in the southern part of the 
trough, as is indicated in Fig. 7. Not only has the low in the south been completely 
disconnected from the rest of the trough in the north, but the belt of westerlies has 
also moved north of it so that it is likely to stagnate. 

Now let us consider the problem of foro<’iistliig the changes in the same pressure 
and temperature distribution by Roasby’s trajtadory method. In the rc'gion marked 
A (Fig. 5), over the intense surface low, trap'elories would have a long wave length 
and small amplitude, as .shown by the arrows starting from that region. Farther to 
the south, south of A, where the wind velocities are lighter and the isobars have 
more antieyclonic eurv.ature, the tnijcctorics would have a shorter wave length and 
follow the arrows indicated there. 

Consider now the effect of the.sc future trajoetories on the present pressure dis- 
tribution, keeping in mind the principle that, when a strong current of air enters a 
region in which the isobars do not Imliuice the Coriolis force, ns near t he regions marked 
“Rising” and “Falling,” pressures will be built up to the right of the I'urrent uml will 
fall to the left, until the pressure gradient docs balance the Coriolis iorce and the 
isobars are parallel to the winds. As is seen from the diugnim, “Rising” is to the 
right of the eurnml there and “Falling” is to the left, so that rising pressures should 
occur at “Rising” and falling pre.ssures at “Falling.” This is in agreement with the 
results obtained above by the teiiipemture method. 

For a second example, consider a stagnant deep low in the eastern Cniterl States. 
The forecasting problem here is to determine when the low will start to fill up and 
move. As long as the isotherms and isobars remain paralU'l ns in Fig. ft, no tem- 
perature ehangus should occur, 'rherefore no pressure' cliaiiges should occur, and the 
low should remain stagnant. As the isobars and isolhcniis arc parallel, the trajec- 
tories would be tlie same as tlie isobars. The.\, t<io, wotild indicate no motion. 

Ijct us now consider the effect on this stagimiit low of th<‘ teiiiiicrutiire liiul pres- 
sure distribution associatCHl with a surface low pressure at .1 in Fig. 8. The tempera- 
ture and pressure distribution is now such that marked temperature rises should 
occur in the region marked “Rising.” This will produce rising jiressuri's there, 
which, in turn, will produce more westerly flow to thi* north of the region marked 
“Rising.” Subsequently, nioie wanu-air advectioii will oernr north of this region 
with the rising pressures gradually extending northward ami eastward. It is apparent 
from this that the low-pressure center will be displaced rajiidly northeastward ahead 
of the rising pressures. 

Associated witfi tlie surface disturbance at .1 in Fig, S, the 10,000-ft chart shows 
stronger winds with less aiiticyclonie vorticity at that point. TJie trajeclr^ries of air 
particles from the vicinity of A arc indicated by the heavy lines tliiil )iass through the 
eastern low. As before, pressures will rise to the right of this eurreut and fall to the 
left, so that the low in the east will move northeastward. Again the trajectories and 
temperature changes indicate the same motion of tlie prc'ssure system. 

6. Use of Stratospheric Conditions for Forecasting the 10,()00-ft Pattern. The 
13-km chart seems to be the most useful high-level ehiirt for forecasting changes that 
will occur below at 10,000 ft. On this chart, pn-ssure lines and iiotential-tempernture 
lines are drawn. At this level, lines of constant potential temperature approximate 
linos of constant density, since potential tcinpcratiirc is a funetion of both tempera- 
ture and pressure. High temperatures and low iiressures give high potential tempera- 
ture and low density, while low temperatun*s and high pressures give low potential 
temperatures and high densities. We can recognire regions at 13 km where the air 
is very dense by noting the regions of low potential teinpernturcs and regions where 
the air is rare by high potential temperatures If we assume that the changes that 
ocouT at these high levels are due primarily to advoetion, it follows that, wherever 
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tht* potrntiu] tomporaturc at (3 km rines, t(i<* prossuroH boneath 13 km will fall, Rinc*(' 
leas ((('rial' air iiati b('(*ii moving in at 13 km. Thf I3-kni potriitial U'znpemUm'a will 
move with tbc 13-kni wiiida, which arc iiidicaled by tlie isobars at that level. 

The technique of forecastinp! from this chart is to exiiiiiine the 13-km potential 
temperature and pressure pattern and doterinine where the potential temperatures 
at 13 kni will rise, and fall, in the forecast period. The pressures at 10,000 ft should 
fall w herever the 1,3-km potential temperature rises and should rise where the potential 
temperature decreases at 13 km. The magnitude of the pressure changes at 10,000 ft 
will We roughly proportional to the magnitude of the potential-temperature ohanges 
at 13 km. 

If this leehiiiriue were applied, not just at 13 km, but at all the upper h'vi'ls and 
if the changes at all levels « ere integr.ated, a much more acciiriite prognosis of 10,000-ft 
pressure changes should be obtaiiKsl. More detaih'd iiiformation on this use of 
stratosiiheric conditions may be obtained in a paper by Wulf and Obloy.* 

A chart indicating the height of the tropopiiuse can be used iii a liiuiiner similar 
to that using the 13-kiii potential temperature. The tropopiiuse will be low wherever 
the 13-kw jarteiitial teiU|KTature is high, and the tropopaiise «ill Ix' high where the 
1.3-km potential teinperiitiire is low. Wherever the tropopiiuse Ix'coines lower, the 
pressure will fall at 10,000 ft. A high tropopause will give high pn-ssiire at 10,IXH)fl. 
'I’he motion of the tropO]xiuse can best be forecast by the winds at the les-el ol the 
tropopause. Since this level is not eonstmit, the isoliars at om' constant level will 
not give tlii.s motion. The above disrussion li-ssiunes that change in height of the 
tropopause is due mainly to horizontal motion. The luitliois are not prepared to 
make a stati'iiient on the validity of tins assumption. 

\t iirescnl the upper-air data as it comes in over the ti'letype is too sparse to give 
a unique solution for any of these liigh-level elinrts. Therefore, for eiirreiil data, 
fori'easting methods utilizing flu* radiosonde data Ix'low 400 mb only will be more 
aeeurate tliaii tlioao relying upon the second tninsmission of radiosonde datii. More- 
oi'('r, winds up lo 10,000 ft are many times more plentiful and aeeurate than those 
above. Therefore, pressures at 10,000ft may lx> cheeked bytlie pilot-balloon observa- 
tions, whereas errors at the higher levels may be overlooked. 

6. Use of the Surface Map and Mean Isotherms. Kir.st, fureeast the motion of 
the surtaeo low by use of a eoinbinatioii of upfier-air steering and deepeiiiiig priiieiples 
and Burfiiee continuity. Then, from the pn'seiit distribution of mean temperii- 
tiire and pressure, forecast tlie future distribution of itic.iii temperature. A coni- 
hiiiatioii of the >>urfaee map and mean teiiijxTatures aiitoniatieully determines the 
10,000-ft tiiiip. .\ri easy method of deterniuiing this graiiliicall.i' was devisi'd by ( 1,1', 
Stephens at the University of Chicago. This method will be discussed later iii this 
rlmpter. 

'I'lie 01.30 map of Sept. 25, 1042 (Fig. iO) shows how tins iiietliod of forecasting 
may be applied. 'I'lie surface low-pr(s«iure center loe.ateil just north of Montana is 
fori'cast to move to the border of South Dakota and Minnesota and deep(*n, since 
strong eycloiiic shear and curvature exist over it at 10,000 ft. The nii'iiii temiicratures 
in advance of the low are slightly lower than those behind the low, and only slight 
warming should take place during the next 24 hr, since very little advection is indi- 
cated by the eliaiige of winds with height. Tlie surface low in 24 hr will then have 
approximately the same teiiiperntiires on both sides of it, and the 10,000-ft low should 
therefore be directly over the surface low. The map of Sept. 26 (Fig. 1 1) shows that 
this occurred. 

7. Use of Current Mean-temperature Distribution. Pri'SKun* rises at 10,000 ft 
will occur in 24 hr over regions of lowest mean temperature, and pressure falls will 
aeeur in 24 hr over regions of highest mean temperature.'* This rule, like the rules 
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on the use of 24-hr isallobars aloft, frequently holds hut like all empirical rules has 
many exceptions. 

8. Use of Wave Length. At 10,000 ft, major troughs and ridges of long wave 
length tend to persist. Minor troughs will deepen when they move through the major 
(roughs and will fill when they move over major ridges. This is one of the principles 
used by the .“i-day forecast group in Washington."^ They determine where the 5-day 
mean trough.s will be and fon*caat that imhvidual troughs will deepen as they move 
into the mean troughs. 

9. Effect of Cold Water Surface. Upper-level highs tend to stagnate and intensify 
over the Clreat Lakes region and ofl the coast of New Kiigland during the season when 
the water is colder than the air." When the air flows over colder water, a surface 
inversion is produced that proveiils ground friction from affecting the air above the 
inversion. The frictional outflow from the high is thereby reduced, and the high 
tends to persist. 

10. Various Equations Developed for Forecasting the Displacement of the 10,000- 
ft Systems. With the 3-hr pressure changes as eompiiled by the method of Miller 
ami Thompson,'' IVtterascn’s trough and ridge formulas may be used at 10,000 ft. 

Russby and Wexler have developed the following equation; 

where C is the velocity of a trough eastward, U is the mean west-east wind speed, L 
IS the wave length, and the other quantities are constant for a given latitude. The 
main difhculty with this fonniila is the detenninatioii of (he wave length. The best 
plan ms-ms to be to use the large-scale troughs and ridges to di-termine the wave 
l(*iigth, and 1< ignore minor troughs Mipcrinijioseil on tliose. With a map only as 
large as the United States, an aeeurate determination of the wave length is always 
probh-mat ieal. 

METHOD FOR THE COKSTRUCTIOW OF MEAN ISOTHERMS BETWEEN 
THE SEA LEVEL AND 10,000 FT 

The mean isotherms for the layer bc-tween sea level and 10,000 ft may be con- 
Hlriieted graphically as fo lows: Draw the lO.OOO-ft isobars for intervals of 4 mb and 
the surface in.aji for intervals of 3 mb on the same size map base. Now select the 
iiitenseetioii of any one of the 10,000-ft imibars niid a surface isoliar. l-’niiii this 
point, lirnw !i liiK- to t/ie intersection of the next Jiighc-r l(),000-ft isob.sr and tho 
surface isobar (i nib liigher. From (his sci-oiid point, continue on to the next higher 
10,000-ft i.sobar and the second higher .surface isiibar, and so forth. Finally, when 
one 10,000-ft isobar does not intersect the com-sponcling surface isobar, continue 
the line through imother iiiterwetion of tho same two isobars and proceed to the 
iiiterseelioii of the next lower 10,0(K)-ft i-iobar and the surface isobar 6 mb lower. 
This line whieli has been eoustrueted is n mean isotherm. It will be noted that the 
value of the surface isobars tli.at pass through all the intersections through which the 
mean isotherm has been drawn was even if the value of the first surface isobar was 
even, or odd if the value of the first surface isobar was odd. After this first isotherm 
has bei-ii drawn, draw the rest of the mean isotherms through the other intersections 
of the 10,000-ft isobars and the eorrespouding siirfaee isoiiars. 'I'hrough all the 
interseetions on the map that are used, either odd- or even-valued surface isobars will 
pass. This may be used as a eheck on the construction. In drawing these isotherms, 
the following rules must be followed'. 
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1. Always cross an intersoction from the hinhcr pressure side of both the surfavc 
and 10,000-ft isobars to the lower pressure side of both, or from the lower pressure side 
of both to the higher pressure side. 

2. Never cross a 10,000-ft pressure line unless it interst'Cts one of the surface isobars 
which is being used fiic., either odd- or e^en-vnlued aiirtiiee isobars). 

3. Never cross a surface isobar, o<ld or even depending upon which is used, excejit 
where it intersects the corresponding 10,000-ft isohiir. 

In weather stations, thew isotherms may l>e drawn easily on the 10,000-ft map by 
superimposing it on the svirfave itui)> on a light tiible. It is easier to draw mean iso- 
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therms if the isotherms are first drawn near u low where there are numerous inter- 
sections and a definite isotherm pattern. 

The isotherms drawn by this method are for intervals of approximately 4°C up 
to •4-14°C and for intervals of approximately .^>“(5 for higher temperatures. Hence, 
when one line is labeled by the use of the Starr iliagram (Fig. 9), tho others may be 
labeled immediately with no further recourse to the diagram. 

Illustrations of those mean isotherms may be found in the maps in other sections 
of the paper. 
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In tho following discussion^ we shall attempt to show how the mles wo have given 
can be used in forecasting the niotinn and intensity of siirfiice highs, lows, and frontal 
systems, as well as the formation and spread of cloudiness and precipitation that 
accompany thes<- storms. 

Map for Sept. 25, 1942. On the map for Sept. 2.5, 1942 (Fig. 10), our first problem 
is to forecast the motion and change in intensity of the two waves on the front just 
east of the Rocky Mountain region. Vsiiig the 10,000-ft flow to guide the two lows, 
we see that the low in casUTii (lolorado should move straight east, while the one just 
north of Montana should move southeast. Tho velocity of these two lows should bo 
approximately equal to the velocity of the wind at 10,000 ft over them. We see that 
at the present the northern wave has mu-'h stronger winds over it than the southern 
one. The former is moving at aViout 3.5 mph, while the one to the south is moving 
between 1,5 and 20 mph. Hefore deriding whether these values will be constant for 
the next 24 hr, the forecaster must forecast the change in the 10,000-ft winds over the 
path of the low. This change will l)ecome evident in this case when wo consider 
more carefully tho intensity of the two lows. 

The low in eastern ('olorado is under a current that has only a little cyclonic 
curvature hut has anticyclonic shear along its path. Note how much stronger the 
10,000-lt winds arc to tlie left of the approximate future path of this low than they 
are to the right of this path. This anticyclonie shear indicates that the low will not 
develop as it moves to the eiist. On the other hand, the low just north of Colorado 
should move to the southeast toward fowa at about 3.5 mph and deepen as it moves. 
The deepening is indicated by the eyelonic eurvature and cyclonic shear at 10,000 
ft over and ahead of the surface low. The eyelonic shear is very evident in this case. 
Note that to the left of the path of the low the 10,000-ft winds are only about 10 to 
1.5 inpli. 5'o the right tuid over the path of the low, the winils are luucl) stronger. 
Note in particular the stiong winds at Bismarck, Moline, and Chicago as compared 
with thosi' at Winnipeg, l.a Crosse, and Milwaukee. 

Knowing then that the surface low will move to Iowa and deepen as it does so, 
we can use, this knowledge to help with the forecast of the 10,000-ft pattern. We know 
that the 10,000-ft low will be displacnl toward the colder air from tiie surface low. 
If wc examine now the tciiipcraturcs in advance of the surface low, wc sec that the 
air nia.ss is cvtreiuel.v cold for this time of the year. In f.act, it ua.s in .some siK'tioiis of 
Illinois and Town tlic coldest air that liad over been observed there that early in the 
fall. Knowing this, we can say that the air mass that will move in behind the low 
will not be itiucli, if any, colder than the air mass ahead of the low. We. sec then that 
we arc forecnsling that there uill be a dis*p low in Iowa and that the air mass boliind 
it will be about tho same temperature or pi'rhaps even slightly warmer than the one 
preceding it. We can say, therefore, that the ]0,0(K)-ft low will he located nearly 
directly over the surface low and will be closed or ne.'irl 3 ' closed, as is the case with 
all intense surface lows that have cold air surnmnding them. 

Let us now consider what the effects of this 10,000-ft low will be on the motion of 
the surface system. First, since it will be over the surface low, the surface low will 
not have so strung a current over it ns it has on this map. Therefore, instead of 
moving it 35 mph for the entire 24 hr, we must slow it down toward the end of the 
period when the closed low forms over it. Twcnly-hvc to tliirty miles per hour would 
be a better forecast for its average speed. If now we consider the effects of a closed 
low aloft over Iowa on the 10,000-ft wuids in Kansas and Missouri, we see that the 
winds should be much stronger than they are now, because in general the strongest 
winds aloft are found just to the south of a low center aloft. We must now revise our 
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forecast movement for the low in Colorado. Instead of moving it 15 to 20 mph, 
we should move it more rapidly. Tw<‘nty-five or thirty miles per hour would be more 
in line with the results of our forecast of the northern system. 

So far we have nlteinpted to make a forecast of tlie motion of the two surface 
lows using th(‘ 10,000-ft winds and then using this motion and the inean-tenipernturc 
distribution to forcenst the 10,000-ft pattern. We then made certain changes in 
motion of f)ur systems to make them consistent with the changes in the 10,000-ft 
pattern. 

The ne.\t problem is forecasting the distribution of clouds and precipitation. 
We see that all of Oklahoma, Kansas, and ^ehrn.sk.‘l niiil North and .South Dakota is 
covered with clouds. Most of theM^ clouds are middle clouds and are due to viH 
air overrunning the ci* air in that regMiii. It is obvious that none of the cloudiness is 
from mT air, for the winds aloft show that none is moving into thi-se regions. Con- 
sider now the region to which this ntP air will move in the next 2’1 hr. If in 24 hr there 
will be a clo.sed low at 10,000 ft over Iowa, we see that the winds will be from the 
south or southwest from Iowa eastward. The mP air that is producing thi> rain and 
clouds will he moving to the northeast. We see at the present from the mean iso- 
therms that the coldest air is in the C.real Livkes region. The very light winds 
oliserved there now indicate that this cold air will still he there 24 hr later. If we still 
have a dome of cold air over the (ireat Dikes ajid have south or soiit hwesf winds aloft 
going lip over t he dome, w*- see that iipsl<>|M‘ inotioii w ill be oeeiirring there. The air 
that will be going upslope is the air tliat is now proiliieing the eloiuls and precipitation 
farther west. Siiieo this air is already saturated, the upslope motion should cause 
precipitation to occur over us much of the (Ireat Lakes region as this current of air 
overruns. 'I'he mean isotlierins, hy liK'aling tlie domes of cold air, facilitate the fore- 
easting of clouds luid precipitation caused hy overrunning. 

Is>t ns now consider the likelihood of frontal tteiither in N'orth Dakota. South 
Dakota, Nebraska, and Katisns, behind the fioiit (hat should extend from the low 
in northern Iowa .south and southwest to the immiitains. It is iippiirent from the 
faet that we have placed our 1 0.000-ft low directly over the surface low that, no mat ter 
in what direction the front extends from the center of the low, it will run perjieiicliciilar 
to the 10,000-ft winds for at least sevend hundred miles Irom the center of the low. 
It follows, therefore, that there should he little or no fioiilal cloud.s or precipitation 
behind the cold front in these regions, llowecer. both eloiiils and preeipitatioii should 
occur throughout the region of eouvcrgeiire under tlie closed 10,(X)C)-fl center. 

The cold front along the soiitiie.i.st coast ta under .i region of niitiryrhnir curvature 
of the 10,000-ft isobars. It should therefore griidiially froiitolyze. ^'l) bo iimsisteiit 
with our forecast of a deep 10,000-ft trough extending irom Iowa southward, we should 
forecast the 10,000-ft wind.s over thi.s region of froiifolysis to become' south or south- 
west. In cither ease, there would he active <» erruiiuing of tropical air north of this 
region. W'c should thus forecast inen-asing cloudiness and precipitation there, even 
though the front is weakening and should eontmiie to w'eakeii. The extremely low 
velocities at 10,000 ft at present would imheate that this ovorrunuiiig must be quite 
slow until the low from the northwest deepens eoiisiderahly. 

The disappearance of the 10,000-ft (rough in Michigan was quite plainly indicated 
on this map. I pon examination of the change in wind direction with height in the 
region just to the south and west of the 10.000-ft low, we see that very little adveetion 
of either warmer or <-older air is iiidieatisl. It follows from this that the surface 
pressure changes are the result of pressure changes occurring at 10, (XX) ft. Since we 
know the 10,000-ft pressure is rising in and to (he rear of this trough, wo should expect 
it to move and fill during the fallowing period. 

Map for Sept. 26, 1942. 1 his situation (Fig. 11) has several interesting features. 
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The closed surface and 10,000-ft lows in southern Minnesota show the result of the 
strong cyclonic shear in that region on the previous day. Since this low is vertical, 
the steering principle cannot be used to forecast its motion. The motion of lows of 
this type can be forecast by using either Petterssen’s formulas or the upper-air rules 
for the motion of upper centers, because the upper and lower centers will both move 
along together. In this ease, we see that the centers should move to the northeast and 
deepen as t hey do so. It should be noted that surface pressures arc falling all through 
northern North Dakota, .Minnesota, and Wisconsin, although there is little advectioi, 
of warm or cold air there. If these fails are not due to warm-air advection, as is 
indicated by the ineaTi isotherms and isobars, they must indicate that I lie pressure is 
falling at 10,000 ft. We should therefore forecast a deepening of the 10,000-ft low 
as it moves to the iiortlieaat. The falling pressures and slight warm-air advection 
in Montana imlicale the approach of another frontal system from the north, since 
all such disturbances are preceded by pressure falls and temperature rises. 

Tlic motion of tlie cold front in Oklahoma and Texas is very important in fore- 
casting the general dislrilnitiou of weather. We note in this region that the surfaee 
winds are eoiisidiTiilily stronger Ilian the 10,000-ft winds. This frequently happens 
in tills region, and it is the writers’ opinion that it is caused by the topograpliy. 'riie 
eold iiir moving from tlie north is pri'vented from spreading out to the west by the 
niouiitniiis there, and wliercver the center of the low is soutli of the Canadian border 
tlierc seem.s to he u funnel effect that increases the wind velocities liciween the mouii- 
tam.s and the low trough Tliis is aided in tin* south by the Ozarks. The cold front 
should move south and soutlicast witli the s|»ecd of the surface winds behind it. 
Since it is moving faster than tlie 10,(X10-ft winds, it should lie aetive even though 
tlie 10,000-fl winds iiri‘ pcrpendieular to it. The surface winds behind it arc between 
30 and 10 niph, and tlie froni sbmild therefore move about 35 iiiph to the soutli. 
Its easlwar<l imilion sliould !><■ less than this but should inerease iiecause these strong 
winds will lipcouic nortliwest as they move farther south. 

'I'he large-scale tlow of cold air to the (iiilf should be accompanied by falling pres- 
siire.s at 10,000 ft. From tins ami the «leepeniiig indicated in the north, we should 
forecast a well-developed tiuugli at 10,000 ft extending from about Lake Superior 
to the (hilf. Fast of tins lixnigh, the 10,00()-ft winds should he from the southwest, 
anil west of it, they should tie from tl«e northwest. The eold front should be eon- 
.siderably east of this troiigli line, .since it was moving cjuile fa.st and sliould be oriented 
iiort lieiist to soiitliwest. We should forecast, therefore, that this front will be quite 
.active bccaii.se it will be parallel to the 10.000-ft wHiids Over it. On the other hand, 
llie new cold froiil, expected from Canada, could not be parallel to the northwest 
winds expected there unless it were uioxing from the iiortlieast, which would he 
iiiipossilile with the present winds aloft. We therefore should expect no weather 
with it. 

Map for Sept. 87, 1942. 1' his is a very good exaniple of an active cold front in the 
east (Fig. 12), The cloud and precipitation area extends as far beliiiid it ns the winds 
at 10,000 ft remain parallel to tlie front. There are several small waves along the 
front; but, since there is no eyelonie shear at 10,000 ft, tliey will not develop. The 
cold front in tlie northwest, on the otlier hiuid, is perpendicular to the 10,000-ft winds 
and therefore has no waves or weather associatcii with it. 

East of the eastern cold front, the 10,000-ft isobars indieate a current of air moving 
from the south in a straight line or turning slightly cyelonieally. This, then, is a 
region of convergence, and we should expect the cloudiness and precipitation tlirougli- 
out this region to continue. The mean isotherms show' very little change in tempera- 
ture from Florida to New York, indicating that a warm front in this region ivould be 
impossible. This is the type of situation in which many analysts will indicate a warm 
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front somewhere alonfc the eastern st'aboard to account for the rain and altostratus 
elouds, even though the mean temperature may be higher on the cold side of the 
“warm front” than in the warm sector. 

This is also an example of an elongateti or V-ahape<i 10,000-ft trough. Such 
troughs will have clouds and precipitation quite generally in the region east of them 
and mostly clear skies to the west, regardless of the position of the surface fronts. 

Map for Sept. 28, 1942. Along the east coast, this map (Mg. 13) again illustrates 
a cold front with small waves forming along it in the region where the 10,l)00-ft winds 
are parallel to the front. The important change indicated on this chart is the influx 
of air from the west over the Rockies. It is important to note that this influx of air 
is taking place more rapidly in the south than it is in the north. When this occurs, 
pressures rise most rapidly in the southwest quadrant of the 10,000-ft low, and the 
low conseciuently fills. This filling of the southwest quadrant of the low is also 
indicated liy the surface pressure tendencies. We ace, by comparing the surface 
isobars with the 10,000-ft isobars in Kansas and Nebraska, that warm-air advection 
is occurring there. This w'ould fend to caust' falling pressures at the surface. The 
surface pressures arc obsiTved to he rising in this region. From this, we conclude 
that the 10,000-ft jiressiircs are rising even more rapidly than the surface ones, for 
they must compensate for the lighter air coming m between the surface and 10,000 ft. 

This map also shows a good example of an inactive warm front. The warm front 
east of the fontinenfal Divide is a pronounced front in that there is a large tempera- 
ture contrast across it and yet fhi're is no weather with it This will iicnrlv always 
be the case when the 10,000-ft isobars turn antic.vclonically over niid on both siih's 
of the front, ('ompiire the 10.000-ft curvature on this map with that on the map of 
Sept. 25, and note the difference hi the weather. 

The map for the following day is not included in this report. It shows that the 
warm front moved eastward and partly froiitolyzisl. f'leiir skies still prevailed over 
and east of the front. The 10,000-ft trough in the (Ireat I.iak('s region filled very 
rapidly, giving nearly straight west winds over the eastern half of 1hc‘ country. This 
then increased the speed of th(’ frontal system along the c•asl const and (•hangcsl it 
from an active front with waves and weather bclimd it to an uiactixe one, Ix'cause the 
10,000-ft winds became perpendicular to it when the 10,000-ft trough filled up. 

Map for Mar. 6, 1943. This map (Fig. 14) is included to illustrate the motion ami 
development of the large low center in Tennea.sec and the siibseiiuent development 
of a secondary center along the east coasl. From the steeriiig jirmciple, we .see the 
low in Tennessee should move rapidly to the northeast. The 10,000-ft isobars are 
cyclonically curved over the low and show pronounced cyclonic sheai . The low should 
therefore deepen as it moves. 'I’liis deepening is occurring at the tune of the map, as 
is indicated by the .surface pressure change's. If we forecast this low to move to the 
northeast and deepen, we should expect the 10,000-ft trough to deepen in the northeast 
also and be centered west of the surface low, because the mean isolhernis show the 
air to be much colder to the west of the low. This position of the 10,000-ft trough 
would indicate southwest winds along the east coa.st of the United States. We should 
expt'ct a secondary low to develop along the fnmt that now crosses the east coast. 
This coastal storm should intensify quite rapidly as the storm in Tennessi'e occludes 
and moves northeastward west of the Appalachians. This cast coast development 
occurs whenever the 10,000-ft winds become parallel to the coast, the 10,000-ft isobars 
show cyclonic curvature or cyclonic shear with straight flow, and a cold air mass is 
present over the coastal plain. This map is another example of how the precipitation 
area extends from the front as far to the northwest as the winds remain parallel to the 
front. I'he trough line at 10,000 ft marks the edge of tliis region. 

Map for Mar. 7, 1943. This map (Fig. 1.5) illustrates the development of the 
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secondary storm along the east coast where the winds aloft are parallel to the coast 
and are cyclonically rurved. Note the pressure tendencies in Maine. This map 
also contains an illustration of an inactive cold front. The front extending from 
Montreal to Florida now is nearly perpendicular to the 10,000-ft winds. There is no 
frontal precipitation or frontal cloudiness behind this front. The cyclonic curvature 
at 10,000 ft behind the front indicates that the air mass is quite unstable. Note the 
instability showers and stratocumulus clouds that extend throughout the Great 
I.ake8 region and from the Mississippi River to the mountains. These instability 
phenomena are increased by the heating effect of the Great Intakes and the lifting by 
the mountains. The snows occurring as far south as Nashville and Evansville are too 
far south to be due to the Ijikes and too far west to be due to the mountains. They 
are instability air-mass showers set off by turbulence under the 10,000-ft trough, 
because the air is most unstable there. The downslope effect east of the mountains 
is sufficient to prevent the showers and to dissipate most of the clouds. 

Map for Nov. 13, 1942. 'I'hia map (Fig. lt>) is included to give an example of a 
polar otithreak over the Great (.akes region. The 10,000-ft ridge and the accompany- 
ing west winds over Montana arc effeedive in preventing the cold air from flowing 
Bout heiiHl ward just east of the Continental Divide. The stronger the circulation 
from the west around this ridge and the farther east the ridge is located, the farther 
cast will tlie cold-air outbreak occur. 

Map for Mar. 12, 1943. This map (Fig. 17l affords another illustration of a cold 
front winch is parallel to the lO.tKKl-ft wind (low. It is therefore au active cold front 
and has several waves forming on it. The frontal cloud sheet extends as far to the 
rear of the front as the flow is parallel to the front. Note also, that there is consider- 
able cloudim'HS and precipitation ahead of the front. This again illustrates the 
principle that, whenever ii current of air moves from the south in astriiight line or in a 
cyclonically curved path, convergence is occurring, and clouds and precipitation should 
be expected. In this case, the clouds and precipitation are occurring only where 
the 10|0(K)-ft isobars indicate this tyiie of flow is present. Note the clear skies in 
Floriila where the 10,000-ft flow is anticycloiiic. Of all the waves on the front, the 
one ill 'I’exua is most likely to develop liecause it is closest to the 10,000-ft trough line, 
'riiere may be considerable doubt as to the correctness of the frontal system in Texas, 
but there seems to be little doubt as to the presence of a wave of some sort there, and 
since it is closest, to the 10,0(X)-ft trough line it should deepen and move to the east- 
norfhcasl, ;is is mdicatixl by the 10,(K)0-ft wind flow. Since the \0,000-ft winds over 
this wave average about 35 mph, it should move at this speed. 

The front in Wisconsin is perpendicular to the 10,0(X)-ft winds and therefore has 
no weather with it. 

Maps for Oct. 7 and 8, 1942. These two maps (F'igs. 18 and 19) afford a good 
illustration of fair-wciitlicr situations over the entire I'nited States. Note the large 
region of nnticyclonic flow at 10,000 ft in the west and central part of tlie country 
and the anticyclonic shear over the entire country. Whenever the si roiigest westerlies 
oeeur along or nortli of the Gauadian border, the anticyeloiiie shear thus iiidieateil 
from the border southward is effective in weakening all the fronts and preventing the 
formation of any extended areas of clouds or precipitation. Subsidence is quite 
general throughout these regions of anticyclonic curvature of the 10,000-ft isobars, 
and the .8 air produced will help maintain the cloudless skies that occur under these 
conditions. The strong westerly winds aloft usually cause copious precipitation along 
the west const ; but, if they are also turning anticyclonically, as must be the case on 
these two days, oven this region will lie without precipitation. The fronts that reach 
the central United States usually are accompanied by some cirrus and altocumulus 
clouds, but in this case even these were not observed. 
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Maps for June 19 and 20, 1043. These two suininer niups (Pigs. 20 and 21) were 
chosen to illustralo a rather frequent .summer situation — a large 10,000-ft high south 
of the Great Lakes region and frontal systems moving around the ptsriphery of the 
high giving frequent frontal passages in N'ew hlngland where the 10,000-ft winds are 
from the northwest, causing reeurrent pushes of cold air from Canada to move to the 
southeast in this region. The map of June 19 shows that such an outbreak has just 
passed New England behind the eold front off the roast. .Vnolher should be expected 
during the next 6 hr behind the front just to the northwest of New Kngland. This 
front should move southeastward over New Kngland at iihoiit 3."> mph, since that is 
the speed of the 10,000-ft witids there. The map of June 20 shows that this eold air 
has comphib'ly covered New England and that aiiotlier out break is ap])roaching from 
central Canada. This system should he past New England in 24 hr. lieeaiise it has 
winds nt 10,000 ft over it of aliout 30 luphand therefore should move' at about 30 inph. 
There i.s a small trough indicated by tlie 10.000-ft winds I'xtending from Sault Ste 
Marie to between Chicago and St. Paul. Note the imrthwe-st wiial at St. Paul and 
the southwest at Chicago. -Vs tliis trough inovctt ea.stward, «•<■ should cxjK'et showers 
and thunderstorms to occur under it in the warm sector of the low to the north. 
These would be much more frequent and severe during the affernonn than at night, 
heeause the air would be most unstable tben. The thunilerstonns tliat are oeeiirring 
in northern Michigan at the time of the map are prohablv associated with this small 
10,000-ft trough rather than with the frontal system to tlie north. The wave on the 
front farther to the. west should move parallel to the lt),000-ft wind flow and have a 
history similar to the i)rei'iou.s two jii.st di.seu.ssed. 

THE CONSTRTJCTION AND DSE OF ISENTROPIC CHARTS 

An isentropie chart is a cliart depicting nietrsnologieal I'lcmenls on a surface of 
constant potential temperature. Except for noimdifibatie proee.sses, pnrtieles move 
along an isentrojiie surface. The main pnr|M>s(*s of the eliarl ar<' (1 1 to aiil tlie fore- 
e.asting of ntmo.spherie eirculiilions and the weather prodin-ed by tlic'iu, and (2) to 
study the flow patterns in the free atmosphere. In order to do the latter, it is assumed 
that till! mixing ratio of a particle of air is ixiiiservalive and that the motions of moist 
and dry air are followed on the eliiirt. 

Data Used on Isentropie Charts. Ordinarily pressure lines, moi,.,ture linos, and 
strcaiiilines are drawn on the isentro|iie eliart. 

The pressure lines are isohur.s. drawn for intervals of .oO mb. Their spacing and 
diree,tion at each radiosonde slaliun are sent o\er tlie teletype wlierever llii-v mav be 
determined. This is another form of the iiironiintion previously sent over the tele- 
typ<! as the “shear-.st.ability ratio \ eetor.” 

The moisture lines are either lines of eonslant mixing ratio or line.s of eonslant 
condensation pressure. 4'lie latter are drawn for oO- or ll)0-mb intervals and have a 
certain advantage over mixing ratio lines. The proximity of a condensation pressure 
'line and its corresponding actual pressure line shows at a glance the degree of satura- 
tion of the air. 

The streamlines bear tlie same relationship to winds that isobars do on a constant- 
level chart. Values of the isentropie stream function are .sent and are used to deter- 
mine the sparing of streamlines, with higher values of tlie stream funct ion to the right 
of the wind. 

Other useful data that should be plotteil on isentropie charts are the 24-hr changes 
in pressure and enndetisat Ion jiressurc at each station. If the pressure and con- 
densation pressure are approaching each other, tlie air is nearing its eondensation 
point. This may be useful in forecasting. 
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In determining areiis of condensation, it is not necessary for the actual and con- 
densation prensiircs at a point to he equal. Because of instrumental errors in radio- 
sonde observations, a condensation preasure 10 or 20 mb less than the actual pressure 
may denote saturation. 

On isentropic charts, regions of saturation arc shaded. The condensation pressure 
lines arc not drawn througli Hindi regions, since they would have to c.oincidc with 
th(' actual pressure lines or show supersaturation. Kurtherinore, the assumption of 
conservatism of potential temperature is not fulfilled in such regions, and the inter- 
pretation of the lines if drawn would not be the same as elsewhere. 

The winilt, at the radiosonde stations should be plotted on the isentropic chart. 
Winds at oIIkt stations are helpful for very accurate isentropic analysis. These 
arc iletermined by sketching in the isobars lightly and labeling them as to elevation, 
n.s.suming a standard atmo-siihcre. The wind is picked from the pilot-balloon run 
at the elevation indicated by the isobar running through the station. This wind is 
then plotted on the iscntrojiic cliart. 

Choice of Isentropic Level. The data for thns> different isentropic levels arc sent 
daily over the t<dclyp<'. Tlie.se level.s var.y with the .season, for in order to be of 
practical u.sc they must lie .suidi that (1 J they are nb<»ve I lie laycTof frictional influence, 
and ( 2 ) tlii-y arc siifliciently low to have a large r.ange of mixing-ratio values. The 
following values have licen used; 

Winter 29a-29t)‘’A 

Spring and fall ... . 29f>-302“A 

Slimmer ... 308-32(l°.\ 

Ordiiiatily the forccasliT should select llic iiiterni<slmlc level sent and use it oil eon- 
scculivi- days for conlinuily. However, changes must b(> made oeeasionally when 
unusual weather oerurs. 

Relationships of Meteorological Elements on Isentropic Charts. The following 
reJationsliipH lad ween meteorological elenieiit.s on iseiitropie charts are useful in the 
interpret at ion of .such eliarts for forecasting; 

t. Pressure lines are lines of eoiislaiit teniperal lire 

2. Pressure' lines are lines of constant density. 

3. Pri'ssurc lines are approMinately lines of eonsluut height. 

4. The elevation of the potent ial-temperalure surface i“ an indication of the mean 
teniperal lire of the air eoluitiii lielow the surface, a high elevation implying low mean 
lenipi'i-ature, and a low elevation implying high mean temperature. 

.1. Coiideiisatioii-pressure lines are lines of constant equivalent-potential tempera- 
ture and lines of constant wol-liulb jKdeiitial toniperature. 

<i. The wind velocity at a given latitude is iiivensely proiiortional to the spacing of 
the streamlines. 

7. The isobiir-s at any point fin the iw'ntnipie snrfiiee are apjirovimately parallel 
to the vertical shear of the geosirophie wind i ).<■., the thermal w iiid) at that point. 

'I'hia fact can be used as an aid in eonslrueting the isentropic isobar held, since the 
directions of the tliormal winds at various points on the given isentropic surface can 
b(' determined with sufUeient aeenruey by eBtimatiiig from pilot-balloon reports the 
actual wind shear in the vicinities of thes(> points. 'I’he direction and horizontal 
spacing of the isobars for the isentropic surface are included in the data traiisniitted 
over the teletype whenever the winds can be measured to siitfieient heights. 

Very sniiill or very large values of isoliar spacing, ns sent in on the teletype, are 
not uaefid, since sucli values will usually appl.v to only a limited area in the immediate 
vicinity of Die oliserviiig station. laglit thermal winds are frequently inaeeurate 
bneause of the coding of direction of winds as sent on the teletype to the nearest 
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10 d('g iind beoausp of errors of observation due to vertical motions. With a very 
steep lapse rate, the tiirlnilenee in the region will make the assvimed ascension rate 
of the balloon fallacious and will therefore give incorrect results for the computed iso- 
bar spacing and direction. 

Principles for Drawing Isentropic Charts. On isentropic charts, the data arc 
sufficiently widely scattered so that a unique pattern may not be drawn on the chart. 
Judgment must be exercised in using the data so that the resultant chart will be 
reasonable. Since the surface map is usually more definite, the isentropic chart 
should, tirat of all, he consistent with it and, secondly, should be consistent with other 
charts and data, such as the 10,000-ft chart. 

To ensure sui-h coiiaistenev, the first tiling to do in isentropic analysis is to draw 
the surface fronts on the iaentrojiic chart. (Vnters of surface highs and lows should 
also be marked. Then, with the 10,000-ft ehart at hand, the analysis of the isentropic 
chart is begun. 

In analyzing isentropic charts, the streamlines should be drawn first, after all th<‘ 
winds have been plotted as outlined above. The advantage of drawing them first 
is that the analyst will then be conscious of the main flow pattern. Since air particles 
move with the winds, he will be deterred, for example, from moving a dry or moist 
tongue in from the east in regions where the streamlines show strong west winds. 
In gcneiid, drawing the streamlines first makes for a more reasonable isentropic 
ehart. 

Once the general flow pattern is determined, the pressure mid condensation-pres- 
sure lines are drawn for intervals of .50 mb. In the past, it hiis Ix-en customary to 
spae(> thi'se lines as evenly us possible, but from ii phisieal point of view such spacing 
is highly iiiiiirobiihh-. Pressure lint's should be closely packed bi'hiiiil strong cold 
fronts nr aheail of strong wuriii fronts. They should bt' parallel to these fronts. If 
the data show that pressure lines cniss a front or are widt'ly spaced on the eold side 
of the front, frontolysis or a weakening of the front is indiented. In warm Bcetors, 
the air is fairly homogeneous so that pressurt' lines should Imve wide sparing and 
should he oriented east-west, in gerienal, .since /.ititudin.'il diffemiees in heating produce 
the miiiii temperature gradients in warm seetors. Thus, it appears that llie priietiee 
of drawing evenly spiieed isohiirs on isentropic charts should he avoided in favor of 
lilies drawn to lit actual surface and uppt'r-air eonditions. 

When' pressure lines are drawn to fit surface fronts, eold tongues should push in 
from the direction shown hy the Htreamlines liehind eold fronts. Warm tongues 
develop ahead of and over eold fronts with the maximum temperatures immediately 
in advance of the cold front. Warm tongues branch when a surface system oeeliides, 
w'ith one hraiieh liirning antieveloiiieally and the other turning eyeloiiieally hack 
along the oeelihsioii. Ordiiiiirily both wanii and eold tongues tend to have an anti- 
eyelonieally curved axis and frequently have closed isobars at the forward end of the 
tongue. 

(loiidensation-pressure lines ordinarily have the same pattern as the actual pressure 
lines, so that ordinarily w'.arm tongues are moist and cold tongues dry. 

In drawing these tongues, besides taking into consideration their direction as 
determined by streamlines, the analyst miast consider the source regions. He must 
see that dry and moist tongues originate in appropriate regions. This moans that in 
general the isobars are open to the north in dry tongues and to the south in moist 
tongues. 

Summer isentropic patterns are generally persistent, except for diurnal changes. 
However, they are complicated by the fact that convection during the day often 
reaches to considerable heights, often up through the isentropic surface. This fre- 
quently occurs in the southeastern United Slates. The source region then is below' 
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the isentropio level, and moist tongues frequently are not open toward the south. 
This is so because in summer the (lulf of Mexico is often relatively cool awl has less 
convection over it than there is over the hot land. In summer, the Pacific Ocean is 
not a souree of warm air because of the relatively cool coastal waters. Moist air in 
the southwest in summer originates at low levels and penetrates into the isentropic 
surface by convection in the vicinity of Arizona and New Mexico, the ultimate source 
of moisture being the (lulf of Mexico. 

Vp to the prp8(‘nt time, moist and dry tongues have been shaded on isentropic 
charts to bring out the contrasts between air masses. However, the authors feel 
that a better pictirre of the temperature and moist lire distribution could be obtained 
if the chart were shaded in red toward the higher moisture values starting with some 
moisture line that divides the chart approximately in half, and if the chart were shaded 
in blue on the low-pressure side of the ii>obar having the same numerical value as the 
above-mentioned moisture line. This method of shading acceiituales both the 
moisture and the temperature distribution and to some extent the distribution of 
relative humidity. 

.\rrows are drawn in dry and moist tongues with the shaft of the arrow parallel 
to the axis of the tongue and the. arrowhead pointing in the direction of the near-by 
streamlines. 

•After analyzing the isentropic chart, the analyst should recheck his work with the 
surfaci' map anil winds aloft. Without some sort of radio direction finder, pilot- 
balloon observations are imfjossiblc to make through cloud layers. Hence, saturated 
areas should be devoid of winds. Saturateii areas should appear where there are 
eloiids or precipitation reported at the surface. Such clouds and precipitation will 
appear on some isentropic surfaces. The elevations given for the elimds should be 
eheeked to see if they are near the isentnipie surface drawn. Finally, a cheek for 
eoiitiiiuity from the previous isentropic charts, allowing for diurnal changes, should 
be tniule. 

For an example of an isentropic chart, see Fig. 22. 

The Use of Isentropic Charts in Forecasting. Isentropic charts may he used (I) 
in forecasting the development and deepening of cyclones and anticyclones, (2) in 
forecasting frontogeiic.sis and frontolysis, and (3) in foreeastiiig cloudiness and 
precipitation. 

Forerasling llw DevrJopmnii of Cyrlories and Anlicyclonru. Cyclones and anti- 
eyelones develop, in general, in regions where the isentropic chart shows a crow'diiig 
of isobars. Usually such regions have considerable potential energy concentrated in 
them. If, however, tlie lapse rate is very steep in either air mass, but not in both, 
the close packing of the isobars will he due to this difference in lapse rate. The air 
m.a.ss where the steep lapse rate exists will appear colder than the other but may have 
nearly the same surface teiiipcralure. Tlie forecaster should check this point by use 
of the radiosonde observations in the region. 

If on sueceash'e isentropic charts we observe that a cold dome has built up over one 
portion of the country, we should realize that this dome may represent a large con- 
centration of potential energy, and we should be on the lookout for the devolopnnmt 
of a storm on the eastern side of the dome if the isobars become crowded there. To 
release the potential energy, the wind there should blow from the cold into the warm 
air. The cold air will then start spreading out, with some of the cold air turning 
cyclonically and some anticyclonically. Hence, a low will form to the east or north- 
east with an antieye.lone toward the west or southwest. 

It has been found that 30 hr usually elapse from the lime when the cold air starts 
spreading out until the time when the stonn has deepemil completely. * 

This Btat^nient in in agreement with conoluaions renrhed Id. («. P. C'retiBiiifin fiom an unpuh- 
lished study of a number of weather ntuaiionii made at the Univermty of Ohirago. 
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'Phc' isi'ntropic chart can also be used in forccastinR by noting cold pushes from the 
north. These appear as cold toiigues. In almost all cases when the cold tongue is 
])ronouiiced, cyelogenesis wUl take place to the left of the tongue, and anticyelogenesis 
will take ])lace to the right. The same thing occurs when there is a pronounced warm 
tongue from the south. 

The development of cyclones may l»e forecast by the consideration of moist tongues 
on iscntropic charts. When a moist tongue starts to split into two branches, one 
curving cyclonically and the other anticyclonically, cyelogenesis is likely to occur 
heneath the branching. Moist tongui's continue to branch for some time after a 
cyclone is fully developed and is no hmger deepening. Hence it is important in using 
this pattern for forecasting cyelogenesis to make such a forecast when the moist tongue 
first starts to liraiich, not after it has Imm'ii branching for considerable time. Care 
must he taken to be sure that the moist tongue is branching. Frequently some 
moist air will come in from another direction and will make a moist tongue appear to 
branch. In order to be useful in forecasting, the iscntropic chart must be drawn with 
careful regard for continuity. 

Forerastnig FronJolijsis and Franlogenesis. When the isobars on an iscntropic 
(■hurt begin to .spread out in the region of a surface front, they indicate that a decreas- 
ing amount of potential energy is available at the front. We can then foreeast that 
the front will become leas pronouneed. 

If the isobars on an iscntropic chart iictiinlly cro.ss the surface front at right angles, 
or nearly so, then th(> (niergy of the front will he dissipated through lateral mixing. 
As soon as this condition exists, frontolysis should he forecast. 

Til this connection, it might he of use to mention some efforts of lateral mixing 
noted by Namias.*® Lateral mixing generally taki's place iilung iscmlropie surfaces. 
Hence, frontal surfaces parallel to iscntropic Burfaees will ensily jiersiat, whereas 
fronts that intersect the iscntropic surfaces will trontolyzc unless they are in highly 
frontogenetical regions. 

When procqiitation occurs, the luiuivident potential temperature, nitlier than the 
potential tempiTatiire, is conservative, so tliiit lateral mixing will occur along surfaces 
of constant equivalent potential lenqierature instead of along iscntropic siirfaees. 
I'nder tlu'se eireuinst.'inees, iscntropic surfaces may cross frontal surfaces in the 
vicinity. Near cold fronts, widespread prei'ipitation is riire, so that m general the 
isentropie surfaces are )>arnllel to eold fronts and frontolysis is therefore not so liki'ly 
•as in the case of warm fronts. 

A packing of isobars on an iscntropic chart in a region where no surface fronts 
exist indicates tlic possibility of frontogenesis. This is purticiilurly useful in fore- 
casting the (Icvelopniciit of warm fronts in the eastern TTnited States ahead of a surface 
low-pressure system moving in from the west or northwest. 

Forecasting Cloudiness and FieeipiUUion. Most cloudiness and precipitation occurs 
in regions of moist tongues on iscntropic charts. In Hiimnier, in particular, moist 
tongues are useful for forecasting, since air-mass and frontal thunderstorms arc 
concentrated where these tongues exist. At any time of year, cloucUncBB and pre- 
cipitation are more prevalent toward the left and forward sides of moist tongues than 
elsewhere. 

In general, when the winds, as shown by the streamlines, blow across the isobars, 
iipslope or dowiislopp motion results, since winds generally increase with height. Of 
course, if there were no changes in wind velocity with height, there would be no such 
upslope or downslope motion. In order to determine this motion, recourse may he 
had to relative-motion charts. On these charts, the isobars at only one level are 
drawn. The central iscntropic level is useil for economy of effort. Because it is 
nssumed that all three isentropie surfaces have approximately the same pressure 
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pattern, it is unimportant which particular surface is used. The difference between 
the stream function at the tup and bottom isentmpic surfaces is plotted at each sta- 
tion. Then lines are drawn for equal valura of this difference. These will be relative 
streamlines. These lines indicate the dir«>ction of flow at the upper level with respect 
to the lower level. Assuming that the pressure pattern moves with the speed of the 
lowest level, these relative streamlines will indicate where upslope and downslope 
motion exists on the isentropie surface. 

^^^^ere the relative wind, as indicati-d by the relative streamlines, blows across the 
isobars from higher to lower pressure, upslope motion exists. In regions where this 
oecurs, eloudiness and prt'eipitation are prevalent; while in regions of downslope 
motion, where the relative winds blow from lower to higher pressure, eloudiness is 
curtailed, precipitation infrequent, and frontolysis likely. In general, the larger the 
angle between the isobars and streamlines on an isentropie chart, the greater the 
upslope or downslope mot ion is and the more pronounced are the effects of such motion. 
Where the streamlines are verj’ widely spaced, however, the winds are too light to 
produce any marked effeets. 

In forecasting eloudincHS from upslope motion, the forecaster should take into 
account the moisture content of the air. Th<‘ nearer the air is to saturation, the 
soon«-r cloudiness and precipitation should be forecast. In Vew Mexico, for instance, 
upslope motion often exists, but the air in far too drv to produce eloudiness. 

I’liere are a few generalities that can be made eoneerning upslope motion. In 
general, air moving toward the north moves upslope, sinee it is generally colder to the 
north. .\ir usually moves downslope toward the south. Therefore, increasing eloudi- 
neas and precipitation can be expected with north warci-moving air currents and 
iiieroasiiig fair wenthi'r as the air movra toward the south. 

Use of Isentropie Weight Charts in Forecasting. Isentropie weight charts are 
eonstriieted by plotting the differonee betxvi'cn x’alues of actual pressures at two 
isentropie surfaces on a map and siiperiliiposing the streamlines from one isentropie 
surface, 'i'he diffen'iieo of pressure hetwii'ii the Ixxo lexvls is a measure of the differ- 
ence in height hotween them. 'I’he farther apart two isentropie surfaees ari', the 
stei'per must lie the lapse rate bi'twecn them, 'rhus at a glance the isentropie weight 
chart shows the relative lapse rates m different air masses. 

To be u.seful for forecasting the fKiltems of pre.ssiirp, diJIeri'nees on the isentropie 
weight ehart must mox'C more slowly than the wind between the isentropie levels. 
Suppose, now, that the isentropie weight chart (“thick-thin” chart) shows, by the 
st reamliiies, that air is mox-ing from a region xvhere the isentropie surfaeis are close 
together to one wliere they are fur .apart, i.r., the air blows from “thin" to “thick.” 
The eurrenl of air moves along potiaitial-teniperature lines xvith the top at one poten- 
tial temperature and the bottom at the other As the eoluniii of air moves from the 
“thin” to the “thick” region, it w'ill stn'teh x-ertieiilly ns the isentropie surfaces 
hounding thi' top and bottom of the column are farther apart in the “thick" region. 
I'his vertical sfrelehing must he eoitipensut<"d for by horizontal convergence. 'I'his, 
in turn, leads to cyelogonesis. Conversely, when air mox'es from “tliiek" to “thin,” 
the possibility of antieyelugeiiesis is enhanecd. 

The use of isentropie weight charts, and of relatix’c motion charts as well, is usually 
not worth the tune necessary to construct them. Alost of the time tli(> patterns do 
not give definite indications one way or another. Hut oeeasionally, particularly in 
forecasting intense eyelogenesis, or anticyelc^tenesis, good results have been obtained. 

Limitatioiis of Isentropie Charts. There are two typi's of limitation to isentropie 
charts, the first physical, the second prwtieal. In following the motion of particles 
on isentropie eharts, it is assumed that the potential temperature is constant, a eondi- 
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tion that k not fulfilled in the following nonadiahativ proci'saos ronwioii in the 

Htmosphere: 

1. Radiatloiial cooling and heating. 

2. Kvaporation and condpiiKfltion. 

3. Convective activity. 

It is further assumed that the moisture content of air is conservative, arid this, 
too, varies. 

Other limitations an- praetieal. In the course of the shove disrussioii, isohiir.s 
and moisture lines on isentropie charts have been Irentecl together for the most part. 
In the winter, the moist tongues .almost .always eoiiuade with the pressure troughs 
in the isentropie surface, while dry longues are coincident with regions where tin- 
isentropio surface is at a high level. Hence the only information added hy the' 
moisture lines on the isentropie chart is the proximity of the air to saturation. 

The reuson that the pnsiiian of moist and dry tongues is not useful in winter 
depends upon the fact that tlie vertical gradient of nioistiire is far larger than the 
horisontal. This i.s true in all .seasons, hut in winter the isentropie surfac-e varies so 
gn'atly in elevation that the moisture lines merely refli'ct the changes in elevation, 
rather than delineate, the horixoiitnl luoistun* differences. In summer, on the othiT 
hand, the i8<ihari<' pattern i.s frequently Hat, and the moist tongues are really repri'- 
aentativc of horizontal moisture gradients. 

Another practical limitation of isentropie charts is the time element. At tlie 
present time, tho isentropie data conic in on the second radio.sonde transmission. 
l<'ur instance, th<' isentropie data for the niidiiight sounding eonie in ahuiit DSOO. 
This means that the- isentropie chart is usually not plotti'd and analyzi'il iint II 1 100 or 
noon, not until after the main forecasts hir tlu' day must he math'. 'I'he consideration 
of time has led various meteorologists to look for substitule.s for tlie ist'ntropic chart 
that can ho used as soon a.s the first radiosonde trunsinission comes in at ahoiit 0230. 

Proposed Substitutes for Isentropie Charts. Ax far as forecasting the intensity of 
fronts, cyclogoncsis, and ant ieyelogenpsis is concerned, tlie mean isotherms hetneen 
sea level and 10,000 ft niay be used in the same way tliat i,sol>ar.s on isentropie charts 
arc used. Packing or s|iroading out of mean isotherms has tlie same sigiiilieaiici' ns a 
similar eonfiguration of isobars on isentropie charts. 

.As a substitute for condensation pressure lines on an Isentropie chart, (1. T. 
Stephens of the L'.S. Weather Bureau lias heeu using eonrh'iisatioii teinperntures at 
10,000 ft , assuni ing a constant pre.ssnre of 700 nib, 'I'he proximity of n condeii.sat ion- 
temperature for dew-point) line and its eorre.spondiiig teiiiperatnre line gives essen- 
tially the degree of saturation of the air, and tlins moist tongiii's will he dc'lineiited 

'llie authors feel that this is more .satisfactory than the isentropie cli.art hut that 
even better results eould he obtaitied by dealing witli ttie mean moisture in a layer 
and mean temperatures, rather than with tlie moisture at one surface, whetlier i.sen- 
tropic or constant level. Ilesearoh is being done on this subject at ]ire.seiit. 
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WEATHER ANALYSIS FROM SINGLE-STATION DATA 

By Vi^tCKST J. Olivkk and JVJildked B. OuvjiK 
INTRODUCTION 

During the lust few years, warfmie eonditioiis hiive made il neeessary for isolated 
eombat units to issue foreeasts in regions where no network of nudeoroiogieiil stations 
eould be tnuile available. Krequently the data from several stations or from reeon- 
naiasunee planes are available, but in some regions the foreeaster must rely only on 
surface and iip])er-air ob.servations made at his own station. This is part icailarly 
true in I he ease of ships at sea. Hence, it is important to develop proficiency in 
extracting information from limited acrological data. 'I'he techniiiuc outlined below 
was developed for working with data from a single station, but if the data from two 
or more stations are available, tlie analysis will be much more accurate. The same 
technique is then applied to each station rejjorting weather conditions. 

After the forecaster has analyzed all the available material, he reeonstruets the 
surface and 10,000-ft maps to fit all the data and then forecasts the weather from a 
coinhinat ion of these charts according to the methods tlescribed in the section on the 
use of upper-air data in forecasting (pages MI3-867). In such a reeonstruetion tin* 
meteorologist must be thoroughly familiar with the charnel eristics of the normally 
observed patterns of surface and upper-air circulation. He must further be able to 
distinguish between solutions which are internall.v eonsislent, and those wliieh are 
iiicoiisistent and therefore to be discarded. The menn-temperiitiire chart is drawn to 
cheek the coiisisteney between the sea-level and the lO.OOO-ft pressure pntlprn.s. 'I’he 
procedures outlined below apply primarily to regions in middle latitudes hut may h(> 
adapted for other localities. 

OUTLINE OF GENERAL PROCEDURE IN FORECASTING 
FROM LOCAL AEROLOGICAL DATA 

I. Plot pilot-balloon observation on a polar diagram. 

II. Plot pressure-leiiiperature and eharacteristie (Ow) curves for the entire radiosonde 
flight on a tephigram or other energy' diagram. 'J'lii- analysis is facilitated if both 
curves are on the same diagram. 

in. Plot a graph of the variation with limi* of as many of llie following elements as 
are available; 

A. Sea level, 10,000 ft, and 10 km pressures. 

H. Surface temperature and dew immt. 

C. Mean temperature between sea lev<-l and 10,000 ft. 

J>. 13-km potential temperature. 

E. Wind direction, sky' conditions, and elouds, which should be plotted at the 
bottom of the graph at 0-hr intervals. 

F. Frontal passages. 

IV. Determine from a careful investigation of all the data the most probable circula- 
tion patteni, both aloft and at the ground. 

A. To determine the eireulation pattern at 10,000 ft; 

1 . Note the air masses present at the surface and aloft. The type of air mass 
gives some iiulication of the general eireiilatinn if the souri'e regions of the' 
various types of air mass are known. For example, tropical air found at a 
858 
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station in a northerly latitude would indicate that the circulation pattern 
aloft was one with ridges and trouftha of large amplitude, since such a 
pattern is required for tropical air to be transported far to the north. 

2. Determine whether there is a warm- or cold-type low- or high-preasuro 
area in the vicinity of the station. Warm lows in middle latitudes with 
warm highs to the south usually exist with strong west to east winds at 
10,000 ft over the lows, and weak 10,000-ft circulation over the highs (high- 
index conditions), ('old highs and lows are associated with 10,00(l-ft 
ridges and troughs of large amplitude (low-index conditions!. 

3. Examine the temperature and height of the tropopause. A cold high 
tropopause indicates tropical air, and a warm low tropopause indicates 
arctic type air. Either of these indicates a circulation pattern of waves 
with large amplitude. 

4. Note the wind direction and velocity at high levels. Large northerly or 
southerly’ eompoiients occur only with waves of large amplitude. 

5. From the wind direction and velocity and 10,000 ft pressure, determine the 
location of the 10,000-ft ridges and troughs with respect to the station. 
Since high pressures lip to the right of the wind and low pressures to the 
left (.\orthern Hemisphere), the general pictun* of the 10.000-ft pattern 
near the station may be obtained from the wind alone. The 10,000 ft 
jiressure should be compared with the normal 10,000 ft pressure for the 
station for the season of the year. Any large departures from normal 
iiidicale a trough or ridge of considerable intensity, usually of large 
iimplit iide. 

6. From the wind direction and velocity at 10,(XX) ft, determine the spacing 
and direction of isobars at that level. 

K. To determine the sea-level oireulatioii pattern: 

). I'se the gradient wind direction and changes in if during the past 24 hr to 
determine the location of sea-level pressure systems with respect to the 
station, just us the 10,0(X)-ft wind was used to determine the circulation 
at that level. 

2. Ixicate any fronts that are in the vicinity of the station as follows: 

a. Determine from the surface reports the hours at which fronts passed the 
statnm, iiiul displai'o them from the station at a speed determined fniin 
the jiilot -balloon observations. 

h. Exaiiimi' the radiosonde obserx-ution to see if there are any fronts 
aijpriiaehiiig the station. 

c, Examiiir the piUit-balloon oliservatiou to see if any fronts are approach- 
ing the station and to aseertain how rapidly they an> moving. 

d. Deteriiiiiie the orientation of near-hy fronts by use of the mean iso- 
therms, orientation of elouils, the change in gradient wind direction, or 
by a stability unulysis. 

p. Defermine the spiieing and direction of isobars at the surface. 

V. Construct the sea-level and 10,000-ft isobars on one chart. Draw them to fit all 
the deduet ions made from the data in the previous analysis. Cheek the internal 
eoiisisteiiey of the patterns by use of the mcnn-temperalure chart. 

VI. Shade in precipitatinii and cloud areas on the map in accordance with the prinei- 
ploH discussed in the section on the use of upper-air data in forecasting. 

VII. Forecast from the reconstruetod map, taking into account deepening or filling of 
systems determined from the pilot-bidlooii and radiosonde data. 

TECHNIQUE OF UTILIZING THE PILOT-BALLOON DATA 
IN SINGLE-STATION ANALYSIS 

Of all the mcaBuremeiits made in the atmosphere, the pilot-balloon run is the most 
important in single-station work. In the following paragraphs, we shall discuss the 
different ways we can use the pilot-balloon run, after if is plotted on a polar diagram. 
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On the polar diagram, a point for the wind speed and direction is plotted for every 
thousand feet, as in the example below. The* line joining these points constitutes a 
hodograph (Fig. 1). 

1. The Gradient Wind. In order to determine the direction and spacing of the 
sea-level isobars from the balloon nm, it is necessary to di’terinine the gradient wind. 
The effect of surface friction shows up on the hodogr.aph as a turning of the wind to the 
right (Northern Hemisphere) and an incrc-asc in velocity with height throughout the 



l-'io. 1. 


frictional layer. Under certain as.suimal conditions, likinan has shown that this 
change in direction and velocity with height will appear on I lie hodograph ns a spiral 
extending from the center of the luKlograph. The gradient wind would he determined 
hy a vector from the center of the litKlograph to thu center of the spiral. Actually, 
since Fkm.m’s conditions rarely exist in the atmosphere', a cli'ar-cut spiral does not 
UBuall.v appear on the hodogruph. Hence, in most cases the spiral cannot he used to 
determine the gradwiit wind. In such eases, the forecaster wdl obtain eoniparahle 
results from suceessive pilot-balloon runs if he nssumes that tin- gradient wind is 
approximately 20 to 30 deg to the right of the surface wind in direction and has a 
velocity appruxiinately equal to the wind velwity at about 1,500 or 2,000 ft above the 
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ground. Surface winds that are unrepresentative because of some local factor should 
not be used. These approxi mat ions depend upon topography and the type of air 
mass involved. In making these approximations, the forecaster should decide what 
factors are distorting the Kkinan spiral and should take all of them into account. 

•Vt any level above the gradient level, the diretdion and spacing of isobars may be 
determined directly from the pilot-balloon run, since the winds will be nearly parallel 
to the isobars. 

2. Horizontal Temperature Distribution. The horizontal temperature distribu- 
tion is deduced from the hodogrnph by using the change of wind direction and velocity 
with height. K vector from a point on the hodograph to some higher point, e.g., from 
A to /f (Kig. 1 ), will h(! parallel to the mean isotherms in the layer between the two 
points with cold air to the left and warm air to the right (Northern Hemisphere). 
The length of the vector is proportional to the magnitude of the horizontal tempt>ra- 
turt' gradient. 

'I'he mean isotherms in a cohl air mass will be parallel to any strong front within 
200 or JiOO miles of the stiitioii. They will also he closelj- packeci in that region. We 
can therefore tell from the direction and spacing of the isotherms as indicated by 
the liodograph wlietlier there is a front near by, and if there is what orientation it has. 
Small slii'ars on the hodograph indicate weak horizontal temperature gradients. 
In view of the fact that siicli gradients wear in warm sectors and in tlie midst of large 
highs when- ii<» fronts exist, small shears should not he uswi to determine the orientu- 
tion of fronts. 

Besides giving the orientation of fronts, the mean isotherms indicate on which 
side of n dome of cold air the station is located, iMwause the dome of cold air is always 
to t he loft of the mean shear vector. Knowing where the dome is located and knowing 
the direction of tlie iip/XT-air wimls, the foreen.sler can tidl where upslope and down- 
slope weather is probable. 'I'his ty|H‘ of analysis should be used to detenniiic where 
pri'cipitiition and cloud areas sliouM be entered on the rt'conatrncted map. 

Tlie spacing of the mean isntheniis can be used in deducing the mean temperatures 
ill the regions surrounding the station. The surface temperature may be arrived 
at liy taking the lapse rate at eaeh station into eonsideration. 

Sini'C 1 111* (lireel ion of upper-air winds is sent to every 10 deg and since the aeeuraey 
(if the velocities depend.s on the assunijition of an a.s('ensioiial rate for the pilot balloon, 
which is invalidated by upward or downward motion, indicat(‘d shears that could bo 
due to these iiiaeeiiraeies in the actual pilot-balloon obs(*rvatioiis should not be used to 
(Ictcnuine the orientation o: fronts, etc. .\b a general rule, any shc'ar produced by a 
change in the wiial direction of 10 deg or less or a rhmigc' in voloeity of 10 inph or 
less should not be rc’lied iijam. 

3. Advection. Once the reliable slieiirs have been drawn on a hodograph, it is a 
simple matter to determine how much warm or cold air is heing brought in over the 
station, (’(insider the shear A li in Fig. 1. The perpendieul.ar to the shear AB from 
the center of th(' diagram gives the mean wind in the layer AB perpendicular to the 
liorizonlal t('mperaturc gradient, and therefore the direction and rate of luutJoii of the 
ineaii isothemis. Tlie value of the reaulting temperature change can be determined 
by using the Tiorizontnl Temiicraturc and IVessure Crndioiit Seale which was devised 
by .John I’. Belliiiny of the luiiversity of Chicago for this purpose, or it can be com- 
])uted with the aid of the thermal wind equation. In the example referred to (Fig. 1) 
the shear indlentes that warmer air lies to the west-southwest of the station. The 
mean wind perpendicular to these isotherms is likewise from the west-southwest, 
2.) mph. This indicates that the warm air to the west-southwfwt of the station is 
approaching at the rat e of 2.a mph. 

By a continuation of this reasoning, it is clear that warm-air advection will always 
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show up as a veerinf; of winds with hcijchl, and cold-air advection as a backing of 
winds with height (Northern Hemisphere). 

The most important use of advection is to determine whether a front is approach- 
ing or rccedjng. All tj'pes of fronts arc pri‘C('flcd by warm-air advection near the 
ground^ and with warm and oeciuded fronts the warm advection extends to high 
leveis. In the ease of cold fronts, the warui-air advection in the lower levels is usually 
accompanied by slight cold-air advection in a layer somewhere between 6,000 and 
I. '5,000 ft as much as 200 miles ahead of the front. This cold-air advection aloft in 
advance of the front is oftJ'ii the only indication that a cold front is within 200 miles 
of the station. 

Cold-air advi'ction in the lower h-vels indicates that the cold air mass is getting 
deeper and that hence the cold front is moving away from the station. When this 
cold advection ceases, the center of the cold dome has been reached. IJeyond the 
center of lh<' cold dome, warm-air advection begins. Therefore, if the type of advec- 
tion is note<l for several consecutive periods, the location of the station with respect 
to the centiT of cold domes may he r<‘adily ascertained. 

'I’hc distribution of advection with height may he used for obtaining the degree 
of activity (i.e., th(* amount of cloudini'ss and precipitation) of fronts. If upon 
approach of a warm front, the balloon run indicates very little advection in the lower 
3,000 to 5,000 ft and marked warm-air advection above, the appruuebing front will 
he active, b<“caii.se the wurni air aloft will be moving in more rapidly than the cold air 
in the lower levels is retreating. The approach of an active warm front is indicated 
by a rapid increase of wind velocity with height even before it shows up as the above 
distribution of advection. On the other hand, if the strongest warm-air advection 
occurs near the surface, or if t he w iiids decrease in velocity wit h elevation, an approach- 
ing warm front will be inactive and will hnve an attenuated cloud system. 

Cold fronts are inactive when the winds aloft are perpcndiculiir to them and 
iticrcasiiig with elevation. It follows that, in pc-riods of strong wi-st or northwest 
wind aloft, all cold fronts approaching the station from a northwesterly direetion will 
be inactive. With active cold fronts, the winds aloft are piiralli‘1 to the front or blow 
across the front from the warm to the cold side. 'I'lie precipitation and cloudiness 
behind the front persist as long ns the wind distribution indicates prc'sciice of activity. 
This is usually until the trough line aloft has la-cn reached. 11 the forecaster knows 
the approximate orientation of an approaching cold front, be can infer the activity 
of the front from the winds aloft ahead of the front. 'I'he approxiniiite orientation 
may be obtained from a knowledge of the Joeatioii of soiiri'P regions of eold air with 
respect to the station. For example, in the central I'liited States, most cold fronts 
are oriented iiurlheast-southwest so that northwest wiiid.s arcompany inaetive fronts, 
whereas in Texas and Oklalmma most cold fronts are oriented east-west so thatnortli- 
erly winds aloft would b<- associaterl with inactivi" fronts and westerly winds with 
active ones. 

i. Stability. The horizontal distribution of stability also may be determined 
from the hodograph. Consider two shears AM and MC, as indicated in Fig. 1. Since 
in the lower layer (A to /f) the warm uir bes to the south and west of the station with 
cold air to the north and east, while in the upper layer (71 to C) the warm air lies to 
the west and eold air to the east as indicated above, there is relatively eold air over 
relatively warm air to the south of the station. Hence in this quadrant the lapse 
rate will be steeper than in the other qiuulrants. To the north, where relatively warm 
air overlies eold air, the stability will be greatest. Instability usually shows up in 
the direction of cyclonieally curved isobars near the ground and aloft. Since eold 
fronts are usually associated with the major troughs, the instability usually shows up 
toward a cold front. 
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If there is no change of the isotherm direction with height, a change of shear may 
still exist. Oonsider the ease where there is a shear from west to east from the ground 
to 6,000 ft and no shear above that level. This indieates that in the lower 6,000 ft 
it is warmer to the south and eolder to the north, while above 6,000 ft the temperature 
is uniform in all direetions. The lapse rate, then, would be steepest where the surface 
temperature is highest, I'.e., toward the south. 

6. Advective-preaBure Change. The prisssure tendency at levels above the 
ground ran be, eumpulcd W'ith the aid of the hodograph. The surface-pressure 
tendc'ncy can be considered as being equal to the tendency at 10,000 ft (or any other 
leveli plus the rate of change of weight of the air between the surface and 10,000 ft. 
The rate of rdinnge of weight lietween the surface and 10,000 ft will be referred to as 
the advective-pressuro change and may be computed with the aid of the following 
equation: 

= 2.16 X 10*p/C.fV 

dl 

where 3 Ap/31 is the advcctivc pressure change in millibars per 3 hr, p is the mean 
density in the layer coiiHidered (about 1.1 X 10 ’), f is the f'oriolis parameter at the 
latitude in quchtion, is the wind velocitv perpendicular to the shear, and Cr is 
the shear. It is assumed that velocities are niensured in miles per hour. On a 
hixlogriiph, ii radius vector from the center gives the wind at each level. 'I’he above 
forraulii stiitc.s that the advcctive-pressure change in a given layer is proportional to 
the urea of a triangle boundi'd by the two vi-ctors representing the gradient and tho 
lO.tMKl-ft winds and the shear line between the ends of the two vectors. The 10,000- 
ft-pressure tendency is equal to the surface-pn'ssiire tendency (corrected for diurnal 
cliiiiigej minus tlie adveetivi'-prossun- change. For the hodograph in Fig. 1, the 
iidvi'ctive-pressiire cliange is —1..") mb per 3 hr. 

The 10,0(Khft-pressure olmnge is used to determim' the motion or changes in 
intensity of the 10,000-ft troughs and ridges. For instance, a southwest wind at 
10,000 ft III the central Tiiited States with rising pressure's would indicate that the 
trough to the west of the station was either filling up or moving westward and that the 
high to (he east of the sliidoii was intensifying or moving westward. Since n-trograde 
systeiiiH are rare, we cun assuiue that the trough at 10,000 ft to the west is decreasing 
in intensity. 'I'his iiidiciites to the forecaster that the frontal system associated with 
tlie trough is becoming less active, since the winds aloft vrill be becoming more nearly 
w est-ciisl . 

At II station in the central I'lUtiMl States with northwest winds at 10,000 ft and a 
rising teiidc-ncy at that level, we should know that there is u ridgi' to the west of tho 
station that is approaching the station or intensifying. Kithcr of these would produce 
the same type of weather in the environs of the station. 

With a iiorthwi'st wind and fulling pressures at 10,000 ft, we should know that the 
high to the west is diminishing in intensity or the low to the east intonsif.ving. 
Both of these suggest a new outbreak of cold air approaching from the north or 
northwi'st. 

Other wind directions and pres.sure changes at 10,000 ft may he interpreted by 
similar reasoning. 

TECHNIQUE OF UTILIZING RADIOSONDE OR AIRPLANE OBSERVATIONS 
IN SINGLE-STATION ANALYSIS 

In analyzing a sounding, one of the first steps should be to determine the air masses 
present aloft over the station. Seasonal normals of equivalent potential tempera- 
ture, temperature, and moisture content such as Showalter (see page 609)has prepared 
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for various air niassps may hr iisril to hrlp in tin" idriitifiration of air maascs. 'J'lii 
trajectory of the air mass may rauar hucIi jiroJioiincrd nuMlifiralioiiH tiiaf individnai 
air maHses do not compare well with the iioriiuils. I’rofiuldy churacteristies of tl|i 
lapse rates, surh as muitijde iiivei'sions in r/'or f.l air, mid lh<‘ npjxT'uir pressures aiicf 
tropop,ausn chanicterisfica are more useful for ideiitilieatioii th.ufi any otiier mirrnah 
that have I)een compiled up lo (Jie pn'&nit time. 

Wulf and OhJoy' in their work n ith upjx'r-air data in the vieiuily of the trojMipnuse 
iiave found tfiat ehatiKi's there are a f'ood imfieiilnui of t/ie ly/ic of tiir tiiasu in t/ie 
viriuity of the station. Tho lO-kin JereJ i.s near the level aliere, with ehiiii«e of air 
nuasa, thi^ lar^i'st pres,siire and feitifieratun* ehaoKi^s oeeiir. \ eiy' low pre.ssuroH at 
10 km iiidie.ate that air of uretie origin Ls over the still ion, and very liiRli pressures 
indicate (hat air of tropical on'Kiii is over the stiiliou. Hence, in aiiiftle-stulioti fore- 
eastirifr, ffu' ]>reHsun* ehanaes at It) km an* ipiili* useful, llises of pres-sure ill the 
stratospiiiTe indicate the inlliis of more tropical air aloft and the siibseciuent influx 
of more trojiieiil air near the .siirfaee, since the ehaii(;es aloft precede those on the 
ground. Simifarly, falls at 10 km iiidieute air of more arctic origin aloft and the siih- 
seiinent infimi of a colder air muss at the surface. 'I'ahh- I shows the average jires- 
siire for each month of the yi'iir at Omaha, Neh., ainl Oklahoma ( 'ity, Okla. It should 
he noted t lull I here i.s a ver.v large variation from .summer to winter. On any one day, 
the ohserved I(t-km pressure may he compared with the mean from the nioiilfi to 
detrruiiiie whether the air jiresent lias eoiiie from a more northerly or more soiitherl.v 
lutiUide than is iiortnallv the eaw'. The normal How for any region may he detcT- 
mined from the monthly normal upper-level maps puhlished hy the U.S. Weather 
Hurc.'iii .S-rla.v foreeustiiig section. 
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It might he pointeil out that (here evisls a positive eorri’h. ,iori helween the pres- 
sures at lOkiii at a given station and the elevation oi the tropoiiiiiise, so that a high 
value of the pressure is usually aeeoiiipaiiied h.v a high tropopause. It is thus apjinreiit 
that the elevation of the tropopause may he u.se<l in the same manner as the 10-kni 
pre.ssuri'M. 

Since the winds at ui)]nT levels are usuall.v stronger than at llie surfaee, tliese 
tropopause eharaet eristics will often precede the surfaee air mass. Otic of the best 
ways of foree.aaliiig the approaeli of a cold front is to watch Hie tropopause and pres- 
sures aloft. When u low, w.i.rm tro|«ipausc appears and llic .stratospheric pressures 
start to fall, a cold front may he exiK-i-ted aixm. The arctie-t.vpc tropopause may 
precede the surfaco front up to !ip)>roxiniately 300 miles. Frequently when this 
occurs there is a double tropopause due to the iiieoiiiiug uretie-type air and the 
remaining more tropic air present ahead of the front. ^ 

Double tropopiunses have another interpretation useful for forecasting. Suppose 
a cold front has passed with a deep low to the northeast and the cold air has hcconio 
quit!' deep witli a eharaet eristic aretie-type tropopause. If then a seeond tropopause 
appears above the first, it may indicate that warm air is coming in all the way around 
the low to the northeast bringing with it a colder, higher tropopause. Here a double 
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tropopauHP indicates the type of low with a bent-back occlusion, or trough hanging 
back to the n-ar. 

After a cold front pauses a station, new cold outbreaks frequently follow with no 
clouds to presage tlic-ni. Then falls in stratospheric pressures, with northwest winds 
aloft, indicate that the siorin is deepening and that a new outbreak of cold air is 
apjiroaching. Large 12-hr pressure chiiiigis* aloft may he usi'd similarly. 

Rniidl 12-hr pressure changes aloft are not v»‘ry useful, since there is considerable 
diurnal variation, the niugnitude and cans*' of which are not wcdl know'n. This 
problem i.s lieing studied by (). H. Wulf of the t'.S. Weather Itureau. 

After the air massi's have been determined and various conclusions drawn from the 
stratospheric pressures, the forecaster should investigate the .sounding for evidences 
of fronts, ri'giona of eloud.s, and stable la.vers. All mvrrsums shoulrl be studied to 
find fronts, regions of subsidence, etc. The height at wbieh the base of eumulus or 
eumnloninibuB clouds could form during the day and thi‘ height to whieh they could 
extend should he investigated. 'J'he sounding should be tested for eondifional and 
convective instability so that the fom-a.ster can forecast clouds and showers after 
(le determines frontal jiat terns in the vicinity. This type of analysis is the same as 
that usinally made in any kind of forecast work involving soundings (see pages 
371, 64!), 75S). 

When the heiglit.s of frontal .suifaee.', are ilelermined by the forecaster, he has 
some idea of the distance of tlie front from the stidion. Normally warm fronts have 
a slope of about 1; 100 or 1:200, cold fronts 1:150 close to the front and ucelusions 
1; 100. .\iiolber method of coiiipuling the distance to a front is by u-se of Margules’ 
formula 


tan or = -- 
ffy 


T^(u, — V.) 

rr, - 7'J 


whore / is the Coriolis parameter, iii and Hi are the wind components parallel to the 
front ill the two air masses (determinod from the pilot-balloon observation ), 7', and 
Tn are the temperatures in the t%vo air masses on either side of the front, and 7’„ is 
the mean of these temperatures. The main diliieiilty in computing the distance 
of a front by iiK'uiis of the .slope is that the slope usually changes with distance from 
the surface |)ositioii. Hence another method of sjiaeing systems must be used. This 
will be treated later. 'I'lie pro.siinity of the front may often be arrived at fairlj' 
accurately by tioliiig ehanges lii the stratosphere, discussed above. 

llesides being useful in tlie ideiitiliciilioii of air masses and fronts, the soundings 
also indieati’ wliiit tyf«' of indi'x eoinlition <-xi.sls. Here normals come into plav. 
If the 10.000-ft iiressure in the I'liiled Stales is far above or below the monthly normal, 
low-index eoiiditions are indiealed. Approximately normal 10,000-ft pressures 
indicate high index. Riiiiilarly above or below normal mean teiiipeiatures between 
the sea-level and 10,000 ft, as determined from the sounding, indieiite iin ahnnriual 
how from the north or south and hence low index. N'oniiul iiieiin temperatures 
persisting for .several ibays indieiite high index. With «-ltlnT high or low index, normal 
pressure at 10, (HK) ft may occur for a brief time between troughs and ridges, but, with 
low index, the, iiieaii temperature will usually deviate from the normal. For this 
reason, both 10,000-ft pressures and mean temperatures should be utilized in deter- 
mining the index. 

I'he mean teiiiperaliire in the lowest layers is often an indientiou of the trajectory 
of the air. For instance, below iionnal mean temperiilures throughout an entire 
low, espeeially in the warm sector, would rule out the possibility of an mT warm sector 
and in North America would suggest northw'cst steering with a deep low. In the 
Groat Lakes region, very high mean temperatures in a warm sector would suggest a 
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trajectory from the Gulf. The surface and 10,000-ft isobars should be drawn to be 
consistent with these indirated trajectories, 

I'he principle of the guidance surface systems by the upper-air flow (usually at 
10,000 ft) has been used successfully in sin^tle-station forecasting. All systems except 
deep cold lows or warm highs move in the dir«‘ctii>ii of the upper flow. Conversely, 
if the direction of niotion of surface systems may be determintsl from surface observa- 
tions, the 10,000-ft wind direction may be iiih'rred. 

TECHNIQUE OF USING SURFACE OBSERVATIONS IN SINGLE-STATION 

FORECASTING 

In reconstructing a weather map for the n'gijm near the station, the past surfuee 
observations should be phitted m positions displaced from the station in accordance 
with the steering principle mentioned above. Changes due to the niotion of the 
10,000-ft systems, generally toward the east, must be considered. Hence, past sur- 
face obsen’ations should be moved in a direction halfway between that in which 
they would bi* moved by the 10,000-ft wind, and due east. The velocity with which 
these reports are displaced should b<‘ the velocity of the surface system, which inuy 
usually he determined by the gradient wdnd behind a cold front. If other data are 
not available, the forecaster should use the seasonal mean velocity for fronts near his 
station. Usually past reports for 6-hr intervals for 24 or 3t5 hr are plotted. These 
may then be drawn for, unless there is mteiisi' dis'pemng or filling, and they are a 
great asset in determining the surface map cast of the station. Past fronts nnd 
eenters of highs and lows should also Is- displaced in a similar Inshioii and should be 
drawn for unless the forecaster has good indieations that ii ehange in velocity has 
oocurri'd. 

The seu-lovcl pressures are useful in determining th<’ spacing of syslems, which is 
one of the most difficult proliloms facing the fon-castei . The surface high is Joeiitcd 
approximately halfway between coiiwcutivc lows. Hence, after a surface low passes 
a station, the forecaster should note the pressure carefully anil also note tlie time 
between the passage of the low .and the arrival of the surface riilge. ’^I’his time mul- 
tiplied by llie speed at which the past low was moving gives the distance lietwecn the 
low and the high. The next low should be an lOjual distnnec to the west. Tlie fronts 
may he placed in this second low with nssults more rehiibjc than those derived from 
computations of the slope of fronts. 

In summer, the actual pressure is an indication of the likelihood of frontal pns.suge.s. 
For instance, no pronounced cold fronts pass Chicago with the pressure 1,014 inh or 
liigher. Such empirical rules may be devised for any locality if sufficient data arc 
available. 

The cloud Bequenecs show whether or not a warm front or occlusion w ill he active 
This is particularly useful in the nbscncc of pilot-balloon observations. If a sequence 
of cirrus, cirrostratus, and thick altostratus appears, the isobars aloft arc straight or 
cyclonically curved over the warm front, and the winds increase in velocity w ith height . 
There would also be warm-air advcetioii where the clouds occur. From the surface 
wind and from cloud directions, the direction of the 10,000-ft isobars and of the mean 
isotherms may be inferred. The lapse of time between the appearance of cirrostratus 
and the beginning of rain is an indication of tbp velocity of the winds -aloft and may- 
help in determining the speed of the systein. 

Gloud and hose observations are also useful in constructing a sounding when an 
actual radiosonde observation is not available. Visibility near the ground indicates 
the pn'sence or abseiirc of a surface inversion. If cumulus clouds are present, a dry- 
adiabatic lapse rate may be assumed to the base, and a moist -adiabatic lapse rate may 
be assumed through the cloud layer. Inversions aloft show up as haze layers or as the 
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HpreadinK out of the tops nr sides of clouds. When pilot-balloon observations and 
radiosonde observations are not available, cloud observations are extremely useful. 
IlodoKraphs and soundings can be ronstructed and the 10,006-ft wind direction and 
pressure computed. Since rlo\idR have a different appearance and significance in 
different parts of the world, the forecaster must make a careful study of cloud sequences 
in his region preceding and following weather disturbances in order to use them to best 
advantage in n>aking single-station forecasts. 

The forecaster must know the effects of local topographic influences. He can 
del ermine these from a careful study of past records. A knowledge of the location 
of the station with respect to the principal storm tracks and air-mass sources is like- 
wise essential. Typing of maps for each locality ran he done and is often of con- 
siderable help, provided that allowances ore made in individual cases for departures 
from the normal types. 

Wlicn the map is complete, the forecaster may forecast from it as he would from a 
regular weather map. 

In conclusion, we shall touch upon the uacduhiess of single-station forecasting. 
That such forecasting is important for militarj' units forced to operate where weather- 
station iK'l works are not fcasihlc has been demonstrated in actual combat conditions. 
Furthermore, the application of the method to analysis from siweral stations along 
the periphery of wide water surfaces has been made in the North Pacific and Atlantic. 
Frequently, in northerly latitudes where weather reports are transmitted by mdio 
and where nlmo.spheric conditions often interfere with radio reception, the analysis 
must he made from the data at only a few stations. 

.Vaide from these practical uses of single-station forecasting, there arc great bene- 
fits to be gained hy a moteorologist who studies the method. Single-station fore- 
casting forces the forecaster to make use of all the data. This is usually not possible 
with the profusion of information ordinarily available. 'I'he method forces the fore- 
caster to ace the interrelntionahiii and dependence of the weather in one region upon 
that in another ri-gion. It forces him to consider the atmosphere in three dimensiuns 
anil hence gives him a eoinpjeto pieturo of the structure and changes in the atmosphere. 
This makes for improved forecasting. 

EXAMPLE OF ANALYSIS AND FORECAST 

An Example of a Single-station Analysis and Forecast. An analysis of the data 
t.sken during a 2t-hr period at Chicago, 111., is given in Tables 2 and 3 and Figs. 2 to 
fi, which cin er th(‘ period from 1200 {’WT Oet. 20, to 1330 CWT Oct. 21, 1912. The 
hourlv sequi'iices were taken at the Ohicago Municipal .\irport. llic radiosonde and 
pilot-liallooii ohsennitioiis were taken at the .loliet Airport, which is about 30 miles 
southwest of ('hicago. 

liiiiciiKKion of Data for Fiml 12-lir Period, ITic surface observations during this 
12-hr period show that the station is on the western side of a high-pressure area. 
Since the temperatures are quite high, it must be a modified viP or a very old cP 
anticyclone. Tlie dew points are low enough to exclude the possibility of mT air 
being prt'sent. The scattered high clouds, disappearing afti'r dark, indicate that there 
is no active warm front approaching the station. Also, the temperature is so high that 
it would he unlikely that a warmer air mass is approaching. The falling surface 
pressures indicate the approach of a trough; and, since most troughs occur at fronts, 
we should expect the approach of a cold front. Since the pressure is falling rapidly 
at the close of the period, ami since it has been falling for at least 12 hr, we should 
eonehide that tin' front is fairly close, i.e., Jess than 400 miles. 

The clear skies suggest that, if there is a front npproaehing, it is not within 100 
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milt's of the station, hecaiise in this region most fronts are preceded by some elonds 
at least 100 miles in advance of them. 

Th(> pilot-balloon observation taken at 1700 f'WT IFig. 2) indicates that the 
surfaci' isobars extend from sonllmest to northeast tiiul the 10,000-ft isobars extend 
from west to east. This change in direction with height indicates that warm-air 
advi'ction is occurring. Warm-air advcction occurs in ad\ ance of all types of fronts, 
HO that the sounding indicates that the station is located in ailvanec of some type of 


a 



front. The mc’an isotfiernis extend from north to south with the warmer air to the 
west. In view of the fact that normally cold .air is fouriil to the north and warm air 
IS found to the aoutli, this imlieuted departure of the temperature field from normal 
suggests that the approaching disturbance is well developeil, since small disturbances 
do not distort the norinal teniperatun’ distribution so much. 

The change in the shear with elevation indicates that the moat unstable air is to 
the south. This shows that the i.sobars should be more cyclonically curved to the 
south, which in turn suggests some type of disturbance to the south of the station. 
(In this case, it turned out to be the remnant of a system that was undergoing frontoly- 
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sis in the southeastern United States.) The uniformity of the wind direction anc 
velocity up to 5,000 ft should be interpreted us indicating an adiabatic lapse rate anc 
complete mixing up to 5,000 ft. The advectivc--preH.‘iurf‘ change is less than the 
surface fall. The computation gives a pn'ssure tendency of —0.7 inb per 3 hr at 
9,000 ft. This, accompanying a west wind at 9,000 ft, indicates that a trough is 
approaching from the northwest and deepening, us is normally the ease with nearly 
all upper-air troughs moving southward. 



Its 

h'lG. 3. 


The pilot-balloon observation taken at 2300 CWT (Fig. 3) shows very little change 
as compared with the earlier one, Ihe surface frictional laj^er stands out more clearly 
now that the air has become riiorc stable next to the ground. The 10,000-ft winds 
have become more nearly southwest, indicating that the tnmgh is approaching. The 
change in direction with height up to 10,000 ft still indicates that warm-air advection 
is occurring, hrom 10,000 to 14,000 ft, the backing of the winds indicates that it is 
getting cooler at those levels. This cold-air advection occurring above a layer of 
warm-air advection is typical of the region extending for about 200 miles in advance 
of the cold front. This. then, is the first indieatinn that the cold front, is within 200 
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miles uf the station. The mean isotherms between the gradient level and 10,000 ft 
are still oriented north to south with the colder nir to the east. From 10,000 to 14.000 
ft, the mean isotherms extend nearly east to west with the warmer air to the north. 
This again indicates the presenee of a well-developed low-pressure system, because 
this temperatun' distribution is quit(> different from the mean. The decrease of wind 
velocity from the gradient level up to 14,000 ft suggests that the cold front will be an 
active one, since the strong winds ut tow levels cause the cold front to move faster 
than the air mass aloft, ('oiiiputations from the hodograph again indieate that the 
10,000 ft pressure is falling. This again, in view of the fact that the 10,000-ft winds 
are west-southwest and weak, iiidieates deepening of the 10,000-ft trough as well 
as motion to the southeast. This deepening should result in stronger winds at the 
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upper levels and, therefore, less frontal cloudiness or precipitation behind the front. 
The change in the shear with height indicates that the most unstable conditions are 
to the southwest of the station. 'Ibis also points to the fact that then’ is a cold front 
to the west of the station and that the greatest curvature of the isobars ahead of the 
front IS to the southwest . 

The west-east component of the velocity of the air between the surface and 
10,000 ft is 20 mph. Assuming the front to extend north to south, we can use this 
velocity of the wind perpendicular to the front for the velocity of the front. This 
value will be too large if the front is inactive and too hiiiall if the front is active, but 
it will be close enough to use as an approximation. e have found so far that the 
distance of the front is less than 200 miles but more than 100 miles away. If we 
assume that it is moving 20 mph and aci'eleratiiig (due to the deepening of the low), 
we should expect it to pass the station in 5 to 10 hr (closer to 5 if the storm deepens 
much). 

The radiosonde observation for 2300 CWT (Fig. 4) shows clearly the nocturnal 
inversion next to the ground produced by surface cooling. If the maximum tempera- 
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Table 3.'-2{awosoxde OabEsvATtoM., Cskaco, 111., Oct. 21, 1942, 1100 CU 1 
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ture for the day (73°F) is plotted on this diagram, it is apparent that during the 
afternoon the lapse rate was equal to the dry-adiabatic rate from the stirface up to 
,5,000 ft. This is in agreement with the deduction we made from the pilot-balloon 
run for 1700 <!WT, The trupopause shows up distinctly at 11 krn. This indicates 
that the air mass is maritime polar, iKH-auw* tropical air has a much higher tropopause, 
and arctic, or polar continental hiis a lower tropopause. There are no frc>ntal inver- 
sions indicated by thi‘ sounding, suiistaiitiating our conclusion that there was no warm 
front or occlusion approaching but only a cold front. The relafiv«- humidities are 
high enough so that a forecast of cloudiness and preeipitalion with the passage of 
the front is indicated. During the last 24 hr, pressure has fallen at all levels, indicat- 
ing a more arctic type of stratospheric air moving in above 13 km. 'I'his is an indica- 
tion of the approach of a cold front, because stratospheric-pressure falls usually 
precede a surface front. 

Prom the surface observations, winds aloft, and radiosonde data taken during 
this 12-hr periotl, we have found that an active eold front is approaching and should 
pass within the next 5 to 8 hr. \Ve also know that there is some sort of disturbance 
to the southeast, heemiso the first hnllooii run indicated cyclonii'ally curved isobars 
in that direetion. We think tli.if the main system is deepening, since the uiiper-level 
pressure fulls with weak westerly winds would indicate this. 'I'he map should there- 
fore be drawn showing a low to the northwest, a high over tin* mountains west of the 
front, and another high along the east c-oa-sf east of the disturbunee to the southeast 
of (’hieago. 

We shall now examine the data for the second 12-hr period and see what further 
developments are indicated. 'I'he surface reports indicate a frontal passage at 0630 
followe<I liy rain arul then rapid clearing. Since the temperafuri' remained nearly 
constant from 0630 to 3330, we can infer that a cold-front or eolii-l.vpe occlusion 
passed, because otherwise the temperature would have risen during the da.v. The 
dew point fell slowl.v from the time of the frontal passage, lieeause only seatti-red 
high clouds preceded the front, a cold front rather than an oeeliision is indicated. 
'Hie clearing behind the front was quickly followeil b.v the formation b.v turbulence 
of a stratocurniiluH cloud deck indicating that the air mass must be unstable at least 
ill the lower levels 'I'he pressure eoiitiiiued to fall for 2 hr after the frontal passage, 
then rose very .slowly, and then started falling again. 'I'his could indicate rapid 
deepening of the low acconipaiiying the eold front or the iipproaeh of a secondary eold 
front. There is insunieieiit information in the surface d.ita for us to decide \vhieh 
altf'riiiitive is correct. W<- know from e.xpericnce, Imwever, that, if a secondary front 
is found to the rear of a low, the low will usuall.v decpi'n. We shoidd therefore inter- 
pret these falling jire-ssures ns an indication of the aiqironch of ii seeotulary eold front 
as well as the deepening of the low, since these two frequently occur togeth(>r. 

'X'Jie pilot-balliMin run taken at 0.500 (Pig. 5) indicates ipiile marked cold-air adi’i'c- 
tion above 2,000 ft. This sounding was taken over 1 hr before tlie front passed. We 
should therefore interpret the c-old-uir advection that is orcurring at levels so much 
lower than is usually the case in advance of eold fniiits as an indication tliat the. front 
is very close to the station, less than 50 miles. Since the wind still decreases in veloc- 
ity with height above 7,000 ft, we should expect the front to be active, because it 
should bo moving faster than the portion of the air mass ahead of it which lies above 
7,000 ft. The frontal lifting therefore should be most pronounced above 7,000 ft. 
The surface observations at and shortly after the passage of the front substantiate 
this, in view of the fact that the clouds were n'ported at about 7,000 ft. 

A computation from this balloon run indirates that the pressure is falling at the 
rate of 3.7 nih per 3 hr at 9,000 ft. This very rapid drop in the upper-level pressure 
accompanying such weak upper winds indicates rapid deepening of the upper-level 
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low-pressure trough. \Ve know that dorpcniug of an upper-level low occurs when 
cold air enters the rear of the t rough (see pages 822-823). We should therefore con- 
clude that cold air is entering the rear of the upper-level trough. The weak winds at 
the BurfacK! and 1,000 ft and the large change in wind direction in this layer indicate 
that the stable layer produced by nighttime radiation is still present. 

The balloon run at 1 100 (Fig. 6) indicates that the front has passed, and we see 
that pronounced cold-air advcction is now occurring. The mean isotherms, as 


s 



indicated by the shear vector, are oriented from south to north with the cold air to 
the west. Since this report is taken just a few hours after the front has passed and 
since the shear is quite pronounced, it should be u.sed to indicate the orientation of 
the cold front. Since the mean isotherms are oriented from north to south, wo con- 
clude that the cold front is onented from north to south. The velocity of the cold 
front is equal to the velocity of the wind pi’rpendicular to the front. In this case, 
we see that the front should move to the cast at about 25 mph. As we mentioned 
before, there must he an adiabatic lapse rate up to the base of the clouds and con- 
siderable turbulence throughout this layer. We should therefore realize that the 
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(‘fTeoU of surface friction will bo present up to about 2,500 or 4,000 ft, and we should 
rho<iBe that level as the gradient level, remembering that the directions and velocities 
below that level may bo considerably in error because strong turbulence invalidates 
the assumption of constant ascension rate of the balloon. 

If, on the other hand, we assume that the report is romplet<‘ly reliable in the 
lower levels, we should conclude that only slight warm-air advoctiori is occurring below 
4,000 ft and marked cold-air advection is occurring above that level. From this, 
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we should fon’c.ast a rapid ateepeiiiiig of the lapse r.ate and tli<'refore ineresising nir- 
iiiass instability and resulting cloudiiu'sa .and weather. 

The eoniputation of the pressure tendency at 8,000 ft again indicates that the pres- 
sures aloft are falling very nipidly. 'Hiis again indicates that de(ipeiiing aloft is 
occurring, and a seeondnry front should be expi-eted to the nvir of the trough. The 
deepening of the upper-level trough indicates that more air-mass instability should 
occur, and we shoidd therefore expect that the low scattered clouds observed forming 
at the time of the balloon nin will inerease. 

The radiosonde observation taken at 1100 (tWT (Fig. 4) indicates that con- 
siderable cooling has occurred between 10,000 ft and the surface. This must be due 
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to the passage of the cold front. Some cooling has occurred between 10,000 ft and 

10 km, also. This may be due to lifting of the upper air mass by the front, or it may 
he that pooler air has moved in aloft over the front. We see, though, that by far 
the most pronounced change in tempi-rature has occurred in the stratosphere. The 
tropopause has dropped front 11 to 8 km while the temperature in the lower portion 
of the stratosphere has inereased from —58 to — 43°t‘, ii rise in temperature of 15°('. 
This is much greater than the change itrodueed at the surface by the passage of the 
cold front, and its effect on the surface pressure is more pronounced than the effect 
of the cold air. It is the influx of this very warm and light air in the* stratosphere that 
is responsible for the large falls in pressure observed at all levels below 13 km. The 
slight rise at 13 km is hsss than the diurnal rise at that level, but it does indicate that 
the air above 13 km was not responsible for any of the deepening that oeetirred below. 

It is apparent from tins sounding thnt, if the surface air were carried by turbulence 
up as far as the lapse rate is adiabatic, .strato<‘umuIuH should form at about 4,000 ft. 

)^'e shall now attempt to describe how a map could be drawn for 1330 CWT, 
Oct. 21, 1942, and a forecast niade for the following 24 hr from the rc-sults of th<‘ above 
analysis of the data. 

We must first place the cold front that paased at 0030 CWT. Since lh(‘ pilot- 
balloon obsi’rvation .showed that it was moving at 2o mph and since it passed 7 hr 
before 1330, we should place it 17.) mill's to the east of Chicago. 'I'his would be just 
to the Avest of Toledo, Ohio. Since the winds on the ground and aloft had a westerly 
component both before and after the passage of the f'out, we know that the center of 
the low passed to the north of Chicago. .lust how far to the north we cannot tell 
from these data. Wc know also that the H),()00-ft trough is still to the west of Chi- 
cago and deepening rapiill.v. Since the 10,000-ft pressure is already 688 mb, which is 

1 1 nib below the October normal pressure of 702 mb, we cun eouelude that the trough 
line is not very fur to the west of Chiengo, not inon* than 100 or 200 miles. Wc should 
therefore draw the 10,000-ft map showing a deep trough in the center of the Vnited 
Stales with a well-developeil ridge along both coast lines. The two ridges cannot 
be drawn closer to the trough for the following reiixou: In order that the 10,000 ft 
jiressurc should average somewhere near normal over the eountry as a whole, the two 
ridges on either side of this dei'p low must have somewhat above the normal pressure 
for these regions. l\ r cannot draw ridges with central pressures aboA’c normal closer 
to the trough W'itliout making the pn-asure gradients between them and the J0,000-ft 
trough to the west of Chieago iiiueli gieater than are ever observed in these regions, 
riirtlierniori-, since the uppermost ivinds obsen’cd in this trough h.ave been quite 
XI eiik, it would be unwise to draxv a map showing extremely strong gradients anywhere 
around this trough. 

'I'lic secondary front iiuiieuted by the data must be somewhere to the northxvest 
of the station, liceausc it could not be pn*eeded by falling pressures aloft (10 km) if 
it wort' coming from any other direction. Wc cannot tell yet just how far away it is 
except that it is over 200 miles away and therefore will not pass in the next 8 hr. We 
should watch the surface wind direction closely to see when the ridge between tlie two 
surface fronts passes. When this ridge is reached, Chiengo should be halfway between 
the two fronts. Knowing then how far away the first front i.s, we can .say bow f.ar 
away the second one is. Since this ridge line has not as yet been reached, wc know 
that the secondary front is farther to the west than the first front is to the oast . The 
wind direction rather than the pressure should he used to define the ridge line, since 
with a deepening system the pressurra will fall long before the ridge line has arriveil. 

We should expect a surface high to be located to the cast (displaced toward colder 
air) of each of the 10,000-ft ridge Unes, This xx'ould place one of them over the Great 
Basin region and the other off the cast coast. The instability that was indicated on 
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the first balloon run to the southeast of Chieago should be effective in producing 
showers or thunderstorms over the motmiain regions of Kentucky, Tennessc-e, and 
Virginia. The B<‘<-ondary front to the northwest should be accompanied with low 
clouds and showers, for the air mass should be quite unstable under the 10,000-ft 
trough. 

The forecast for Chicago, based on the above reconstructed picture would be for 
continued instability clouds during the afternoon, diminishing at night. We must 
assume that the secondary front will pass at some time between 8 and 24 hr from 1 330, 
because, if it were any closer, the ridge mentioned previously would have passed. 
We should therefore pick some time between these two limits for its passage and make 
our forecast accordingly. We should forecast the surface wind to shift to southwest 
or south halfway between the forecasted time of the front passage and the time of 
passage of the previous one (0fi30). Sinee the 10,000-ft trough is deepening rapidly, 
we should expect considerable instability-type precipitation both before and after the 
passage of th<‘ secondary front. 

The observed data showed that the ridge line passed Chicago at 1900 on the 
current day (Oct. 21). 'I'his is about 13 hr after the passage of the first front, h’rom 
this time until 0800 on the following day, the wdnd remained from the southwest. 
At 0800, the secondary front passed, 13 hr after the ridge line. Precipitation began 
at 0400 and lasted intermittently until 1600. The ceiling averaged Ix'tween 1,000 
and b.^OO ft during this period, fluctuating with each shower. 

It was the purpose* of this discussion to show the method used in single-station 
analysis and forecasting. Kach case presents a new s(‘t of problems that must be 
considered. There are numerous lociU effects that must be taken into a<*eount in 
different regiems, but the gi-neral teehni(|ue of investigating the data is basically the 
same. Such ussumptions as the oneuscsl above, that the ridge is 1 ilfwiiy between tlio 
two troughs, of course do not always hold as in this ease, yet the results from such an 
nasumptioii will give in nearly all eases a elost'r approximation to the disttuiee of the 
iK-xt disturbance than any other method such as assuming a low every 3 days, or that 
all systems ant some constant distanei! apart. 
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SKCTION XI 

CLOUDS AND STATES OF THE SKY 

By P. L. Sohekkschewrky 
HISTORY AND INTRODUCTION 

Clouds have been obser\’cd and used for short-pi'riod weather forerasting from time 
immemorial. Empirical knowledge acquired by sailors and peasants was first 
expressed in fauiilJnr sayings. When more scientific studies of weather began in the 
nineteenth century, emphasis was first placed on winds, pressures, and temperatures 
rather than on clouds. Abcrcromby and Hildebrandsson recognized this emphasis 
when they ]niblished the first international elassification of clouds. To quote the 
present International Atlas, “In the 0 ]iininn of the axithors. the foremost application 
of cloud observations was the determination of the direction of winds at different 
altitudes.” 

(louds are now considered essential and accurate tools for weather forei’asting. 
Every feature of the air masses (discontinuity, stibsidence, instability and stability, 
etc.) is reflected by the shape, amount, and structure of the clouds. Thus close 
scrutiny of clouds will assist the analyst in identifying and nniilvzing air masses, 
llelationships among the details of cloud structure, synoptic weather analysis, and 
structure of the atmosphere are being investigated and progressively determined by 
meteorologists in all countries. Progress along this line makes u<lviHuble mor(‘ and 
more detailed observations and eventually more detailed clasnificatiunH. Synoptic 
studies <if clouds (nephanalysis) indicate the possibility of a visual weather analysis 
based on cloud obsiTvafionH. Such an nmilysia is of great help in areas where a dense 
ni'twork of ground stations ennnot be operated (f.g., in tbe oee.sns or polar areas). 

Actual scientific studios of eloud.s began in 1802 and 1803 when Liunari'k in h'riineu 
and Howard in England ]iublished their classifications. Their cnide dra'nings of 
clouds were inadequate, sinee small structural details may have a great signi tieiineu. 
Eoth men were hampered by lack of proper mstruments to keep neeurute reeords of 
observations. No instruments were available to measure air eurnmls, height of 
clouds, temperature, and huninlity in the free atmosphere. Furthermori" it was not 
believed that cloud forms were the same all over the world. 

Further seieiitifie progress was nmde in llie era beginning in 1879 when H. Hilde- 
brandsson published an atliis of IG cloud photographs. In 1887, Abereromby and 
Hildebrandsson published a elassification of clouds in whieh great importance was 
attached to height as a criterion. The pre.srnt International classification was the 
direct offspring of this work. The first International Atlas was published in 1896. 
It contained 27 skefehes and photographs. The classifieution laid down in the Atlas 
soon became official and was used generally in almost all countries. 

Another period of progress, greatly accelerated by aviation, eoinmenecd with the 
First World War. Pilots had to live among the clouds, to use them, and to avoid 
their dangers. Forecasters began to utilize information derived from synoptic studies 
of clouds. A new and much more extensive atlas was prepared. The elassification 
of 1896 was followed quite closely. In addition, the states of the sky were classified 
on the basis of the work emerging from studies of depressions by the Norwegian and 
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Table 1 — Cloxtd Names'*' 



Cloud gonen 



Cirrus 

Cl 

A H%gh cZovdi 

CirrnrumuluB 

Cc 


Cirrostratus 

C B 

B M%ddU clovtda 

Altocuumlus 

Ac 


AltostratUR 

As 


StrstoouJiiulus 

Sc 

Q Jjow clouds 

Stratus 

St 


Nimbostratus 

Ns 

D Clouds With vert%eal detflnpmfnt Cumulus 

Cu 


CumuloniinbuH 

< b 


Cloud gpociea moot frequently observed 



Cl fl oetia 

(Cl fil ) 


Cl uncinus 

(C 1 line ) 

C»rTus 

C 1 densus 

(C 1 dcii ) 


Cl nothuH 

(C 1 not ) 

Cirrofiiryitus 

Cb ntlniloxu^ 

(C B neb ) 


( h hlOSUH 

(C 8 fll ) 


Ac tiansluridus 

( At tra ) 

AlforumuUi n 

Ac opacuR 

( Ac op ) 


Ac < umulogc iiiliiH 

(Ac tug ) 


As transbiriclu** 

( 4 R tru ) 

AUaHlraluc 

As opac UB 

t Vh op ) 


As piaicipitana 

( As prap ) 


Sc transliiciduR 

(St tia ) 

HfraforumtduH 

S< opac u*a 

(St op ) 


Sc \ eat c rails 

( Sc ^ esp ) 

Cumulus 

( u buuiilm 

(C u hiuii ) 


( u conftcstuR 

(( u con ) 

CumidoHtmhui 

( b < ah us 

(( b ( al ) 


( b rapilHtus 

(( b cap ) 


The pnncipsl varieties ore 



\bbrc \ » ition 

S^ mbol 

1 umtdut 

(1 UIll ) 


Cumult/nrmts fioccua 

(f uf flr>c( ) 

X 

Cumuh/ormta eaaieltatun 

(( uf 1 URt ) 

V 

1 fnitcularsa 

fl pnt ) 

X 

Mammalun 

<Miim ) 

\ 

U 

Undutatua 

(1 Hd ) 

\ 

RaH\a(u i 

(KnI) 

< 


Special features msy occur 


\»rKi 


X 

m 

I'il< ii>« 



IlU IlH 


\ 

An us 

Development of clouds 

\ 

On the honz ns 


(\) 

TnprtasinK 


''■I 

I>i( r( uttinK 


IX 

Inttrniitliiil 


|X1 

Ilaa (tAseil during tiie last hour 

X] 

Htiit bciEun dunufi the lust luiur 

[X 

i hionoloffK h 1 ionn<ctuiti 

X X 

^pHlinl ooniKcfiou 


X 

\ 

The al>o\p s\ mbols Ina^ b( used to f loihtatr the mikiiifc i>f i iil iips (\. rt presenting the cloud d( signa 

1 >n) 



* 1 nk« n from International Atlas Pans 1032 
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French schools, and the title of the table in the Atlas was altered to Atlas of Clouds 
and States of the Sky. The plates in the 1932 edition of the Atlas include 101 photo- 
graphs taken from the ground, 22 photographs taken from aircraft, and 51 “stales 
of the sky.” 

Clouds play a much more important part in .meteorology today than ever before. 
Aircraft are fl 3 dng in progressively more dangerous weather, and the pilots must 
therefore have a better knowledge of the clouds they will encounter, their structure 
and hazards. The familiar features of dangerous thunderclouds are often hidden 
behind other clouds of secondary importance; but, even in such cases, if pilots psy 
careful attentibli to structure, they can generally identify and avoid danger zones. 
From the finalysi^ point of view, clouds sliould be considered as accurate tools for 
forecasting, detailed structure of clouds, together with their diurnal evolution 
and association with other clouds, or the suci-cssion of clouds at a particular station, 
are refined and directly visible evidence of the structure of the atmosphere. This 
fact is being used more and more in synoptic incdcorology. It is not ni’ci'ssary to 
enumerate in detail here all that is laMiig done at preac-nt to further understanding of 
all the physical processes involv'ed in the fonnatioii and evolution of clouds. Progress 
has again boon accelerated b 3 ’ military neerssity, anil iniich more knowledge of clouds 
will become available when peacetime security permits publication of all data. 

INTBRNATIONAL CLASSIFICATION OF THE CLOUDS AND STATES OF THE 

SKY 

Necessity of Detailed Description of the Clouds. Clouds arc divided into four 
families: (1) high clouds, (2) middle clouds, (31 low clouds, and (4) clouds with 
Vertical development. Each family is divided into genera. There are 10 genera. 
Each of the families contains two or three genera corresponding to clouds that appear 
(o) isolatcKl, (b) in sheets, or (c) in more or loss continuous sliects. (ienera are sub- 
divided into species. Species are again subdivided into varieties. The Intomational 
Atlas mentions explicitly 20 species for 7 out of 10 genera, and 7 geneial varieties 
that can apply to many of the species. For example, alinnimulus trans/uridus rumuli- 
formis fioeeus refers to the genus altocumuluh, the species trunslucidus, the variety 
cumuliformis, and the subvariety flocou.s. In addition, special features may be 
mentioned whenever feasible. Thus it is helplul to know whether the clmidiness is 
increasing, decreasing, has begun during last hour, etc. Also details of amount, 
density, distribution in the sky, optical photiomeiia, and direct ion of mot ion are helpful 
ill analysis. Table 1 indicates the classification of cloud foinis fixed by inlernatioiial 
agreement. 

CLOUDS* 

Ttble of Cloud Classification 

At nearly all levels clouds may apiKsar undci the followinK furma: 

a. Isolated, heap olouds with vertical de> vlopiacnt dnriuK iheu formation, and a sprrad inx out when 

are dissolving. 

h. Hheet clouds which are divided up into lilamcntH, bcales, or routi<loil mosses, and which are often 
stable or in proc4‘ss of disintcgraiiun. 

e. More or less continuous cloud sheets, often in of fuimution or growth. 

Cu^BBIFK’ATlOW INTO FA&fILtXB AND GBNIJBA 

Famittf A: High clohps (mean lower jpv'W fi.OOQ m.)i 

Form bl curiis. 

\ 2. Cxciius Gin ocumulus. 

Form c { 3. Gvnus cirruntratuB. 

* From International Atlas, Paris, 1032. 

* It should be noted that the heights giv(>n arc for temperate latitudes, and refer, not to sea level, but 
to the general level of the land in the region. Itshonld be noted that in certain cases there may be largo 
departures from the given mean heights, especially as reganis cirrus, which may be found as low as 
3(XXI metres in temperate latitudes, and in polar regions even almost as low as the surface. 
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FamHy B: Middub clouds Cukcun upiier level 6,000 m., mean lower level 2,000 m.) 

Form c| Genus sltocumulus.* 
r orm o | 

Form r ( Genus altostratus. 


Family C: Low clovds (mean upper It^vel 2.000 m.» mean lower level close to the ground) 


Form a f 
Form b ( 

Form 


0. CionuB stratocumulua.^ 

7. Gentle stratus. 

8. Genus mtuboetraiiis. 


Fttmilv D: Ci-oudb with vkrtk'ai. uKViCboPMSitT (mean level that of the cirrus, mean lower 

level 500 m.) 


Form a 


{ 


9. Genus cunuilna. 

10. Genua cumuloiiinihiis. 


DBriMITlOMS AND DfiSCSIPTlONa OF THB FoRMB OF Cx^DDB 

I. Cirrus (Cl) [ffoirard 1803>] 

A. Deflnitioa. Detached clouds of delicate and fibrous appearance, without shading, generally 
white in oolouTt often of a silky appearance. 

('irriiH nppearn in the most varied foritiH, such as isolated tufts, lines drawn across a blue sky, branch- 
ing feat hoi -like pluinvM, curv'od litich ending In tufts, etc.; they are often arranged in bands which cross 
the sk> like meridian Uties, and which, owing to the effect of {tenpeetive, converge to a point on the 
hnrison, or to two opposite points (cirruslratus and cirrocumulus often take pait in the formation of 
these baiuU). 

B. Explaiuitory Semarks# Girrus clouds are alw'uys coinivosed of ice crystals, and their transparent 
character ia due to the statu of divisiou of the crystahi. 

As a rule these clouds cross the sun's disc without dimming its light. But when they are eaeep- 
tionally thick they may veil its light and obliterate its contour. This would also he the case with 
paiehofl of altosirutus, but ciri us is distingviuhod by its dassling whiteness and silky edges. 

Halos' are rntlier rare in cirrus. 

Soinetitnns isolated wi«<]M of snow are seen against the blue sky, and resemble cirrus; they are of a 
letM pure ahito and less silky than cirrus; wisps of rain are definitely grey, and a rainbow, should one be 
vdsihle, Mh<»WM their nature at once, for this cannot be r»rf>diici‘d in eirrus. 

Before HimriHO and after Bunset, cirrus is Hoiiietiines coloured bright yellow or red. These clouds are 
lit uj» long before other elou<U and failo out much later; sometimes after sunset they become grey. 
At all hours of the day cirrus iieai the horiaon is often of a yellowish colour; this is due to distance and 
to the great thiekin-Hs of air traversed by the Tax's of light. 

Cirrus, being in general more or U*«h inclined to the horiaon tal, tends loss than other clouds to bccnmu 
pnrnllel to the horisoii, under the effect of T>erN|>eetive, as the horison is approached; often on the con- 
tiarv it seeinH to converge to a on the horison. 

C. Species. Amongst the more remarkable forme one may note: 

1. Cirrus filosus [nayton 1 896^1. More oi lera straight or irregularly curved filaments (neither 
tufts iior httle points) and without any of the imrts being fused together. 

S. Cirrus uaeinus [ilfars 1889*]. C^irrus in the shape of n. comma, the upper part ending in a little 
tuft or point. 

S. Cirrus denaus fBcsson 1921*]. Cirrus clouds with such thickness that without care an observer 
might mistake them for middle or low clouds. 

4 . Cirrus notbus \C.E.N. 1926'] (Hybrid cirrus). Cirrus iirocceding from a cumulonimbus and 
composed of the debris of the up|>or frozen fiarts of these clouds. 

D. Varieties. Ordinary eiriiiN may appear in many very different forms. One may particularly 
not<> the forms floocus and vertebratus which are really aspects of the varlctios cumulifornus and 
undulatus radiatus respectively. 


' Most altocumulus and stratocumubis clouds come under category b; but the vHrieties cumuliformis 
and particularly castollatus l>elong to cat<‘gory a. 

' ''On the Modification of Clouds" reprinted in: Neudrucke von Schriften und Kartcn liber Meteo- 
rnlngie tind Erdmagnetisiniis. Tome HI, Berlin 1894, p. 0. 

* Cf. p. 886, note 6. 

* '* Discussion of the Clniid Observ'utions" made at the Blue Hill Observatory of Harvard College, 
Annals of the Astronomical Observatory of Harvard College, Cambridge 1896, Vol. XXX; part IV, 
p. 347. 

* Sur la Classification des Nunges, M4moires du Congrds M4t6orologique International de Paris 1889, 
p. 32. 

***La Classification, d^taillfic des Nuages en visage k rObservatnire de Monteouris," .Annales dcr 
Services Techniques d’Hygi6ne de la Ville de Varis, tome 1, Paris 1921, p. 304. 

7 "Proc^verbaux de la Commission Internationale pour I’Etude des Nuag c s~ Session de Paris, 
Avril 1926,” Circulaire do. 47 do la C.E.N, p. 37. 
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n. Clrrocnmulut (C«> [Howard 1803, * Henou 1836*] 

A. Deflidtioii. A cirriforin layer or patch oomiK«eci of small white flakes or of very small globular 
mnsses, without ahadowH, which are arranged in groups or linos, or mure often in ripples resembling those 
of the sand on the sea shore. 

B. BzplajMtoiT ReinJirlci. In general cinooumulua reprosenla a degraded state of cirrus and cirro- 
KirntuR both of which may chango Into it. In this caso the changing patches often, retain some fibrous 
structure ifi places. 

Real cirrocumiilufl is uncommon. It must not be confused with small altocumulus patches on the 
edges of aitocumutus sheets. There are in fact all states of transition l>etwp«n cirroctimutus and alto- 
euinuluH piof>c:r; this is only to he expected as thei)roeeBs of formation is the same. In the absence of 
uny other criterion the term cirrMunniilus should only bo used when: 

1. There is evident eonueelion with citrus or drfONttntuH. 

2. The cloud observed results from a chango in cirrus or cirroiitraius. 

3. The cloud observed shows some of the characteristics of ice ciystal clouds which will be found 
cumineraied under cirrus (p. 88S). 

(^Ictii rifts are often Be<*n in a sheet of eirrocumulus. 

in. Clrroitrstus (Cs) [Howard 18U3,* Renou 1855*] 

A Deflnitioii. A thin whitish veil, w'hich do«i not blur the otitUnes of the sun or moon, but gives 
riffc halos. Sometimes it is quite di/T use and merely gives the sky a criitky look; sunietiuies it more 
or less diHtinctly shows a fibious strueluie with disorderiMi lilameiita. 

B. Explanatory Remarks. Asiund of eirrustratua which is very extensive, thniigJi in places it may 
be interrupted by rifts, nearly always omia by cuv'ciing the whole sky. The buidet of the sheet may be 
stiaiglit edged and cleai-cut but more often it is raggtMl or cut up. 

During the day, whon the sun is siitKciently high above the hurison, the sheet is never thick enough 
to mask the ehathiws of ohjeota ou the giutind. 

A milky veil of fog in distinguinlied from a veil of eirrosti at tut of a aiuiilar appeurnnue b> the halo 
phonnmeuH* which the sun or the moon nearly always proflucc in a layer of eirrostratim. 

'lA'Kat has been said above of the transparent choraeter and eoloun of oirrus is true to a great extent 
of oirrositufuH. 

C. Species, ('irrostratus has two principal aspects which correspond to the two following aperies; 

1. Cirrostratvs oebploaus [Clayden 11^15*]. A very uniform light nebulous veil, sometimes very 

thin snd hardly visible soinetimcs relatively dense bat always without definite details and with halo 
plionomcnn. 

S. Cirroatratua fllotas [C.E.N. 1030^]. A white fibnuts veil, when' the strands are more or hws 
definite, often rosemblmg a shei't tif cinus donsus from which indeed it ma.v originat<^ 

IV. Altocumulus (Ac) [Rmou 1870") 

A. Peflnition. A layer, or patches composed of laniiiia or rnthur flattened globiilnr masHcs. the 
smallest elenients of the leguluih urtuiigod luyei l>eing fairly Ntnall and thin, with ui without shading. 
Thrae elementh me ariauged in groups, in lines, or waves, following onu or two directions, and are 
Roixietimes so eUise together that theii edges Join. 

'I'lie thin and seiiiitiauBpaient odges of the elements often show iVtsofions which are rather rliar- 
acteristir of this cImhs uf cloud. 

From the dt‘fiiiition it follows that HUoeumuluscompiisi’R the Riil>-genera: 

1. Altocumulus traaslucidus [C\E,N. Altneumulus formiHi r>f elements whose eoloui — 

from dasding w’hite to dark gr(*y— ^nd whose thickueus vary much from one example to unothci, r>r even 
in (he snme layer; (he elerneiitN are more or less regiilnriy arranger! and diatrrrct. In the defiiii(ir>ii of 
the elemeiitH it is the vuriation in the transparency of the Inyci, variable from one point to anuthoi, 
tJiat plays the enoentiul part. There appeals in tlie inteistices either the bluo of the sky, ot at leant a 
marked lightening of the layer of cloud due to a thinning out. 

^ Ibidem, p. 8. 

’First to ire found with the present iiicaning in : “Instructions M^t^orologiQiies." Aiinuaire do la 
Soci(^t(* M(^t(^oiologLquc do France, tonic III, FuriH 1855, p. 143. 

* Ibidem, p. 9. 

* First to l>e founrl with the prchcnt moaning in Ibhlem, p. 142. 

* The following are tlio |iriueipal halo phenomena: — I. A circle of 22® radius round the sun or moon; 
this is roughI.Y the angle subteu<le<l by tho hand placed at light angles to the orm when the latter is 
extended; this halo is sometiineH, but rarely, accompanied by one of 4(1° radius. 2. Parhelia, I^arasclonao 
(mock suns or mnek moons) liiiiiinnus patches, often showing prismatic colouis, a little ovei 22° from tho 
sun or moon and at the same elevation. 3. A lununous column (sun pillar) placed vertically above and 
Bometimea bidow. the aun. 

Often only small fragments of these appearances are visible but they aie none ibo less characteristic 
of high clouds. 

* "Cloud Ktudies," Londres 1005, p. 45. 

’ "Atlas International des Nuages ei dee Etats du Cid — Extrait a PuBAge des Ohservateiirs,” Faria 
1030, p. G. 

* Bulletin dc I'Ohscrvatoire de Montsouns, 13 FAvrier 1870. See also “ Rapport sur la Classification 
den Muages," M^moiies du Coiigres M^t^oruloghpic International do Faris 1889, p. 15. 

’"Atlas iRtcrnatlonal des Xuages ct den Etats du ('iel — Extrait a I’usage des Observateurs,” 
Faris 1930, p. 7. 
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1. AltocnmuSos opscui \C,E.N. Altocuinuhifi sheet wliich Js continuoua, at least over the 

groator part of the layer, and cotisieting of dark and more or lees irregular clementei in the definition 
of which traiispurenoy does not play a great part, owing to the thicknem and density of the layer; but 
the elemonta show in real relief on the lower suifaou of the cloud sheet. 

B. Sspluiator; Remarks. The limitH within which altocumulus is met are very wide. 

At the greatest heights, uitocumulus, made up of aiiian oiemeiite, resembles cirrooutnulua; alt(»- 
oumuluB however is dieiinguiRhed by not pOMHCSsing any of the following characters of cirrocumulus: 

1. Connection witi] cirrus or ririostratus. 

2. An evolution from cirrus or cirrostratus. 

3. Properties due in physienl struetuie (ie^i crsratals) enumerated under eiiius. 

At lower levels, where altocumuluH may be derived from a epreading out of the to)>s of cumuluB 
clouds, it may easily bo miatuken foi ^trntorumulus; the oonvention is that the cloud is ultocumulua if 
the smalleRt, well definr<l, anrl regularly arrangiHi elements which are obseived in the layer (leaving 
out the detache<i olcmeuts which are gcncially seen on the edges) are not greatei than ten solar diameters 
in their smallest diamoters. 

When the edge of a thiu seiiiiliunHpareni patch of altocumulus pasnoR in front of the Run or moon 
a rorona apiMiais rloee up to ilieiu; this is a coloured ring with red outside and green, inside; tho colours 
may be reiioiitod more than onre. This phenomenon is infrequent in the case of ciri ocumulus and only 
the higher forms uf Htiatocumulus can show it. 

IiisHtioii, mentioned above, is a iiJionoracnon of the name type an (he corona; i1 in a sure mark of 
altooumuUm an diNtinguished from eirioeumulus or stratocumiilus. 

AltoeiiiniiliJs clouds often appear ut different levels at one and tho i>anie time. Often loo they are 
fiHsoeiatcd with other types of clotid. 

The utmonphere is often liHxy just below altocumulus clouds. 

W'hen the elemeiiis of u cheet of uUocumuluB fuse together and make a continuous layer, altostratus 
or nimbostratuH is the lesult. On the other hand ii sheet of altostrHtii.s run change into altocumuluR. 
It may hiippoii that these two anpeets of cloud ma.>' iilti'rnate with each nthci during the whole 

routsi* fif A day. It is also nut rare to have a ht.vcr of altoeuuiiiluR coexisting with a veil r^embling 
altostrutus at a height very little less than the altocumulus {nlloeumulus duplicafus de Quervain). 

It is intercHting to note that one muv often obseive TiUform descending trails to which the name 
vxTua hflR been given. 

C. Species. Among the most remarkable speciwi one may note: 

Altocumulus cumulogenitus (CumHlo-Sitatu.* de QitervuiiO. [r.J^.hT. 1020.*! 'I'his is an altocumu 
ius cloud formed by the -spreading out of the to}»s of cumulus, the lower parts of the cumulus clouds 
having incited awsy; the layer htih the apiM^aianco of altorMimiilus opocim in the first siuges of its 
growth. 

D. Vsrleties* An important vnrioty of Altocumulus slmuld be noted, namely, aUveumuJus cumulx- 
/ormis which liuh two different Chpeets: 

Altocumulus floccuB [Vincent 1903)1. Tufts restmibllng sinall cuinnluR cIoihIh without n hasp, and 
more Oi lesR rnggeil. 

Altocumulus csstellatus (Clem^t L^t/ 1304^]. Ciimulifoi rn itiasHei with inori^ or lew vertical deveIo|>> 
iiiont, Anunged in u line, and looting on a common horizontal buRc, which giviw the cloud a orenellatcKl 
up|>rarAiire. 

The huodR or vcila wliich foim above n cumulus by the uplift of a damp layer, and which may bo 
liiorcrd b\ the tops of the cuinnluR, are considered us a detail of cumulim. and denoted by the teim pt'Icus 
nttarhed to the name ruioulus; hut in reality they aic oberianl foims of ultocitnuiluH translucidus. 
Mnreuver, similnr clumls. indepCMident of cumulus, enn be formed by thf' Raine prncesR by the effect 
of a rising current caused bv a inountiiiii or an obstacle. Thev lire tiien named altocumulua, and they 
arc clABScd, on account of tlieii form, with the variety fro/frularfs, 

V. Altostrstus (As) [Rmnu 1877*1 

A. Definition. Striated or fibrous veil, more or less grey or bluish in colour. This cloud ih like 
thick cinostratus but without halo phetioiiicna: the aun ot moon bhuws vaguely, with a gleam, as though 
through ground gluas. Sonietimes the aheet is thin with fnrnus intermediate with cirroatratua (alto 
stratus trunRhiridus). SometiincR it in very thick and doik (uUoKtiivtiis opaeus), soiiietiines even com- 
pletely hiding the euii or moon. In this eiute UiffeienceR of thickucRS nui> cause relu lively light patches 
between very dark parts; but tho auiface nevei show's real relief, und the Htiiated oi flbrouR structure is 
alwaya seen in places in the hoiJy of the eloiid. 

Evety form is obneived between high aliOHiratiia and cirrostratus on the one hand, and low alto- 
BtratuR and nirnbostmtus on the other. 

Kain or snow may fall from iiltiiRtrutua (nltnetratus praeelpitanB), but when, the rain is heavy the 
cloud layer will have grown tbicker aud lower* beconung ninibostratus*, but heavy bhow Liuiy full from 
a layer that is definitely altostratus. 

> Ibidem, p. 7. 

’ Cireulaire C. T2. N, no. 47, p. 40. 

■ “Tj«*r Vari^P^s de rAlto-<’umuluR, Annales do TObRervatoirc Royal de Belgique,” Nouvelle Btlrie, 
tome VI, Bruxelles 1003, p. 14. 

* Stratus caatellatus ‘‘Cloudland,” Tiondon 1894. p. 56. 

• ” Rapport BUT la ('laasifioation doa NuugeB," Mt^moirea du Congnbi Mt^t^orologiqiie International de 
Paris 1886, p. 15. 
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From tho definition of altoetrntue it followe that there are thiw gllb-gTOera: 

1. Altoitratui tranaluddof [C.E.N. 1920'|. A sheet of aitoetratus rosembliog thiek eirroatratiu; 

thp Hun and the moon show ttd through ground glaas. . n ji - i , 

$. Altoitratui opicui [Bgwn 1921 An oimqut* layer of altt>etratue of variable Uiickneas which 
may entirely hide the lun, nt any rate in tiarto, but showing a fibroiiH stiucturc in some parts, 

S. Altostratus iM-aeclpItaua iritmra/ Lfy 1894'). A lii>er of opaque altostratus which has not yet 
loNt its fibrous chaructei, and from wliicb there are light fails of rain «i snow, eitlicr otmiiuuous or intei- 
iiiittcnt. This precipitation may not reach the gtoimd in which case it foiins virga. ^ 

B. EzpUaatory Remarks. I’he limits between which altostratus may be met are fairly wide 
(about 5000 to 20(H) moires). 

A sheet uf high uJtnstratiis is distinguished from a rather similar sheet of cirroBtrntua by tho con- 
vention that bulo phoiiumena arc not seen in altoatiatus, nor are the shadows of objects on the ground 


visibb'. 

A sheet of low uUostrHtus may be diatinguiahecl from n somewhat similar sheet of niinbostrntus by 
tlie following characteia: Nimhoatratiw ia of a much darker and more uniform grey, and shows nowliere 
any whitish gleam or fibrous struotuie: one enntioi definitely sec the limit of its uiideisurfucc which 
has a “soft” look, due to iiie rain, which may not reach the ground. 

The convention is also made that niiiibostratua always hides the sun and moon in every part of it, 
while altostrntus only hides them in places behind its daiker portions, but they reappear thiough the 


lighter jiarts. 

Careful ohsci ration may often detect vtrga hanging from iiltostralus, and these may even teach tlie 
ground cniising slight rain. Tf the slieet stili lias the character of altostiatus it wilt thou be called ultn- 
stiatUB preeipitiiiis, hut not if it ha.H h(*(*oino nimboatratus. 

A sheet nf altostratus, even if it has rifts in placcH, has a general hbiuus characteu. A cloud lajei. 
even a eontiniioiiH one, which has no fibrous atf uctiiie. and in which lounded cloud masses may boact^n, 
iH cloHsed aa altocumulus or stiutooumnlus, according to circumsInnceH. 

AltostratuH mny result fioin a tranKfoimstian of a sheet uf altocuinuhis, and ou the uthei hand 
uitostraluH niii> often break up into ultocnmuhih. 

C. Varieties. Theie are many varieties; some of them iimy he distingmsbed by atlding one of the 
general qualifying adjectives to the name of the sub-gciiera ie.g., iiltustrutus opiicus uudulaluh). 


Vf. Stratocumultts (Sc) [^omu 1841^] 

A. Deflaltions. A ln.\er or patches composefi of liiininn or globular musses; tlie nnuilh'Nt i.f the 
jegiilaily annnged elements are fairly luige; ilie> aie soft niid gie> , with daikei pails. 

These elemeiitH luo utrunged in gioups. in lines, ot iii waves, aligned in one oi in two diToetions. 
Ver 3 often the lolls are so close that their (*<)g«*s join togethei ; when they covei the wliule sk.\ , as on the 
continent, especially in wiiitei, they have a wu\> aptM>aiaiiee. 

I'juiij iiie definitjon jt follows that stiaioeijmijhib eo»)]uise^ tw’o sub-genern; 

1. StratocumuluB translucidua [C.B.S. IlhStH. A not vei^ thick hi>ei; in tlie inlerstires between 
its eleiiieiitti oithci the blue ak\ appeiiis, or at any late theie are loueh liglitei pui is of the cloud sheet , 
which here is thiiineil out on its uppei fuiifaee. 

S. StratocumuluB opacuS Avei\ thick Inyei made up of u eontiniious sheet oflaige, 

duik I on tided iiiasses; tJieii shupe is seen uut by a difTeieiKH* in tiaiihpaiciic.\ , but they bfund out in leal 
lelief from the uiuler surface of tlie cloud lajter. 

There are tranMliniial forms between st ratoeumulus und ultocuniulus on the one hand and betw'cen 
atratocumiilus and etratus on tlie other. 

B. Explanatory Remarks. The difieience betw^n Rtrntmnnnuliis siui allorumiiluh is given under 
the latter (page 886). 

It should also be noted that the cloud sheet cnlled HltociiTnulus by un > bsei vet «it ii siiiall lii’ight would 
appear as stratoeiimiiliis to uti observer at a suflieient height. 

It often happens that stiutocuniulua is not nesoeiatvd with any clouds of the B or C fninilies; but it 
fuirlv often oca>xists with clouds of the D family. 

The elements of tliiek strnloriiiriuluH Cstintneumuliis o)ineui>) often tend to fuse together eoniph>tel.v, 
atitl the layei can, in certain ruses, change into niinhostrotus. The cloud is ciiIIihI nimbosf ratiis when 
the cloud elements of stratoctiinuliiR have completely disupiieiirefl arul when, owing to the tiails of 
fulling prccipitalion, the lower surfu<'c has no loiigei u cleui-ciit bmmduiy. 

Stiatocurnultis can change into stratus and vice veisa. The stnitiis, being lower, the elements 
Hpjiear very large and very soft, so that the striietiiie of legiilnrly arrutiged globulai innssen and wave 
disappears ns far as the ubsei vei cuii sec. The cloud will be called btrutocuinuluM ob long as the structure 
remains ^dsihlc. 

C. SpBCiCB. Among the more remarkable species one may note; 

1. StratocumuluB vcBperaliB [AcMon 1021^]. This name is given to flat elongated clouds which uic 
often seen to form about stniset as tho final product of the diuriiul changes of cuiniihis. 

1 Circiilaire C.E.N., no. 47, p. 40. 

> Ibidem, p. 309. 

* Stratus praecipltans, Ibidem, p. 61. 

* " VorlcBungcii Qboi Meteor ologie,'’ Halle 1841, p. 151, 

» " Atlas International des Nuagos et dea Etats du Ciel, Extrait h Tusage des Obaervateura," Parin 
1930. p. 12. 

* Ibidem, p. 12. 

’ Ibidem, p, 312. 
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S. Stratocumiilai cumulogenitui [C.E.N. 1930M. ^tratocuinulun formed by the epreadins out of 
the tops of Gumulue clouds, which latter have diaappcared; the layci in the early stages of its formation 
looks like stiatocumuluB opacus. 

D. Varieties. The cloud called roll cumuli in Euglaxid and OernjH«.\ is df'eignatod stratoeumuluir 
nndulofus; its wave system is in one direction oiily. It iiiimt not be confiiHod with flat cumulus clouds 
raiigeci in line. Stratocuinuliis often has a mammatut (festooned) chiuactci, thnl is to say there is a 
high relief on the lower surface whore ])eiidant routidexl inaHm'S oi cm ruptiuna are ohscivod, and at 
times these look as though they wo\ild become detacbo<l fiom the cloud. Oare must be taken not to 
confuHO tlUB oluud with some kinds of altostratu** opactm whoao under surface may pjipear to be slightly 
ooriugated; the latter is distinguished by its hhrous stiiicluie. 

Vn. Stratus (St) [Howard 18(K)> Hildt^andioton atiii Abtrcrvmbi/ 1887^1 

A, Definition. A uniform layer of cloud, reat'iuhlittg fog, hut not testing on the ground. When 
this very low layer is broken up into inegutar shieds, it is designated frurtostiatus (irstj. 

B. Explanatory Remarks. A veil of true stiatus genemUy gives the sky a Imsy upi>earance which is 
verv eharacieiutiic, but which in certain casch luuy cause confusion with niiubo^tiatiiB. When there is 
preeipitation the difference is muiiifeai: NimbtMt tains givi^ continuous rain (Huinetimessnow), precipita- 
linn oompost‘(l of dro|>8 which rnuy be srnull ati i spatsc, or elae large (at least sonic of them) and eloso 
together, while atratus only gives a <iti 2 zle, that is to say small diops very close together. 

When theie is no precipitutioii a <lurk and uniform hiyet of stiatus can easily be iniMtaken foi nimbn- 
Ktratus. The lower surface of rdinboHtnitUh however haa alwavs a soft appearance (widespiead trailing 
pri>cipitution, virga) ; it is quite uniform und it is not piMvoblo to niako out dehnite iletail; strntus on the 
other hand has a “dryer" appeal aiice, and howevei titiifot in it niuv be it shows sonic conti uats and sonic 
lighter transparemt parts, that is, less dark wheie the cloud is thinner, enm^spondirig to the 

iiituratici'B between the lolla and glolmlui inasties of stratorumulus, but considerubly larger, while 
iiimbostratUH seems only to fie fechlv illiituinate<i. and us though lit up fioiii within. 

Htiatiis is often a local chnul, and wlicit it bleaks up the blue aky is seen, 

Frui'tostiutus Hoiiu‘(ini(‘s origiiiiiteM fi<im the breaking ti{) of a layer of stiatus; sonietiniL's it furnis 
independently und developH till it foiiiis a layer below ulltMiliutus or iiiiubosti utus. which latter may Ih‘ 
seen Ml the inteistices. 

A layer of frnctoafrjuus luuj he diatinguiahed fioin mnihostrutU'i hy Its darker uppearanru, and by 
being broken up into cloud elements. If IheHc elements have a cuimiliform appeal ance in places the 
cloud layer is called fiuetocumulua and not fractostiatu**.* 

Vra. Nimbostratus (Ns) [C h'.N. 

A. Definition. A low, umotphotis, und rainy layer, of ii dsik gtcy coloui and neatly uniform; 
feebly illuiniiiutod seemingly from insi<le. When it gives precipitation it is in the form of continuDUB 
lain or snow. 

but precipitation alone is not a sufficient ciiterion to (listiiigiiish the cloud which shoulil bo called 
idinbostiatuB wen when no ruin or snow fulls ftom it. 

There is often precipitation which does not reach the ground; in this case tlie base of the cloud is 
always diffuse and looks “ wet" on uceount of the geiieiiil trailing preeipitution, virga, so thiit it is not. 
possible to determine the limit of its lower surfoce. 

B. Szplaaatory Remarks. 'J'he usual evfdiition is ns follows; a lu.ver of oltobtintua grows thickf>r 
umi lower until it becoines a layer of tiiiiiboNtiutus. Bimeath the latter there ib generally n jirogrciBii^ e 
development of vet.\ low rugged clouds, isolated at fiist, then fusing together into nii almost continuuus 
la.ver, in the interstices <jf which Imwevor the iiiiiibustratiui eiui geiicrully be seen. These vei j’ low clouds 
are called ftacloeunmlus oi fiuctoatratus according us to whether they api^enr mote oi less cuiniiliforin 
or sliutifoiui. 

(■enornlly the ruin oidy falls after the formation of thcbc ver^ low clouds, which are then hidden by 
tho precipitation or may even melt «wuy under its action, 'i’he vertical visibility then bcruiirea very 
bad. 

1 Ibidem, p. 13. 

> Ibidem, p. 8. 

* J*'iiRt to ho found with the present meaning in: **(^iiarterly' .TournnI of the Ro,vaI Meteorological 
Hociet.v,” April 1887, p. HH, 

* Kuril fiactfistrutus ni finctocumuliis cloiidH may' lie called nimbus. 

B The intnxluctinn of ninibostratus is considered indisiieiiSHble by the President of the International 
rommittee for the study of clouds, on account of criticisms made on the definition of nimbus in the 
Provisional Atlas. 

The following are the reasons for this new definition: — the definition of nimbus in the Atlas of 1910 
led to some confiioioii; in fart, in different countries the name nimbus was given (a) to a low* amorphous 
rainy, layer, originating directly' hy change from a descending layer of altontratus, (b) to very low, dark, 
ragged clouds iRo1afe<l at first though not later, which form very ofttui below ultostratiis or under tho 
rainy layer dcsscribed above, (a) 

In the present Atlas it was intended to give the cloud (a) the now name of ninibostratus, which is a 
better name than nimbus for a cimtinuuiis layer which is formed by cvululion from altostratus. As to 
eloude (6) they are olnaaed as fractocuinulus or fraetostratiis (aeeordiiig us they arc more or less cumuli- 
form) from which they are not distinguiehed eithei in shape, oi iii theii mode of formation (turbulence); 
when however they look daik in culoui, owing to apecial lighting (c.g.. the presence of a higher cloud 
sheet) and so have a very different colour from ordinary finctoeumulus or fractoetratuB, they may if 
thought necessary, be called nimbus. 
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In certain oaaee the precipitation may prec<>(lc the formation of fraetocumulus or fractoetratus. or 
it may happen that those clnucle do not form at all. 

Rather rarely a aheot of iiinibostiatuH iiiuy foim by uii evolution from a Btratocumulua. 

IX. CumuluB (Cu) [IJou'ord 1803*] 

A. Definition. Thick clouda with vertical dovclopmont, the tipjwr surface ia dome ehaped and 
(‘xhibita protuheranoca^ while the base is nearly hoiisontal. 

When the cloud ia opposite to the mm the Rurfaces not mal to the observer arc brighter than the edges 
of the protuborancoH. When the Uglit comes fiutti the side, the riouds exhibit ntrong couirasis of light 
und shade; against the sun, on the other band, lliey ]fM*k dark with a blight edge. 

True cumulus is definitely liniitud uboM* und Isdow, its surface often appears hard and clear cut. 
But one may also observe n cloud resembling ragged ciiniiiluH in which the difTurent parts show con^ 
atant change. This cloud is deaignuteil fiactocumulua (Ficu).- 

B. ExpUaBtory Remarka. Typical cumulus dpveIo]ia on doyH of clear skies, and is due to the cur* 
rents of diurnal convection; on the continent it apitcars in the muniing, gruwH, and then more or Ichh 
dissolves again towards the evening. 

Cumulus whose base is gcnciully of a grey colour has a imifonn strurtiirc*, that in to nay it is coni- 
posed of rounded parta right up to its Rurumit, with no fibrous structure. Even when highly developed, 
eumuliis ran only produce light precipitation. 

Cumulus, when it reaches the altncunuthis level, is sometimes rapped with a light, diffuse, and while 
veil of more or less lenticular shaiM*, with a deheate btiia(t‘d oi flaky btiucluie on its edges; it is gcueialiy 
shaiwd like a bow which muy cover sevei al duines of the cunuilus, and himtly he pierced by tiiein. This 
cloud which does not confltituto a Bperti*fl is given the name of pt/eux, a cup oi hr>oil. 

The clouds which form below nhoHliatiia or niiubustiatuh and which cun develop into a complete 
layer, through wIkiso interstices the ultOHtratiiH or nimbiMitiatus is generully seen, are iihiinlly fracti>- 
ntriitiis; but if they have a cuiiitilifoim flp)>eaianre they bhould he classed as fturtoeuniuhis. They 
rarely have this iippeariincc duiiiig ot boon after lain; on the othi^r hand it is frequent at the beginning 
of the fotmation of the low cloud, and w'heii If hreakA up. 

C. Species. Among the mure rciimrtcHhle spivies one tiisy note: 

1. Cumulus humilis [Vtncdd 11)07*]. Ciimiiliib with little \ertieal development, und seemingly 
flattened, 'riu'so clouds aio genernlly seen in fine w<*Bthei. 

fl. Cumulus eongestuB [Maze Vei> distended und swollen cumulUH, whose domes have a 

cauliflower appearance, 

X. Cumulonimbus (Cb) [Trnlhock JS80 bJ 


A. Defioition. Heavy miwiRCfl of cloud, with great vei ticiil development, whose eiiTnuliform summits 
rise in the foim of mountains or toweis, the upper putts hu\tng a fibrous texture and often spteadiug 
out in the sliujie of nn uiii il. 

The base n'sembles iiiiiihostiatub, and oue geiiemlly iiolicen vtrgo. Thib hitbe bus often a layer of 
very low ragged clouds below it (fructubtiaiiib, fiuctocumiilus, ef. p. 88U). 

'CtiinuloniinbuH clouriH genernlly pioduce showeis of rain ot snow niid HorneiiiueH of hail or soft hull, 
and often thunderstorniH as w'ldl. 

If the whole of the cloud cannot be seen fkr fall of a real nhou'rr ie enov(/h tn character%ne the rIoutJ as a 
cumulon imbus. 

B. Bzplsiuitory Remarks. Even if a cumulonimbus were not distlrguished by its phiipe from a 
strongly develoiied eiiniuliis itb esRcntiul chnnictci is eiident in the ditlerence of stiurfure of its upjicr 
pait.s, when these ate viNible (fibtous Ntiuctiire and eiiinuhtoim stiiietuie). Alusnes of ci.iiiiilub, how- 
ever heavy they may be, and however gieat theii veiticsti de\ elopnient, should nevei he elasNod us 
cnmiiloniinbus unh'ss the whole or a part of their tojm is tmon/ormed or if> in in(fcc*hn of trarisformuthin 
into a cirrus iiihrr. 


Although the upper ciiriform parts of u cuniuluiiimbus may take on veiy viiiied shapen, yet in certain 
cases they spread out into the form of an anvil. To thib inleiesting variety the name incus its given. 

In certain types of cuniiiloniiuhim, which aie eNpeci»lJ> comniun in spiing in inodeintely high Inti- 
tiides, tlie fibrous stiuclute extends to nearly the whole cloud mass, so that the cumtiliform parts alinost 
wholly disappear; the eloiid is redueed to a iiiasH of cirrus und of virya. 

The veil cloud pileue ih seen with oumuloiiimbua clouds lu. with cuniuJua. 

When a cumulonimbus covers ncarlj' all the sky the l>ase uhme is visible, and resembles nimbn- 
stratns, with or without fractostratus or fi actocumulus below'. The diffureuec between the base of a 
camiilnnimbuH and a nimbustiatUH ih often rathei difiicult to make nut. If the cloiitl inam ilocs not 
cover all the sky, or if even sin nil portiutis the tiptwi pm ts of the eutiiululiitnhuH appeal , (ho diffoionoo 
is evident. If not it can only lie made out if the prccoduig eMilutiou of the clouds has bctui followed, 
or if precipitation, occurs; its character is violent amlintermittcTit (showers) in tlie caae of cuniuloiiimbus, 
SB oppoaeA lo VVie TeWvcIy gentle and contlnuouB pieclpltatlon ol u nlmViostTutua. 

co\»UT tA 11T\ «.Tv>n. imV eireUTnScft\>ing a pttTV tJl 'flte 

1 I hid cm, p. 7. 


« Poey 1803 "Rnr deu* nouvoduv <>i>ew «Jf> iiuiiirrM oIiki.ii/... A T ti m t. i • l 

Sciences de Paris 1803, tome 60, p. 3fil. » '/-s A La Ilnvuiie, K. Acud<S|iiie de 

• “Atlas des Nuagee,” BrurcllpR iflOT, n 8 

* Ibidem, p. 36. 


■ “Formes de Nuages dans I'Europe Rcptentriouale ” 
tome I, psrtie B, p. 27. ’ 


AnnKles dii H. f. M. de Fraiief, nrin^W* IflflO 
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liKbtor crey. This cloud is named orcus and is nothing nioro or leas than a particular case of fractc^ 
cutnulus or fraetostratus. 

bail ly often mammalu» sti'urturc appears in cumulunimbus, either at the base, or on the lower mirfacc 
of the lateral parts of the anWl. 

When a layer of menacing cloud covers the sky and virga and mammatus structure are both seen it is 
a sure sign that the rloud is the base of a cumulonimbus, even in the tt})8cnce of all other signs. 

Cumulonimbus is a real fnrUrry n/ elotuin; tt is teaiMinsible in great ineasiiro for the clouds in the rear 
of disturbances. Uy the ai)rea<linK out uf the mote oi Icaa high parts and the Jncltiiig away of the under- 
lying parts, cumulonimbus can produce either more or less tliick sheets of ultncuniiihis or stratocumulus 
(spreading out of the cuTnulifonn parts! or denae cirrus (spieadlng out of the cirriform parts). 

C, Species. Amongst the romuikable species may )»e noi<»d: 

1. Cumuloiiimbus caItui [C.E.N. ("umulonimbus rharartorised by the thunderstorm or 

the shower that it causes, or by vtrga, but in which at first no ciriiforni paiU ciiii be made out. Never- 
theless the freezing of the uppir iiaiis lias alieady begun; the tops uie beginning to lose their cumulus 
structuie, that is to say their rnundod oniltnes and clear-eut contours; the hard and “cauliflower'* 
swvdlirtgs so^m become eorifitsed ami mcit away so that nothing can be seen in the white moss but more 
or h'SN vciticoi fibii's. The freezing, urcoinpamed by the change into a fibrous structure, often goes on 
\ery rapidlj. 

1. Cumulonimbua capiUatua [C.E.N. 1020^]. C'umuloniinhiis which displays distinct cirriform 
parts, having sumelimcs, but nut ulwajb, the shape of an anvil. 

iNwrancTioNs k<ih ihe Obsbevatiok or C't.oni>a 
Determioation of the Cloud Form, Varieties and Cssusl Details 

At the time of earh ob^«'r^*ation ii is cssrntiai to ilvtt^ruiine tlie familj' to which the clouds belong 
(high cIiiMd, middle cloud, low cloud, or cloud with \eiticul dexelopment). 

The obseivei will then specify and enter in tin* oIiscm vntiou book: 

1. The gi’iiiiH of (he cloud dcHcribed by the intet national code number used in the Atlas. It tiiiist 
he r(*ineuibeied (hut t>pioal forma aie relatively laie; it is generally forma nioie or less intorniedialo 
(hut aie ubaei\<>d; 4‘onsequoiifly one iiiuKt determine the t^'picui form which the cloud oliserved most 
closely reKembl<*h, 

2. 'I'he Hpocica (thi* iMiitieului kin<l of cloud liclonging to the genus iilrc^ady determined) making use 
of the dofiiutious, and the names given in the Atlns undet the elond m queation. 

3. The variety ((hat is, one uf ihe pai iicuhu foi iiia common to different genera) using the definitiona 
and nbieMutiutii, given buloa. 

4. The ciivual details, which do not charaeteiise either sjieeieb ot vaiieties, ueeoiding to the defiui- 
tiouH given lielow. 

If the cloud is in process of evolution the ol>M'ivei should note* both the present and the preceding 
fornm. 

The general and ptiricipul species ha\c been deticiil)e<l on pages 884-891. The most important 
vuiietins and hpoclal festuros are defined below. 

A. Principal Varieties. The chief vuriettes common to different genera ale ns follows. 

1. Fumulus (Fum.) {Rttl<r 1880^]. At nil lc\ch., from ciniis tostialus, a vei> thin veil nmy form, so 
dehciito tliat it niny be ulnuist iii\ isihlc. ThcMc \eils s«H*m to Ik* most ficqucni on licit da^s, and in low 
iHiitudes. Occubi^nislly tlic\ mav be ubiw'rved to lliicken rapidly, fuinuug clouds c-hmI^ visible, cspc- 
ciully riiniB and t-uniuluh, The clouda thus picMlucrd seem unstable however, and usunlly melt away 
soon nftei theii formation. 

('intis fiimultih iiiUKt not ho cotifuM'd aith ciirostiatus iiebulosus. The lutte? is much niuic stahlo 
and does not bliow' the ph(*nonienun of the formation and suhseqiient tnpid diBn])|K'arnnrc of eirnis 
cloiiiis. 

Lenticularis (Lent.) [r/cnicn/ L^ii 180(<b t’Uiudh of an ovoid shape, with clean cut edges, and 
bumclimcs iiisutions, c*spcciu11> enninion un da>s of fohn, aiioreo, and mistral winds. This form exists 
at all levels from cjrrostiiitijs to stuitiis. 

8 . Cumuliformis (Cuf.) \Atlnit IRUfi'*]. The ruundetl foim resembling eumulua which the upper 
parts of other clouds may sonudiiucs assume. This may lx* Ht>eii at all levels from eirriis to stratus. 

4 . Mammatus (Mam.) f(Vcmc»/ Lfu (8t>4*{. Thia dt^ription is given to all clouds whose lower 
surface's foj in pockets or festoons. This foim found esiieemlly in stratorumuhis and in cumulonimbus, 
either at the base, or even iiinre often on the lower Nurfaer of an% il projeetioiiH. 1( is also found, though 
rarely, in eirrus clouds, jnobnlily when liave originated in tlie un\ il of a dispersing enmiilonimbiis. 

5. Undulatlas (Und.) fr'laylon 1R9G^]. This term is applied to clouds composed of elongated and 
parallel elements, like waves of the sea. It is well to note the orientation of these line's o> wavcai. When 
there is an appearance uf two distinct systems, as when the cloud is divided up into rounded masses by 
undulations in two directions, the oliserver will note the oTientotion of the two avstems. Observation 
should be made onlines as near the zenitb hm iioswble to nvnul eiiors due to perspective. If the undu- 
latuK variety is very pionounced, the orientation of tlie hamis should be delerniincd and recorded. 

* Circiiliiire C. K. N, n* 47, p- 44, 

* Ibidem, p. 44. 

* Annuuire de la Mt'tt^orologiquo dr France, tome XXVlII, Paris 1880. p. 109. 

* Stratus Icnticularis, Ibidem, p. 49. 

' Atlas International des Nuages, Paris 1899, p. 8. 

* CiimuJo-Stratus et Ciinuilo-Ninibus Rianiinatua, Ibidem, pp. 84, 104, 

7 Ibidem, p. 348. 
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e. lUdUtuB (Red.) [C.E.N. 1»26>]. Thiit t 4 >rm ie ii)>pUud to clouds in parallel bands (polar bands), 
wliich owinK to perspective seem to cuiiverne to a point on the horisou, or to two opposite points if the 
bands cross tho whole sky. The point is called the radiant point, or vaYiisliin^ point, and its poaiiion 
on the hurison should be noted (N, NNK, etc.). The point on the horison should be noted where the 
hands, if prolonKt'd, would convetRe, if they do not actually reach the horizon. 

B. Casual Varieties. The chief casual varieties are the followinff: 

1. Vifffa, wisps 01 falliuR traila of precipitathm; applunl piincipally to altocinnulua and altnstratus. 

2 . PileuSi a cap oi hcKal; applied piincipally to cumulus or cuiniilonitubus. 

3. Jiirust Bn\il: aiiplied to cuinuluninihua. 

4. Arcus, arch cloud; upplied to cuinuloniinhuh. 

Tub Nb( bbbity or Notino tkk Hivir ihr Sa.Y as a "W'uoi.fc. av» or I oi.lowino the Kvoi.utiow 

OF THE Cixirns 

A. The Necessity of Noting the State of the Sky as a Whole. It is evident fioin the speeincatioiis 
of the cloud code that to duHCiihe the sky ui the btatioii ut u puiticuhii time loRically and completely 
it is iioJ etiouRli to know the goncia oi even the Riie<*les of the clouds picseut for exaijiple, altoiujuiiilus 
appeni'H ill aeveii e])ccifieiitions of tlie c«»dp. and ciiius iii nine. In ieulit.v »*ach hpecifioution of the code, 
as the expliiJuitioiiH slinw, is not s<i much u dry enumeration of the genera or species of clniids in the 
hky, as a Reneral iiidicaloii of tiie stiuctuie, the organiAution, and tiie evotiitioo of tJic cloud complex 
which untken 117 ) the Htate of tin* »ky. .Sniue BiKMulicationM only jefer t« the general structure; for 
example t’w » fl ia u thundeiy sky'; evciyoiie knowb that in thundery conditions dcgenorati* cloud forms 
are met nuth which lire \oiy diifioult to claaaify, while the thundery look of the whole sky is apparent 
immediately and without any doubt. 

EiichsrN^ifie.'ttion of the code coricApondb to a state of thcbky', lower, middle, or high. The observer 
should have at his fingers' ends the conimentnriea accoinjmnying the definitions; he should consider 
as a wluile the Inwei, middle, (>t luRh clouds theie deacrilied, uiid try to nmke a considered judgment of 
tho uiiheived sky as u wliole, «o that lie can diicctly apply to it a numhor of the code. 

Tfie ddaUfd analunis /tf ihr indivtdual clouds should folluu and no! precede this rcroj/iitVion of the state 
ufthe sky as a whole. If the ohseiver getb used to thu, couibc he will find iij a hhort time that the differ- 
ent states of thu sky, lowci, muhlle and high, coirestiomUiig with the emle, will seem just os “live** 
as the ty picul cloud forms, ari<l it will be |ust hs easy* to identify n bLuie of the sky us the form of a cloud. 

B. Necessity of Following the Bvolutioa of the Sky. The aspect of the sky Ir continually' changing, 
and many tiansitioiud forms exist between the diffeient tvi>ea of cloud described. It is relatively 
rare fo? the obsetV(*r to sec typical clouds of one genus wliieh float past, or persist iu the sky for any 
(•(insiilciahle tune; in nioht cabOi he will find that he has dilfieulfieb nt the time of obseivation if ho 
)ms not taken the trouble to wateh tho sky Hitioe the Inst obceiviition. If howevei he has taken this 
precuutioii he w’ill often be nlde to refer u confuMtig btute of tite hkv, or a (uirticulni cloud, to a )irevi(>uR 
state which was typical aii<] easy' to identify. Mureover i)io«t of the speeihcHtionH of the cloud rude 
take into iiceniint tlx' evolution uf the cloudn. A single isnlnted obseivution is inbuflicicnt. 

As rcgardscvolijfioii, the rivognitioit 0 / the*tafe«f tlic^ky aea whole, t in'ornmemitHl in the fircvloiift 
parugruph, is bcltei than the hlentifieatioii of clouds eonstdered h\ iheiiiNcIvcN, for us a iiinttcr of fact 
the evolution of th<* stute of the sk.v cun he followed Sndidiniteiy at our> station, while the evolution uf u 
cloud, if, UH is usual, if is a "migrant*' can only he observ'cd during the relatively' short time that it 
takca to crohB the sky. 

CLOUD CODE 
Lower Clouds 

0. Xo lowrr douda 

1 . OumuluB of fino wt'ulhpr 

2. CumuluB, heavy iind awelliiiu, without anvil t«]) 

3. Cumiiloninihus 

4. Stratocuinulus fornied by the flattetiiiiR of ruiiniliiK eloucla 

5. I.ayiT of BtnitiiB or striitocuiiuilua 

ti. IjOW broken-up elouds of bad weather 

7. Cumulus of fine weather and stnitoeunmlns 

8 . Heavy or swelling eumulus, or eumulonimbus, and stnitoeumuIuH 

9. Heavy or swelling cumulus (or eumulonimbua) aud low raggial elouds of bad 
weather 


Middle Clouds 

0. No middle clouds 

1. Typical altostratus, thin 

2. Typical altostratus, thick 

3. Altocumulus, or high stratocumulus, sheet at one level only 

4. Altocumulus in small isolated putchra, individual clouds often showing signs of 
evaporation and being more or less lenticular in shape 

* Circulairc C. I'h N., n® 47, p 30. 
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5. AJtorumuluB arranged in more or leas parallel bands, or an ordered layer advaneing 
over the sky 

f>. Altocumulus formed by a apreading out of the tops of cumulus 

7. Altocumulus associated with altostratus, or altostratus with a partly altocumulus 
character 

8. Altocumulus castellatus, or scattered cumuliform tufts 

9. Altocumulus in several sheets at diffen'iit levi'ls, generally associated with thick 
fibrous veils of clouds, and a chaotic appearance of the sky 

Upper Clouds 

0. No upper clouds 

1. Cirrus, delicate, not increasing, acattered and isolated masses 

2. ( 'irrua, delicate, not increasing, abundant but not forming a continuous layer 

3. Cirrus of anvil clouds, usually d<‘nse 

4. Cirrus, increasing, generally in the form of hooks ending in a point or in a small tuft 
a. C;irrua (often in polar bands), or cirrostratus advancing over the sky, but not more 

thaii 45 deg above the horizon 

e. ( 'irrua (often in polar bunds ) or cirrostratus advancing over lh(i sky, and more than 
45 deg above the horizon 

7. V'l'il of cirrostratus covering the whole sky 

8. Cirrostratus not increasing, and not covering the whole sky 

9. CirrocumuluH predominating, asHociated with a small quantity of cirrus 

STATES OF THE SKY* 

('labhiiicatiun op Biates ok tue Set* 

Thib olttbbifictttion Ji« based not only tipon knowliHlsc of the physical procusaon involved in the fornm- 
tUm of elouds but aImo upon tlu* synoptic study of dibtiithanvcs. 

'I lie (Miuineiation of the KinUa of cloud which rover the Ak> at a Riven monirnt is not n niifricicxit 
chnnu'tiMisntJoii of the '‘state of the sky/* What n>4U)y churacliTlses it la thr uRgrcKute of the Jndi- 
vtiliin) cloiulh aiul their orKHuiiution. 

\ <lts(i{i<*(ion will h<* drawn helwoen the “iipitw o/id middle sky” and tho “lower sky/’ (Tho 
divihiotib of the spiU'O which may he oocupieil by cloude, oi inthei the cloud ootiiploxes contninvd in 
thc'iii, will he n'feired to rcpe«fc<jl> in the foliowingxiageeso that it wiut nreeabary to adopt abbreviated 
tet Ilia.) 

'I'lip Plate of the iippei and middle sky is ileteriiiini^l l>> tlicimodyiinniirul procobsca Uhsoriiitcd with 
big Atninnpheric iliMtuibunooH. 

It is must often a fpie^tion of adiubatie c:ipnti'>Hm which aecDnipunies a Rrneial fall of prossure. 
Tuibiili'iit procesRCP alao uie always to be found t«i a Rivatcr or lesser eAlent and iiiuiiy Hspeeta (leculiar 
to the iiiidille Hk> are duo to iuibuleitcv. Kven eonteclioii may sonietimes have efleet up lu thune 
altiludcb. liut in ROiierul thoee states of the ak.t deiwiid almost entirely upon the i^ynoptie situation; 
the^ roi rcR])ond to definite Neetoip of biR atinoapheiie diMtiirbunceh and are like them nuKraiit oi durable. 
They appear iiiohl clearly in middle hititudea, for in low lutitudoH, apail fioni tinpieul e^elunos, varia- 
tioiiA of piOMMiie are often feeble un<l local while in norilieiii leRicms the upper and niidiilo aky is often 
masked by h ^t‘T^ overcoat lower skv. 

The htate of the lower hki* on tho eontniiy is deteimined by the meteoroloRiual conditions existing 
in tin’ hia ht.i er which ip direct h iii/lncnei^l by tlie suiface of Uie earth. Cloini fnrnnitionp in that part 
Hie essentiuliy eauHod b,\ the piueesiieh of eon^ection or turbulence and sonietiineR by eooliiiR by rudiu- 
tinn. Theae hintep of the sky are tiierefnre nndeiHtaod to depend larirely upon the nature of the purfaee 
of the earth whether sea or liiiul, upon the rcliM of the land, its heatinR, etc. 'I'liey are particularly 
abundant and heavy in maiitiiue and northern climates. 

I. Upper and Bfiddle Skies 

These states of the sky are one of tho princrjMd manifeetiitiona of tho life of larfre normal atmospheric 
diaturhaneea, and characteiisc the various sonen; front, central, rear and luteinl. 

In some of them it is ailvisable to distinRutHh between the cam* of r feeble disturbance and the ease 
of a typical, well developed disturlmiiee. Further, in the hitter ease the panic atteiinated appects are 
to 1)0 found in the aoiitli lateral seetinn. 

Finally it is expedient to treat separately the biit thnmlciy iliHturbniiees of iiiidillc latitudes which 
exhibit eharactcriplien peenliar to thuinselvcp and a dcRrce of compleTitv unknown in ordinary dip> 
turhanrcB. In such easps no useful puipose is served by diRtinRuisliing more than the front sotie on the 
one band and the central and rear aone on the other. 

* International Atloa, Paris, 1932. 

> This claPBifioHtion has boon buse<l upon experience Raiued in Kurotio by studying extra- tropical 
depressions. 
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There arc, therefute, in abort the following states of tbo sk>': 

1 . Emissary aky. 

2. Front sono sky, typical. 

3. Front sotic eky, WHuk. 

4. Lati'ral sky. 

5. Oiitral sky, ty)iicul. 

0. Cential sky^ weak. 

7. Roar sky.^ 

8. Pre-thiinrlerstorni sky. 

0. Thundery sky. 


n. Lower Skies 

A. Simple Skies, a. “ Contfeiion'^ Skiett^ The extent Hiid intensity of ronvection depend upon 
the vertical instability of the atinuephoie which lesiiUe fioin the heating of the suifuce ln>ei of a muss 
of uir which is cold above. It also varies with the water content of the upper layers. Three staten of 
the sky are to be (liatiugiiinhed according to the iiitetiaiiy of this convection: 

1. Cuniulifoiiii sky of fine weather. 

2. Dinttirhed eumnlifnrm sky (without cuiiiulonimbim). 

3. Disturh4>ri cumuliforiii sky (with cinniiloninibiin). 

6. " TurhuJejicr" SkienJ When air is slightly dtnturbed over a laige surface on a smiill scale, hori- 
sontal layers of clntul uie ]jt<idticcd. The following diHtiticlionB me ilruwn iiceonliiig to whether the 
area of <Jisturlmncc is oleaily bounded above by a much moie stable laj ei, oi whelhoj it has no distincllj 
dufiiietl liinitH: 

4. Htrntifnrin sky (stratus or strutucumulus).^ 

r>. Ainoiphous sky (fractostrsitus oi fraetueutiiulua of l>a<I weiithei).* 

B. Mixed Skies. Sotiu* combinations <»f two of the^ nkicH me e\ idently inipossible. h'or examT>lc, 

the anioipkouB sky cnniuit exiat nt the snine tiiiic as the cuntubforin of fine weathei beeuiiHe there is 
then nut enough liuniidity; the aasociuiion of a stiutifotin sky with that of rutiiiilonimhuh in luie, the 
marked inveraion of the former being compatible with the pow-crful convection of the latter. 

The following romhinutiuim me conceivable: 

(1, Cumulifonn aky of line weather (1) nnd Ntraliforni sky (4). 

7. Disturbed euinuliforin sky (2 or 3) and sttatiform aky (4). 

8. Disturbed ouniuliform sky (2 or 3) and amorphous aky (o). 

m. CombliiAtions of Lower Skies and Upper and Middle Skies 

The various states of the lower sk,\ on the one liiuid and of the uppei nnd middle on thv other hand 
can naturally exist aepnni1<*]y. 

It must, howevei, lie noted that the nmorfihoua sky ns^oemted with turbulence enn only exiat 
bcneatli u layer of middle cloud (oentrul zone) oj iindei a \iiht cumulonimbus (leui zotic). 

On the other hand, the rear zone wiiieh, in its ui»|»er and mnhllH partM contnina f.ome fr.ignientA of 
elniidn (fragments fioni inidtlU* iu.veit. oi eiii UKsnd altoeiimuluh eiiiiiiilogemtUK), in neecHHuiil^i fax omuble 
to veiy vigoioua coiixectiou which extends to high altitudcK )>iodu(’ing di'^tlubed cumulus oi e\en 
rumulonimbus. A distuilied cumulifonn sky or one with euntiiloniiiibuH in therefore neressarlly awo- 
eiated with the upper nnd middle pait of a rear M>iie ami itself coustilules Ihu chsentiul eliuiaeliuiHtic 
of the roar set'tor of a disturbance*. 

Mnny eoinbinntinns of lowei HkicN witii upper arid luiddh* hkies aie poHnible, but not nil, however. 
Thus, fui example, beneath the middle la.x ers th<*ie x'eiy often exists n lu.'iikcil Hiibsideiiee of the nil w'hieh 
tends to weaken convection so that this state uf the sky is iiiromputitde with a distui hed cturiuliforin oi 
ciitnulonimbuB sky. 


nKriNitum AND nKscKierioN ut THK SrAi'KH OK Sky 

A. Upper and Middle Skies 

I. Emissary Sky. Sky of ctiruH. Either imtiate*] or fotnting little gioiips ut some distance from 
each other. 

The types of sky which muy he diicctly replaeeil by nn enuHsiiiy sky arc: the cumulifonn of fine 
weather, the stratiform, the leai xone (winch it follows fuirly often when there is overlapping of two 
disturbances) or the thiiiideiy sky 

These cJotnIs are the tint intiirntiimfi of the preiH'nro Hf h distance of h iliblnrhanee, from which the 
cirius clouds eiimnuto. 

When the observer is on the extreme edge of the diatnibanee, wilh only tiieac cmissuiy ciiruB in view, 
he cannot know whether he in in front oi at the side of the depiiwsion. 

This state of the sky is (lislinguishable from the beginniug of the front zone sky by the fact that the 
cirrus have no tendency to coalesce. 

Compatible lower akiee. All lower skies may be accompanied by enutwary cirrus above. 

^ The more or lens accent iiutcd churactoiisties of this section of the sky sre detei mined by the nature 
of its lower part. 

’This term is not to be understood in its precise physical sense and does not presuppose the exact 
process of cloud formation. 

* Stratus and stratocuniiilus do not differ eaBcntially except in iieight. 

^ Thess olouds may also be called nimbus. 
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n. Tyirfcel Tront Zone Sky. Bky of rirrua in line filamenU, regularly arranged, passing progrea- 
eivoly into a transparent veil of oirrostratua or altoetratus. 

The upper nnd middle skies which may be direct followed by a typical front aonc sky are: the 
oiuissary sky. the rear sone sky (superinipoaition jiCMiible) snd the thundery sky. 

The tyi)ioBl front sone sky begins with oiirus sometinics aceomiianiHl hy ciirocuntuius. The cirrus 
are geneially of the fibiuus type in long transparent baiidjt, nevci of the foamy or irregular type which 
is encountorod in thundery disturhancoa. 

The moat rajiidly moving oil rua are to l>e found in thia alutc of the aky. In Europe the direction of 
the current in wliicli they travel is generally between W.S.W. and N. W. The oirrucumulus are generally 
in the classical form (little white globular niassi'H rather transparent and rloae together). 

The eirriis are soon icplaced hy un iinmense cirriforni sheet winch is very bruiispurent at hist. The 
most l)outitiful Molur phonomena nie to be observed with thia type of cirrosliatiis; tlie complete halo of 
22° is un almost regular occurrence. 

At the time when the lirKt elouds of the fiont sone aky appear, it not infrequently happens that the 
last cloud elcineiits of the pieeeding disturhanee have not y'et diaappeured; with the result that the over- 
lapping of a rear sone nr thundery sky complex writh that of a front sone may be observed. 

Compatible lower ekien: vuiious convection and stratifoirn iyis's. 

Under the cinua there ib often at firi,t a cnmiiliforiii tyiu* l)eluw (only over the land and provided 
the time of day is favourable). But an the veil of eit lohtiatiib develojin, these cumulus clouds '^subside,'* 
flattvn out and generally end by disitpiioaring. 

If a stratiform sky hiis prevailed before the arrival of the front sone, the low clouds can generally 
be Rf*eii to break into fiHgifieiits and disapficar but thcie aic exceptions to this rule. It may happen 
ilmt the fltrutiforiii nky liidea the whole evolution of the front sone aky. 

ni. Weak Front Zone Sky. Sky comiKieed of middle elouda (more rarely liigh). regularly arranged, 
often ill iiurnllel bands. Butikb of aliucuiuulutf not vei> duck and with clear outlines, uniting gradually 
into u runtiiiuouH layer. 

The stuti's of the sky which nia> he diiectly followinl by a weak front sone sky are: the emimary sky, 
the real sone ski (snis'Miiipusjl ion )ioH.sible> uiid the thundeij sky. 

Tlic weak fiuiit zoto' ik.i hegii)«> with nltocuinuluR which is ns likely as not to he accompanied hy 
cirmi. (TIktc might s<miotiiiu*b he a teiidenev to confuse the ultoeumuiun with cirioeuTnuluB.) 

Tluue ih not inueh to be said about the emus. It is geneiall.v of the type deaenbed above under the 
tMiinU flout zone heading hut it is geuernllv h*t»a ahiindaiit and less lupid. 

'I'he iilioeuinulus oloiuls belong to two diffeieiit varieties bitt often exibt together The one kind 
I'oveiH the bky with un iiuiiihii<u> pulehwoik; the leetUimuLT fissuies which driide them eall to mind the 
orrmiiKMitation of a eroeo<iile’s >.kitr, their niuttei is often disphiinous ami the bhto of the Hk> which is 
seiMi thiough then iouhs Idends with them at the c<lge<» in uu almost imperceptible fttahion. On the 
edge of lIu'HO hheeUt ot of thi’ fiagiueiita wlueh lxH‘Oitie detoehod, the cloudlets uie much smaller and, 
in places, vriy Miiiilur to einoeuiindtiH. The other kind, on the eontiiuN, congregate and foim large, 
elotiguted )mn<ls the fiont u<lge of which ciossc.'i the sky, c)e}u>rul and lectilinear in hImiHS their matter 
is whito and opaiiiu* w'liile the eloudlelb eonstitiiting the humis are in the shape of rolls or o\ oid stones. 
'I'o t hih variety belong usually t lu' clouds which on some suinmet evenings hide the sunset with a hori- 
z<jiital > ioLet bni ilei uiid wlueh ui e soTuetinx's calleil in eiiur **.st lutUR of the horizon.” The character- 
istic optical plienoineiioii orcubioiKHl by thcM* elouda ib that of the solar or lunar corona. 

Altocumulus with “scaly” edges <>f so fuNpient occuiicncc in thundery conditions arc not found 
with this l> pe. 

ComnaHblf Inwrr akics. 'Plie lower types whieh roav exist below a wimk fi ont zone sky are the same 
as in the case of u typical front zone skv, that ia to say, convection or stratiform akies and there is the 
sauic tendency foi low clouds to <libappe:u. 

IV. Lateral Sky. Little isolated bniiks of high and middle cloud, often lenticular, iiregularly 
Hiranged and in peipctunl tiunsfoi iiiatiou,i 

The htates of the sk.> which may he directly' followed hy the Intel al t vi'C aie: rumuliform sky of fine 
weathei, stratiform sky and einiHsuiv sky. 

The luteiul sky altiiust iilwnv >1 follows the iMilutoil eiiius, the diRtiinl forerunners of the disturbance, 
oil the flunks as well as in the fioiit. 

Aftei these eiriiis cloudn, wiiieh in some instani'es. howcvei, luuv be wanting, the altocumulus 
a])ppui ; IheHC middle clouds idmuld not be ronfosed with the ’‘shredd” of tlie rear zone sky' nor with the 
legulaiiy ai ranged lunoaes in the front zone sky. Beie liiey appeal in isolated bunks of altocumulus, 
arranged ineguluilv. litMiticular ultocumuliui. of |H*aily whiteness, is of fiequent occurrence in this 
type. In the general way, these hunks of uIKhmiioiiIiik me remarkably unstable in form. They are 
iricesaantly dispoising or developing sfiOsU; if any one looks at IIlo aky after having c<‘aHcd to do so for 
a few iiunutob he will iirul it eoinjilctely' changed. 

The wind generally nuiuuns light since the place of olmcrvution is far removed from the centre of the 
disturbance. 

The sky ia never completely overcast; the amount of alto<MimiihiR reaches u ninximum. then dimin- 
ishes Again and the fine weather sky leappears witliout any' more serious effect of the disturbance having 
been experienced. 

Compatible loti'er »kie». I'hese arc of the convection (exeejiting disturbed ciimuliform with cumu- 
lonimbuH) and sirotifuim ty'pes. 

I This deseriTition of n lateral sk.v only applies to the lateral sone on the warm side of a disturbance 
(southern Hide in Eui(>|ie). On the cold side (northern side) the lateral part in a typical case presents 
exactly' the same aspect as the front sone (cirnis, then complete veil of cirrostratus or altocumulus). 
Fine weather, however may follow immediately instead of the rainy weather which follows in the front 
sone. 
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Uenoath th<> luterU skv a curnulue type can without suheiding much Neverthel^AB large 

cuiniiluH longibtu^ an rartl> found thrrc (except in niountiunoiis ngionB) A stratiform sky la fre- 
(liu fitly HSNOciuted with a lateral zone nky eapeoialW in mAntime oliniatea 

V. Typical Central Sky Low ceiling, opiqu* \(il of nltostiatus oi of luiiiboatratua becoming 
covered bv frirtoiti itiii or fTtKtociiinulu'i ind |>cihi|»i giiing rnntinuoiiq ram 

The oiilv uppi r and middle stite of the bk> which tan precede a central zone aky la the 

t^piril fiunt 2 un( bky (^om( tinu s hidden i sttulifotin bk\) 

1 he v( d of cirtosii itus in the front sont is boon followi d h\ a t hi( k< i \i i1 , the halo disappi ara 
uiil ih( Mill! unlv r( tiiiina Msible as a hil\cr\ ai>ot of ill defined lonloiir and filling hiightneBs Ihis 
isthi t\pKil iltostritu^ appeiratut Altoeumnliis mil ciiioruinnlub oriithii clouds looking like the 
hitler bill bung pcrhiiph ouh iltocKiniihis tr< still to lx skii but nisteid of ipiuaiing white agaiubt 
the I luL of tliL bk\ thc\ stand out d iik grev aguiist tin |a iilv grt > of tlit dllostiatus \iil Often tin \ 
iK rn is^i s of litth round spots innrc idrch thi^ < st( ml in dost p n ilh 1 liin b ri n inmcf nt of the undiila 
tioiib winch tin h< a foi ms on the siml of the acubhoic 

It IH at this nionniit thit i ch n ictttistu phctioinition m i\ bi seen tlu ii iiispucno of the an 
liaH l>er nine p< if< < t in n tin \( il of dt »sti it us id\ iticis tin hoTtrnnt*iI sen in of cuniuliiR disajipcars 
us also the miht which shiouds dist mt ubpets bem ith th< high n unit of tin bk> tlu Htniosphi ii bocoiucn 
itniiiiiiHe ind liniiiul 

Hut tin sun noon disi]i]ieirs itid tiie ceiling of ultosti itns d \rkens ns it boenmrs gradiiulU lower und 
passes into liinibosti itiis Mini guniilK of tlu cotiiintiutni kind btgiiis ind laata for acvii l 1 hourR 
In some conditions the riinfill irm\ In inobngftl snd list the whole da^ Miinfill iccompaii^ing ilto 
btiatuB or iiinilxwtiutiib is g< iici illv iiiott mtciisi than tlu light i iin fioin allot ii in ulus in a weak cenli iil 
tik> t\pi lint It IS not IS liniinltiit is in the dowtipouis fioin tin t\piiilieni rone bky which follows 
1 lie AtiiiiisiilK i< isMi\ hinnid inotlu r point of ilifl«i<nie between (iiitrjl rum snd rear roiu showers 
A isibilit\ IS lather bid In giiienil tlie hluit of altostiiluH oi niuibobtniliib lerniinntes shortiv uftir 
tin rain str ps its re ii idgr being gciier dt\ fiuih eh it cut lu tilim u in uhapi and of fibrous htnielurt 
In fi wc r r tsf b It in i\ be poBSibte to witness u progiesbise thinning of the dtosti iliis or ninibostr it us for 
soiiii houro afui the run 

C(tmpaf\h\c lavrr sku 4 1 he iinori hotts sk> is tiece ss inl^ uss« c i ited with the t^ ] u il ei titi ii eoiu 

sky 

Th( comphti passage of an altosii ttus sistcin is ilwats ireonipinieil bv low douds If tin lown 
p irt of the sk\ is eh ir of clouds at tlu time of the niriAul of thi nlloKtritns svsti n low clouds art sc c n 
to ai 1 1 it in lilt form of fiaetostrituii ft iitiKuiiiuliis or stiutocuiiniluh but in tlu liiht c ise also tur 
ainoiphriis londiti m (fi utostt i(us) cloiniiittis in tlu eml I ven if there in still souii cuinulif inn 
rloiidn wh< ii the << ntr il rone eomlitious s< t in thev uo giadunllv ti msfoniud into fr irtoati it us I lu 
littir sonii times foiin cMUtuilh a eontitiuuus Iuv<r whiih intiniv hidis tlu iiltobtiatiis ot iiitulio 
stntus NMicnthc mnlnsueirh cc ised filling howtver thi ft iitosti itus iz often trinbfornicd into 
fnutoc timuliih 

VI Weak Central Sky I ow culing 0| ique veil of dtostiutub fuiimd from dtoiiimulua wlueh 
have eoalcsecd ooinetimos but not dwitvs breoining coMriii b\ friitosti itus or i v frnrtorunmbm iiui 
being c i|)ub]e of giving iiiori or hss continuous though shgtit lumf ill Mistv sk\ Wind genoraliy 
ritliei light 

Ihe onlv niMui and nnddU stall of tlu vk\ wlmh can In dinctW foUnwid bv i we\k central zone 
skv IN tlu wt ikfioiit roiu tvpe 

I hi bail kb of iltoeutnulus in the weik fiont roiic skv aie fo|]r>w« d 1 \ i slu 1 1 nf altoi uni ulus of the 
sicond V iMit\ ilesciibed uii puge 887 but much more extruHiv i than those b inks On thi fionl edges 
iltoeurnuliis without shidows uc <l( iii> mid Hut ilmost iinnii di itilv shulows bigin ti fnim on 
tlu iltocuinulub ind tiuv develop into t uniform shut tnu iltostntus the dtr ru iiiilus structure 
being uliiiust indiscuiubh mist intervenes an issentid f u tot in Ihc wi ik ctni il rone skv and one 
winch (out 1 1 tint I stow lids liii uiitforiu ij pt ainnci of the altostiiitus in s u li a f i hi >n thit if tlu edgi a 
liidnot liH II olisi I v< d It woiilil la iiupiHsilde to distinguish it fioin in iltostialus e f c u tif itri strurtuic 
\Micie tiic mist is not loo tliK k to b( j uicid b\ ilie sun it iliffuses a warm iiicl gildi d inn ovei thi 
wiiitiness of t!ip iltiieuinulus In illotiur] iits n gievish nnine veil sj it.ids ovci evirvthing \jsi 
bibtv d( 111 loi itis lapuUv aonu iiiuvs to unlv i f« W hundre il nut is 

I I utosti itus iiiti I niirigh s witii Die mist in smiU shredb of httU rlensitv Jliese clouds whii h 
in ft tvpual iintia] rone skv tin ilruost dw ivs isnrxiitid with lum oftin pass without giving run in 
tills tv pc When run dm s fill it is fine and icMinblis at tinus i iuuvv drirrlp Altosti itiib of this 
tviK dots not < xhiiut the same coniiuititv is in tv pu it central roiu r isis Ci i]>s or tiiiii ) 1 u C8 uiuv 
Hppeat Soinitinus ivin i rift tiiiv divide it into two shcctM the mist tiun iuroTues inoiru ntvrilv 
invisible oi)l> the whitish cobuii of Du skv leveUsit 

ihc rial edge of thi sheet is foinud of iltcMiirnulun without eh iduw shm'v white and verv opaque 
It Stands out i UuiU agunstthe skv ind is oftc n liioken by well marked lissurea thrnugti whieh file blue 
skv IS ai tn 

( ompatibh lover akten amorphous The lower skv is analogous to the corresponding one in a 

(vpirdl cf nti il skv Ihc qiimtitv of low cloials is alwivs Jebs fin cxeeptinnal enses tiiere is nbne at 
all) and tlu fr ic tostratiis is seldom suffieient to hidt (he skv iIh^v e romplr telv 

Vn Rear Zone Sky I nst tide wcathe r chaneteiised |>v mpid altfrn itionsof pronounced iinjiiove 
Tiieiita with cx( iptiona] visibilitv me] iiienuiing chsteirbed skies whie Ji nnv bt arconipaiiiid hv showers 
and Bqimlls J he iipja i anil middle jinrfs of (lie hkv root un « m iins of dense md ii I itiv eh low high 
or middle clouds 

In the case of tlte real zoneskv the lowi r skv is insepai lidi from tiic uppt r and middle skv It is 
ehnractensid iiv more oi less jiit< ns* tom ecfion That gives (hi doniin it mg note to the sc ene md Die 
tVpicaJ or we»k iiitun of the distiirhiiic* in inamfisted bv the degree of intensitv of conveelion 
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If the lovvtr sky contains rumiilonimbus (heavy ahowets eqiiillR) the fliaturbanco is a tsrpieal one If 
th( n aic only disturbed cuinuhfurin clouds (hhovieig and feeble Rug1<« of wind) it is weak 

A de<i( iiption of a typical rear sont flkv wiU lie followed by that of a weak one but la both, the lower 
puit of the Hk\ playa a laiRe pvrt 
1 ifbt It Rhould he noted thit 

*1 he rear sone sky Reneralh follows the c ciili d rone iy i>e ^ 

a Typical rear zone aky ll h w juat Iili n shown tint the dotiunalmR characteristic of a central 
zone akv la its uniformity It is just thi o] posite iii the rc ir zone 

Jt IS not an uucoinmon nocurioiM < for run iti ii dit rcssion to he f ilhng simultaneously over an area 
equal to half of 1 1 xtict In tlu lear zone howevet the most v lolent bhower almost ilw ivs leaves one 
corner of the horizon illuminated h\ the sun which is soon to n ippeiii Dnersitv obtains un 
ol>server flying at a gieat height would mc bent ith Initi folic wing upon the iinpi ru ti ihlc m intle of the 
icntral sheet a heti rogenrous lothctiou of cumulus fi 4C tocuiniiliis and ciimuloniriil us and lieneath 
this host of clouds the caith still wet varuguted with shudi iiid light Squall douds and extra- 
ordinary trinsparinty of the atniohphete irc the two esstntu) ehatacLiiistics of the di\irsc aspects 
which the rear zone skv may aHsuint 

I he tv pic ll silhoupltc of ciiiiiul mnnhuH is not genet ilU to be si t n owing to the pn sc nee of cumulus 
( I ot 111 r low ( lotids (ft t( tocuiiiuUis fruc tostratiis) w* u h hide the cuiiiiiIonimhuN c loudt* at tin iiiomoiit 
wlu n thi \ me distnnt enough to be seen in piohic 

Fleet III ll in inifcst'itioiiH ai< fcihlt in this zoni (i few }»t ils of thunder oct ision il lightning) but 
tliLV dooccui Hoiiu tunes and t \ c 11 in wuitci tin f ill of tc ui|»4 1 iturc dots not i>il( hide tin ir oeiurreni i 
complete Iv Anitlui ch iractcnstir of stpiiils tssoiiitccl with dc) nsbions is the iigulanty of then 
ti iv( I ovi r 1 iige ire iH 

1 hi lumulun which surtouiid cutiiulommbuH uic dwtinguishable fiom the cuinulun of fine weather 
(ninuilim hiiiuilis) bv the riggccl ui pcirmee of fhtii liwci tdgi ind tin I uiging of thiir upper part 
1 Ills ti ndi IK V fc I cuniiilus to liulgc alw ii s c xists in r< ir /cm skies 

In rumulus hnmdis t he ntu of tlu vcitic il height t tin h nz nt d length is of the oidi r of tf „ but 
in the cuiimius discussed iboc < it m tc rc wh ornmr iss *z 1 itlni the u^iil tviu d itar roiu skies 
do not evhd it tlu most beautiful exanq Ics of dc mc foimunon wluih are jnuie rloiilc shown by the 
iiiistc euinulus >f tlx wc ik ic ir zc n< si y uid the to itl li hki } lUs of sh >w< r\ ciunuluv 

III tin tic iMiiic s 111 the III! rc nc mmI iluv isicn giod ind srmitimis ixiijitiniu! The Rkv 
issiiiiKs 1 elm i< ti iistu ilh diif blui colout very (liffcici t from tin puli bin i>f mtievelonir fine 
wc ithcr which ilwivs rml es one tliink of i vivid colour Mcn tliio igh i light mist as though thtough *i 
thin V 111 of dust Ihe colour ofthc skv ispilei it the honron and whi n the i irriis in tidv met of u new 
ile| I Lssioii cl K s n tt e luse a red a insc I the sun sc tb below tlu b >rizon on 1 1 vckground of ahming sti y w 
coloiiied Mil iw 

It giHS withciut s vv mg that the hctiiogeiK ems ch iriettr of ihi rt ii rone skv is observable there too 
and if ctni gl vni < s v1 the points on (he lioriron whu h hk iloiiiiii ited bv the aqu ill i loudb clumi a of v e rv 
low elouds m tv bi sicn iloitmgin tlicu nhadow 

I inallv till Wst clouds withdiww iiul fim wv vthvi isistal lisUid > W hen thi passage of u depTension 
IS enmph ted bv tin inclofthc div the night misvciv 1 iic and f ivc ui ible to the foinmtJon of fog 
If It puisis during till night thi distant vii ws are slightiv v< iltd mil the 1)1 ii of the sk\ is Uss vmd 
I hi 11 ni zone phisi iiiiv I ist i long tiini (w vn il d ivs) owing to tbi pirMstniiie of u rurieiit of cold, 
unst ibb nir in wim h euniu] ininbiis irofirnicd Ihisisexiiiiplihid in thi nhowiiv weather typical of 
maritime polar sit on the coasts of noitli wist I iiro| e 

b Weak rear zone aky 1 he < lou Is t l>e found in the wt uk re vr zozn skv nrr nonnnallv the sanii 
IS those of the tv]icil rcir /one but then <lt trncUnstics sic difloiint 

Although till lowii n 1 V geiieiidh dcMs tmt digimiaU btvond the distuilid eiimuliforin st'igc 
eiitnuluiiiinbus in nut ( ntirclv lulling ilthuugli tlu tops bulge ci nsnh rillv thiv dn nc t i resent nnv 
duiigir Hid fncini iillv HI pi i? lost m the mist T h i final disch trgi s fr m Ibi in cie i r letic illv unnotier 
able and the gusts of wiiicl wliicb U<< oiiipunv thini up net vt di sti >iig Ihrv ficiiuinth j aes without 
1 shower and thev ncvci ciuselicuvy runfall In weik distuib ini cs it mighl iliuost be s iid that niizt 
takes the pi ue of i un 

1 his ittcnu itiuii cf viriili iicc cnries| onds with the subntit ition i f zhi ets of n uidlo i IoikIb for those 
of high onis I iirther the li irmltss cumulc ritnibiis } rlcngmg to the ] issigi of (hi type in quest ion are 
gcucivllv ussne I iti d with kIu ets of iltocumulus while tU >se of thundeist rnm and tvpical ri ar zone 
R(| nulls lie issoci itc d with eitr isti it us md false cirrus AIc>rtov<r isnlutcd frugnu nts of altoc iimuliis 
mnv be seen trilling across the skv quiti indci < iiclc nt of »n\ cuinulr nimbus Tins is of much rarer 
occniiinci in the. tv picil i< ir rom skv I vit niav lx Mcninthi thunlirv skv 1 hr aggn gate of thesi 
frignicnls it tbi sum height at the cinti i! shut and following at son i liistiiin in its w tke gives a 
veiv penitinr q pi uninu to thi weak i car rone skv It is ilsohudlv possil U to coiifuao thrse alto- 
piirnulus elouds with those of tin wt ik fiont zom ».kv Ihiv uii niiirh more opnqui more brilliant 
and their iTregiilnilv air inged h inks li iv e si||jc»ucttfR which me ibsuidlv eusv toiecognihc 

1 inallv in the plac e occ iqiicd H6 will he ei*eii ) itcr by sti itocnmnlus in the rear of a thundery dis 
iurlianco there are generally found with the tviM in question liivcrs which may he calUd by the same 

WnsomoeamH uiibtalk conditions whu h givt use tniiai aoneiloiidR mav diveb) aftc r fine weather 
without the previous nppeirinri of thi pcntt tl zone tvix On the othir hind m the rear of a cential 
sky the rear cone sky mav be Im king and bereplired bv a stritifnim tv pi 

* In thunJc ry coiiditiiins on the conti ii v the (hundeistorms stem to c ome to birth to rage and diR 
appear again within a amall area eo that they are ec Idoin known to m iiiilnin their force for more than a 
few hours 

* i'rovided (h it the fiont rnrit i oiuplcx of a new disturbance is not too near 
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nunir but which exhibit a peculiar ntruoture. The layer looks just like altorumulus in vaet rolla or in 
pntrliwnrk formation, but the rluudleta are infiiutcl> Kruater thuii lu true layers of altocumulus, less 
geometrical an<i obviously lowei. They present eortnin analogies with Ntratucumuliis veeperalis 
(icrived from the diurnal evolution of eumulus. 

The weak rear sone sky in likewise tlie typt* which cxhihitti in its rtcarer ;>artH certain wcll-develop<*d 
ruinuhiM wliich me RoinclinieH detugnati'd “bilver-cdged** cuiiiuhis. These me huge clouds of grey 
colour, tinged with violet, which when sidiated m tiont of the sun leinuin altogether duik excc])t for a 
thin streak, ut silvei oi gold which Nilliouctt«*8 them. In the utinimphore, always u little misty at such 
tiiiics, the sun’s rays which uie intoreeptod by thes(> clouds fot ni Hii iinmensv pencil of diverging rays 
which an* clearly vioible owing to the mist and have a very line, aoHthoLic cflect. 

Eventually ^nu weathui letiinui, piovided that the fiont xocic cloud complex of n new disturbance 
1 b not vei y near. 

VIII. Pre-thunderstorm Sky. Denso chrus in veiy soft outUiics. Pailiul v'<*il of thick cinostrutua, 
domed aitocumulus (cuniuiifurnns) in hcparate tufts — sfiicc the heginiiing of thu approach of the storm 
no tlmndor clouds in the strict sense of tlie wuid have yet tiriived-^vciy light wind. 

The types of sky wliich may ho iiiuiuKliately followed hj the prc-tliunderstuini sky ure: cumuliform 
fine weather sky and the rear sonc sky. 

The ]>rc-thundeiHloiii) sky bcgiiih with cirrus, generally of a vuiy cliarmstci istic type. The forms 
are iliv’CTse and nuisl of the vuricticb which exi>erth have riistiiiguishcd in the fninilv of eirrus niny l>e 
said to belong to thundery disturbances. Hut one chamcUTibtic coininon to nlinost all v'urictics is their 
npaeityian opacity putely lelalivc and esiiecially so in conipiiiibiui with tlnMeiiiuikahletiaiiNparcncy of 
the hbroiis cirrus wliich iiiuroover is often in nccompaniincnl. This oimcit.v nuiy make them leHeinblu 
fragments of fructocuinulns. Aniniig their vuiielicH of ftiiiii may be umited iit rundoiii.* fouiiiy tufts, 
fern leaves, hooks or rings. In Kuiopc thulr diiectioii is from betw(‘i‘u woht and south. 

Theac chius uio generally derived from the anvils of cnniulonimbim clouds whoso euniiilifurm parts 
hav'c diaappeured. 

They Hie Hccompaiiiud or prcceiled (Komctinica b.v as much as 24 hours) hy isolatc'd nltnciimuliis 
cumulifoi min in a fine weather sky which aisoindicutiw a high teniperutiiie gtiiilieiit in the lippei hirers. 

Campaiibtr loirrr 'J’he «»nl.v lower t.v pc which can be ussueiatiMl with the prc-thnndeistnrm 

nky is the cmnuUfoim ftuu wcathoi skv wduch chai acterises wtuin peiiods in sunirticr anil which niny 
dev'clop conHiderulily in iiinuntaiiioiiB rcgtoiih. 

IX. Thuadery Sky. Sk.v uhuiactcMM'd b.v* ita ov'erenst aspect, chuoire, hcii \5 and us it w'crc itng- 
iiunt. 'i'ho luwei luycis of cloud often having u tnamni.ilus npiieiimtice A gcneiul absence of wind 
except during the Htorms or thundery showvia. The upian nnd middle sky U composed chiefly of derme 
ciiiostratua and div'crse fcirms of altocuniulus. 

The only state of tlie sky which cun immediutelv pr<‘ct>«le tlic thundery Kk> m tin* pre>tliundei storm 
aky. 

As in the cuac of (lie rear xonc skji of an oidiri.'tr^ dietiitbnnec the low’cr skv i*< mscpurablc from the 
upper and middle sky. Strong convection (ciiiiniloniiobus) in an csmciiIiiiI cliaiuctcuntic of Ihumleiy 
alriea. except in the extteme rear whore hi>eth of atiatocuniuluH me often to be found 

It is as well to draw attention to the fact thnt m the ca.se of tiiunderstonri ^ 5 strums, the fcntifd mid 
roar zones iirc verv ilifficult tn distiiigumh. coiivectmii plaving an ch'tcntnil pui I in both. Also the cxiires- 
sion thundei y skv " applies to botli the ceiitial and tear pints in the i>:iss:igc nf n thunderstorm svstem. 

The cvntiid sheet often produces no rain. It fs Homcttiiir*N rliffiroU to identif.v iiri<l in niiiui cases 
one ia tempted to suv that it is altogether iHrking, miicc u tliundi-i'.toiio s.vsti'm ti ul.v eoiihists essentially 
of a iniiltitudi* of cumulonimbus. S^ome thundery distuibiineeh bung abundant nnd lasting rmn which 
fulls from (1 vast sltosttatiis but Ktrangidv' enough these altostratus clouds do not prceerle the eurnulo- 
iiimbus: thev follow or arc in lei mingled with tlieni. The uuiim' of *' limndeT.v riiinn” ir kept foi these 
charuuleiistiu laiiis. 

Nev'crthelesb, the precursor} ctnns whcelt form the tac’^thunderstocfn sk} ate sepm.itt'd froiu the 
cumulonimbua by clouds of the einus or aitocuiimbie ftiinilics whirii df> not iiocessunly form a sheet 
but take Uh place. 

In the clrriiN family arc to he irreludeil the extensive she<*(s of hhious .«.tructute, often fairly trans- 
parent Htid aasuiuiitg at times the uir of altoeiratiis. A rather curious V'cil of cloud is to be seen in these 
conditions; it is so vast that it seems to cover the sky aud so light that its exibtciice is conjectured rather 
than perceived. 'J'his immense, shnost irn|rf*rreptible gauze K chiefly rc‘\eul(.*d b} the irregularities <if 
its Btructure and h> the eflcct it Inui upon the apirearunce of the stars. 

Of the altocumulus family "altocumulus ciimiiliforinih" is lu be heen, a chaiarWristic typo in thun- 
dery B.yiitetns. It generally aiipeurs in th<* fotin of large tufts wil li raggeil I'dges, without shndowh, and 
set somewhat upui t (altociiniulua floeeus). The roloui of the at the time of I he passage of thundery 
altocumulus is renmrkahlc; the blue lieeoines minglisl willi a v'iolet hue uu it lo^es its viv idness. Moine- 
tiines the d<inie foiinations ari' accent uati'd and develop co?iSjdera>>l} (aitociiuitihis These 

clouds aie often white, Mometinics gn'> and frecpiently iiierge into a gie>ish eiii ostiatuH. 

The thundery nky, eapeeiull> neai the end of ita i^iuotuge, is eshcntiall} eumpoHcd of etimulonimbuB 
with their attendant train of fructocurnulun and fraebntratUM. In Kurofie. (he rrmst violent thunder- 
storms occur in this tihase. The direction from whence they arrive deviutcb liitie fioin S.W. and hardly 
ever touches R. or W. Tlieir velocity is rather vaiiable, of the order of about ."lO kni /hi. A curious 
point about tbeso clouds is their rapid dev'clopment. If rfforts are made to follow iiiinutel} the course 
of a thunder equtiU b.v telephone it is nurprising to ol^rve its bit th, Midden growtli, maintenance of ita 
force over a limited cuurae, of the Older of ITO km., and ita death without any evident Tcasoii. The 
cumulna clouds show clearly the tendency to form domes. Visibiliti in the clear inicrv'uls admits of 
the same ohaervations oh in the real zone skies of ordinary disturbunceb. The peculiar trail in the 
thundery type ia the presence of two clouds, the mamTiiatoetimuhis and a type of stratocuniuliis which 
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does not appear with abeolute reRularity Sn other cases. The mammaiocuTnuliifl n in a wcllknown forni 
hxit often some-whut difTeront from its claBnic form: in place of rounded jirotuboraiicea it often exhibits 
rolls or sperjee of festoons.* 

I'he ihutulery stratocuinuhm is formed of etnnicated clouds, dull in colour, of a dark bluish grey. 
It appears in the rear of th undt^rstorii in and parlioularly in the fnllowing eircumstanees: wheti a thunder- 
storm finibheH in the cveuitig iind there seems sotiio justification for expoclitiR elcai weather the next 
tnoniiiig it often happenn that when the nun riaee the nky in eloiuli‘<l with an extensive hank of this strato- 
CumuliiB. It seldom lantH, however, beyond the first few hours of the day. 

In conchisiofi, iso}ittc<] hanks of cirroatratua may be seen at the same time as the full cumulonimbus 
and lightning soiuctiincs flashes in them duiing the night. These clouds are probably the cirnis anvils 
remaining from eumulonimbus clouds. 


B. Lower Skies 
/. “Cofiascf^*' Skie» 

I. Cumuliform Fine Weather Sky. Moderate “convection" sky, charaoterised by the presence ol 
eiiniuluH with lioiisuntal busoa, more or less dome-ahaiMKl but without exocesive vertical development and 
exhibiting a clear rliuinal vari.'itioii which may result in alloeiimulns or stratoeumulua. 

This t> pe Ilf skv hiis a definite liiiiiuut XHTiatiun, csiieeially on the Continent. The evolution of 
‘‘aettlcfl fine" weather may often be obbcrvod in Uic morning from the more or less dome-shaped, fine 
weather cumulus which last duiing the day hut disijenein the evening. In the tropics as well as in the 
mountaiiiouH regions of tiio hMiiperatc sone« fine weather cumulus may grow until they develop into 
ruiiiulonimbuR which give hear thunderstoima. If the stnto of the sky rcachoa this stugc it should be 
claMHcd arcurdiug to ciicnmstunres either as “thundery sky" or as disturbed cumuliform sky with 

nimuloniTnbus. 

Isiilaled runuilue sk^* may develop and oiMtiino very varying aspects according to circumstances. 
It may happen that in tlie course of theii vertical duvelupment the cumulus reach a stable lR>pr which 
preventH them from dex eloping 1o aii.t greater height. The result is a siircading out of the tops of the 
curiiuUm which form a siicid reHcmhling aliocumuhm or Mtiatociimulus. If subsequently the con- 
vection currents weiikcn, the cuinuliforni puit of the clouds dispersoB first while the altucuiniilus may 
survive. Thus a line weather cumulus sky riiny be transformed, oBpeeiulIy towarda evening, into a 
sky characterised by banks of low uitiNOimubis (altoeumiiius eiimiilogenitiis). 

If the stabli’ iayei i6 only n little shme the level of cotuh'iisution, the cumulus become extended 
qiiile uCiii' to theii base and may coaleace into an alnimi continuous lu.ver. A rather anuloguun phe- 
iioiiieiioi) muv fiequetaly observed in the evening when dome>shaped ouiimlus subside and spread 
at the level of theii bas<*s fhiiutocuTiiulub \e^|a>r:«Iis). 

II. Disturbed Cumuliform Sky without Cumulonimbua. IntiMiMe eonveotiou sky, characterisiMl 
by thick cuinuluM. jugged un<f seething but with nu ciriiform struetuiO at their summits. 

Wlii'it eonvectioii takes plan* iti u suflieiently stioiig eiirient the forma of dome-shaped cumulus 
are not sn regular and tliey tend to heroine ruriiiiluB eungeBtiiB. Thu weather is then more dislurbCHi 
with iiipid altenuitions of thieuteiiing skien uiid blight |)«iindg. 

This motley sky of changing cuuiuIuh cemgestus is characteristic of cold, unstable cuiieiits which 
are warmed by contact with waiin or soa. 

('uiiinlus of thiH kind -espeeialh tlxme wJiirh are formed over the nea — show' much Ichb diuriml 
MpititioT) thnn fine weutlier cum ulus 

These conditioiih are (•Nitccially likeh to ucciir afttu the piiRsage uf u disturhiince. In the latter 
case a eumulus cougestus aky ih also ussociatiHl with fragments nr broken aheets of middle cluud of alto- 
etitiiuluh structUie. 

III. Disturbed Cumuliform Sky with Cumulonimbus. Intense ei>n\ection sky, eharnetcrised hy 
the presence of cuiuiiloniiniiua. 

In the same iiieli’orcibigirHl conditicinx e<»ri>eetion intiv ini reuse sniliciently foi some of the eutiiulus 
congestiiR to hecuitie riiriiiiluniinhus. 'i'he sk> then uBhUines the typical form nBBOciuted with slioweia 
and blight peiiods. Soiiietiines there nre thiiiideistorins too hut t}u\\ are of short duration and of little 
importance compared with those of thundery avsteius. 

IT. " Turbulfnrr’* Skie* 

IV. Stratiform Sky. Iliithor hiw ceiling la.xer of Btiulorunnilus, stratus or fog; weather not rainy 
(excepting fine diizzle) but inist>. 

In llioic parts of the continents which nre within the tcmperiite *one, tliin stole of the sky is muinly 
observed in wintei in uutie.x clonic eoncUtiona; it is vei.v lure in suiniiiCT. In the interniediutc suasons, 
uutuinu uiid spring, it oshihits u deui diurnal variation. Fiist of all there is no low cloud, then fog or 
BtratUH is foriiied V>y cooling duiiiig the night and it is not dispeised until after the sun rises the next 
day. In wintei inholntion is often too siuull to dissipate the fog or stiutus w'hich has formed during 
the night and the sky iiiuy remain oxeicnst foi Hcveral duxs in Buccession — abov'o the stratus there is 
generally a clear sky, ns iiiuj be sei'n from mountains of no gieat height, 

The same skies of fog, stratus oi stratocuiuuliis are o)>sc) ruble ut sea as n result of warm airciirrenty 
and lliey may thuw extend to legions w’hirh are not antievcionic. 

Western Riuoi»e Ih often oveiiun by thw maiitime vaiiet.x of stratus weather. On the northern 
edge of suhtiopicul anticx eloneb theiu is often h humid runent from W'CBt or soutli-woBt in which the 
stiatus and Btratocumulus often eonstitutes a Interal connecting xone l>etwoi*n txv'o BUcccsBive disturb 

* Mainmatucumuius often pieecdesa thun({(>isforni;in Aincriea it often appears in front uf a tornado 
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AnoBB. It Bhonid be noted tbat Btratocumulua or siratiiB of this typo do not have a definite diurnal 
variation; they sometimeB spread over the sky in the middle of the day. 

fitrstiiR do4*s not generally give nny pieeipitation; but if it is veiy dense it may give drizsle, which 
is accentuated if oitigiaphical effectb are also present. 

V. Amorphoua Sky. !liore or lewi confintioUB layer of fractostratua or of fraotocumulus of bad 
Wont her. 

This Htute of the sky soTncwhitt rosctuhles the preeeding one. Neverthelees it is ilislinguiahable by 
its more ragged uppctiTanee and eomplete »hH<‘iK*e of regulai uiidiilntioxui. On tlu* other hand low clouds 
are never the onJ.v oijes in this ty^x.*; ubo\ e them there is ulwti^s either a sheet of altostratiis (possibly of 
filtoeumuluh structure) or cuimiloiiimbu#* from which more* or less eontitiiionn precipitation is fulling. 

Fractostiatus or fijicloruTuuluH upiK*ur »l first in inulalcMi niasaes beneath the veil of iiiicUile cloud 
but they multiply lupidly and foiiu beftjre long a moie oi less eoiitimious layer. 

ITT. Mixfd 

VI. Stratiform and Cumuliform of Pise Weather. A mixed stnitifoiin and cuniulifortii sky iiiu> 
develop when a sheiM of stiHtiis oi htiutoruniuluh is disiieibing rind frartostiutus is being Irunsfornied 
j/ito fNietor‘un>iiJ>iv. ('iimuJiu is thus lotmod at the cxiM*nse of stnitiu and at the same level where tire 
stratus previoiisl.N existeil. 

This t\ pe of hk> is always tiunsitoiy, for in the long run one of the two tendeneios alwaj's triumphs 
<iver the other and forms u simple euniulifortn <»r stnitifoim sky. 

Another uiul much mure lasting VHiiet\ of a mixml stiatifuiiu and cumuUfoiiii sky may develop 
when cumulus arc formed bencalh the cloud sheet (which in this instance coiiMsts of stintociiinulus. 
Rtlatus being too low foi euiiiuliis l4i exist beneath it). In the ease eonhiileied the cumulus arc of iha 
line weather tvias remain Niiutll and <l(i not reach the &ho4>t of Bti.atocuinuliis. 

Vn. Stratiform aad Disturbed Cumuliform Sky. If convcrtion is very strong and if the ciimuius 
chnrdh nshume a dwftirhed «*4pecf, their miriirntts genernlh pcnetinte into or evc'ii right thiough the 
eloud layer abo^e them, a |•honomeuon which ciumot bo seen from the ground but may be seen by an 
uvintor. In humid climates thih t n !»e of hkv niav gixe showers. 

Vni. Amorphous and Disturbed Cumuliform Sky. 'I'IiIk t.\T>e only exists in showery wrutluu when 
finctontditus or fiuctocutnuUiM may he formed Ixuiealli cuniuluninihua (aometimeK even beneotli hea\> . 
ilihtuibed cuiuuhis). In humid oliuiates, ft ictctsitutua ot fitietocnmuluh mitv form n layer which {ills 
the apnoen betva>eti (he euniuluiiirnhus. In thia ease the iruhxUlual cumulonimbus clouds cuuiiot be 
recognised in (heir typical form; novel theloss their pussnge is indicated by u temporary duikening of the 
sky unrt showera. 

REMARKS ON TAKING OBSERVATIONS OP THE STATE OP THE SKY 

1. Distribution of Cloud Forma in Different States of the Sky. A knowledge of ilic gimera or even 
of t he Bpeeion of the indivKluiil clouds prc'Hciil in the »kv at tinx gn'cn inonietil is tiof eiictugh to identify 
the state pievaihng ut tire slntion in (piestion. In leulitv the sunie cloud genera ot gioujis of gencuu 
iiiuv be found in difftMeut stuti's of the sk.x. Im'Cihel.x, supposing the state of the sky to be kiiouii, 
it is not jiossihle to deduce wot h cei tninl.x the genet a of inilixidunl cloiidH of which it is cumpuaed beciuihc 
H given Hlnte of the bk,v d<N's not uImiixs cuiiiaiti the same gi'iicta. 

Some interesting coiudiisious, although mainly of negalix'c x'ahie, eiiti be diawn from the distribu- 
tinii of eloud forms in the varions states of the skx*: ccituin cloud gt'iieiu und, still luoic, eeitain gioiips 
of cloud geiieiu aie incoin]nitiblc with entaiii Match of the hk>. I'loni nu nnalysin of the cloudh pies- 
ciit, certain Mutes of the sky can in some eiineb be lejeclnl, liixeiselv if the htute of the sky in (pies- 
tion is known, it is also a foregone runelusion i)wt eeitain elouiis und usHocialionb of clouds cu/inot 
evist. '^rinis, in botli oases, Die prooi'ss of eliiiiixation of xarioiH holnt,i>nH hitnjilifien the ditignusis of 
tlie renminder. 

It. Applications of Knowledge of State of the Sky. 1. It facilitateH Die iJcntifj(>ution of eloud geneia 
present in the sky. 

2. In some enses, it inakch u[\ in pnit iit lea>l, for inderisiou us to cloud geni'ra. 

'rids is fieipientlx the cuse in thundeiy Hituiitiuni; degenerate cloud forms then occur which uie xei.x 
difficult if not iinpossilrle to mime according to the iiiteiiiuthiim) cloud <da>iHificntion, while tlie thundei v 
nature of the skx* hb h whole is iminediati'ly iiituiifehl beyond all doubt. 

Tims if :tn ribseivei eu/inot nurne the chmd fornix with certainty, he cun Bomctinies know what sec- 
tion c»f a eloud sx'Htein is iirex’aihog and it will be giautcd that Dial ib un iriijiortHtit piece of information 
with reguid to the clouds. 

The identifieution of a fiky as a whole compared with that of the individual clouds is further greatly 
facilitated by the fad that Die obserxei cun make iiseof the piectsling liistory of the sky. I'he evolution 
of the sky at one station can be followed iiidefinitrly, while the evolution of a cloud — if it is a “migrant" 
a.s is usually the cane — csiii otdy lie ohserx'ed during the relatix-ely alioit time Dial it takes to cross the 
hky. 

3. Kx'cii if the individual cloud foriiib are identifiable, clouds of the same genera awcnihled in the 
HHirie quant dies may correspond to t wo htates of the hky eqimity ehuraeteristie but altogether distinct — 
and Lhetefnie to two difTeient situationir. 

I' or example, ctitiuiluK and altoen nrulus max' be associatiMl in the same proportions in totally different 
Mtntes of the aky: (1) prceeding rain (front xoitc), (2) following ruin (rear suno), (3) on the bonier of u 
lain aren (lateral zone). 

Therefore, ex'en afiei the eloud forms present tii the sky have been identified iiecurately it may still 
be rioceiMaiv to identify the aggregate* eonditioii in ordei to distinguish between two aky eomplexes, 
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the rompoBiUon of which is quahtati>eb and quantitatively the same aa icgards cloud geneia but wliu h 
correspond to totally difTi rent mtuationa 

T or these various reasons tho < Isiwihi alum of states of the sky is indispensublo and it in neoeseary t(i 
know how to proceed with the direct and iiuhrctt identification of the ntutc of the Bk> In principle 
the obser>eT s diagnnnis of the ntate of the nky ought always to bi aerrimpanied by an analysis of the 
individual clouds present at thi Unu 

DEFINITION OF HYDROMETEORS* 

(With Ciernisn I rtmh and 3 nglish Names ) 

Astfsn, Pluie Rain bointwliaf uniform prci ipiiatiou of lather I irgi diops (oidinary rain, steady, 
widi s]>read rain) from a eontinuoiiH cloud (0\cniig The sky iseilhii coiired with areal layer of run 
cloud which has (U velopcd from a surccHeion of layer clouds or with a unifoiin any hut comparatively 
high layt'i of cloud generally with shapeltss cloud xnassca below which may in fact be piesent in such 
numbers that the layer clouds are conipleteh hidden 

Schnef NfWf Snow Somewhat uiiifutm piccipitation of hexagonal stars frcmi a continuous cloud 
c )\cnng (appe ir inro of the sky is in the c isc lotii) 

ftcffc/isr/nee Piute ei S11.ET Sonic what uniform }>rccit>it itiou from ineltiug snow or snow 

luixcd with rum 

Reiffjrauptln N etge Toul € CiRANTJI \ii skow Mhitc opaque pellets 1 tf> '5 mm indium ter of snow- 
like stnirture Hho aic brittle and e istlv eompichacd If they fall on a hard suifaee they rebound 
uric] the n bieak e isily 1 1il\ c hicfly oee ti with teiiipei ituic about 0‘*C and mumly o\e i the land ofte n 
before nr it the sime tune us nrdiniiy srinw 

I rotiarauptln 6rr n/ Sol i HAII S4 till t> itisp iietit KUinel seldom conic il pellets about 2 to '1 inm 
iiitliimetei ihiy oftciiluie icentie f gi iiiiil it sn wcoveicdly i thin Itvei of ice I^Mnwhen 
they fall vn n hard surf tie they fiequeiitiy le in un Ixitig on it without breiking they iic not easily 
rompreHserl or hrittlc Since thiy giiieiilly f lU with t< mpt rtture s about O^C often at the same time 
as 1 iin till V lu w( t 

Htiael Orfli TFaii Irregular little pie ees of lee \ iramg m sisc from that of peas to tlial of 1 man s 
iist Ihe V aie eitliei completely tianspiiciit ei formed of alternating clear and opaque (snow liki ) 

1 ivcib Ihcy fill ilmost e Nolusiye ly during severe 01 prevtracted thuuderstorma and never with t«n) 
jurnture below fleering point 

Etakorndti Grain t dt. ulaet PFiirisorice 1 rviispaxint ix liitb hiidisgUss 1 to 4 mm in diam 
ete I If the y f ill ein 1 li iret siiif i<< they rebound Ihey develop fiom raindrops which f ill thiuugh a 
(oldsurfut liwi iiiel thus fret /( 

Ftetiadeln iiautlUt di t/l(ice 1 1 oatinq xe r e nisrAia \crv little slicks pellets or sc ile s of ice which 
i| f ( u 10 ho\ ( r in the in Ihev ire csiiecivlly v isihle when the v glitter in the bunshim inilniiygive 
iHe t ) sun I ill irs 01 olhe 1 Inlo phe iioiiie n v Ihev oecui in Htable wintci cemiiitions nioalK with intense 
(old ill pnl ir wintei 01 111 the highe t liyeih if the fier itniosphetc 

N\eHfln Brutn* DRirrra soinewhit uniform pi e cipit itie n of numerous liiiv dioplcts (ilnmeter 
gene I idly Uhs thin ^4 mm ) whieh almost seem to hover in the air and shire its blight est me y e ineiits 
Dii/rle fills from i e uitinuous dens< low liver ef stritus In piiticuirr along euistliiiis ind on 
mountain iiLiiges dii//le e in soine tune s yn Id eotisidei tide amounts of pieeipitatiem ( it uny rite up to 
Jli null ill 21 h nils) 

Nibrl Briutllard lee Mie r isreq le il little eli<»|)s eif w ife i wlm h Imv 1 1 in the ui inei cuum a wet 
iiiel t III 1 fi ( hug Ifwiteheele iiefully the water eliO| lets inav in seiiiio e ii i uiiistiine r m he ilinost see n to 
I ass III fit lit eif oiu s e y e s On tiu wh Ic f ig i| I e iia white e\cc| t ncitr industii il n gions where it 
hceeimes dirty grey «i ytlltiw With 1 le tl fog which is n< t dis] t rsiiig the hoii/ont tl y ihibility should 
ac e irding to itile i n ition il tigiet me nt 1 e i< hn th in ] kiii it h «s| m < lu iiie 1 turn 

Letc/ler NthtI Bnutllord hyn Mrsr light fog in which visibility must be gii itcr thin 1 ktii 
It riois not I uusr n 1 iw 01 dam] feeling be ciuse the w itei elio} U ts iti mist urc too small and far a]> irt 
It often his 1 gieyish i) ptiiiinei iii eliblinclion fie 111 irtiiil fog 

Dun^f Brunu Hv.rii little j iidcUs of dust from eliv n gions or of s ilt whichaiedrv andsoevtn 
ordininly small lint they lie mithii fiH nor iMiseived with the naked eye hut which give the an A 
eharaeteiislie illy smoky iipeiiiiiei 11 i/e e isis leoiniletcly einifoini veil om 1 tie lindsrape and 
eliills Its colemis \giinst i el 11 k b it kgio iiid this veil lias a bluish eol viir ( line rhst nice ) but e dirty 
yellow or re ddihli yellow iguinst i light b ickgieniml (e g cloueis on the lioriEon sn )w le y 1 red hunuiiit 
sun) Huac inuy be elistinguishcd by this ehirMlciistie fiom grey ish mist which it si me times equals xii 
iiiteiisitv 

Re%ne durchsxchiige Lufi ejrceid%tmndli. X''Hx7BxrAi viaiDiiiiTV Pven when there is lu 

partuulute obseurutiou of the atmosphi re it is possible to obopive the bame blue veil is in hary condi 
tiuiiH against a siifheie ntiv leiuoti dai k buekgiound At sc e le v< 1 (in the lower lave is of nir) this ve il 
which IS cauHd by tIu pint in itself luiiipletily hides the outlines of mount iins it i eiist iiico of over 
lOU kill even in the most fuvouiubic cm utiisf ince s and in genet il does so it less thin ItK) km Ibis 
iiiav also uerur at twilight ui win 11 visibility in uiv direction is ledueeil for cvainiiU bv A shower, 
providtel that the an is olhetwise ele 11 and tmiisperent If theie is no 1 inge of hills at a sufTicieiiily 
great (list inee the purity of the uii tan be recognised by the f let that the eolouis and details of the 
hindseape within > or 10 km are clear and distinct (no seinblanee of being veiled) that ranges of hills 
to i distance of ibout 30 krn arc sliuidy defined in cloudy we ither iind appear almost pure dark blue 
against the sky while details arc clearly visible (at least with a telescope) wrhen the sun shines upon 
thorn 
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SeAauer, Averse, Bhowbb: Of the above mentioned hydrometeora, rain, snow, eleet. granular enow, 
aoft hail, hail and gruius of ice may fall in showers. A shower is not only characterised by the quick 
onset and cessation of the precipitation or its rapid changes of intensity but also and moro especially by 
the appearance of the sky. Showery weather is cliamcterised by a rapid alternation of dark, threatening 
showur-clouds and bright i>eTiodB of short duration but often with deep blue skies (April weather). 
If there is no de5nite clparaiice between the showers it is due either to a layer of high cloud (which is 
often the forerunner of further rainfall) or to the fact that the space between the shower-clouds is filled 
with low though lighter clouda. It may even happen that the precipitation never cumplctely stops, the 
arrival of a shower being marked in such cuscs by sudden darkness. 

Sthnteofsi&ber, Tourmenie de neige, DBirr-SKOw (a): Snow fall in squally weather. 

Sehneelreiben, Chasae-neiu* (1), Dbzft-snow (b 1): No actual precipitation. The snow is whirled 
BO high from the ground tliot visibility is considerably decreased both horison tally along tlie ground and 
vertically. Thu condition of the sky is not recognisable. 

Schneefegen, Chaaaa-neige (2), Dkitt-snow (6 2): Hnow, torn from the ground by the wind, is driven 
along it low down so that vertical visibility is not niatoiially decreased. The mutiuu is almost in a 
straight lino. 

5and«/urm, Tfmpitf de aahle, SAKDSTonM; No actual precipitation but sand or dust is whiiled into 
the air so that visibility at eye level is less than 1000 m. 

Tau, Roeve, Dbw: Little drops of water which *n consequence of direct condensation from the 
neighbouring layer of air are deposited on surfaces which have been cooled by luicturnal radiation. 

Rrif, GeUe blanche, Hoakkkost: Ice crystals whieh are precipitated in the haiuc wa.v as dew. 

Raukreif, Qitre (1), RiMg (l)i Ice ctyNiaia which ate deposited when fog and frost occur together 
mainly upon vertical surfiiecs — in jiartieulur Uiw>n the points and corners uf objects. To windwnrd 
they may grow to eunsidcrablo layers of hoarfrost-like stxucture. The process is in some ways analogous 
to the formation of gtanulux snow. 

Ravhfroet, Qivre (2), Rime (2): Mass*^ of ice, which are deposited in an anttlogouH wuy to riino but 
which occur with wet fog or supci cooled drUsIc so that their hLiueliire is iinulogous to tliul uf soft hail. 
Both forms arc specially apt to occur in inouiitiunoiis districts. 

Qlatteie, Vfrglaa, (tl.AKBD fboht: Homogeneous ti ansp.arcnt InycTR uf ire fotiuCil oh hoitzcuitiil ntid 
vertical surfaces from aupor-coolcd diizslc or rain. 

Beeehlag, Df'pdt df bufie: DcpoHition of water vapour from the lowest hiycrs of the atujosjdiere which 
have hoen cooled btdnw the dew puinl by outward radintion from the ground. 

Oew^ler, Orage, Tuukuekstobu: Roth lightning and thunder arc observed. 

Welterleuehfen, Edatre, Shrrt I/Kihtnino: Lightning without tlinndci. 

Donver, Tounerre, Thukobb: llistunt thundci is licntd, hut no lightning is seen. 

The direction In which thunder and lightning are obscived should bu stuted if possible. 

REMARKS ON THE INTERNATIONAL CLASSIFICATION 

The number of internationally accopt<*d varieties of clouds will increase in the 
future. Even at prcHont, more is known al>out tJie siKiiifieunee of the varieties than 
can adequately lie expressed by the Tiiterimtioniil elnssifii'uliun. It is eonsequently 
the observer’s duty to use the existing classification as extensively as possible. He 
should always express species and variety as well as genus wlienover lie is sure of the 
oliaervatioii. Tlie reason for this is that the synoptic sigriificHUce ()f tin* !*loiid usually 
lies in the variety and detailed structure. The neressity of detailed observation 
applies not only to the individual clouds, but also to the successive sispects of tins .same 
layer of clouds during the dsy. The behavior of a layer of cumulus throughout the. 
day, for example, iiidieatea the synoptie Hitualioii as well as or better Ilian doe.s the 
shape of the individiial elnuds at a given time. 

A good cloud obnervatioii }i(*lps in the analysis of the synoptie map. Sueh an 
observation may be discussed under three headings: (I) I'orrectness, (2) detail, and 
(3) continuity. 

1. Correctness. A doubtful obsorvation must be rc*port<‘d as doubtful. If it is 
intended for a teletype message in which doubt caniiot be mentioned, the observation 
should be omitted, 

Example. W'hite lines close to the horhson may be cirrus, cirrostratus, alto- 
cumulus, haze, or simple stratus. Each of these clouds has signiiicanee in the analy- 
sis, stratus being the most harmless, altocumulus being the most significant. 
Generally speaking, clouds close to the horizon (below 10 to 15 deg eh'vation) should 
bo examined with extra care, and doubt us to their name uhould bo elearly indicated. 
An incorrect report is worse than no report. In the case of a teletype message, for 
example, an observer should remember that he is cooperating in a network with 
many other observers. Clouds that appear low on his horizon may be described easily 
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from the next station. Little is lost by omission, but much harm may he done l)y 
sending n doubtful message that eonfliets with the corrert report from the neighboring 
btatioii. The analyst is not always able to deride which report is oorreet from the 
data available. 

2. Details. Certain clouds arc found under so many different eireiimstanees that 
mention of the genus alone does little good in synoptic analysis. Kven mention of 
Bpeeies as well may not suffice. The variety, the most elaborate term in the present 
elaasifieation, is more typical, and thert- is an obvious nc'ccl for subvariety observations 
in order to keep pace with tlie progress in other fields of meteonilogy. Similarly, great 
detail is very uai-ful in understanding the ehronological evolution of a given cloud 
layer. Tor best results, frequent inspections of the sky (hourly at least) and many 
stations (50-iniU! grid) are iiecessary. 

S. Continuity. The Riieeessive aspeets of the clouds observed at a given station 
vary coiitinuouBlj’. So do the elonds obsen'csl on a ero.ss-eoiiiifry flight. 'Phis eon- 
timiity is related to the continuity in the slopes ami shapes of frontal surfaces and the 
elements tliat control the jiliysies of the cluiuLs. Iniportuiit here are (1) surfaces of 
discontinuity, (2) iiiviTsions, (3) sultsidenee layers, (4) asi-ending currents, (.5) descend- 
ing currents, ( 6 ) distrilmtion of moist and dry layers, and (7) the distribution and 
varietii's of the vertical temperature laps** rates. 

SKY COVER 

The cloudiness or sky coverage is usually given in fractions of ) (o or The total 
cloudiness refers to the amount of the sky eoveivd )iy all genera; the partial eloiidiness 
refers to eiicli genua observed sepuniloly Closi* to the horizon, perspective reduces 
tlic n/iiount of blue sky that can be seen, causing cloudiness to appear greater tlian 
it really is. It is consequently advisable to ignore that jKirtion of the sky when 
(’Htimating the cloudiness. There are no rules that autoniatieally give a correct 
estiinuto of total or partial cloudin<>sH. (’lear or overcast skies are easy to identify. 
In other eases, the follow ing indications usually give* satisfactory results: Thi* observer 
should ask himself the questions ( 1 ) is the amount of clouds (or blue sky) almost 
iiegligilde? and, if necessary, ( 2 ) is the auioiint of blue sky obviously greater than the 
iiimniiit of eloud.s? if cloudiness is almost negligible, tlie report should be ' lo. If 
blue sk.'V is almost negligible, tlie report should be ”io. If cloudiness and blue sky 
appear equal, tlie report is ‘ 2 . If the blue .sky predominates but eloiidiness is greater 
than 3 JO, the report slioiild be *4 If cloudiness predominates but tlie blue sky is 
greater than ' jo, the report sliould be ‘‘4. 

Experience* sliows that the above nietliod leails to estimates that are independent 
of the observer. Troiii the view|K>iiit of the s\rioi>lie analyst, this is a valualile 
aehiovement. The scale of cloudmeiis reads then 0 — } 10 — ’4— ‘2 — — itjo — ‘Vio. 
Ill the writer’s opinion, closer steps arc really not necessary and probably would 
not be estimated identically by different observers. 

HEPHANALYSIS 

The study of aynoptie charts on which only clouds and weather are plotted demon- 
strates tlirce facts that can be labeled (1) individuality, (2) typi(*alnes.s, and (3) con- 
tinuity. (lloiid forms and cloud species over large areas form synoptic entities (called 
nephsysUms) usually surrouiidi'd by fair-weather areas of clear sky, eiimulus humitis, 
or eirriforni etouds. 'J’hese systems usually rorrespond to groups of frontal lints, 
the must typical of which is the V-shaped group eonsisliiig of one warm front and 
one cold front (i.e., a cyclone). Other nephaystems are not associated with fronts. 
Here, for example, we have the thundery nephaystems frequently found within the 
tropical air in the southern United States. 
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Nephaystems can be divided into various sectors that arc ciiaractcrizcd by various 
kinds of weather. Subspecies (varieties) of clouds yield valuable data concerning 
the location of the statioii with respect to the si>ctors of the iiephsystcm and, in exnise- 
quence, with respect to the fronts. If an itinerary is traced within the nephsystem, 
all cloud forms sucecssivelj’ encountered constitute a suecessioii that is continuous. 
'I'hrough these continuous changes, cloud genera and species, although appearing 
quite diverse (such ns altostratus and cumulus, or stratocuiiiiihis duplicatus and 
eumuloniinbus) , are proved to be ndated by a series of internusliate forms, ^rhus 


H, 

L, 

Hi 



H. 


Fill. 1.— Hk\ and cloud.s in a l\ picul distuilKincc. 

Noth: 1. This diagiam corresponds to a Upical distuibiince — to be precise, the 
first of a family — arriving from the west in western luirojic. 

2. It sometimes happens that tin* nair zone Ls much more evtensive aiul that it 
persists for several days ovc the same region. 

3. Friictocuimilus may occur practically anywhere in ttiC rear zone 

4. The specifietifions Mt and .l/i correspond, respectively, with the front or 
lateral sector and with the central or rc'ar sector of a th ii iidt rulorni disturbiiiice. 'I'hey 
can find no place in this diagram, which is that of a nnimnl disturbance. 

5. Observers should not take the form of elmid eorresiioiidiiig to tlie position iii 
this diagram as neeesa.irily determining the form of cloud to be reported. 

the clouds are found to be part of a large synoptic coiitimniiu, of an organized 
“society.” This entity is lln- inqilisyslem. 

The geographical relationship and organized aa.suciution of numerous different 
genera, species, and varieties of clouds is the most characteristic datum in the concept 
of the nephsystem. Various types of neplisyatems have been nusitioned above (/.<., 
cyclonic and thundery types). Other types may also be discovered when air-mass 
weather, tropical, and arctic weather have been more thoroughly studieil. T’he major 
significance of the concept of the nephsystem is attached, not to a given gisigraphiu 
relationship of clouds, but to the existence of a patterned association of clouds. 

Within the nephsystem, certain diseontinuities exist. These discontinuities cor- 
respond to the surfaces of discontinuity in frontal analysis. They are encountered 
only in the itineraries that cross them, at the point of traverse. The basic cloud of 
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the noplifystf'*' is altostratus. Since altostratus is usually encountered in connection 
with a surface of discontinuity (namely, a warm front), its position is fundamental 
in weather analysis. Almost all other forms of cloud can be related to the altostratus 
hv a coiitinii«)iis succession of intermediate forms such as have been described else- 
where. Such siicceasions are called shy or cloud sequences. A study of cloud sequences 
obviously yields practical advice on the use of clouds in forecasting. 

A general sketch of a nephsystem is given in Fig. 1. It is important to explain 
how the figure should be interpreted. Forecasters already familiar with the simple 
models of fronts and cyclones used in frontal analysis, and with the complex shapes 
of actual fronts and cyclones as found on the weather map, will appreciate the dif- 
ference between the idealised nephsysfem and those found in practice. In other 
words, the simple model of a nephsystem should not be described or interpreted with 
a dogiiiulic mind. The model is merely a guide for the interpretation of a neph- 
analysis map, comparable with the cyclone morlcls used in frontal analysis. Further- 
more, the simple nephsystem model is based largely on observations gathered in 
temperate climates ami especially in western Europe, us were the early models u.sed 
111 frontal analysis. Every analyst will then be able to adapt the simple model to the 
weather conditions as found in his region, whether it be in the tropics, in the arctic, 
or in remoll' parts of the temperate zone. Three essential facts are (1) individuality 
of nephsystems, (2) typicalness of cloud varieties, and (3) continuity of cloud sequences. 

Observations plotted on maps for nephanalysis include clouds, weather, height 
null amount of clouds, ceilings, and precipitation. The observations art' presented 
iiy means of curvi's calli'd ticitheurves. Mephcurvc.s are comparable to isobars or 
frtuils on the usual synoptic map, in that they delineate certain areas by sharp lines. 
In practiet', nepbumdysi.s I'onsists in identifying the various nephsystems and the 
external zones sejiaratiiig them. The most useful nepheurves are (1) the clear sky 
curve, i2) the border line of the nephsystem, (3) the curves of precipitation, and 
it) \arious auxiliary curves such us coiling, cloudiness, instability, etc. The neph- 
eurves enable the analyst ulliiiiately to trace the various neplisystems and to locate 
their sectors. 1‘redicling the motions and transformations of the systems is the next 
and most important step. 

Most of the nepheurves iii'cd no definition since their names are self-explanatory, 
c.q., the clear sky curve, the precipitation curves, ceiling curves, and cloudiness curves, 
d’ho border line and the lines of weakne.'W are defined ns follows; As can bi' si'on in 
Fig. 1, the typical bordcrliiu' cur\e is the altocumulus, with exception of the area 
designnied as comiectiiig zone. The Isirder line I'onsequently sepnrates the stations 
reporting altocumulus from thos<' reporting none. In the connecting-zone area, 
which is characterized by stratiform and convective-,stratiform states of the sky, the 
st rntocumuluH is tlu' Ix'st inilcx of the Iwrder line. If typical, it belongs to the system. 
False or r-intypical stratocumulus, howc'ver, may appear, especially on the midday 
charts. They are im'rely ilense cumulus and belong to the external zone. This is 
also true of stratocumulus of local origin such as the' orographic typi'. 

Lines of weakness an* used to mark the separation of two neph.systems that are 
otherwise not entirely separated by an urea of fair weather. The two systems may 
at first appear as one. The latter occurs, for instance, when small waves cause the 
frontal line to bend. Weakness in the cloud formations can show in various ways: 
(1) the total skj' coverage may decrease; (21 the sky may rx'main overcast while the 
ceiling rises, (3) the distance between the Imrder lines may decrease, etc. 

PRACTICE OF OBSERVATIONS OF CLOUDS AND OF STATES OF THE SKY 

Some errors imiy be committed in spite of a good knowledge of the international 
definitions. The billowing will he helpful in ileciding which name to selei't when 
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(as often happens) a c-luud form is intcrm<-diatc between two or even three typical 
forms. 

1. Cirrus. VaRue white layers are not neeessarily composed of cirrus, ('on- 
fusion is especially easy in haay weather. t\’hen euiiiiihis bcRin to form in the morn- 
ing, eondensinn vapor sometimes appears as a trniisparent veil, which may l)e mistaken 
for cirrus. Usuall.y, however, these veils may Iw ideiilifietl ns low clouds because of 
their motion parallel to the fumulus and small cumulus that appear at the same time. 
They may also be identified by their anmilar speed, which, bceaiise of their low alti- 
tude, is far greater than that of cirrus. When white patches of altocumulus or high 
stratociimiilus appear on tlie horizon, their wavy or cellular structure is dillieult to 
see. They may also be mistaken for cirrus or cirrostratus, a mistake that would 
confuse the central analyst. 'I'his is the reason wliy the observt'r must be very careful 
when recoriling clouds less than 20 deg iibove the horizon. 

2. Altocumulus. AVhen the early-morning sky is overcast with stratoeumulus or 
stratus, the layer often progressivelv di.ssolves thereafter and may altogether dis- 
.appear before noon. When skj- covcw during this period falls below i^io, remnants 
of the layer may resemble altocmnulus. In jilaces. the clouds appear as white opaque 
rolls or look like thin transparent ]iaviiig blocks. Wer*‘ it not for the previous history 
of the sky, the clouds might bo mistaken for altocnniulus. .\ltocumulus, however, are 
middle clouds and have nothing to do with this synoptic situation. The correct 
observation is “dissolving stratus or dissolving stratocumnlus.’’ From the synoptic 
analyst’s point of view, any mention of altocumulus should be avoided unless they are 
undoubtedly present ; for, when altocumulus are located on the edge of a iiephR.vstem, 
they serve to delineate the srsU'in. They mark the boundary between the system 
nntl the external zone where only cirrus ami euimilus are found. 'I'hi' incorrect 
mention of altoeumulus may consequently lead to th<‘ ini.stak('n belief that a systt'in is 
upprouehing. The remedy elt'arly lies in dowdy following the history of the sky. 

S. Altostratus. Hinee nitostratua is the haekbont* and the most important cloud 
of the system, it sltouhl never be mentioned ttitless it is eertainly present. Its diimm- 
hioiis an- ehuraoteristieally large, eovering hundredb of miles in either direetion. 
Tims deseriptUins of a sky wlaise cloudine.ss is only ■ m or eoupled with n-]>orts 
of altostratus, would therefore puzzle the central forecaster. Aetually, the reported 
altostratus is sometimes a thick cirrostratus, the anvil of a eiiinuloaimbus, an isolated 
anvil left behind by a S('ries of thunderstuniis, or even an nllocumulus lentieularis 
twhich is completely developed and has lost its altoeumulus structure). 'I’lie inter- 
national definition ol altostiutus reads, “strinteil or librous veil more or less bluish in 
color.” For practical purposes, it is best to stay strictly witliin the limits of this 
definition. I'his advice agrees with the spirit oi the modern rla.ssifirntiori. When- 
ever a cloud is observed that is of an intemieiliate kind and may be culled cither alto- 
stratus, cirrostratus, anvil, etc., the name altostratus should be avoicleil and the 
alternate name applied. 

CLOUD OBSERVATIONS IN THE TROPICS 

Orographic and continental effects and the effects of diurnal variations in the 
tropics are miieh greater than in temperate zoiii-s. The net effect is a large inerease 
in the number and size of cumulus congest us rloiuls. These often prevent observa- 
tion of middle and high clouds. C'onsequcntly the observer is unable to rt-port the 
presence (or absence) of these important types. Similarly the eotigest us ofbm prevent 
proper reporting of dangerous eumuhmimbus. The disturbing effect of the cumulus 
congpstus in the tropics couipHrcs with that of stratoeumulus in temperate zones. 
'I'he dlsturbaiii-c takes place even nion- frequently. I'liless caution is used, there- 
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fore, observers over large areas will report nothing but eumulus congestus, thereby 
critieally lessening the data available for analysis and forecast. 

Numerous observation points arc lorate<l near the seashore. Here many clouds 
observed in the direction of the land are under strong continental influences, whereas 
clo\ida over the water generally indicate more accurately the undisturbed structure 
of the tropical air mass. In addition, there* may be coast-line orographic effects. 
The significance* of a typical congestus is then entirely different in the middle of the 
day depending on whether it is observed over water or over land. Over the Bf*a it 
shows structural instability of the atmosphere: over a hilly plain, it simply results 
from diurnal heating of the ground. I'o avoid misunrierstanding, it is advisable to 
report cloud conditions over land and over sea separately. Such a double description 
is in line with the thought of the Atlas twhich provirles for a circle of horiison outlining 
cloud conditions in all directirins), and with the great neccasitj* for description from 
below and above when reporting from aircraft. 

Cumulus. 'I'lie observer should avoid a tendency to limit his voeabulary to 
cniiiuliis huniilis, cunndus cong(*sttis, and cumidoninibus. .All lcnf)wn forms should 
be mentioned when viewj-d in order to differentiate the various aspects of connections 
and their various significances. In particular, the name congestus should be used 
only wluTi no of her is applicidile. In ex1<*nded tropical areas, espec-inlly south of 
large aiiticycloiiic mn.sses, then* is a natural tendency to stability in the lowt'r part 
of the middle troposphere (prolmbly due tt> subsidence'), \isually between .A, 000 and 
20,000 f(*cl. Such stiihility is reflected in the shape of convection clouds and should 
he noted. 

Altostratus. The iiltostratus plays a great part in the structure of the tropical 
hurricane and of the sipiall lines coiinect(*<l with them. The present tendency to 
reduce the name altostratus to a layer coniiecled with a large plu'iionienon of synoptic 
significance applies, conscciucntly, cs|>ecinll> well to the tropics. 

Example. Caribbean hurricane Aug. 19 to 23, 1913. On a flight from San .Tuan 
Puerto Uico to Trinidad, cirrus and cirroslralus were ol)8('rvi‘d halfway, progressively 
thickening into altostratus c<ivcring flu* whole .sky, witli little or no low clouds for 
about l.-fl) miles, until !i line of cuniuloiiimbiis was re.tchcd. A hurricane was deteeted 
soon after the flight, and i<s center located ne\l day (Aug. 20) about 2(H) miles oast of 
Ctuadeloupe Island. The hurri<'aiie moved west northwest, .Altostratus was eon- 
nei'ted with it and with one of its s'luall lim*s for 3 days. The altostratus extended 
from .south to north up to the center of the hurricane. The layer of clouds was 
(it) miles wide from west to east, and several hundri'd miles long from south to north. 

The thundery variety of altostratus opacus swms to be the most frequent under 
hurricane conditions. Its typical features are ns follows: Cirrus an<l cirrostratus 
ahead of it have a more turbulent and foamy structure than the altostratus of tem- 
perate zones. Its surface is not so .siiicsith. It serins to he lined with other clouds 
of the altocumulus genus, sometimes altoeumuliis eumuliforinis and floeeus. It 
looks in some respects like the thundery altostratus that appears within the tropical 
air imiHs in the southern I'nited States. Heavy rains and thuudcrstornis occur. 

Cumulonimbus, fl'ropieal cumulonimbus are much higher than in temperate 
zones (up to 40,000 ft). They can r.oiisequentl\- be seen from much greater distances. 
Mven in temperate zones, euinuloninibiis towering fnmi bi'hind the horizon have been 
photographed by Iludaux w'ith special lenses (focal length 120 ein) at distances up to 
11)0 miles. In the tropics, especially, a misleading impression is conveyed by the 
observer (especially the aerial ob.server) to the analyst and forecaster unless he 
specifies wliether the clouds are low or high on the horizon. .-A complete description 
will also stale whether the elniids are seen in all dlre(*tiuiis or in only one sector of the 
horizon. 
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Degenerated Cumulonimbua. Degenerated or weak types of rumuloiiimbus are 
observed in the tropics, e.g., in some troughs of the easterlies. Knth from the synoptic 
point of view and for the safety of flying personnel it is necessary to distinguish these 
from their more dangerous cousins the true cimiuloiiindius. The anv'ils of the 
degenerate type arc low and often have no defined cirriform structure. The clouds 
arc perhaps best compared in appearance with high altocumulus or oven strato- 
eumulus. In the International classification, they fall under the species of strato- or 
altocumulus cuniulogenitus. These names do not clearly express the relationship 
between the degenerate cumuloniiubus and the cumulonimbus; but the difference 
should be kept clearly in mind by the observers. 

Whenever feasible, observers should avoid mentioning cumulonimbus. Really 
dangerous spots will thus be clearly delineated on the maps, and safe areas without 
cumulonimbus or with weak varieties of cumulonimbus will be indicated more easily 
to airplane pilots. For additional information regarding elouds in tlic tropics, see 
See. X, pages 792-794. 

CLOUD OBSERVATIONS IN TEMPERATE LATITUDES 

The synoptic significance of cumulus clouds in temperate zonc.R is less important 
than that of middle clouds. However, it is not to be neglected ; careful ob.‘«‘r\'atioii of 
whatever clouds may form may always be associated with the Kyniiptic map. 

Diurnal Evolution of Fair-weather Cumulus. Oviu' land, the cumulus of fair 
weather is a day cloud. Over the sea, it may b<‘ observed at any time. The land 
cumulus starts in the morning; small wliitc tufts without sliadows appear simultane- 
ously at one or more places in the clear sky and start growing. In the first stage, 
the cloud does not really fit tlie definition of tlie stimdard cumulus, for it shows neither 
vertical ilevelopment nor base, it is advisable to describe such clourls a.s ‘‘fiimulus,” 
this being the name from the Tiitomatioiial ehissifientioii that best fits the ease. 
Later both the base and vertical development appear. When fair \vc‘!itlier is aeenni- 
panied by morning fog, the fog may dissolve eomplolel.v before the funuilus appear, 
or the fnietoslratus in which the fog breaks up may be transformed directly into 
fraetoriiinulus an<i cumulus. 

If tlie vertical development is espei-ially small, the cloud is culled ruiiiulun liHniilix. 
If it is especiiilly distendeil and swollen, it is eallisl riiniiiliix Tlu' Imiiiilis 

variety is found in the interval between two iieph.systeios in the ‘modeiatc convective 
sky,” at the edge of the cmiiuluH area, dose to the anticyclone oi the aiitieyi'loiiie ridge, 
'fhc! eongestus variety is found within the neplisyslem in its rear zone, near the cold 
front, or in the warm sector. 

T he Interiiational classification does not explicitly distinguish other sjieeies of 
cumulus. An extension is imiiiicitly favored when it is stilted that the liuinilis and 
eongestus are “among the more remarkable species." Thi-re are in fact several inter- 
niediato forms of enniuhis between the typical himiilis and the typical coiigestu.s. For 
the time bi'iiig, the general varieties may la' iiai-d for distinguishing the tyjs-s llint 
have other synoptic significance and must cousi-queiitly nnt be confused with liumilis 
or eongestus. 

Cumulus with normal vertical development come under the variety eumulus 
rumuiiformis. In flic trojiies, an interesting variety corresponds to the relatively 
undisturbed flow of the trade winds and is called by some meteorologists tnule-winil 
cumulus. Another interesting variety encountered in the tropics is tli(> chimney 
cumulus, so called because of its unusual vertical development and very small base. 
In this cloud, a large number of narrow vertieid currents or “<•llimneys” eharacterizc 
the formation. This is in contrast to the eongestus, in which the aseeiidiiig eur- 
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n-iii occupies a groater horizontal area. The chimney cumulus gives little if any 
precipitation. 

The “table” cumulus (fJcrman Tafelvmtke) is a more or less swollen cumulus, the 
lop of which is remarkably flat. All upward bulges seem to be stopped by the same 
horizontal plane. The indication, of course, is that a strongly stable layer lies just 
above the top of the cloud. The utility of the classiflcation is obvious. 

A sini]>lc rule for establishing a border line l)etween cumulus cunmliformis and 
ciimulus congeatus is that the height of the cumuliformis is moderate and does not 
exceed ajipreciably the (litiicnsiun of its base, which is also small. The height is 
rar<'ly above 3,000 ft. The base and height of the congestus often measure 5,000 to 
7,000 ft. 'I'hc thickness of huniilis is Ijclow 1,500 ft, and the base is always somewhat 
larger. 'I'Ih' altitude <if the base varies, with 4,500 ft a normal figure. The altitude 
VI ill vary during the day, increasing with ground temperature. .4n increase of a 
thousaiifl feet between 1000 and 1400 local time is not unusual. 

\l'hcn the sun goes <lown, the fair-wcallier cumulus progressively shrinks and dis- 
aivpears, but the process of dissolution is not the reverw* of tin- process of growth. 
The typical cloud of dissolution is the stratorinnulus vespendis. The dome-shaped 
lop flattens, and the base .spreads out. The empty spaces between several individual 
clouds limy disappear, thus cr<‘ating at places one single large and flat cloud. At the 
sniiic time, the structure of the biise changes, rndulations, or cells, appear in the 
jircviously uniform gra.v base. Similarities between these clouds and altocumulus 
or siralocumulus will be noted. The final name stralnnimiilus vexpcralis is given, 
since the formation occurs in the evening. This is the typical cloud of fair-weather 
sunsi'l. .Vficr sunset, t he layiT becoiiM-s thinner, breaks up, and dissolves completely. 

Abnormal Evolution of Fair-weather Cumulus. The diurnal evolution described 
iiliovc occiir.s when the station remains fora sufheient time (12 hr or longer) far enough 
troiii a iicphsystem where congestus and fraetoiaimuius appear, and also fur t'nough 
away from an antic.vclone where tin* vveallier is fiiir but no cuniulus appear. This 
normal evolution frciiuentl.v does not occur. .According to the departures from it, 
the forecaster may draw conclusions reganhiig the displacement of anticyclones and 
ncplis.v .stems toward or away from the station. This is of course especially helpful 
lor single-slat ion analvsis. .tiiomalies arc of iiumerons types. 

Kjranipif. 1 Observations from the ground and from a reconnaiusance aircraft 
at ('hiciigo. 111., .Aug. Ifl, 1(113. Swelling fractoeumiilus were obsi-rved in the early 
iiioriiiiig following the passage of a cold front. The clouds flattened rapidly instead 
of bulging according to normal evolution, and at 1100 only fair-weather cumulus 
were observeil. 'I'liesc sliowc'd no inerea.s<' in number or size up to 1200. .A decreaao 
WHS noted shorll.v after 1200. .All these observations ronlliet with the known normal 
evolution of clouds. No si ratocuniulus foriiUHl, nnd at 1000 (long before sunset) 
the eiiiiniliis began to disajipenr. .At Dubuque, west of Chicago, the eumulus dis- 
iippeart'd at least an hour earlier Ilian at Chieago. Then the observations indicated 
quite clearly tliiit, even tlamgh the cold front was still fairl.v close to the station to 
the 1 ‘ast, an aiitieyelonie ridge hud n'aehed the area from the w'cst and dominated the 
cloud format ions. 

2. Obsi'rvntions at I'Airt llrugg, North Carolina, Apr. 5 and 6, 1944. .A strong 
cl‘k air mass has invaded the area. On Apr. 5, a typical evolution of fair weather 
occurs. Fumulus appear at 1100 lOAVT. Stratoeumulus vesperalis last until after 
sunset. Oil .Ajir. (i, the sky is clear in the morning. l''uinulus do not appear until 
1200. 'I’hey di'velop into euimilus humilis iilanit 1400 nnd a little later onee again 
look like funiiitiiH. Xo vesixTalis forms. The fiiniulus disappear about 1700. The 
differeiK'e in euiiiiilus conditions on the two sueeeBsive du.vs was striking. The 
atmospheri' was already stable the first dn.v, ns was shown by the poor vertical devel- 
opment of the humilis. The stability was strongly increased the second day. At 
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Tipper levels, teniperaturos increaapd markedly. See Figs. 2 and 3 for a 2^hr 
sequence of eljaiiKen in the air mass. Sulwidenco aloft was so strong on Apr. 6 that 
descending eurreulB were observed by light aireraft making frequent ascents. 

Cumulus Congestus. C’uinulus coiigc'stiis arc distended and swollen cumulus 
whose domes liave a cauliflower appearance. Ko special varieties are mentioned in 
the Atlas <»f 1932. The g^^^nt expansion of nir travf'l since that time (especially in 
lrupi<‘al ureas wliere swollen cumulus are frequent), iirul the syrmptie relation between 
these clouds and the more dangerous cuniuloniinbub niiike it desirable to go into 
greater detail in the observatiiin^ and r(‘ports. )Mienevpr possible, mention of 
congestus should he avoided; thus one should applj' the term tiible, trade wind, 
*chiiiiuey,** cuinulih>niiis, etc., whenever iMTssiblc. Kven when the species name 



Fi(}. 2. - Normal evolution of faii-weathei cuiiiulub. »SouiMling Taken ut Noifnik, Va.. 
Apr. .5, 1944, 1200 Visual o}>>.c*i\atioiis made ut KoTt hliowed a 

typical evolution of faii-weather cunmlii'>. The souTiding i.> to lie rhtse to the ilry 

iidiiibutic up to 700 rnh, whicli agrees with the foimatioii of the cuniulus. triable luj’^ers 
above 700 mb jircvent the iiiusliiooirung of the cloufU, 

congeHtus applies, there is one variety that shoidd always )je distinguished. This 
is the “silver-lined eongesttis that can In: seen in Plate 78 of tlie Irileriiatioiial 
Atlas. Tlie silver-lined apiJ<'ariiiic<' and the divergent sunrays t hat usually jiceoiii]mny 
the cloud are due to the* hazy atmo.sjihen*. It w'ill be noted that euuniloiiiiiibiis found 
in the vi<*inity of Llu! silver-liiietl c<jugestua do not give sirotTg squalLs or heavy sliowera 
or thunderstonns. 

Thermal Structure of the Atmosphere. Kochansky in Iavow, Polanrl, tias care- 
fully studied the therTual structure of the atmospluTi' by means of ainTuft soundings 
(one to thna* per day), 'i he soundings show a stable layer witli isothermal or slightly 
invcrle<l temperatun; distribution above the TOndensalion level in the ease of eurnuhis 
iTUtnilis. 'lliis aeeounts for tlie absence of bulges. Near midday, the lapse rate 
betw^een condensation level and ground is close io the dry-adiahatic, with (*ven super- 
adiabatic lapse rates near the ground. Diurnal variations of temperature (within 
the same air mass) (lecrease w-ilh elevation above groumi. The change at condensa- 
tion level is practically ii(*gligible. The c^onclusitm is that the diurnal evolution of 



See. zq 


COLOK OF THB SKY 


911 


the fair-weather cumulus is therefore due to changes in the vertical currents at the 
cloud level. Changes in general air-mass conditions, such as subsidence and advcc- 
tion, will of course produce changes aloft. Tliesc changes are reflected in the nature 
of the cloud formations. Turbulent conditions occur frequently in the adiabatic 
layc'r bcilow the condensation level, especially near the condensation level. Relative 
humidity increases from the ground up to the condensation level. Above the tops of 



I’lo. 3.- Abnormal evolution of fail -went her cuiuulu.s. SotiiiclinR taken at Norfolk. 
Va,. .Vjir. C>, 1044, 1200 KtVT, Visual ol»M.*rvatioui, iiiutle at I-'ort Brugg, N.C., showed 
abiiormiil evolution of faii-ueatliei ciiniuliis. The cumulus were flat and lasted less than 
2 hi, being Micceeded bj n feu fnmulus. .Ml hough the sounding had not ehanged much 
since the picvious dn.i tioiii the surface up to about l,3tH) in, marked subsidence and 
wariniiig had occuned iiloft. Airplane soundings st 10. IKK) ft showed an inereasc In 
temperature of about lietweeii OIKIO and 1345 EWT. The greatest warming 

aloft oecurred at Nashville, Teiiii., and Louisville, K.v. The striking change in the liehavior 
of the cniiiulus on the successive da.vs is the couspicuoiis sign of the subsidenee warming 
aloft. The siibHldeiice was associated with the jiassage of a surface anticyclone moving 
fiom northwest to southeast. 

eiiinuluH htimilis, relative Ininiidity usually drops suddenly to a low figure, as low as 
15 to 20 per cent. Sec Sec. V for thenuoilyiiuiiiics of the atmosphere. General 
stability and instability eonditions are treated in Sees. V and X, 

COLOR OF THE SKY (CYANOMETRY)— HAZE LAYERS 

When the sky is clotidless or contains on the horizon only low clouds whose char- 
acteristics cannot he determined, observation must not he suspended. 'Phe shade of 
blue is significant; it is related to the origin of the air mass. The haze levels and their 
colors are also significant. 
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Cyanometiy. A logarithmic scale proposed by Unke (1927) comprises 14 shades 
of blue from deep ultramarine to pure white, tkilor samples are compared with 
the bluest spot in the sky, which is taken to be about 90 deg to one side if the ob- 
server faces away from the sun. Comparison takes place after a 30-aec period of 
accommodation. 

A simpler scale has been propoae<l and tried by Neuberger; its six shades 
can readily be identified by an observer without reference to a prepared color scale. 

In the eastern states of the I'nitcd Statr-s, the shades observed usually range from 
Nos. 4 to 8 of the linke scale. Klsewhere, e.p., in Morocco, a far wider range can 
be found. 

Table 2 is an example of th(‘ relationship between color measurements of the sky 
and the origin of air masses in Treneh Mon«-<i). 


Table 2 


Blue 

Vapor 


shade No. 

pressure, 

Origin of air muss 

(liiiike) 

mm 

1 

14 

10 

1 Polar maritime or eontinenlal 

13 

11 


12 

11 

13 

12 

Tropical maritime 

10 

14 

9 

Ki 


8 

18 


7 

17 

Tropie.al eontinent.'il 

(1 



Haze. The Interiiatiomd definition reads, “blllle pnrlic’1e.s of dust from dry 
regions or of salt wdiich are dry and so extraordinarily small tlial they are neither fell, 
nor perceived with the naked eye but which give thi> tiir a eliariieteristically smoky 
appearance. . . . Against a dark background this veil huh a bluish color, (blue dis- 
tance), but a dirty yellow or reddish yellow against a light background (c.y., clouds 
on the horizon, snow covered summit, sun). Haze nuiy be distinguished by this char- 
acteristic from greyish mist which it sometimes equals in inti-nsity.” 

There is no sharp division betwei'n thin clouds and thick hi ze. Ilazo often has a 
sharply defined top below an inversion, which is ealh-d the hazr Irnrl. It can be deter- 
mined with a precision of approximately 100 ft in altitude. ’I'lie light of the sun is 
reflected by the haze particles a/id by the top of the haze. As a result, the haze layer 
looks white to an observer in an airplane who huiks toward the sun ; it looks purple- 
brownish when he looks in the opposite direction. ,\fter the plane has reached and 
passed tho haze level, the sky right abtive the haze is clear, and clouds very low on the 
horizon appear with sharply delineated features. I,ight white streaks are seen floating 
on top of the haze. There are often several haze levels, I'speeially in anticycloiiic 
areas. Sometimes the beginning of a haze layer can be noticed by the fact that it 
appears on only one-half of the horizon. This undoubtedly has a synoptic significance. 

Study of synoptic distribution of haze layers and of their use for air-mass analysis 
is still in its initial stage but is expected to yield valuable information. In fair-weather 
ureas, it is the most important element for visual analysis. 

CLOUD PHOTOGRAPHY 

Cloud photography is an essential part of weather observation that has no sub- 
stitute. No matter how detailed the International classifications become in the 
future, visual observations and written descriptions cannot replace photographs. 
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1 . I’ilota ran aasiat );rra<ly in improving wrathir forecasting by photographing 
cloud formations. This will also help the forecaster to explain the weather to the 
pilots; the forecaster has to descrihe how cloud formations look when seen aloft. 
I’hotographs are helpful in this respect. 

The cost of photographing is small compared with the other operating expenses 
of an airplane or of a weather station. Photographs provide an efficient method of 
keeping a record of interesting flight or weather conditions. 'I'hey should be taken as 
regularly as possible. 

2. Weather-history Photographs. Interpretation of photographs taken aloft 
is much easier if photographs of clouds in the same area arc taken simultaneously 
from the ground. If such ground photographs arc taken every day at about the hours 
of international ohservatioii, whether photographs have or have not been taken aloft, 
they const It iite a real ‘‘history of the sky.” Three photographs a day (morning, 
noon, and afternoon) are usually sufficient for that purpose. This history can be 
used as a liackgroiiiid to interpret all photographs taken aloft and is therefore very 
valuable to the forecaster. If an mtere.sting event takes place between international 
ohser\’atiou hours, it is recommended tliat additional photographs be taken. 

Kznmple. If the sky breaks up, thus showing the strueture of the overcast, or 
if a ummniiitu.H \ariel^ forms, jihotographs taken between the regular hours will 
make the sequence of events clear. 

3. Time, llest hours are those of iiitenialional ohst'rvations — 0730Z, 1330Z. 
1830Z, and 0030Z; hut the time is of secondary importance, especially for photographs 
taken aloft. 

4. Size. Small photographs are of little um*, hk a rule. Of course, they can be 
enlarged in order to show dcltuls more clearly; but in the field, srratrhes, stains, etc., 
on the original caiiiiut entirely he avoided and arc enlarged us well us the details. 
Hest results are ohlaiiKsl from eamerns tJiiit use largi" film sizes. The minimum size 
reconiniendial is 4 by ft in. (K‘20 camera, for instance). I’hotographs of this size can 
easily he enlarged to 8 by 10 in., which is a convenient size for studying photographs 
or showing tliciii to imhvidual pilots Photographs for filing should he kept attached 
to n cardboard of the usual commercial .size, 8 by 11 in. 

6 . Marginal Data. If a photograph is to he u.scd for improving weather fore- 
casts, it slKMild he cniiiiiared with the iiiaji that corresponds to the area taken, and it 
must therefore bear the following essential data: 

1. Piling number. 

2. Location (<■.(;., alolt oil miles, northwest of Hiniiinghaiii, .Ma., or Mitcliel Field, 
New York). 

3. Altitude (of airplane and of cloud layers traversed below). 

4. Date (use standard abbreviations). 

5. Time (indicate time and uLso time zone; e.ff., 1230 KW'l’). 

6. Orientation, c.g., facing north, south, etc. 

A photograph without the above data is almost useless for the purpiose of synoptic 
studies. The data are so ini)>ortunt that it is advisable to write them directly on the 
original film, preferably in a part of the landscape and not on the clouds. They will 
appear automatically on each print. 

The following data arc interesting but optional: 

7. Subject. 

8. Film used. 

9. Filter used. 

10. Ix'ngth of exposure and aperture. 
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It is advisable to keep a refsord of the prercdinc data on sbeots or in a book for all 

pictures taken, , 

B. Choice of Subject. Photographs should preferably be taken according to the 
directions of an experienced photographer and forecaster. If none is available, the 
following suggestions may be useful : 

1. Since clouds are widely disseniinatiHl throughout the sky, two photographs in 
opposite or different directions sluiuld lx* taken if possible. 

2. If there are several levels of clouds, shoot a part of the sky where clouds appear 
ill ail levels, or at least at two levels. If there is a third levc-1, use the second shot to 

show it. ... 

3. If there is a break in a large layer of clouds, place it ill the picture. The struc- 
ture of cloud layers appears more clenrl.v on the edges of the break. 

4. Low clouds are leas interesting than medium and high clouds; eniphasis should 
therefore he placed on medium and high clouds. 

7. Framing. The horizon should also bi' clearly shown, preferably including a 
tree or building, bci'ause it indicates the size of the clouds. If clouds lie ri-latively 
close to (he zenith, the horizon cannot be shown; a place in the picture, a treetop, 
telephone pole, roof of a building, tower, or chimneytop will then be a useful guide. 
These, liki- the horizon, help to orient the photogra])h and provide a relative scale for 
its details. 

Many photographs are hard to use Ix-cause the horizon or an object of reference 
ib not shown; altocumulus clouds, for instance, may be confused with eirrocumulus 
or stratocumulus. 

8. Filters. Since most of the s.vnopt ieally intiTesting clouds are found in a 
r('lativel,y gray sky of uniform brightness, their characteristics should be artifieinlly 
r(‘nd<Ted nior<! conspicuous in order that (heir btrueture niu> be belter undi'rstood. 
Filin, moreover, is not so sensitive as the human eye to contrast in shades of light 
gray and blue. This heightening or dramatizing of photographs is a practical neces- 
sity. The, quality of the results obtained from them therefore greatly deiiends on the 
jiroper use of filters. 

Kcd and yellow liltcrs are used most commonly. Ited lilters are preferable when 
gray shades predominate. Yellow filters are moinmended when the blue of the sky 
appears in large areas of the subjiH-t. In case of doubt, use a reil filter. 

9. Length of Exposure. Cloud photographs should be taKen under all conditions, 
including the most adverse, and the length of the exposure eoo'-equeiitly varies widely. 
Kven professional photographers make iiiislakes if they rely on guesswork in ehoosing 
the proper period of exposure. A gixid exjmsure meter is strongly reconiniimdial. 

It should be borne in mind that the exposure time imlicatial on eomriiereial meters 
refers to a subject on the ground, containing an average Hinoiint of bright spots and 
dark shades, ('louds, on the other hand, are a differi-nt kind of subject. 'I'hey never 
contain shadows comparable with tliosi- of a ground subject, ami the exposure time 
indicated by meters must consequently be lessened, usually divided by two or even 
four. Overexposure is a common sliorteoming of cloud photographs. If the exposure 
is correct for the clouds, the landscape is usually underexposed, but this does not mat ter. 

10. Aperture. Small apertures are recommended on photographs taken fnim the 
ground because clouds are usually lucent. Photographs taken from airplanes arc 
sharper if exposure is short, which implies larger apertures. 

11. Stereoscopic Photographs. Stereoscopic views of clouds are nuirh more 
easily understood than are simple photographs. They avoid errors due to perspeetive 
effects and other causes. 'I’he first photographs of elouds that could be used to a 
certain extent for stereoscopic views were taken in order to nnuisure cloud idtitudes; 
the two stations were about 1 mile apart. Stereophotographs are especially easy to 
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lake from airplanps that traveree a long distanre within a few seconds. Two photo- 
graphs arc taken successively from the same airplane, the camera being aimed laterally 
a1 the same cloud formation. 'I’he elapsed rime between the two exposures is several 
hceonds, varying with the speed of the plane and the estimated distance of the subject. 
Since the average distance between the pupils of the eyes is 2’-^ in. and the normal 
range of strong stcM-oseopie sight is less than a yard (1 : 10 approximately;, calculations 
for stereoscopic photographs of a cloud group 10 miles off, for instance, can be reck- 
oned accordingly. A 1-mile Imse may la- ac’ceptable for low clouds, but a much greater 
distance is necessary for high altocumulus and eirroeiiniiilus. 

12. Duo photographs. Photographs of the same cloud layer may be taken from 
the ground and from above in quick suceession or simultaneously. Few, unfortu- 
iiii'ely, have been made, but their value in great, and as many of these air-ground 
photographs as possible should be taken. They enable forecasters to explain to 
pilots how weather will appear to them when seen from above. ('onvers<‘ly, they 
enable pilots to describe what they have seen to the forecaster; thus in both ways 
they contribute to improved foreexsts. 

13. PrintB. (llossy pap<T brings out details better than mat pap<’r and also 
lends Itself better to reproduction of the photographs from the print, if photographs 
are to be used fop publieiitiiiri when the original negative is not available. 

< ‘oiitriihtiiig paper is nsuall.s reeoninieiided in order to bring out all details of the 
clouds. 

When the print is developed, emphasis should be placed on cloud details. .\8 
witli overexposure, the landseaiK' comes out gray and dull, but this is unimportant. 


n.S. WEATHER BUREAU CLOUD CODE CHART 

Introductory Remarks. Figures 4 to 37 inclusive are reprinted by permission of 
the r.S. IVeiitlier Bureau. Mith the exception of Figs. 5, 8, 12. 19, and 28 these 
lire from the Weather lJureuu’s ('toiiil Code Chari. The exceptions were made in 
ordiT to obtain glossv prints for the cuts; the additional photographs were kindly 
su])]ilied by the I.ibrnriaii of the Weather Bureau. Tin- Chad Code Chart was “jirt'- 
piired with a view to aiding in the interpretation of cloud report.s in the international 
figure code.” 'rile sir.e of the photographs docs not permit detailed di'seriptions of 
the cloud structures that characterize their sigiiirieanee from the viewpoint of synoptic 
nu’teiirology 
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Fio. 4. — Cumulus humilis. 
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Fio. 7. — CumulonimbuB incus. 
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Fig, 10. — Stratocumulus opaous. 





1 iG 11 — Stratus 



lib 12 — 1 1 at tabumolut of bod westhei 



I ib 13 — Cumulus humiliB and stratooumulus 
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liQ 16 — Altoatratiis tranalundiis 
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1 lu 17 — AltobtiatUH ojiac ua 


Cm 3 





1 Hf 18 — -Aitocumulua tidublu( Ido’s 
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Cm 4 




lio 20 — Altocumulua patches (lenticulans) 



Fio 22 — Altocumulus cumulogenitub 
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1 10 24 — Altocuiuulus opann 



1 JO 26 Altocutnulub floccub 
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1 lU. 28 ClIlllS Blobll'i bCIltL 




[See Z1 



1 iCr 31 ~ C II 1 US dcnsus 
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lie d3 — t iiiiis 1 h1o» 1>iI<k 



Fia 34 — Cirrus above 45 deg 
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1 iti ( iiiO'»1r itiis filosus 



1 111 37 C iiioi uiuulus 
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SECTION XI r 

CLIMATOLOGY* 

By H. Landsbeug 
INTRODUCTION 

Climate ia the collortive state of the atmosphere at a given place or over a given 
area within a speeifie<l period of time. 

The individual t\<-ather eveiit.s and the meteorologieiil eletiienls eliariieterising 
them form at any place a group with properties peculiar to the particular locality, 
A group of observed values can be described by statistical ineasures such n.s the mean, 
the range, the frequency of various intervals, the si'tiiienee of eveiiLs and their periodic 
repetition. In a narrower sense, many consider chinate only as the mean local 
condition of the atmosphere. -\8 such, it can be abstracted by the “mean values” 
(a term often used as equivalent to “normal values”) of the various mele-orological 
elements, naniely, temperature, pressure, linmidity, wind direction and speed, cloudi- 
ness, etc. A characterisation of the colh'etivc “weather” in this fashion jH'rmits one 
to establish distinctions between atmospheric conditions at various localities. One 
should, however, not lose sight of the faet that an abstriiclion of tliis type serves only 
to siiiijilify the seientific digest of a tremeudous number of iii(li\'idual mett'orologieid 
observations. 

By analogy, lot the individual citizen of a eonnlry corresiioiid to a single weather 
event; coUeetively the individuals form a nation, and tins cjlleetive eorrespoiiils to 
climate. From the traits of the individuals, one can obtain statistically an “average 
eitizen” of a nation. 'JTiis fictitious cliiiracter cannot lie identified with any indi- 
vidual in the population: yet he may serve ns a symbolie contrast to the “average 
citizen” of another nation. The .same advantages and short comings that can be 
attributed to the concept of an “average citizen” are iiiheri-jit in that of the ‘‘normal 
climate ” at a given place. In eonsideriiig climate, it is then fore Jieeessary to remem- 
ber always that the climate is a result of single weather eveiits. Hence the same liiisie 
factors that cause weather as an iiislantaiifsms mamfestation in the atmosphere bring 
about the climate. This means that the ehnuitic eomlitions ean be derived from a 
study of the general atmospheric circulation and its local niodifieal ions. 

The circulation in the atmosphere is determinisl by a multitude of processes con- 
verting energies in the atinosplicre. Home of these proeessc's are well known, others 
barely studied. Their influeneo, interrelation, and inlerartion are very complex. 
Therefore no analytical and quantitative treatment of all the causes underlying 
climate can bo given at the present time, llather, elimatie conditions are usually 
described by the empirically observed quantities that eliaraeterize the instantaneous 
state of the atmosphere. The obscrvisl facts ann the figures ileriveil therefrom can 
then be fitted into the seheine of general rireulation that is currently accepted and 
based on a more or less qualitative appraisal of the many fiietors involved in iitmo,s- 
pheric dynamics. 

* The author ia inrIehteS to his awiatuiit, Miae OUi-Uc Neiiimoi, foi TOiiaidFraWe hell) in plotting tlie 
world charts of climatic elements prenonted lu this scrUon. 
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PLANETARY (RADIATION) CLIMATE 

Even if the earth lia<l no atmoaphero, one could speak about a climate becauae 
its surface would show a tciiiperaturc different from tliat of other nelestial bodies. 
This leniperature would also show variations in time and space, particularly as a 
function of latitude. These differences are caused by position and motion of the 
earth in the solar system and also by changes in the primary source of energy, the 
sun. The sun, a star with a .surface tetni>erBture of about 6000°r, radiates energy 
into space. On a surface exposerl normal to the sun’s rays at the mean distance of 
the earth from the sun, an energy of 1.94 cal i>er cm* per min is received on an average. 
There arc slight variations around this mean value, probably amounting to not more 
than 1 per emit either way from the mean. The fluctuations of this value are of 
shorter and longer duration, days and yi-ars. They are intimately related to solar 
activity, but their influence on climatic conditions is as yet insufficiently explored. 

llecausi' it uas originally assumed that the solar radiation within an era long com- 
pared with human history was constant, this energy amount of 1.94 cal per cm* per 
mm wa.s called the notnr rnnslant. Even though it.s fluctuations arc now an accepted 
fact, the term xtiltir eonaUint is still used to designate the intensity of the solar energy 
received at a mean distaiicc from the earth to the sun on a surface normal to the rays. 
The energy actually received at the boundary of the earth’s atmosphere is variable 
not only bi'cmise of the solar fluctuations but also because of the variation of distance 
between sun and earth during the eounw of the year. For a certain day of the year, 
this distance is approximately given by the formula 

,, /, 2«A 

11 = a I 1 — < cos ~y’ ] 

u here I) = distance from sun to eartli 

a = iiK'nii distance from sun to earth (92,9(X),000 miles) 
c = eccentricity of orbit (0.0167330) 

F = length of the year in days (36.'»,2.'>63 days) 
d = number of days since Jan. 1 (approxiiimte least distance) 

2,r = 360 deg 

During tlie current era, tlie i-arth is clos<>ht to the sun on about Jan. 1 (91,342,000 
miles), farthest away on about July 2 tiM,4.’i2,000 miles). 'I’lie mean intensity of the 
solar radiation received on these days at the laiundary of the atmosphere is 2.007 and 
1.877 cal jier cm* jjcr iiiiii, respectivelv. The mean value for any individual day can 
be obtained if one renieinbers that the radiation intensity varies inversely with the 
siiuure of the distance. 

A further cliniiitic intlueiiee inherent in the position of the earth in the universe 
is the incliiiatioii of the axi.s of the e.arfh with respect to the orbit. .\t the present 
time, the axis is inclined 6G°33' against the plane of the orbit. This inclination is 
essenti.allv the reason for the existence of seasons. Only at the time of equinox (Mar. 
21, 8opt. 23; docs the dividing hue of the lighted and the dark half of the earth parallel 
a meridian and pass through the poles. Between Mar. 21 and Sept. 23, the North 
Pole is tilted toward the sun, and from Sept. 23 to Mar. 21, the South Pole is tilted 
toward the sun. This causes the variable length of the day in all latitudes except 
the equator. The length of the astrunomietd day as a function of latitude can be 
computed or represented by a noniograpliie chart (Fig. 1). 

The existence of an atmosphere around the earth complicates matters further. 
Even the length of daylight is determined not by the astronomically possible duration 
of direct solar illumination but by additional light received before sunrise and after 
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HunsRt through the scattering of the sun’s light in the atmosphere. The scattering 
effect that produces the twilight is variahlc because of atmospheric refraction that 
changes the apparent position of the sun, particularly in polar regions. The amount 
of refraction is a function of the tempi-rature distribution in the atmosphere, but no 
fixed rules for this effect can be given here. However, an approximate estimate of 
the length of twilight at either end of the daylight period can bo obtained by setting 



JULY 
% 


SCPTCMBCR 


NOVEMBER OECEMBER 


JUNE 


TEBRUART 


JANUARY 

' j’ .1 (sunrise to sunset) in various latitudes. Use scale of dates 

marked N for Northern Hemisphere, scale "S" for Southern Hemisphere. Select date 
on hoiizontal scale reading upper portion on either "N” or "B" scale from left to right, 
lower portion from right to left. Place ruler vertically to scale through date. Obtain 
intersection with appropriate latitude. Follow horisoiitally across to ordinate scale of 
nours on left of diagram and read time Inteival, in liours, lietwecn sunrise and sunset, 
lime of sunnse or sunset can be approximately obtained by dividing this interval by 2 and 
subtracting it from or adding it to tlma of local noon- 
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an arbitrary limit of solar depression below the horizon at which light normally 
heromes so dim that outdoor activities cannot be carried on without the benefit of 
artificial illumination. This limit is usually fixed at a solar depression of 6 deg below 
the horizon, and the time interval between this point and sunrise or sunset is called 
civil Iwilight. The length of the civil twilight can also be nomographically represented 
(Fig. 2). 

The scattering of solar radiation in the atmosphere is of climatic importance even 
(luring the daylight hours, because it causes a st'paration of the solar radiation into 



JULY AUSUST SCPTCMBCR OCTOBCR ' NOVCMBCS DCCCUSER 

S | ||| | ||||l h l l l ll llipwi|llll||| | |||l l llllll l l |W I|||||||| HW I lAwW I I|MIWWW ^^ 

JUNE MAV APRIL MARCH rCBRUARY JANUAST 

Fio. 2 . — Duration of ciial twilight in various latitudes. Use scale of date marked 
“N” tor Northern Hemispheic. scale “S” for Southern lleiiiispherc, reading upper portion 
of either “N" or “8” senio from left to right, lower portion from right to left. Place 
ruler vertically to scale through date. Obtain iutersoction with appropriate latitude line. 
Follow horizontally aernas to ordinate scale of hours and read duration of civil twilight 
at either end of day. To obtain time of beginning or end of eivil twilight subtract interval 
from time of sunrise or add to time of sunset. 
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direct radiation from the sun and diffuse sky rudiation. The total amount of solar 
and sky radiation that should theoretically he received on a horizontal surface, e.g., 
the surface of the earth, can be calculated. If the atmosphere had no absorbinK 
rapacity, this would be only a function of the solar elevation above the horizon, i.e., 
the anicle of inridenee of the sun’s rays. Tins tingle of elevation would also jsovern 
the ratio between the direct and the diffuse radiation. Actual observations show 
that, on clear days at solar elevations of 70 dc)?, about 85 per cent of the total radia- 
tion comes from the sun, 15 per cent from the sky. At a solar elevation of 10 deg, 
only 60 per cent of the total radiation comes from the sun and 40 per cent from the 
sky. lliffuse scattering is also responsible for a certain amount of loss of incoming 
radiation to the terrestrial he.at balaiu-e, lusmuse scattering is uniform in all directions, 
and hence part of the incoming radiation goes back into the unn'erse. 

On and beyond scattering, the absorbing properties of the atmosphere arc of 
importanec in railiative processi's. Hefon- ever hitting the surfiice of the earth, part 
of the radiation is absorbed by gases in the atiiiosphcrc that show selective absorp- 
tion. In the high atmosphere, there are two absoibing constituents, ozone and 
nitrogen pentoxidc. The exact amounts absorlieil by these gases are as yet insufli- 
ciently explored, and matters arc particularly complicated because these components 
probably owe their existence to radmtive processes. In tin- lower atmosphere, water 
vapor, carbon dioxide, and suspended dust art as absorbing agents Most important 
for the heat budget of the atmosphere is the behavior of the water m it. .\s vapor, 
it absorbs radiation of long wave length, and, in susiH-uded bt\uul form (rloudsi, it 
reflects cunsiderahlc portiotis of the incoming radiation. Tlic ri'flection from cloud 
surfaces is probably the largo.st .single factor In the iitmosphcrie heat budgid. All 
estitnatea of the heat transactions in the earth’s atmo,spliore [and at present all 
values are at best rough estimates) have to 1 h- bused on assumptions about cloudiiK'ss, 
beeause reliable cloud observations are lacking in mmiv jiarls of the globe. It is 
known, however, that the surfaces of clouds reflect from 60 to i»0 per cent ot the incom- 
ing radiation. According to Mosliy, the mean incoiiiiiig nicbiitiim reci'ived at the 
surface of the earth on a horizontal plane is given by tlie lollowmg empirieal foriimlii : 

Q ^ k ■ h(\ — 0.007l('l cni/cm Vniiii 

where A: = transparency of atiiio.sphcre (varying from 0.023 at eipiator to 0 027 in 
70° lat.) 

h — mean elevation of sun above horizon 
C = mean eloudiiiess of locality in percentage of skv cover 
After the solar radiation readies the surface of the earth, further transformiitioiis 
take place. First of all, a eertain amount of energy is again reflected. This amount 
of reflection (.albedo) depends on the type of surface. For solid surfaces, the albedo 
in percentage of the ineoming radiation is shown in Table I. 


TiBLE 1. — .kcHEIXI OK Soi.ll) RnK+'ACKM 


Type of surface ^ 

( 'ultivated soil 
and vegetation 

Hand 

ureas 

Presli 1 
snow 

Old snow 
and sea ice 

Per cent reflection .... 

7-9 

13-18 j 

80-lX) 

50-60 


For a smooth sea surface, the values for reflection of sol.ar ami sky radiation on a 
clear day as a function of solar elevation are given in Tabic 2, according to Sverdrup. 
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Table 2. — Albedo or Smooth Sea Subface 


Holar elevation, deg 

1 

! s 




40 

50-90 

Per cent reflection 

. 40 




4 

3 


For overrast sky, the refleotion of a smooth sea Burfaee is 8 per cent. The over-all 
energy reflection of the earth, including that of clouds, has been estimated to be 
between 37 and 45 per cent. 

The observed amount of heat received on a horizontal surface on the average clear 
rlay (i.c., mean of all clear days of the year) with respect to latitude on the Northern 
Hemisphere is shown in Table 3, ucc«>rding to Perl. 


'I' vBLE 3. — Mean Dailv Heat Sum IIeceived on (’leak Days in Various Latitudes 
OF THE Northern Hemisphere 


Latitude, ° 

! 0 

15 


1 45 

60 

75 

Jieni raJ/cin’/day 

j 510 

510 

1 470 j 


300 1 

220 


Hecniise of cloudiness, the values actually received are in many spots of the earth 
only oiie-half to two-thirds of the indicatml quantities. 

At the surface of the earth, interactions betw’een the surface and the atmosphere, 
which are of fundamental importance for the energy budget of the atmosphere, take 
place. In tliis respect, it is important to note that the total heat budget remains 
essentiallv constant within the current era. Henee as much energy as is received is 
again lost, 'I'he minute amounts of heat flowing from the interior of the earth out- 
ward and the small amounts stored by photo<*hemieal reactions in plants are negligi- 
ble. Verv inflwuitial, how’cver, is the change that takes place in transforming the 
incoiiiing radiation of short wave length from sun and sky (maximum energy at wave 
length of fl.5g) to an outgoing radiation of long wave length (maximum energy at 
about lOab Each point on the surface of the earth radiates energy according to the 
law III Sicfan-Holtziiiann, i c., heat loss is proportional to the fourth power of the 
iib>,ohitc temperaturi' of the surface. The heat loss from the surface of the earth 
would far exceed the nniount received from sun and sky were it not for the intercep- 
tion of considerable amounts of energy by the water in the atmosphere. 

('loiids and water vapor will absorb a large Hinount of the dark outgoing radiation 
and radiate it back to tbc earth’s surface. Thus the heat loss that, for a surface of 
287° absolute teiiiiaTature (mean temix-rature of surface of the earth as a whole 
14°(' = .'i7°F = 287° K), wouUl be about 0.54 cal per cm* per min is actually only 
about 0.13 cal per cm* iicr nun. This last quantity is called the effective radiation of 
the earth and is, of coiirsf', a mean value only. Observed effective radiations vary 
greatly throughout the year and from plai’c to place. For the earth as a whole and 
the average day of the vear, the moan heat budget at the surface of the earth is shown 
in Table 4, according to Conrad. 


Table 4 — Hevt Huixiet ok the Earth as a Whole fob .Averaob Dav of the Year 


Iloal roceivctl by 

('al/cm*/day 

Heat lost by 

('al/cm'/day 

llirect solar radiation 

170 

Outgoing radiation 

1 790 

Diffuse radiation 

140 

Evaporation 

120 

Back radiation from atmosphere 

600 



Total 

910 

1 

Total 

1 

OIO 
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G. C. Simpson has calculated the annual mean value of the net heat balance for 
all latitudinal zones with considerationa of all factors involved. His results are shown 
in Table 5. 


Table 5. — Net Hadiation Balanc’K op Various Zones 


Latitude, ^ 

Net tadietion baleiice, 
ca,l/cm */nf»in . 
N(>rtherii HemiAph(*r<» 
Soutlieru Hemiflpbeic 


I(K20 , 2(1-30 


30-40 40-S0 


SO-OO 


00-70 I 70-80 


I I I I I I 

+0 0«o'+0 OSS +0 043 +0.013 -0 034 -0 077 - 0. 103i -0. 163 
+ 0 059+0.(153-4 0.03.1, 0.00 - 0.053 -0.096 - 0.120,-0 103 
I I I 


80-90 

- 0.168 
-0 169 


On the whole, the earth is losing heat at all latiliides higher than 3o° and gaininir 
h£-at between 35°N and S. This again ropresenls, howi'ver, only a mean pietiire for 
the year. There is a eonsiderahle annual variation, os ran be noted from Figs. 3 and 
4, which show the radiation balance of the earth in Jatiiiarv and .bil.y. It is iioffi- 
worthy that the hemisphi+e that has summer has a positive radiation balanee to 
latitudes oh high as 60°. The irregularities of the lines of equal radiation balance are 
eaused mainly by differenees in the temperaturt' of the rsdinting land and water masses 
as well as by the differences in rloudmeas. 

From data such as these, Milankovieh has calculated a theoretical temperature 
that should be expected on the surface of the earth if tin* atmosphere were completely 
at rest and the distribution of land and sea were even over the surface of the earth. 
This mean planetary temperature of various zones produci'd b.v solar rodiiitioii and 
its modifications is shown in Table 6. For compurisun, the temperatures aetuall.v 
oh8(>rved on the two hemispheres are also given. 


Tabi,e 0. — Thboubtical Planktahv and Obskbvki) Tbmpbka’j iiBBs POH Vabiotik 

Zones 


Isititiide, ° 

1 

0 

10 

20 

.30 

1 

40 

.30 

! 

(K) 

70 

so! 90 

J’laiietiir.v temperature, °F. 

91 

89 

83 

72 

.37 

.37 , 

12 

- "i 

1 

:c 

1 

Observed Northern Hemisphere, 
°F 

79 

80 

78 j 

(HI 

r)7 

42 

30 

1 

Hj 

1 

2 ? 

Observed Htmthern IleiiiisplK're, 
°F 

79 

78 

I 

73 

1 

().' 1 

.34 ^ 

1 


[ 28 1 


-4 ? 

1 1 


The planetsrv temperature that is a result of the net i.idiutiori effects agrees w itii 
the observi’d values only in the latitiides of alMiut 40° Fn.ni there lownrd the equa- 
tor, actually observed values are lower; toward the poles observed values are higher 
than the theoretical ones. This observation is a consequence of the grtifinl rirrulution. 
The temperature differenees between pole and equator caused by radiation produce 
pressure gradiciits resulting m transport of air from one place to another. This 
general eireulation is a most important influence upon climatic conditions. Tabic 5 
also indicates that the observed temperature values on the two hemispheres are 
different. That fact is eatiscd by the uneven dmiribvlion of land and sea between the 
two hemispheres. This differentiation of the surface of the earth into eoiitiiiental 
and oceanic areas is another control of rlimat<- that produces some of the most pni- 
iiounc(“d climatic dilTi'reiici’s observed on this planet. Thi'si' differences arc mostly 
a result of the diverse' heat transactions taking place in various eoiiipoiieiit parts of 
the earth B surface, ihree types of surface, widi'ly diffen'iit in their properties, are 
of major importance: solid ground, water, iee and snow. 

In solid ground, only a very shallow layer participates in the heat transactions. 
The molecular heat transfer is almost solely responsible for transport of heat from the 
surface to greater depths. For example, the annual variation of temperature usually 
does not penetrate deeper into the ground than 30 to 50 ft. 
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In watnr, this variation pmetratcs to at least 600 ft, mainly because of turbulent 
heat transfer. Moreover, to raise the temperature of a unit volume of water by one 
unit takes about two and one-half tiroes as much heat as for an equal volume of soil. 
Hence a surface of solid ground will respond very rapidly to changes of radiation, 
f.p., it will heat and cool quickly. In contrast, a water surface will warm or cool 
only very slowly. A further consequence is that air in contact with the soil will 
follow the ternperaturo changes of the soil, and, by upward- or downward-directed 
convection, the higher layers of the atmosphere will participate in these heat transfers. 
Over water, air will show only very slow temperature changes. From water surfaces 
some heat will also be lost by evaporation. This heat will eventually benefit the air 
when condensation occurs, hut this may be at a considerable distance from the point 
where the evaporation took place. 

Surfaces of ice and snow have entirely diffen-nt properties. They will reflect 
considerable amounts of radiation, part of which will be absorbed in the air. If the 
tcniperaturt* of the ice or snow surfac*! is chvse to the freezing point, part of the heat 
n'eeived at thi‘ surfac(> will be used for melting. In .addition, especially in fresh snow, 
tx'sides a very high rcfleetioii of energy, little lieat will penetrate into the ground 
because of poor conductivity. .\t night, when snow radiates just about as a black 
body. th(' Icinpcratiirc of the air in contact with tli(“ snow surface will he lowered 
considerably. If the air is calm, daily temperature extremes over snow will be 
accentuated. 


GENERAL CIRCULATION OE THE ATMOSPHERE 

'rhe radiative processes on the earth will create a priori at the s\irfaee of the planet 
a zotu' in the region of the ecpiator that is warmer than zones at tlie poI(‘K. In addition 
llie iiiosaie of continents iiitersixTsed between oceans estuldishes areas that will 
follow radiation eliunges ra])i<lly while the oceans themselves will react only very 
sluggishly lo such changes. The influenee of temperature ehang(‘s in the, oecaiiic 
liart of tlie sui'faee will he widespread partly Iweause the oceans cover five-sevenths 
of tlie total surfaee area of the earth and jiartiy beeause the currents in tlie ocean can 
“transport” climate far from the region of origin. In a medium as mobile as air, 
tejuperatiirt' dillerenccvs that are ere.ited by rndintion will iniiJiedi.itel3' give ri.se to 
currents that tend lo eiiualize Ihein. 

On an imaginary earth that hail a homogeneous surfaee and was nonnitating, the 
differences in radiation would lead at the surface to sources of cold air at the poles 
and a source of warm nir at the equator. Asi-eiidiiig motion would prtwail at the 
equator, suhsideuee at the iioh's. A presaure gradient would exist aloft from equator 
to the poles resulting in a Iransport of air from equator to the poles aloft. .\b a con- 
sequence, at the surface a pressure gradient from the poles to tlie I'quator would be 
established, producing transport of nir from the poles to the etpiator. 

This sinijile cycle is, of course, immediately destroyed by the rotation of the earth 
from west to east. Air originating in equatorial latitudes has the high angular 
momentum existing at this great distance from the axis of rotation. Air originating 
near the poles has a small angular momentum because of proximity to the axis of 
rotation, 'rhe coiiservatinn of momentum will cause a mass of air moving pole- 
ward to advanen faster eastward tlian. a point on the surfaee at higher latitude. 
Hence, with respect to the surface of the earth, a poleward-directed motion will acquire 
a W'est-to-ea.st eoinponeni. 'Hint means that th»' winds from the equator to the pole 
tend to bi'come west winds and, vice versa, that a flow directed toward the jxjuator 
will, with respect to a jioiiit on tlie surface, acquire an east-to-west component bc<-ause 
it moves from a region of small angular moiiientum to one witb biglier angular momen- 
tum. 'rims a wind from the pole to the equator tends to hecome an easterly current. 
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The deformation of the sinfcle cell enviaagod for a nonrotatinR <’arUi will lead on 
the rotating earth to westerly winds at high elevations in the polewiiid-direeted cur- 
rents aa actually observed. The lower winds moving toward the equator become 
easterly winds, a condition also actually observed from the poles to latitudes of about 
60°. The upper air moving from the equatorial region (iw a westerly current) with a 
alight northward- or Bouthward-dire<*ted component cools beeiiuse of high radiative 
heat losses aloft and will gradually sink to the surface. 'J'his subsiding jirocess 
actually takes place in latitude of 30°. With a pressure grnilieiit at the surface 
existing toward the equator, part of this air will return toward the equator, now 
acquiring an easterly component because during the slow subsiileiice process it will 
acquire the angular rotation nioniontum of the 30° region. In the poLar regions, the 
very cold air existing at the surface will ereate a pressure gradient toward a region of 
minimum surface pressure between 50 and 60° latitude. However, in the high atmos- 
phere, pressure stays highest at the equator and lowest at tlie poles. Tlu“ siirfaee 
trough of low pressure in .50 to 60° latitudi* will eiiiise an inflow of air from liolh south 
and north, whieh will tend to reiiiforee the easterlj’ winds on the poleward side. On 



Fiu. 6. — Scheme of gciiuiul cii culatloii ovei a lotatiiig cuilh with uiiifoiiii .-.icfticc. (.l/tir 

C.-O, Ifosshy.) 


the equatorial side of the trougii, an inflow of air from regions closer to tlie e(|iiator 
will yield westerly winds. 

In the Northern Ilcmispliere, this circulation will result in plaiietaiy winds, as 
shown in a schematic diagram given by Hosshy (Kig. .5). 'I'hi- Soutlieiii Hemisphere 
would represent a mirror image of this picture, with the ••qnatoi as sMiimetry axis. 
As can be seen, near tlie equator winds arc light (diildruiiis'l. and aseendmg air cur- 
rents produce convective cloudiness witli precipitation. N'ortli and .south of tin- 
equator to about 30° latitude, the trade winds are jirevidenl at the siiriaei' (northeast 
in the Northern, southeast in the Southern Hemisphere). The trade winds from liotli 
hemispheres often meet in the equatorial belt and ereate a same of eonvergeiiee tlmt 
is called the equatorial from. In the regions of 30° latitude (horse latitudes), suli- 
siding air leads to elear skies. In the latitudes of 50 to 60°, between tlie soiit liweslerly 
winds originating in the sulitropies and the northeasterly winds of the polar regions, u 
discontinuity, the polar frimt, is in existence. Here the warmer southern air masses 
ascend over the colder polar air masses, creating another zone of cloudiness and 
precipitation. 

The meridional tripie-cell arrangement in eacli hemisphere is an idenlizi'd state 
that would determine the climate of various zones, provided that the surfnee of the 
earth were homogeneous. Tlie entirely different conditions of radiation and heat 
exchange over continents and oceans distort this thwirc-tienl patti'ni very badly, at 
least at the surface. This can readily Ire wi»ii from a set of pressure and wind maps, 
giving the actually observed values (Figs. 6 to 11). Kvidently the patteni with thn*e 
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cells of circulatjon botwpen the poles and the equator is better preserved m the 
Southern Hemisphere (land an a 19 2 per pent, ocean area 80 8 per cent) than m the 
Northern Hemisphere (land area 39 2 per cent, ocean area 60 8 per cent) In general, 
this simple cireulation si heme is more retogm/able ovei the laigi oceans than over the 
land masses In Hit region of the Aaiatu- Australian lontinental area in many months 
of the year, just a single high- and low-pressure ssstem dommates the circulation 
from 60°N to 30°S latitude 

There is, of course , in addition to the distortions mtrodueed by the differentiation 
of land and water siirfaus, a siasoiial migration of thi tiriulation belts This can 
perhaps be best illustratid In the mian positions of the two polar fronts and the 
(qiiatonal front in tlu months in whith Ihtst fronts riath farthfst to the north and 
to the south (hig 12) In the \orfh«rn Ileniisphiri the polar front has its extreme 
northtrn position in Jul^, its extreme southern position in Januaiy Durmg this 



1 IQ J2 — Mesii exi le me po-it ions ol the i>o1 u fionts (solid line) and the equatorial fiont 
(dou) h liiKl llrokeo lulls iiidn it< liichh \ iiiihlc oi doubtful positions 

last month iieeiiiiiit him de \ e lupine iit le iilniK to i m Ionic mtivitt along the front 
and the distention he the i oiitiiii iits in ikc it quite diibeult to assign i nii in position 
to the tiont iii in tin puls of the hiiiiispheie Ihe ilistiniL be tut in the positions in 
Tnnuarx and Inh is ejiiite i oiisnli i ihh ig iin i nusi d bt eontinental iiifliiinie In 
the Southein Ileiiiisplieie (he niigrntioii of the polar front is much less than m the 
Northern He iiiispliere llie sinitheni iiolu front is e Insist to the pole m Itbruarx, 
durmg the latter part of the southiin summer, when the water masses reaeh thiir 
highest tempi icit lire 1 he i qu atonal front reaches its e xtreme positions in Febniary 
and August The distuiei eoxenel bi this migration is gieiitest in the Asiatic- 
Austi ilian region inei k tstoxei the oee in m'lsof the iSouth Vthintie and the South- 
east P.ii ihe 

CONTINENTAL AND OCEANIC INFLUENCES ON CLIMATE 

Nixtieithe ge III rill I III 111 itiiin isisplimK i Mile nt fiom the preceding pnragrnpho, 
Ihosiniple plinetiix i Inn ite isiiioslU influeiuiilb> the distribution of lontineiits and 
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oceans. The major wind systems of the geiieral rirrulatioii are larf;cly responsible for 
a circulation in the oceans. Although tcmperiiturc' distribution in the water masses 
would set up a circulation in the waU'r even if no winds were acting, nevertheless the 
persistent wind systems arc the mainspring of the huge transport of water masst's 
across the length and width of the oceans. More or less stable currents carry their 
temperature characteristics to far-distant piirts of the oceans, moving warm water 
poleward and cold waters toward the etiuator. Examples of warm currents arc 
the (lulf Stream and its extension, the North Atlanti<‘ IJrift, in the Atlantic, the 
Kuroshio and the North Paeilic Current in the Pacific. Moving in a general north- 
east direction fnim flie coasts of southeastern North America and Southeast Asia 
they create, coupled with thi“ prevailing westerly winds, temperature conditions on 
the coasts of Northwest America and Northwe-st Kuropc that are much warmer than 
could be expe<'ted in latitudes close to the arctic circle. 'I’hc contrast between the 
tcmperatur<‘S of the western nnd eastern oceans in the Northern Hemisphere is further 
reinforced by southward-moving cold currents in the western portion of the oceans, 
such as the Eahrador Current in the North Atlanta’ and this Oyasliin in the North 
Pacific. 'Phe influence of these cold currents on the temperature of the surroundings 
and on the formation <if fog stamps the chmate of these regions. 

Tlie climate of some coast. s, where the pervading winds blow the surface water 
away from the coast, is influi-nci'd Iiy the temperature of ^^ater welling up from greater 
depth to replace the surface water. This upwcllmg watiT iisiiHlly has a rather low 
temperature, and the phenomenon has a conspicuous cfTc-ct on cloudiness of the coasts 
of Southwest .\frica, Peru, and California. 

Aside from the effects of the currents, the oceans dampen and distort temperature 
variations. The daily amplitude of air temperature is much less over the ocean than 
over the land. The same is true for the annual raiigi’ of temperature (differcnee 
between mean temperatures of warmest and coldiNt months). Over the ocean, the 
lag of temperature extremes behind the time of niuMmuni and minimum radiation 
inteasity is longer than over land. In the Northern Hemisphere, except for polar 
regions, the warmest month inland is ordinarily .luly, the coldest .lanuary. Over the 
oceans and on some coasts, the warnu'st month is .\ugiist, tlio eoldest I'Vhrnarj’, 7 r., 
about a month later than inland. In (Xilar regions, because of tlu peculiar radiation 
conditions, the maximum ma}' be in either .July or August, but the nimiiiiiim tempera- 
ture ib usually not reached until late Peliruary or early March, just before thci single 
great sunrise of the arctic. 

The daily range of air temperature ox-er the open ocean is not much over 2 to ;i°P; 
coastal fringes may experience mean daily ranges of 8 to 10' P, hut 300 miles inland 
the mean daily range is ordinarily not less than 

In eontineiital areas under a regime of pnwailing onshore winds, the oceanic 
influence is carried far inland; while, in oceanic regions under a regime of offshon- 
winds, continental influences are felt out at sea. The latter eff<’ct is usually not 
nearly so pronounced as the former. The contrast of continental and oceanic climates 
can be descriliod numerically by indices of “contincntality.” .\n index of that type 
which is most adapted to modern meteorological concepts is the ratio of tlie fi’<>quenci<'H 
of air masses of continental (C) and maritime (A/') origin. .4t the present time, 
analyzed weather maps tor a suflieient nunibr'r of years, which would enable one to 
determine this ratio, are availalile for only a few regions of the world, mainly JOurope 
and North America. Prom these-, the C'/M' ratio for the eastern I'nited StaU-s for 
the year as a whole turns out to be about 1.2. This indicates tliat the area is slightly 
more under the influence of eontinental than of maritime air musses. In wesU-rn 
Europe, the ratio C'/M' is aliout 0.3, denoting that maritime air inaases are about 
three times as prevalent as continental air masses. 
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A leas dynamic, although very descriptive, approach is the use of the annual 
temperature range for the calculation of a factor of continentality. Johansson defines 
an index of continentality based on this oiement as follows: 


K 


0.9A 
sin tp 


- 14 


where K = index of continentality 

A «■ annual temperature range, °F 
ip — geographic latitude 

A purely oceanic climate would have an index value of 0, an extremely continental 
climate one of 100. The constants of the equation are obtained by assigning the 
values 0 and 100 to two exirt'ine stations. Johansson used Thorshavn (Faro Islands) 
and Verkhoyansk (Siberia) as the two extreme stations. Use of this formula will 
>ield, for example, for Winnepeg (Manitoba; an index of 61, for San Francisco the 
value 3. 

Defining “oceanicity” rather than continentality, F. Kerner makes use of the 
fact that in maritime climates the spring months are much colder than the correspond- 
ing autumn months. Kerner calls his index the tiurmouodromic ratio, which is given 
by the formula 

O = 100 ~ 

A 


where O * oceanicity 

to = mean temperature of October 
I A = nu’an temperature of .\pril 
.1 = annual temperature range 

The use of this formula yields values of 4 for Verkhoyansk, 5 for Winnipeg, and 44 for 
.San Francisco 

On the \shole. the annual temperature range can well serve to illustrste the con- 
trast between continental and oi'oanie areas (Fig. 13) although it is also in part a 
function of latitude. Except tor the immediate neighborhood of the equator, the 
vuluesof annual ti'iiiperuture range increase from the shores inland. The liiic.s of equal 
riiiige follow rougtily the outlines of the contineuts. WIuti* prevailing wind currents 
transport maritime air masai's toward the continent, as m the ease of the wi-stiTlies 
oviT Eurasia, the core of muxinium range is displaced from the center of the continent 
toward the lee. In this case, the annual ranges increase only very slowly from the 
Atlantic Ocean info Eurasia. Dn'tbe .Vsiatic shores of that continent, it is noticeable 
that the continental influences do not reach far offshore, for the values of the range 
diK-reasi- very rapidly toward the Fiwifie. 


TaBI.I: 7. — IlELATlO.N nETWEUX IXTERDIVRXAI. TEMPEHATfRi: VARIATION AND 

( 'O.NTIXENT A I.ITT 


Area 

Mean interdiiirnal temp, 
vuriation, ”F 

Imlex of conlinen- 
tahty of Johanssoii 

West coast of North .tmericn 

2 7 

3 

(’entral North America 

G 3 

GO 

East coast of North .Vnieric.a 

5 2 

66 

Western Europe 

3 2 

27 

Western Uussfa 

4 7 

46 

Ontral Siberia . . 

1 

.> 8 

86 

1 
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Fig. 15. Mean isotherms (in degrees Fahrenheit) at sea level* month of March. 



Fio 16 — Mean isotherms (in degrees Fahrenheit) at sea level, month of May. 
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Mean I-Othti m- (in degiec' I ahreiiheit) at sei le%el month of Jul> 




Fio. 18. Mean isothernia (in degrees Fahrenheit) at sea level, month of September. 
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Fig 19 — Mean ivotherma (in degrees Fahrenheit) at sea level, month of November. 
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The leveling influenre of the ocean is also effective in reducing the temperature 
changee from day to day (interdhirnal temperature variation) cauaed by alternating 
uf variouH air masBea especially in the regions of polar-front cyclonic activity. Air 
masses passing over the ocean lose rapidly their original characteristic properties 
near the surface and acquire those of the immediate environment. As a result, the 
mean intcrdiurnal temperature variation is less over the oceans than over land. 
There exists considerable correlation between the index of continentaJity and the 
mean interdiurnal temperature variation, as shown in Table 7. 

The general effect of continents and oceans on the temperature distribution can 
be well visualized from Figs. 14 to 19, which represent world-wide isotherms at sea 
level I'lspecially the maps for January (Fig. 14) and July (Fig. 17) will make the 



l‘io. 20. — The hydiulugic r>('lc uf evapoiation, piecipitatiuii. and lunoS between oceans 
and coiitiiiciitb. (Aftir H. HoUman.) 


following axiomatic statements clear: In the summer season the sea-level isotherms 
over the oceans bulge toward the equator, over the continents toward the poles. 
Continental areas aioiind the tropics show centers of maximum heat in summer. 
Cold oceanic currents are distinctly marked in the summer isotherms. In contrast, 
during winter, the sea-level isotherms over the oceans bulge toward the pole, over 
the continents toward the equator, ('ontinental areas near or beyond the arctic 
circle show centers of maximum cold. Warm oceanic currents are distinctly marked 
in the winter isotherms. 

It is, of course, plainly evident that the influence of continents and oceans is not 
restricted to thermal conditions All the phenomena connected with the water in 
the atmosphere arc related to the distribution of land and water; evaporation and 
hence the amount of water vapor in the atmosphere, condensation and hence cloudi- 
ness and sunshine, and ultimately precipitation It is not possible to exclude the 
influence of dynamic effects such as frontal activity and subsidence or those of moun- 






956 


CLIMATOLOOY 


ISm. xn 


tain ranges on the water cycle in the atmosphere. Nevertheless a fw general state- 
ments are valid, namely, cloudiiic-ss decreases, sunsliinc increases inland; humidity 
and precipitation, as well as wind speeds, decrease inland. 

Evaporation over the ocean is considerable and, according to estimates by Wtist, 
amounts to 81,000 cubic! miles of water yearly. In comparison, from inland water 
bodies and wet soil only 15,000 cubic miles evaporate. Most of this inland evapora- 
tion occurs in dry air masses, is transported as water vapor out to sea, and is pre- 
cipitated. Of the water evaporated from the ocean a considerable portion is carried 
by maritime air masses to the continents, where total precipitation amounts to about 
21,000 cubic miles annually. In the moderate latitudes this precipitation is mostly 
caused by frontal activity. In those areas the hydrologic cycle follows essentially 
the scheme indicated in Kig. 20. To make up for the excess of precipitation over 
evaporation inland, 9,000 cubic miles of water returns to the sea by runoff. 

Climatically very important arc the superposition of air currents caused by thermal 
contrasts between land and ocean upon the general circulation. It is a well-known 
fact that in daytime at the surface a thermal gradient will exist from land to sea and 
at night from sea to land. This will lead to a low-level pressure distribution that is 
often sufficient to affect the flow of air, particularly if the general pressure gradients 
ore weak. At the surface, this results in a sea breeze during the day and a land breeze 
at night. As usual, the oceanic effect is more pronounced. The sea breeze is gen- 
erally stronger than the land breeze and is felt up to 30 or 40 miles from the coast. 
The land breeze is usually weak and reaches at best a few miles out to sea. lioth 
land and sea breeze arc shallow phenomena, restricted to the lower 1,500 ft of the 
atmosphere. For some coastal areas, especiallv in tropical regions, tho more or loss 
regular land and s<'u breeze 's of considerable influence upon the climate. 

Infinitely more spectacular than this small-scale i)henomenon is a circulation 
superimposed upon th<‘ general circulation by the hcasoiml t hernial diffcrenecs between 
continent and ocean. In winter when the land is cold and hence surface pressures 
are high, an outflow of air toward the ocean takes place that may reinforce or weaken 
currents set np by the planetary atnutspherie eireiilutimi. Wndlaily, in biinimer the 
land is warm, surface pressures are lowered, and a tendency for an mflovi of air from 
the ocean inland is the result. Again this gradient is superimposed upon the genend 
circulation. Th«w seasonal land and sea winds an* called monsoons. Tlicy affect 
alt continents, yet the degree of influence varies from slight deflection of winds to 
absolute dominance. The difference in appearance is -’aused by the fact that in 
some areas pressure gradient s of the general eireulat ion are too .strong or the continents 
too small to produce more than an additional wind component, which is iiisuffieient 
to cause a complete seiusonal reversal of winds. In other eases, mainly that of the 
largest continent, Asia, the pressure pattern of the general circulation is sufficiently 
distorted to produce opposite wind directions in winter and summer. 


Tabui 8. — Mean Values of Selected Climatic Elements at Typical Stations 
UNDER Influence of Land and Sea Monsoons 
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The position and intensity of the subtropical high-pressure cells on both bemi- 
Rphcrcs, hence dynamic offects, are distinctly linked with the purely thermal effects of 
continents and oceans. The classical Indian and cast Asiatic monsoons are composite 
effects of both influences. The climatic consequences of fully developed monsoons 
are prominent. In a typical monsoon climate, the following conditions coincide ; 
During the winter (land) monsoon, the prevailing wind is offshore; precipitation, 
cloudiness, and humidity show minima. During the summer (sea) monsoon, the 
prc'vailitig wind is onshore; precipitation, cloudiness, and humidity show maxima. 
lOxainples for two stations, one in East Asia, the other in India, 'Mill illustrate these 
btatements. All the pertinent elements arc shown in Table 8 for the peak of the 
respective monsoon seasons. 

INFLUENCE OF TOPOGRAPHY ON CLIMATE 

large areas of ocean territory have quite uniform climatic conditions. Over 
Itind, ho'R'ever, climates may he widely differentiated even within very short distances 
li('<'aus<' of land hirnis and the variations in elevation. A change of all climatic 
values is observed as a function of elevation. This is true for the free atmosphere as 
nel! n.s for different levels of land. The changes of temperature with height above 
sea level are well explored. The observations show that, on an average, the tem- 
jicrnture decreases with elevation fiom the surface to the height of the tropopause. 
'Die h<‘af absorbi'd by (he Hurfae<‘ of (he earth leads to eonveetion, and the winds 
eaufs'd by (ho g('neral eireulntion produce turbulence. Both these factors in eon- 
juiietioii with fronts and topographic obstacles lead to vertical motions in the atmos- 
phere. I pon iiseending, the air cools adiabatically, and if it were completely 
dry a lapse rate (dccreas<' of tcmp('rHture per unit height) of O.SS'F per 100 ft would 
result up to an I'h'vution at which c<mv«-ctivc motions normally cease, i.e., the tropo- 
pausc. The lapse rates that .are actually olwrvcd are freqiiently less becaust' of 
the existence of inversions and because condensation processes add heat to the 
HMcendiiig air ninsaes. In the lowest layers, inversions produced by radiative loss of 
heat at the aurfnc(> deercas<- the mean lapse rates markedly in winter. 

For t he w hole earth the annual mean lapse rate is approximately 0.27°F per 100 ft. 
I'liis value is valid up to elevations of about 12,000 ft. In regions ■with a distinct 
winter season, the mean lapse rate of that season is only 0.22'']'' per 100 ft, and even 
less in t he lowest 1 ,000 f t. 'i'ho.se regioixs have in summer n mean lapso rate of 
j«T 100 ft. a A able that prevails in the tropic.s thruiigliout the yeur. I'hc use of mean 
lapse rat<'S maki's it possible to draw isothemial nmi>s on whiiii all observations are 
reduced to sea level (..iieh us tho.so shown in Figs. 14 to 19). Sea-level values are 
obtiiiiK-iI hy adding the appropriate iinioiiiit to the mean temperature values observed 
at stations aliov<‘ sea level. If this reduction is not performed, an isotherm map will 
mainly reflect the topography. From a map showing the sea-levii isotherms, one 
call, of course, by reversiug the procedure obtain the mean temperature of u station 
if its elevation is known, as follows: 

Ik “ to — vh 

where h = mean temperature at height h 
to — sear-level temperature 
y = mean lapse rate (for unit height) 

h » hiight above sea level in same units of height as chosen for y 
On maps with sca-lcvol temperatures, interpolation between the isolines is permis- 
sible; ’whereas, on maps allowing true isotherms, interpolation is a rather unsatis- 
factory procedure, particularly in mountainous areas. 
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Mountains have a powerful influence on climates even beyond the mere effect of 
altitude, which is also present in the free atmosphere. Especially the long, high 
mountain ehains act as climatic divides. Their local influence is comparable with 
that of ocean currents. The high obstacles placed in the path of the currents of the 
general circulation deflect the tracks of low-pressure centers and block the passage 
of air masses in the lower levels. Even if the pressure gradients are strong enough 
to force air masses across the mountains, the forced ascent and descent on the slopes 
modifies the air masses profoundly. The direction of the mountain chains may block 
access of certain air masses to the lee side. For example, the Alps and the Himalayas 
extending from west to east will prevent fresh polar air masses from advancing south- 
ward. Hence the climates of northern Italy and India arc warmer than corresponds 
to their latitude. The ehains of the Andes in South Ainerica and the C^uastal Ranges 
in North America running parallel to the coast from north to south prevent the 
unmodified passage of maritime air masses from the ocean and cause a lack of pre- 
cipitation to the lee. 

The distribution of precipitation is probably most notic(>ahly affected by moun- 
tains. On both the windward and the lee slopes, there is an increase of precipitation 
with elevation. Yet the values observed on equal levels arc much higher on the wind- 
ward than on the lee side. In the moderate eliinHl<“s, the incri'ase of precipitation 
along slopes can be represented in first approximation for annual niean values by the 
following formula: 

Th ~ r,, -f- 0.072h 

where r* =• precipitation in inches at level h 

fa = precipitation in inches at foot of mountain 
h = height aliove foot of mountain, ft 

In the region of westerly circulation, the amounts of precipitation increase fairly 
uniformly up to the crest heights of the mountains, as observations in the Alps up 
to elevations of 10,000 ft show. In the subtropical trade-wind sone, as. for example, 
in the Hawaiian Islands, precipitation amounts increase only to about 3,000-ft eleva- 
tion and then decrease gradually, although even at 6,000 ft more rain is received than 
at sea level. 


Table 9. — Differential of (Ilimate on WiNnwAnn ani> Lee Sinr. of Mountains 


Element 

Period 

Wind- 
ward side 

Bide 

Observetl difference 

Tacoma 

excess 

Yakima 

OXPCSS 

Mean temperature 

Winter 

Higher 

Ixiwer 

9.7°F 


Mean temperature 

Summer 


Higher 


6.8°F 

Temperature range 

Daily 

Smaller 

T.,arger 


9.8“F 

Temperature range 

Annual 

Smaller 

Larger 


19.6°F 

Temperature range 

Absolute 


Larger 


44°F 

Precipitation 

Annual 

Larger 

Smaller 

31 in. 


Relative humidity 

Afternoon 

Higher 

Ix>wpr 

25% 


Sunshine duration 

Annual 

Shorter 

Ixmger 


25% of possible 

Clear days 

Annual 

Less 

More 


66 days 

Cloudy days 

Annual 


Less 

56 days 

Wind speed 

Winter 

Hisher 

Ijower 

3 . 7 m’nh 


Wind speed 

Summer 

Nearly equal 
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The over-all effect of a mountain on the climate in the zone of westerlies can he 
illustrated best by an example. (londitiona on the windward and lee aides of Mount 
Rainier (Washington), elevation 14,408 ft, present a most interesting and instructive 
picture. At the foot of the mountain on the windward side is the station Tacoma 
(172 ft); 100 miles from Tacoma to the lee of the mountain is Yakima at an elevation 
of 1,068 ft. Some of the important climatic elements and their annual variation are 
shown in Fig. 21. 

From these observations, a number of general rules can be derived. They are 
presented in Table 9 with the corresponding values for Tacoma and Yakima given as 
examples. 

All the observed differences between w'indwnrd and l(‘e sides of mountains can b(' 
explained by the difference in cloudiness. The ahcending nir currents on the wind- 
ward side cause condensation and precipitation. TTie subsidence on the lee side 
leads to dissolution of clouds. I'nder clear sky conditions, the effects of radiation on 
temperature arc accentuated. Thus all rangi’s of temperature are increased on the 
lee side. In winter, marked inversions are the result, and hence the wind speeds in 
the cold air that clings to the ground are reduced. In Mimnier, the lee-side lai>se 
rates are stei'p under the influence of radiation, turbulence is increased, and the wind 
Hpe(‘ds near the surface arc virtually the same a.s those on the windward side. 

The increased temperature range on the lee side shows that the contincntality is 
raised markedly. This poses the que.stion if the inland position of Yakiiiis might not 
be respon.sible for the observed effects. Fortunately there exists a pair ol stations 
with comparable distance betw<‘en them and with tlie same distance of each one from 
the ocean but without intervening mountains. These ari' Hamburg and Berlin, 
about 100 miles apart, in the northwest Kurope.an plain T'he obsi'rt'ntions there 
show that Berlin receives 78 per cciit of the annual rainfall tliat is noted for llmiiliiirg. 
By comparison Yakima ri'ceives only 21 per cent of the amount falling ai T'acoma. 
Borlin has 114 per cent of the sttnshme reeorded at Hanihurg, whereas Yakima 
receives 164 per cent of that oliserved at Tacoma. The niiimnl range of temperature 
at Berlin is only 3.7°F larger tliaii that of Hamburg, but ^ iikima's iiiimial range tops 
that of Tacoma by 19.6 F. In order to find a correspoiidiiigly l.irge inerease in 
annual temperature range in the northwest European plum, one has to go about 
1,000 miles inland from Iluniburg to the region near Vyazuiii iii Russia. This shows 
conclusively how iiiuch the mountain infliienre outweighs tie liietor of increased 
distance from the ocean. 

Among otlier effe<‘ts of iiiouiitaiiis on climate is the development of a diurnal wind 
system in the lowest layers, particularly on clear days. This wind system, the* mniin- 
tain and valley breeze, corresponds to the land and M-a lirec-zc- observi'd on shore lines. 
In dasdime, an upslope wind blows (valley breeze); at night, a duwnslope wind lilows 
(mountain breeze). Aided by the effect of upward-directed eonvi’ctioii in daytime, a 
temperature gradient develops directed from the heated slopes of the mountains 
toward the same levels in tlie free atmosphere over the lowlands, which arc cooler. 
Tliis results in a pressure gradient directed toward the mountain and a wind in that 
direction. At night, aided by cold gravitational slope flow of air from higlicr to lower 
levels, a gradient in the opposite direction is created aloft, and the niuuntain breeze 
results. 

Other winds of niounlainous areas, the so-called “katabatic” or downslope winds, 
are of considerable climatic importance. Among these are the foehn, or (Tiinook- 
type, winds. Their effect is already implicitly contained in the differences noted for 
windward and lee sides of mountains. In those eases, a moisture-burdened air, 
aseendmg the wrindward side of a mountain, cools for a considerable portion of tlie 
ascent at the moist^adiabatie lapse rate, loses water by precipitation, and descends 
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on thp Icc side, heating at the dry-adiabatic lapse rate. The consequence is that a 
relatively cool, moist air mass after crossing the mountain arrives at the foot to the 
Ice as a warm dry air mass. 

Nut all descending air mosses, however, act as warm air masses. In some areas 
where inland plateaus are adjacent to coastal regions, the air over the coast, especially 
in winter, may have supcradiahatic lapse rail's because of the continuous heat suppb' 
from a warm water body. If a pressure gradient forces air to cascade down the slopes 
of the plateau toward the sea, this air will heat only adiabatically and lienee will 
arrive cooler at the foot than the air it replaces. These cold katabatic winds are 
calk'd bora winds from tlicir prototype observed at the Dalmatian coast of the Adriatic 
Si'a. They can be found on all coasts where cold highlands are adjacent to w'arm 
seas. 

All the foregoing ore the large-scale, or macrocliniatic, effects of topography. 
Locally, however, the variation of land forms creates an infinite variety of smaller 
climatic differences railed microclimates. A discussion of all these load variations of 
climate would fill a hook. Here only a table showing some of the mo.st important 
qualitative differences between concave (valley) and convex (crr.st) land forms will 
be presi'nted (Table 10). 


Tabi,!', 10. — Diffeuum'k of Climates of f'oNcAVE and Convex L\ni) Forms 

Llcnu'ut 

Minimum temperature 
Uangc of temperuture 

Frost ... 1 

Wind speed | 

liOW visibility ami fog | 

I’criod 

1 ( 'oiieave land form 

Convex land 
forms 

Daily 

Daily imd annual 
Night 1 

Night 1 

Karly inuruing i 

Much lower 

Larger 

More frequent 

Lower 

Much more frequent | 

1 Higher 

I Smaller 

Ix'ss frequent 
Higher 

Less frequent 


INFLUENCE OF LAKES ON CLIMATE 

The degree of iiinueiice of lakes on climate is not so Inrge as that of a high mountain 
range, but in the case of large lakes it excced.s the influence of local topography. 
Large lakes in regions with pronounced prevailing winil direction show considershle 
ilifferences between the winilnnrd and the lee shore. 'I'lie air masses that arc passing 
across the lakes are modified in the lowest layer by the lake, ^'his influence can be 
well illustrated by observations from Lake Michigan, which is located in the region 
of prevailing westerly winds. Stations on the west shore of the lake have a more 
continental climate than those on the east shore. The main characteristics of the 
differences between windward and lee shores of large hikes are given in Table 11 
with the actually observed differences Iwtwei'ii Milwaukee (west shore of Lake 
Michigan) and (Irand Hiivcn (cast shore of I^ake Michigan). The two stations arc 
separated by a stretch of S.'i miles of water surface. 

The effect of an open water body is most pronounced in winter in a generally con- 
tinental climate. Air masses that move to the lee shore pick up moisture over the 
lake. Therefore cloudiness, precipitation amounts and frequency, and relative 
humidities increase, and the teiiiperntun*8 rise. The free sweep over the relatively 
smooth lake surface will increase the wind speed at the surface. In summer, when 
the lake is colder than the environment, air masses moving to the lee shore are sta- 
bilised, and hence the tendency toward instability precipitation is reduced. 

Inland lakes that freeze in winter distort the annual temperature variation in 
their vicinity. In autumn, the temperature of these lakes stays above freezing while 
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Tablb 11. — ^DimiSKNCE IN Cmmate between Windward and Lee Shores of 

Large Lakes 




1 

j 



Example 


Element 

1 

Period 

W'iudwurd 

alioro 

Lee shore 

1 

Period 

Milwaukee ^ 
ezeeas 

Grand 

Haven 

exeesH 

Mean temperature 

Midwinter 

Low<‘r 

Higher 

Jan. 

2 0®F 

3.e**F 

Mean temperature 

Midauiniiivr 

Ilighoi 

Trower 

Aug. 


Temperature raiifce 
Tcmperatuie ihiiki' 

Annutil 

Lurg<*r 

Huialler 

Year 

4.d®F 


1 Diuinal 

Ij.iiger 

Hmaller 1 

Der.-Keb. 

2.4®K 


Precipitation amoimtfii 

1 Wintei 

Kmailei 

Larger 

Doc.-Peb. 


2.09 in. 

Precipitation unioiinth 

, Summer 

l.aigt't 

Snudici 

Juue-Aug. 

U.S.'iiii. 1 


Days with precip. 
(5 0.01 111.) 

1 

lii'SH frc<fueti(' 

More ftenuonli 

Year 

1 i 

1 

' 22 du.ve 

Days with auowfull 

IteJative liuinJdity 

1 Annual 
Annual 

Ti4‘aH ft(*(iueni! Moie iicqucnt 

Yeai 


44 duva 

WintiM 

1 Lowri I 

Highri 

1 


J ' t 

Relative huimdity 

Hummor 

About the auiiic ' 

June-Aiig. 

1 I'n ' 


Sunahine 

Winter 

Muie 1 

1 Tseea 

Dei'.-Ki'l). 

1 20 '*« of ptiH- 
1 Bible 


Sunahine 

Sunimer | 

AImhiI the name 

Juui'>Aiig. 

2 % of poe- 

Wind npiM'd 

W'intc'i 

I.esH 

More 1 

Dee -Feb, 


bible 

1 4 mph 

Wind aiiocd 

Hummer | 

4 bout t ho name 

: 1 ! 

Juue-Aug. 1 

0. I mph 


the air temperaturo of the general region sinks below il. Stations immediately on the 
lake shores usually beneiit from the heat surplus of the lake and stay ii little warmer 
than the general surroundings. Steam fogs may develop at the same time over the 
lake. In spring, however, the lake may still be frose/i wliile tl«' air tcmiperuture 
has generally risen above the freezing point. The shore Htiilions may show, for a 
few weeks, eonsidt'rabl.v loM'er teiiiperaturtsi than the general environment. This 
condition lasts until the ice breaks and the water has hud a chuiiee to warm. 

On clear days with weak general jiressure gradient, the shores of all great lakes 
show lak(‘ breezes that nre identical in origin with the si'a breezes on the oceanic coasts. 
The main di(f<‘reiices between lake and sea breezes nre the dimeiisioiiK. Lake breezes 
rarely exceed .500 to 800 ft in height and usually do not penetrate more than about 
I or 2 miles inland. They affeet purficuiarly the maximum temperatures on the 
shores of the lake, which remain 4 to .5°F lower on days with lake' breeze than would 
be expected from the normal diurnal temperature variation. 


INFLITENCES OF VEGETATION AND HITMAN ACTIVITY ON CLIMATE 

In addition to the niicroclimatie effeets of various land forms, other elimatie 
iiifluenees, usually of a subordinate nature', arc introiluced by presence or absence of 
vegetation and by human activities. 

Among the infiuenees of vegetation, those on the hydrologic eycle (see Fig. 20) 
are the most important ones. Trees intercept falling precipitation, which will be 
evaporated before reaching the ground. Evaporation will also he increased by the 
transpiration of plants. On the other hand, pre<‘ipitation that roaches the soil will 
not readily evaporate nor will it run off easily, because the soil of forests has a spongy 
structure that can absorb and stiirc considerable quantities of water. Snow covers 
in forests, because of protection from direct railiation and from falling warm rain, 
ma.y stay on the ground for a period considerably longer than in open spaces. Uoth 
the retardation of snow raeltage and the water storage in the soil will diminish runoff 
from wooded slopes and reduce flood hazards. Inside forests, temperature maxima 
are lower and minima higher than over open land. The wind speed is sharply reduced 
at the surface, and relative humidities in the forest are raised. 
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Tillage of ground, which under cultivation may lie barren for a conaderable part 
of the year, will increase water loss from the surface by evaporation. It may also 
lead to lower minimum temperatures at the surface because of the poor heat conduc- 



tivity of loose soil, which will radiate heat without being able to draw on the reservoir 
of heat in great depths. Plowed ground will also lead to increased soil blowing and, 
at high wind speeds, to dust storms. 

Industrial activity and large human settlements have measurable influence upon 
climate. Hy increasing the atmospheric pollution, they change the radiation balance 
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in the vicinity of the eoun-es of pollution. Dust and smoke deplete P^rtfuMy the 
ultraviolet part of the solar spectrum. The considerable amount of heat prodncecl 
in cities serves to raise the air temperature. Mainly alTeeted are the daily mmimum 
and the winter temperatures. These are from 1 to 3°K higher than those of the 
environment. In summer, inereaaed eonveetion oiiiifles higher clouainess over cities^ 
coupled with somewhat higher rain frequencies and amounts. Ucenuse of the good 
artificial drainage, however, evaporation is reduced and the mean relative humidities 
are lower in cities than in the surrounding countryside, i he last fact may be some- 
what surprising because the urban pollution with its hygroscopic condensation 
nuclei leads to an inereBStsl number of fogs. Visibilities are usually reduced, if not 
by fog, by smoke and haze. Tn built-up sc'ctions, the roughness of the ground, hence 
friction, is increased and the winil spetHls at the surfsee are deereiised and the number 
of calms rises. The stagnation of the air will aecentuate the effects of pollution. 


SCHEME OF CLIMATIC CONTROLS 

As has been said initially, the various factors acting as controls of climate are an 
interwoven plexus with many obscure relationships of cause ami effect. A look at 
Fig. 22, which indicates schematically the numerous Inisic infinences, will make it 
clear why climatology is still largely a descriptive and ohservational science and why 
progress toward analytical treatment has been very alow. 

CLIMATIC VARIATIONS 

The major features of the eliniate of a place have certain attributes of eonstaney. 
In many areas, year after year weather events repeat thiuiiselves within a normal 
range and, during the course of a human lifetime, eliiiiiitie conditions seem to confonn 
in general to an established pattern. Single years may be abiiormal, but usually a 
return to normalcy is again achieved after a short interruption. If one considers 
intervals longer than the span of a human life, eliiimtie features) may undergo ratlii'r 
radical changes. During geologic ages, arctic olimate.s have prevailed where moderate 
climates rule now, or tropical rain conditions may have dominated areas that are 
now desert. It is likely that some of these large-scale chaii|;'"i were caused by the 
cyclical viiriatioTis in the elements of the earth’s orbit, by the changes in the inclination 
of the earth’s axis, and by a different distribution of land and sea on the surface of 
the earth. 

Even during the relatively short period of ns-oiiled history as presin-ved in huiliiiii 
writings and in natural doeiiments tis, for example, trw rings, ei*rtain areas have 
iinde"gono climatie changes. These have led to estiiblished migrations of man, fauna, 
and flora, ('limatie history documented by reliable and uninterrupted instrumental 
records is very brief. Less than 300 years comprise the longest series, and for vast 
spares of the earth such as portions of the interior of Africa, the .Vretir and Antarctic 
zones. Central Asia, Central (Ireenland, remote parts of the oceans, 2 to 5 years may be 
the best available data, and a few isolated observations from exjieditions may be the 
only available meteorological information. Any analysis of cum'iit climatic trends is 
seriously restricted by the shortness of the scries of observations. Yet even in the 
longest records there is no conclusive evidence of one-sided ehutige in climate. There 
seem to be only longer or shorter intervals in which the climatic elements vary thnmgh 
a considerable range. Years of higher temperature or precipitation are followed by 
sequences that are colder or drier. Those variations are rather irregular in oceurrence ; 
and, in spite of many efforts, no persistent regular cycles of appreciable amplitude 
have been discovered in the now available data, with the sole exception of the diurnal 
and annual variation. 
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There are, however, certain rhythma in the series of climatic observations. These 
are irregular in phase and amplitude. Often several basic rhythms seem to be liidden 
in the observational series. Sometimes these reinforce, at other times they weaken 
each other. No physical reasons can be given as causes for many of the apparent 
cycles, and hence their reality has the support only of statistical criteria. Probably 
those rhythms associated with variations in solar radiation will have the best chance 
of eventual substantiation. Among them arc correlations to the irregular sunspot 
rhythm, which has a mean value of 11 years. The effects of this solar variation 
seem to be most noticeable in the observations of tropical stations, for both tempera- 
ture and precipitation. 

For precipitation, the changes aie usually noted only in records of lake levels and 
river stages. These integrate rainfall effects over wide areas and are, of course, a 
statistirally more reliable sample than that cut out by an S-in. gauge which is to 
represent supiiuH<‘dly the rainfall over many square miles. Hut, even if one accepts 
the variations paralleling the sunspot variations as real, they arc very small. The 
differences in mean temperature values between the extreme years of the sunspot 
rhythm ari> not much over l°r. Another basic solar cycle, aeeording to Abbot, 
23 years in length, is noted in the climatic record preserved by tree rings and also in 
the shorter series of mstriiinentnl obhcrvations. A rlivthm, which is apparently the 
result of sevenil ‘.uperiniposial basic fluctuations, was found by Bruckner in precip- 
itation and lak('-level data. It was originally assumed to be a cycle of 35 years’ dura- 
tion. Actually it varies in length betwoi-ii 30 and 40 years. During the driest and 
wettest pcrio<l of the rliyllirn, the mean deviation of precipitation from normal is only 
6 per cent. .V look at almost any series of meteorological data will show that fluctu- 
ations from year to year are much larger than this value. Therefore, the inci- 
dental variations at most places obscure whatever cyclical or rhythmical elements 
may be present in the record. 

It is likely that the aperiodic variations in climatic values from year to year, which 
are of great priietieiil importance, for example, in agriculture, are caused by shifts 
in the genorul I'lrrulation. These shifts are indicated by displacement of the semi- 
permanent high- and low-pressure cells (centers of action) from their normal position 
and by w(‘iikening or strengthening of the pressure gradients prevailing between them. 
'I'lio effects of changes in the general circulalion imiy lag behind the basic shifts, in 
jiart because it takes some time for elimatologicHlly important basic elements, as 
ocean currents, to adjust themselves to the new circulation. Attempts have been 
made to exploit such tunc lags to establish correlations between meteorological events 
in distant regions. One of the most remarkable attempts was that by Sir Gilbert 
Walker and his as.soeiatps and sueeessors to use correlations between conditions on 
the Indian and Pacific Oceans to predict the intensity of the Indian summer monsoon. 
Yet even here, if one accepts the correlations as cause and effect relationships, not 
much more than 30 per cent of the observed variations are accounted for in this 
fashion. 

The ehang«'8 in the general circulation of the atmosphere over longer periods of 
time and the causes behind them are the fundamental hut as yet unsolved problems 
in climatology. Of course, after a fairly long series of elimatic observations has been 
seeured, the range of variation of the individual elements is given, and statistical 
measures for the variability around the mean value ean be established. Thus, for 
places with long records, the effect of climate on human enterprises can be entered 
as a ealculable risk into eeoiiomic eonsiderations. In rase of agririiltural staple crops, 
for example, precipitation is probably the most important single climatic factor. 
The absolute variability of precipitation is a fuiirtion of the amounts. The greater 
the rainfall is, the greater are the absolute changes from year to year. A map on 
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Fig 23 —Relative vanabilit\ of rainfall m per cent Dotted lines are very doubtful 


S«G.ZU| 


CUMATIC VABIATIOira 


007 



OTer oceaoB are too sparso to draw 
>sition of station 


I30E I70W 


968 


CLTMATOLOOr 


{s*c.xn 




iec. Zm 


CLIMATIC VARIATIONS 



Fio. 26, — Lines of equal mean precipitation, in uiches, for season June to August (Legend, see I ig 24 ) 
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Fia. 27. — ^Idnes of equal mean precipitation, in inches, tor season September to November. (Legend, see Fig. 24.) 



Fio. 28. — Lines of eaual annual preciDitation, in inches. (Legendt see Fig. 24.) 
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which absolute variability of precipitation is shown would indicate a pattern similar 
to that of an isohyetal map. Biel and Conrad have used the relative variability as a 
factor that will show more clearly those areas where changes in the circulation will 
produce the greatest relative changes in rainfall. The relative variation is given as 


V, 



et = Pi - P 


where v, “ relative variability, per cent 

= departure of individual year from normal 
p = normal (mean) precipitation 
Pi = precipitation in individual yiiar 
n =>■ number of years in series 

Figure 23 shows lines of equal relative variability of rainfall for the world. Over the 
oceans, these lines are vor 3 ’ doubtful and based only on some island stations. I’he 
great variability in the Central Pacific is caused by shifts in the ocean currents, which, 
in turn, follow changes in the general circulation. Ov'er the continents, the greatest 
relative variabilities are encountered in arid areas. 'Phis piitlern of variability should 
be kept in mind when viewing maps showing mean values of precipitation (Figs. 24 
to 28). 

Some of the boundaries within which climatic elements have varied over the 
earth during the time since instnimental observations started are shown in Table 12. 
For comparison, the extreme valucsi observed in the I'nitcd States arc also given. 
With many portions of the earth as yet very incompletely covered by meteorological 
stations, the values shown in this table may yet be exceeded by a few units in each 


Tabi.k 12. — Kxtkkmes of Some (’umatic Klkments, Observed on Earth* 


In the ITnited Statea 


Element 


Abaolute maximum tempera' 
ture 

Absolute minimum tempera- 
ture 

Absolute maximum pressure. 

Absolute mininium pressure . . 

Absolute maximum rainfall in 
24 hr ^ .... 

AlMolute maximum rainfall in 
1 month 

lligheat mean annual rainfall . 

Abaolute rnaximii.m rainfall 
meaaured in 1 min. 

Absolute maximum wind speed, 
accurately measured 

Maximum mean wind speed, 
accurately measured for 5 
min 

Maximum mean wind speed, 
accurately iiieasuif*fl for J hr 

Maximum mean wind speed, 
accurately measured for 24 
hr 


Value 


Location 


r 




Asisijira, Tripoli tania 


Viilue 

134 "^ 


- 108 ®F 


OimeLuii, Siberia, US- 


- or,oy 


1,078 mb 
887 mb 


Western Siliriia 1,1)80 n>h 

I’uciiir Ocean, off i^hil- 802 mb 
lippines 


Location 


Greenland Ranch, 
Death Valley, C'alif. 
Riverside, YpLlowstnue 
Talk, Wyo. 
lender, 

Lower Matceumhe 
Key, I'la. 


46 in. 


Hoffuiu, Pbillipines 


25.83 in. 


Camp Leroy, Calif. 


241 in. C'lieirapunji, India 

470 in. Mt. Waialeale, T.H.t 


150 in. 


Wynoochee Oxbow, 
Wash. 



1.02 in 
225 uiph 

188 mph 


Opid'a Camp, Calif. 
Mount Washinstoii, 
N.H. 

Mount Washington, 
N.H. 


173 inph Mount 
N.H. 

120 mph Mount 
N.U. 


Washington, 

Washington, 


• The values given do not include mensurementB in the free atmosphere. 

^ Value based on 7 years of interrupted record. A computation by using the normal value at a base 
station with long record (formula on p. 958) yields 462 in. Both values are detiniiely above the loug- 
reoord value of 428 in. at CheiTapunji, India. 

$ For winds the values given for Mount Washington in the column for the U.S. extremes are 
highest that are accurately measured at stations on the earth's surface. They are known to have been 
exceeded in the free atmosphere. 
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case. Yet the order of magnitude of climatic range during the current era is probably 
reasonably well established by these data. 

CLASSIFICATION OF CLIMATES 

Within the rather wide range of atmospheric conditions shown in Table 12 an 
infinite variety of combinations of climatic values, their frequencies, and their diurnal 
and annual variation appear. It is therefore natural to attempt grouping of kindred 
climates and obtaining a classification that will permit the establishment of regional 
boundaries l)etwoen areas of uniform climatic conditions. But to set up climatic 
categories is by no means easy. Two places may show the same temperature through- 
out the year but have different amounts and annual variation of rainfall. Others 
may agree in the.se two elements but show discrepancies in fog occurrence or in 
wind speeds. Furthermore, at a considerable number of places, only tempera- 
ture and precipitation arc observed, and other elements cannot be considered for 
the purpose of classifying the eiimate. The best that can be achieved is a classi- 
fication of eiimate for a specific purpose rather than a climatic taxonomy comparable 
with that of animals and plants. The purpose of a climatic classification may 
he, for example, to establish the limits of art'iis suitable for a given crop plant, or 
areas with comfortable climates for human settlement, or climates where weather 
conditions arc favorable for flying, etc. In each case, another set of limiting con- 
ditions will govern, and hence the climatic classification of a place will change with the 
objective toward which the classification is directed. Some of the most widely known 
climatic classifications are actually an attempt to relate the extent and type of natural 
vegetation on the surface of the earth to climatic conditions. Among these arc the 
classifications of Koeppen and Thoriithwaitc. 

In Koeppen 's elassiflcation, five main climatic classes with a total of eleven climatic 
provinces are given. One <if the classes, the “desert elimote” is distinguished from 
the others mainly by a preripitation limit, while the others are separated from each 
other by characteristic temperature limits. The limiting values for the climatic 
provinces of Koeppen are shown in Table 13. 

It was soon noted that for many purposes the Koeppen classification was too coarse, 
and an attempt was made to remedy the situation by adding another 20 limiting 
factors. This permits further suhelassification but renders the classification almost 
as unwieldy as the original mass of data. 

While the main emphasis of Koeppeu’s classification is on temperature limits, 
Thornthwaite’s climatic classes are hawed on the effeetiveness of precipitation. This 
factor bears a close relation to plant growth and henee permits mure refined analysis 
of climatic problems related to vegetation and agriculture than does the Koeppen 
scheme. Tlie effective precipitation is the ratio between preripitation and evapora- 
tion at a given place. Evaporation is an element that is liifficiilt to measure and for 
which records are available at a few localities only. Thornthwaite circumvents the 
difficulty by using a statistical relation between temperature-precipitation values and 
precipitation-evaporation values. This defines the precipitation-evaporation ratio as 



where p = monthly precipitation amounts, in. 
e = monthly evaporation amounts, in. 
i = mean monthly temperature, °F 

From the sum of the 12 monthly p/e ratios the precipitation effectiveness (p-e) index 
is derived. 

p-c index - 115 
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Thomthwaite establishes five climatic provinces that correspond closely to natural 
plant covers. The climatic zones are shown in Table 14 with the respective limits of 
the p-e index. 


Table 14. — ^Tkornthwaite’s Cliuatic OLASsiriCATioN 


(limatic province 

Type of vegetation 

J*JS index 

1 

Wet. . . 

Kain forest 

& 128 

Humid . 

Forest 

64-127 

Subhumid 

Grassland 

32-63 

Semiarid 

Steppe 

16-31 

Arid. 

Desert 

< 16 


The undeniable iuiportaiioc of plant cover and agriculture to human culture has 
resulted in widespread ust* of these climatic classifications by geographers. Yet 
they show no simple relation to the reactions of the human body to climate. The 
human body has to lose a certain amount of heat per unit of time. It amounts to 
about 1 meal per cm* of surface p<*r second at rest and to 7 meal per cm* per sec when 
working hard. If less than this amount is lost, the body overheats, and discomfort 
results; if more is lost, the body has to be protected by clothing, or discomfort and 
freezing set in. The heat loss is essentially regulated by the conditions of the siir* 
rounding atmosphere. The temperature, humidity, radiation intensity, and wind 
speed all enter prominently into the problems of human climatic comfort. Because 
radiation observations are not generally available, comfort conditions are usually 
expressed in terms of two or more of the other elements. The American Society of 
Heating and Ventilating lliigineers has made extensive determinations of conditions 
of comfort, and the classification diagram shown in Fig. 29 was the result. An 
instantaneous atmospheric condition or a set of mean values can be entered in this 
diagram. Kit her dry-bulb and wet-bulb temperatures may be used or dry-bulb 
temperature and relative humidity (slanting lines). The comfort conditions indi- 
cated on the diagram arc essimtially applicable fur indoor atmospheres, but they permit 
also to distinguish, in first approximation, between various climatic regions. 

More applicable to outdoor atmospheric conditions is the use of the “cooling 
power,” a factor first introduced into human bioclimatology by L. Hill and based 
originally on measurements with the katathermometer. These gave the heat loss of a 
physical body in terms of mitlicalories per centimeter squared per second under the 
influence of the atmospheric environment. Actual measurements were made at a 
few places only, but it was found that the measured values could be approximated 
with an accuracy suflficient for climatic purposes by the use of the normally observed 
climatic elements. Two formulas arc given below, one for the dry cooling power, 
essentially applicable when perspiration enters little into the physiological heat process, 
and the other for wet cooling power, which is more satisfactory because it inoorpoiates 
the cooling associated with perspiration also. 

The dry cooling power is represented by 

Ci - (0.14 + 0.12»'> «)(98 - t) mcnl/cm*/8ec 
and the wet cooling power by 

r. - (0.21 + 0.17ii'>«)(98 - n mcal/cm*/8ec 

where o — wind speed, mph 

f ■» air temperature, °F 

I' » temperature of wet-bulb thermometer, *F 
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Several attempts have been made to correlate the values of eoohng power to sub- 
jective sensations It is, of course, readily seen that persons of different age , status 
of nutrition and health, and stages of aeclimatiration will react differently Therefore 
the elasBifieationa are at best orders of magnitude and mainly convenient as a relative 



distinction between climatic /ones With this reservation, the sensation scale of 
Schmid for the clothed bodj is given in Table 15 


TabIT 15 ( IIMATIC ( lASSiriCAIIOV \c<ORDlNG lO COOIINO PoWfB 


Climatic comfort zone 

Cooling power, ineal/c m ’/sec 

Dry 

Wet 

Bitterly cold 

> 53 

> 90 

Very cold 

41-55 

76-90 

Cold 

31 40 

59 75 

Cool 

22-30 

48 58 

Mild 

15 21 

39-47 

Warm 

10-14 

30-38 

Sultry 

< 10 

< 30 
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According to Siplc, the undressed human body at rest in the shade will experience 
a sensation of “warm” at dry cooling powers below 6 meal per cm* per sec and of 
“cold” at values above 23 meal per cm* per sec. 

Indices such as the cooling power can be used to obtain estimates on the clothing 
required in different regions at various seasons. A very simplified scheme of a “cloth- 
ing map” is shown in Fig. 30. Only tlirce sones are distinguished. One is the tropical 
zone (area covered by dots on map). There no distinct change between summer and 
winter exists, and light clothing is appropriate for the whole year. North and south 
of tliis zone are two belts (without hatching on map) of moderate climates where a 
distinct change between summer and winter occurs and where different types of 
clothing arc required for each season. In these zones closer toward the equator, the 



Fio. 30. — Major clothing zones on the earth. Dotted area: tropical zone, warm 
thiougbout year. Blank aiea: model ate zonci. regular change between warm and cold 
season. Dashed area: Polar zones, cold throughout yeai. 

w'arm season is much longer than the cold season and, vice versa, toward the poles 
in this zone the cold season lasts much longer than the warm season, .\round the 
poles, there are zones of frigid polar climate (dashed areas on map) where cold- 
weather clothing will be required the year round. It would be, of cours<', more appro- 
priate to draw such maps for each month of the year, but lack of space prohibits the 
presentation of such maps here. 

REGIONAL CLIMATES AS RELATED TO THE DYNAMICS OF THE 

ATMOSPHERE 

To the meteorologist, the relation of climatie conditions to the general circulation 
offers a basis for systematization. Various climates blend into each other without 
sharp boundaries. This is caused by the fact that no single dynamic feature rules exclu- 
sively in any arc‘a. Moreover, upon the major dynamic controls local conditions 
superimpose themselves. The paramount dynamic factors of circulation in the 
atmosphere are (1) the polar-front circulation, (2) the anticyclonic circulation of the 
subtropical anticyclones, (3) the trade winds, (4) the equatorial eonvergenee, (5) 
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NORTH AMERICAN AREA 

MIXED POLAR FRONT-CYCLONIC AND ANTICYCLONIC CIRCULATION 
WITH MARITIME INFLUENCE 


SAN FRANCISOO, CAL **“ CAL. 



SAN ANTONIO. TEXAS KINGSTON. JAMAICA 



KEY WEST, rLOmOA 



31.— Climographa for selected etstione. OrdiimteB, precipitation in inches 

, Bimonthly values ploUed for cloudincs«; 
WMther oonditiona. prevaiUng wind, mean wind force. For full explanation, see pages 079. 
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NORTH AMtRICAN AREA 

POLAR FRONT-CYCLONIC CIRCULATION WITH CONTINENTAL INFLUENCE 



WINNIPEG , MANITOBA, CANADA 



1 lu, 112 — ( UiniofKi aphs for selected stations. (Legend, see fYg. 31.) 


the large nionsoonal circulations. These fortors are modified by the relative oceani- 
city or continentahty, i e., the frequency of oceanic and continental air masses. 

Figures 31 to 40 show climogrsphs for 50 selerted stations. Graphs of this type 
were introduced into chmatology by Gnffith Taylor. The scheme employed for 
plotting is as follows: The diagram is a temperature-precipitation coordinate system. 
Ordinates are precipitation (m inches), abscissas are temperatures (in degrees Fahren- 
heit). The mean values of the elements for a given month determine a point in this 
diagram. One point can be plotted for every month of the year, but in the figures 
presented here only the odd-numbered months were chosen for reasons of space. 
This point, monthly moan temperature versus monthly normal precipitation, serves 
as center for a station circle. In the circle, the mean cloudiness of the month is 
entered in tenths of sky cover. The most frequent wind direction is entered in the 
same fashion as on weather maps as a pointer (north wind upward, east wind toward 
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WEST EUROPEAN AREA 

POLAR FRONT-CYCLONIC CIRCULATION WITH MARITIME INFLUENCE 


VALCNTIA tS.,IRaAN0 

10 , 



OJ 

AO 00 M 


BERGEN. NORWAY 

10 , 



o l ■ 

30 40 so ao 


CENTRAL EUROPEAN AREA 

POLAR FRONT-CYCLONIC CIRCULATION WITH MIXED MARITIME AND 
CONTINENTAL INFLUENCE 




RERUN, CERMANY 


30 AO SO So TO 


BUCHAREST, ROMANIA 




itOs 


40 SO 


1 lo. lili. CMimogi uphh fur helected stations. (Logoiul, mio Fig. ai.) 


the right, south wind downward, west wind toward the left). The barbs on these 
pointers indicate the mean wind speed for the month in Beaufort scale divisions 
m barb length = 1 scale division). To the left of the circle, weather symbols are 
noted as follows: a dot, in case the month has an average of 10 or more days with 
precipitation; a star, if the mouth has 10 or more days with snowfall; a thunderstorm 
symbol for 5 or more days with thunderstorms; and a fog symbol for 5 or nion- days 
with fog during the particular month. The month is indicated in Roman numerals 
to the right of the station circle. Dashed linc^ link ronsocutive months. 

On these climographs, maritime climates arc noted by the close clustering of the 
individual ^ints. Continental elimates are marked by a considerable horizontal 
extent of the diagrams. Monsoonal climates have a marked vertical HiTnen^Un on 
the graph, usually starting noar the zero precipitation line. Trade-wind climates 
also often show considerable vertical extent on the climographs but with an appreciable 
amount of rainfall during the driest month. The changes in precipitation from month 
to month there are essentially a function of the steadiness of the trade wind 
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RUSSIAN AREA 

POLAR FRONT-CYCLONIC CIRCULATION WITH CONTINENTAL INFLUENCE 


ARCHANCCL, RUSSIA LCNINSRAS, RUSSIA 




YAKUTSK, RUSSIA 



l<'iu. 34. — CUmogiaplU) for ecleclcd btaboiie. (LoKCud, see Fig. 31.) 
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SOUTH EUROPEAN AREA 

MIXED POLAR FRONT- CYCLONIC AND ANTICYCLONIC CIRCULATION 
WITH MIXED MARITIME AND CONTINENTAL INFLUENCE 


ROME. ITALY 



AFRICAN AREA 

ANTICYCLONIC AND TRADE CIRCULATION 
continental influence maritime influence 


ol — & — — . 

so 60 ao 00 100 



SWAKORMUND. 
s W AFRICA 



MIXED POLAR FRONT' CYCLONIC AND ANTICYCLONIC CIRCULATION 
. WITH MARITIME INFLUENCE 

CAPETOWN. S. AFRICA 



Fio. 35. — Climograplio fur seLootod stationb. (Legend, hco Fig. 31.) 
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AFRICAN AREA SOUTH AMERICAN AREA 

EQUATORIAL CONVERGENCE CIRCULATION WITH M0N500NAL INFLUENCE 
OAR-eS'SALAAM. C ATNCA MANAOS, BRAZIL 



SOUTH AMERICAN AREA 

ANTICYCLONC CIRCULATION WITH MARITIME INFLUENCE 
RIO OE JANEIRO, BRAZIL 



MIXED POLAR FRONT-CYCLONIC AND ANTICYCLONIC CIRCULATION 
WITH MARITIME INFLUENCE 

SANTIAGO. CHILE SUENOS AlRCS, ARGENTINA 



I'lU. 36. — Cliluogiaplib foi selected btutions. (Legend, see lig. 31.) 
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SOUTH AMERICAN AREA NEW ZEALAND AREA 

POLAR FRONT- CYCLONIC CIRCULATION WITH MARITIME INFLUENCE 

WCLUNCTON. New ZEALAND 



AUSTRALIAN AREA 

MIXED POLAR FRONT- CYCLONIC AND ANTICYCLONIC CIRCULATION 
WITH MARITIME INFLUENCE 


SYDNEY, AUSTRALIA MCLDOURNE. AUSTRAUA 



PERTH, AUSTRALIA 
10 , 



SO SO SO 


Flo. 37. — CliiiiciRittphs, for bciccted Btatioiw. (Legend, see Fig. 31.) 
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AUSTRALO -ASIATIC MONSOON AREA 

MONSOONAL CIRCULATION AND COMBINED MONSOON-TRADE CIRCULATION 


DARWIN, AUSTRALIA BATAVIA. JAVA MANILA. PHILIPPINES RANCOON, BURMA 



1 lu. 'is. C liiiioeiajihs foi selertetl sfation*. (L«*|;uiid, Fig. 31.) 
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EAST ASIATIC AREA 

POLAR FRONT- CYCLONIC CIRCULATION WITH MONSOON INFLUENCE 


ziKAWE( (near Shanghai) china 



TOKra JAPAN 



VLADIVOSTOK . RUSSIA 


. . 


,-• 4 * 

b to 20 30 40 

SO 

•0 n 


PCTROPAVLOVSH, RUSSIA 


L.'* 


10 20 M 40 M M 


Fig. 39. — ClitnoKiHphw for hcOortod stations CIx*KO!»cl hoc* Fip; 31.) 


PACIFIC ISLAND AREA 


TRADE CIRCULATION WITH MARITIME INFLUENCE 


FUTUNA IS.. NEW HEBRIOES SUVA, FIJI ISLANDS HONOLULU, T. HAWAII 



Flo. 40. CTiiiioRiaphb foi bclcctcd BtatioiiM. (Lcgond, seo F'ig. 31.) 
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The main circulation features creating various climograph patterns are indicated 
in the headings of Figs. 31 to 40. The coordinates of the stations represented in these 
figures arc shown in Table 16 with brief notes on environmental topography where 
this factor has a strong influence upon the climate. 


Table 16. — Ooohuinatek of Stations TJbkd in Figs. 31 to 40 


r 

Region 

Station 

Lati- 

tude 

Longitude 

Eleva- 
tion, ft 

Topographic 

influences 

North A meric* 

Ban Francisco, Calif. 

San Diego. Calif. 

37®47'N 

122®25'W’ 

123 

Mountains to £ 

32*43'N 

117®10'W 

87 



San Antonio, Tex. 

29®27'N 

98'‘28''W 

693 

Rising terrain to 
NW 

Mountains to N 


Kingston, Jamaica 

18®01'N 

76*48'^’ 

24 





and N£ 


Key West, Fla. 

24®33'N 

81®48'W' 

.*) 



Mexico City, Mexico 

19®30'N 

99®08'W 

7,572 

On high plateau 


Nome, Alaska 

64*30'N 

105»24'W 

22 



Seattle, Wash. 

47*38'N 

122®20'W’ 

125 



Winnipeg. Manitoba 

49®53'N 

97*07'W 

760 



Denver, Colo. 

39'*45'N 

105WW 

5,292 

On high plateau, 
high ranges to 
W 


Washington, D.C. 

SS'M'N 

77“03'W 

112 1 

>Vost Europe 

Valencia Island, Ireland 

.51 WN 

10®|.''/W 

39 ’ 

1 Steep mountains 
to E 

. Bergen, Norway 


5*2 1'E 

72 ' 

Ontral Europe 

Berlin, Germany | 


13®2PE 

115 

Buoharcet, Romania 

44*25'N 

26*06'E 

269 



Archangel 

(M'.I.VN 

40“S«'E 

22 



Leningrad 

so-se'N 

30*16'E 

15 




66®ao'N 

37'>33'E 

543 




S4'‘48'N 

73“2II'E 

290 


Houth Europe | 


e2'’0l'N 

12»»43'E 

335 



Madrid, Spain 

40“24'N 

3*4 PW 

2,188 

On plateau, 




mountains to 
NW 





4l°.M’N 

U'M'E 

104 



Aswan. Egypt 

24'1)2'N 

32'>53'E 

328 



Lutar. Caue Verde Islands 

I()°:)4’N 

2S*()4'E 

49 



Swakoprnuiid, Southwest Africa 

22'>42'S 

U"32'E 

26 



Capetown. South Africa 

33*4W'S 

0^49'S 

3®08'S 

18®29'K 

30*18'E 

40 



Dar i'B Sttlaain, East Africa 

26 


houlli Aiiiericu 

Munaus, Brasil 

60'Ul'W 

147 



Rio dc Janeiro, Brasil 

22®S4'S 

33®27'S 

43®10'W’ 

2(X> 

Hills to S 


Santiago, Chile 

70*42 'W' 

1,706 

Mountains to N 





and E 


Buenos Aires, Argentina 

34'’36'S 

r*>3®U)'S 

58"22'W 

82 



Funtnrenus, Chile 

70*54'W 

39 


New Zealand 

Wellington 

41'’16'S 

33*52'S 

37^49'S 

174'’46'E 

10 


A uetralia 

Sydney 

151®13'E 

144WK 

138 

115 



Perth 

31°57'B 

11 5® SOTS 

197 



Dnrwin 

12*28'S 

130®srK 

97 


Dutch East Indiua 


o^irs 

lOB'MI'E 

23 


•South and East 

Manila, Philipiiincs 

14*35'N 

120®6B'E 

46 


Aaia 

Rangoon. Burma 

16"47'N 

90*1 3'E 

16 



Culunibu, Ceylon 

6^’>4'N 

79°.'i3'E 

24 



Madras, India 

13n»4'N 

80°14'B 

22 



New Delhi, India 

28’35'N 

77”20'E 

718 



Zi-Ka-Wei (Shanghai), China 

31'*12'N 

121*26'E 

23 

Mnuntains to W', 


Tokyo, Japan 

35'41'N 

13ft*56'E 

19 

NW, N 


Yladivostok, U.S.S.R, 

43'»f)0'N 

131®5H'K 

443 


Petropavlovsk, U.S.S.R. 

o2*ft3'N 

1.'>8®43*E 

335 


J^acifio Islands 

Futuna Islands, New Hebridea 


170®13'E 

98 



Suva, l^'iji Islands 

18®08'S 

178®26'E 

44 



Honolulu, T.H, 

21®19'N 

I57*52TV 

12 



SUPPLEMENTARY CLIMATIC CHARTS 

For some modern human activities, such os aviation, the elements of pressure, 
temperature, and preeipitatioii shown in preei'ding figures are of subonlinate interest. 
Quantities most important to the aviator are ceiling heights, visibilities, icing condi- 
tions, and upper winds. At present, rticords of these elements are short and regionally 
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42 -Mean cloud.nc, .n percentage of ekv co. 





Fio. 43.*— Mean cloudiness in percentaice of sky cover, month of May. 
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Fio 44 — Mean cloudiness in percentage of sky coyer, month of July. 
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Tig 40 — Mean cloudmees in percentage of sky cover, month of November 
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Fio 47 — Mean annual number of dajs with foK 
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■Mean annual number of days with thunderatorme. 
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very incomplete, and preHcntation of them in world maps would be premature. 
The same holds for observations of upper level pressures, temperatures, humiditifis, 
and winds. Such data are as yet available from a very few stations for any length 
of time. From vast regions of the world, eap(*eially the oceans, only the scantiest 
observational material for the upper air has be<‘ii published. But for such other data 
of interest in aerological climatologj' as cloudiucss, fog, and thunderstorm occurrence 
sufficient material for world charts is available (Figs. 41 to 48). 

In trying to make practical use of maps showing mean cloudiness, one should 
keep the peculiar frequency distribution of cloudiiK*as in mind. In the case of most 
climatological elements, the mean value is closi' to the center of a frequency distribu- 
tion that has its maximum near the mean value and tapers off toward the extreme 
values. In case of cloudiness, however, the frequenev distribution in many regions 
has, instead of the normal bell shape, a distinct T shape. The two extreme values, 
clear and overcast , occur more frequently than the intermediate values. The number 
of observations near the center of the ilistribiition, .W j>er rent cloudiness, are dis- 
tinctly rare, especially in regions under the influence of polar-front eyclonie circulation. 
Only in the tropics arc intermediate cloud steps more frequent than the extremes. 
Yet values of “mean cloudiness” as shown on the m.sps, cvi’ii though they arc least 
frequent in the extratropical regions, have a distinct meaning. Studies have shown 
that statistical relations exist between mean cloudiness and the number of clear days 
(mean cloudiness less than 20 per cent) and rlouilj' days fniean cloudine.ss more than 
80 per cent) in a month. As a matter of fact, mi'an cloudiness is a nearly limsir fune- 
tion of the difference between the number of cloud.v and clear days in n month. In 
first approximation, even the clear and eloudy dit.vs separatel.v show simple functional 
relationships to mean I'loudiness. From data eolloeted at many I'nited State's sta- 
tions, the relations between mean cloudiness and the mean monthly numbers of clear 
and cloudy days are in<licaled in Table 17. 
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From observations gathered elsi'wliere, it spems likely that the values for all 
regions poleward from latitudes of 20°N and 20'S are not greatly different from those 
presented in the table. For the cxtratropieul regions, these data may serve as a 
guide for the approximate interpretation of mean eloudiness valw'S. 
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SECTION XIII 
HYDROMETEOROLOGY 

By A. S. P'hy and A. K. Showalter 

WATER PROJECT SYSTEM OPERATIONS 

By a. S. Fuv 
INTRODUCTION 

Definition. Hydrology as defined by the American fieophysical Union “deals 
with the distribution and disposal of precipitation on the land areas of the Karth, and 
ns such is a borderline science of interest to agronomists. Engineers, foresters, mete- 
orologists, soils technicians, geologists, and others.” 

Hydrometeorology is a combination of specialised meteorology and hydrology 
that has application in the solution of problems and the understanding of natural 
phenomena for which neither sciemv' is in itself sufficient. Hydrometeorology func- 
tions not primarily as a separate science but rather as a medium for the integration 
of hydrology and meteorology. 

Applications. Hydrometeorology is largely concerned with projeets that in some 
way involve the control, eonservation, and use of water. Such projects include 
chiefly those, designed to accomplish either the separate or comhini‘d purposes of 
flood control, hydroelectric power development, navigation, irrigation, drainage, 
domestic and industrial water supply, and recreation. The control of water on the 
land by changes in land use and management involves eoinplcx applications 
hydrometeorology. 

One of the more important applications of hydrometeorology is the determination 
of maximum storms that can occur over an area. This is the subject of lUinthei 
section of this handbook. Such determinations are invniunhle tti the hydraulic engi- 
neer and hydrologist engaged on large water-project planning and operation. 

In many of these projects, applications of hydrometeorology begin with the plan- 
ning, carry through the design and construction, and continui- into the operation 
phases. For example, in the development of the water resources of a region, one or 
more dams may be planned to creat«‘ a water-storage reservoir or a system of such 
H'servoirs. Metisirology supplies the ewiential and basic infomiation n'gardiiig tlie 
maximum and minimum annual, seasonal, and storm rainfall tliat may bo expected 
over the region in the future. Predicated upon this information, in whole or in part, 
engineers using hydrologic methods determine the volumes of water that are available 
for useful purposes and the volumes of water that must be considered in designing the 
reservoirs to provide adequate flood control and to ensure the safety of the structures 
in times of maximum floods. Similarly, in the planning of bridges across large streams, 
the maximum flood flow to be used in determining the area of waterway required for 
safe passage of flood waters may be estimated by hydronietcorologic methods. 

During the construction of engineering works in river channels, such as dams, 
bridges, or waterworks intakes, current storms are important. Meteorological fore- 
casts of such storms aid the engineers in predicting flood heights and issuing advance 
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wurningB of foods so that construction operations may be protected from loss or 

jAinajtP- 

In constructing earth embankments for dams, levees, and high road fills, modem 
methods require close control of moisture in the material used for the embankment. 
t<'urccasts of rainfall and weather conditions are useful in the control of moisture 
content that is neeiissary on such work. 

Probably the most important application of hydrometrorology in water-control 
iind utilisation projects comes after the storage reservoirs and other works have been 
completed and have passed into the operations phase. This phase continues through- 
out the life of the project, which may be for centuries. 

IXiring the past decade, there iias been a notable increase in the constmetion of 
large water-<'Oiilrol and utilisation projects. Among others, these include the 
Tennessee Valley Authority, restTVoirs on the Ohio River watershed above Pittsburgh, 
tlie (‘ontrai Valley project in Oulifomia, and reservoirs in the Columbia River Basin 
in the northwest. A definite it.iitional trend is indicated toward the further and con- 
tinued development of the water resourecs of the United States. The trend is also 
toward the development of entire river systems by a number of unified projects 
rather than by isolated projects and by multipurpose rather than single-purpose 
projects. Hydrometisirology is coming to be recognized as essential to the most 
effieieiit operation of such projects in achieving maximum control, conservation, 
and use of water. 

Quantitative Forecatta. Advances in the sfuenee of meteorology during the past 
tpiarter of a century have given meteorologists the necessary tools for making quanti- 
tative rather than generalized forecasts of rain that may be expected over particular 
drainage basins. Admittedly, these ttmls are still in a state of development, but the 
start that has lu'en made and the aeceptance of the forecasts in water-projert opera- 
tion indjeiite the need for this type of work. Operators of water projects have always 
sought information conccmitig the weather and the probability of storm rainfall. 
Rut, until reeeiil years, only forecasts in general terms have been available. These 
force, -ist-s have been helpful, but they could not be evaluated into definite amounts of 
I unofT resulting from predicted storm rainfall. 

.\Itliough the avniliibilily of quantitative forecasts is comparatively recent, the 
value of this type of fonvast is a|>parent when the problems of -water eontrol and 
utilization are considered. Floods must be I'ontrolled and water must be stored and 
eonserviHl in ordiT that it may be gainfully used for power, navigation, irrigation, or 
water supply. The need for water is f«*quenUy so great that the utmost degree of 
conservation is demanded. In order that control may be effeetive and use efficient, 
us exaet knowledge as possible is need«l at all times of the amounts of water that 
must be controlh'd and that are available for use. Once precipitation has fallen, 
englnc'ers can estimate the amount of the resulting runoff. Equally important is 
the runoff from rain that has not fallen but is expected in a future period of 2 or 3 days. 
To estimate this rainfall quantitatively is the function and responsibility of the 
meteorologist. On the basis of dependable quantitative forernsts, the onginocrs can 
plan ahead for the ninoS from future precipitation and thereby accomplish bettor 
eontrol of floods and a greater measure of eonsrreatioii and utilization of -ivater. 
For example, water already in storage may be used for power production or other 
uses and replaced from runoff from future precipitation. At the same time, reservoir 
storage space would be provided for regulating that runoff, thus making the most 
efficient use of available reservoir storage. 

U.S. Weather Bureau and TVA Agreement. Recognition of the value of quantit a- 
tive precipitation forecasts is p-vidoneed by a joint agreement in the field of hydro- 
metiHirology between the TVA and the TT.8. Weather Bureau made in 1940, This 
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provides for utilizing both meteorology and hydrology in the forecasting of precipita- 
tion and weather conditions and the determination of runoff and stream flow as a 
basis for river and reservoir stage and volume predictions and for dispatching water 
through the TV A reservoir system. This agreement between the two federal 
agencies illustrates the praetical value of hydrometeorology in the operation of water 
projects. The TVA is the first large water-control project to make definite use of 
hydrometeorology in its operating program. 

The watershed of the Tennessee River and its tributaries includes an area of 
40,910 sq miles. Within this watershed are 28 reservoirs, 21 of which are units in the 
TVA system of multipurpose reservoirs operating primarily for flood control, power 
development, and navigation. All the reservoirs must be considered in operating the 
TVA system. In such a large reservoir system, the dispatching of water from reser- 
voir to reservoir is an intricate and complex process. 

Under the joint agreement, techniques have been developed for the work that 
meteorologists on the one hand and hydrologists on the other eontribute to the 
operation of the water-project system. Tliese proeedures have been proved through 
daily use for several years and may therefon* be considered applicable to the opi'ratioii 
of other water projects. 

METEOROLOGY IN WATER PROJECT SYSTEM OPERATIONS 

Forecasts. Water in streams and in reservoirs, like the weather, is seldom static 
but is constantly m motion. Water projects are in continuous op<‘rntion, and the 
engineers must control and use water 24 hr every day whether stream flows an' high 
or low. The meteorologist, by supplying regular quantitative weather foroeasts, 
can give important and valuable assistance to the engineer in this work of water 
control. C'ontinuous contact with weather and water is necessary for both mete- 
orologist and hydrological engineer concerned with water-project operation. The 
meteorologist must keep the hydrologist advised of the state of tho weather and the 
expected precipitation. Tho hydrologist must keep mformed regarding the quantities 
of water that are flowing in all parts of the watershed and particularly through the 
reservoir system. The meteorologist should piepare forecasts of expected precipita- 
tion and weather conditions on a regular twiec-daily schedule with additional forecasts 
during the season of flood expectancy and during ot her periods when protracted rain- 
fall or exceptional conditions demand. Teletype communication between the offices 
of the meteorologist and the engineer is desirable for transmission of forecasts. 

Preliminary Forecasts. In order to give the hydrologic engineer engaged on 
stream and reservoir forecasting and water dispatching an estimate of expected rain- 
fall, tho meteorologist should prepare what may be called a Preliminary Forecast for 
transmission to the hydrologic engineer early each morning. This forecast is based 
on the 1:30 a.m. E8T data disseminated by teletype throughout the Weather Bureau 
offices. The purpose of this forecast is to furnish the engineers with information 
early enough in the day so that it may be considered in making necessary adjustments 
to the schedule for the day’s use of water throughout the system. An example of 
such a forecast is the following: 

PRSUMINABT FOaBCABT FOR MARCH 28 AND 29, 1944 TODAT AND TONIGHT 

MOSTLY OVERCAST CLOtTDINEBS WITH INTERMITTENT RAIN TODAT AND TONIGHT WITH 
INTERMITTENT RAIN, SHOWERS, AND THUNDERSTORMS SLIGHTLY COOLER TODAT, DUE 
TO THE CLOUDINESS AND PRECIPITATION, AND BECOMING COLDER OVER THE WESTERN 
THIRD OF THE AREA TONIGHT GENTLE W FRKsH WINDS MAXIMUM TEMPERATURES TODAT 
RANGING FROM NEAR .5.5 DEGREES ALONG THE NORTHERN EDGE OF THE AREA UP TO 
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DKOREBB AliOira THE SOOTHERN EDOE OF THE AREA MIN’ TEKFS TONXCE BANQINfl 
from 36 DEOREES IN THE EXTREME NORTHWEST UP TO 60 DEORBES IN THE EXTREME 
SOUTHEAST LIGHT INTENSITY TODAY 3 TO 4 

WEDNESDAY 

broken Td OVERCAST CLOUDINESS, BECOMING BROKEN TO SCTD OVER THE WESTERN 
HALF OF THE AREA AND MOSTLY BROKEN OVER THE EASTERN HALF OF THE AREA BY 
THE CLOSE OF THE PERIOD SHOWERS AND THUNDERSTORMS ENDING OVER THE EASTERN 
HALF OF THE AREA, BECUMINO COLDER MODERATE TO FRESH WINDS LIGHT INTENSITY 3 

PRECIP AMOUNTS DURINO THIS FORECAST PERIOD ARE EXPECTED TO AVERAGE FROM 
1,20 INCHES TO 1.60 INCHES -WITH LOCAL HIGH SPOTS UP TO 3.50 INCHES 

generally fair and COLDER WEATHER IS INDICATED FOR THURSDAY 

USWB 

Complete Forecut. Thr Preliminary Foreeatt should be followed by a Complele 
Forecast based on the information from the Weather Bureau teletype ssnstem fop 
7:30 A.H. E8T. This fon'east is baaed on a more complete analysis of the data 
particularly with rcKRid to upper-air conditions. It refines and brings up to date 
tlie Preliminary Forecast. The estimated amounts of rainfall that are expected during 
the forecast period are given in inches for the subdivisions of the main watershed that 
are important in estimating nmuff. 

The daily schedule for water-control operations must be prepared by the engineers 
and based on infarroation received pnor to about 9:00 a.m. CWT each day. The 
Complete Forecast is not prepared by that time but should be submitted by about 
11 :00 A.M. CWT each day, which is prior to the issuance of daily river and reservoir 
predictions in bulletin form. After reeeiving the Complete Forecast, the engineers 
check their previously prepared predictions for rivers and reservoirs and revise these 
if such revision is warranted. Usually the Complete Forecast confirms rather than 
changes the Preliminary Forecast. 

Thr following is an example of a Coniplete Forecast: 

COMPLETE FORECAST FOR MARCH 28 AND 29, 1944 

TODAY 

MOSTLY CLOUDY WITH RAIN AND SCTD TIIU.NDEBSTOKMS LIGHT I.VTBNSITY MOSTLY 4 
MODERATE WINDS 

TONIOHT 

<T.OUDT WITH RAIN AND SCTD THUNDERSTORMS OVER THE CENTRAL AND EASTERN 
PORTIONS COLDER OVER THE WESTERN PORTION LITTLE TEMPERATURE CHANOE OVER 
THE CENTRAL AND EASTERN FORTIONH MODERATE WINDS 

WEDNESDAY 

MOSTLY CLOUDY AND COLDER ’WITH OCNL BAIN OVER THE EASTERN PORTIONS, ENDING 
DURING THE PERIOD LIGHT INTENSITY 4 TO 3 MODERATE TO FRESH WINDS 

OUTLOOK FAIR AND MODERATELY COLD THURSDAY 

PRECIP AMOUNTS DURINO THIS FORECAST PERIOD ARE EXPECTED TO AVERAGE NEAR 
2.00 INCHES OVER THE SOUTHERN LIMITS TAPERING DOWNWARD TO NEAR 1.20 INCHES 
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OVER THE NORTHERN UMIT8, EXCEPT OVER THE VESTEHN SECTION, WHERE AMOUNTS 
ARE EXPECTED TO AVERAGE BETWEEN .50 AND -80 OF AN INCH 

SOME LOCAL HIGH SPOTS UP TO 3.00 INCHES MAY BE EXPECTED OVER THE SOUTHERN 
SECTIONS 

CHATT 54-68 KX 52-58 mem 41-52 naku 43-41 ky 36-49 font 51-68 
USWB 

Light intensitips arc included in both the PreliminBry and Complete Forecasts. 
These have an influence on the utilization of water, since the amount of power needed 
to supply lighting varies with the intensity of light and affects the quantity of water 
that is used for power production. Where power is produced by steam plants, light 
intensities are equally important. Because there is no standard scale for light- 
intensity designation, the following scale has been adopted for use in the Tennessee 
Valley: 

Light intensity 1 Artificial lighting unnecessary 

Light mtensity 2 Artificial lighting necessary only in dark rooms 

Light intensity 3. Artificial lighting necessary except in Ijest lighted rooms 

Light intensity 4 .... Artificial lighting necessary in all nKinis 

In the field of light intensity, there is a ni^d for the adoption of uniform standards of 
measurement and for the collection of continuous records of actual intensities. 

Temperature predictions are made in both Preliminary and ('ompleto Fon'casts. 
Temperatures are important in estimating runoff and, during the winter season, an* 
useful for protection of construction work from freezing damage. Temperatures 
also influence electric power loads w'here eU>ctricity is used for air-eouditioning cooling 
in summer and for heating in winter. In the Complete Forecast, teinperatun*s for 
four large cities and two dam-construction projects are given just above the signatun*. 
The first figure is the predicted minimum for the coming night, and the second figure 
is the maximum for the following day. 

The operation and maintenance of overhead lines for power distribution and eom- 
munications are affected by >imds, sleet, and snow. Navigation and recreation may 
also be affected to some ex'tent by these factors. T'he forecasts should therefori* 
include this type of information 

In mountainous regions, the observed and predicted elevations of the freezing line 
are valuable in estimating runoff from snow. 

Supplementary Ftood-season Forecasts. During the season of the year when 
past records show that floods are most likely to occur, it is necessary to niuiiitain 
closer contact with weather and river and reservoir eonditions Ihnn during other 
months of the year. During the flood season, the umomit of rainfall, the continuance 
or stopping of the rain, and the areal location of the ruin may require changes in the 
plans for controlling flood water. At such times, these plans are subject to continuous 
check and possible change. In the Tennessee Valley, the flood season extends from 
about Dec. 1 to May 1, and during that time the meteorologists ri'gularly make a 
night forecast, designated as a Supplementary Poreeast. This is transmitted about 
8:00 p.M. (!WT and is based on the teletype data for 1 :30 p.m. EST. These forecasts 
may also be required during summer flood periods such as oceurn-d in August, 1940, 
in the Tennessee Valley when a tropical hurricane in August produced runoff of flood 
magnitude. 

The form of the Supplementary Forecaat follows generally that of the Complete 
Foreceut but omits light intensities. A typical Supplementary Forecast is as follows: 
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SUPPLEMUNTABT FOBECAST FOB APBIL 14-15, 1S44 
tonight 

1NCBEA8INO CLOUDINESS AND WABMEB WITH SHOWEBS AND RCATTEBED THUNDBB- 
STOBMB BPBEADINO OVER MOST OF ABEA BY MOBNING. MIN TEMPS 52 TO 62. MOT 
TO OCNLT STBONO WINDS. 

SATUBDAY 

MOSTLY CLOUDY AND CONTINUED MILD, EXCEPT BECOMING COOLEB WESTEBN POBTION8. 
SHOWERS AND SCATTERED TIIUNDEBHTOBMH. MAX TEMPS 68 TO 78. MDT TO OCNLT 
STRONG WINDS 

SATURDAY NIGHT 

CONSIDER VBLE (T/H’DINESS WITH SHOWERS AND SCATTERED TIIUNDEBSTORMS OVER 
EASTERN TWO-TIIIBDS OF AREA. COOLER WFISTERN HALF AND BECOMING COOLER 
OVER MOST OF EASTERN HALF BY MORNING. GENTLE TO FRESH WINDS. 

PBECIP AMOUNTS ARE EXPECTED TO BE EXTREMELY VARIABLE DUE TO THUNDERSTORM 
ACTIVITY. LOCAL HIGH SPOTS OF 2 TO 3 INCHES ARE LIKELY. 

PRESENT ESTIMATE OF AVERAGE AMOUNTS DURING NEXT 36 HOURS 1.00 TO 1.25 INCHES 
OVER AREA, EXCEPT’ UNDER l.OO NORTTIEASTERN SECTION AND 1.25 TO 1.75 SOUTH- 
EA.STEHN SECTION AND SOUTHEH.N PORTION OF EAST CENTRAL SECTION. MOST OF THIS 
PIIECIP IS EXPECTED TO OCCUR DURING THE NEXT 24 HOURS. 

INDICATIONS ARE THAT THF. OHIO VALLEY WILL ALSO RECEIVE SOME SUBSTANTIAL 
FALLS DURING THE NEXT 36 IIOX'RS 

USWB 

In H water-project system as larRO as that of the TVA where tremendous volumes 
ci( wat er must lie font rolled iu flood limes, these Supplementary Forecasts are essential 
to aatisfaetory water eontrol. The flood situation may ehange almost hourly depend- 
ing OH rainfall and the outlook for rainfall. At sueh times, the meteorologist has a 
heavy responsibility to keep the engineers advised regarding the state of the weather 
and probable quantitative rainfall. To the engineer, it is important to know how 
much additional rainfall is to be expected at any time and to know when the storm 
will end. If he can receive relialile meteorological information, then he ran revise 
his estimates of flood-water volumes in accordance with the latest forecasts of expected 
rainfall, and the actual flood waters may be safely dispatched through the reservoir 
system with a minimum of damage. Any uncertainty in the probable amount of 
rainfall requires that a corresponding reserve in reservoir storage space he maintained 
and may result in not making full use of the storage spare to ri'ditre the flood crest. 
An example of this occurred in December, 1942, ■when the volume of water discharged 
at Chickamauga Reservoir near Chattanooga was increased in expectancy of addi- 
tional heavy rain that did not materialize. 

Bztended Forecasts. The regular forecasts ordinarily cover periods of 36 hr 
in advance. Knowledge of expected rainfall for longer periods is much to be desired, 
but the science of meteorology does not os yet provide a satisfactory basis for long- 
range quantitative forecasts. It is, however, helpful, even if quantities may not 
be stated, to know what the general prospects are for weather conditions for several 
days in advance. To fulfill this need, extended forecasts for a 5-day period are made. 
An example of such a forecast is the following; 
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ISXTENDED FOHECABT FOB APBIL 15 TO 19, INrl,VBIVB 

PBECIP 18 EXPECTED XO BE HEAVY AND TEMPS ARE EXPECTED TO AVERAGE NEAR NORMAL 
THE NORMAL MEAN TEMP FOR THIS PERIOD FOR YOUR AREA IH ABOUT 58 DEGREES 
UBVB 

The Complete ForccaHtH contain, in addition to quantitative forecastB for 36 hr, 
an outlook forecast for the day followinE the forecast period. The outlook forecasts 
are generalized synoptic summaries and are not specific as to quantity. They do, 
however, furnish information on conditions beyond that for which quantitative fore- 
casts are made. Illustrating such a forecast is the following: 

OUTLOOK A DISTURBANCE NOW CENTERED OVER WVOMINO IS EXPEl’TED TO MOVE 
EASTWARD WITH CHANCE OF LIGHT PRECIPITATION DEVELOPING OVER THE WESTERN 
PORTION THURSDAY NIGHT OR FRIDAY PRESENT INDICATIONS ARB THAT THIS Dlh- 
TURBANCE WILL MOVE EASTWARD OVER THE NORTHERN PORTION OF THE COUNTRl 
AND PRODUCE ONLY LIGHT AMOUNTS OVER YOUR AREA. 

Weather Maps. It is desirable that the waler-coiitrol c>ngmecrs be furnished a 
copy of the weather map for 7 30 a.m. E8T upon which (he (’ompletc Forecast is 
made. On a large project, where the offices of the meteorologists and engineers should 
necpsaarily be near one another, this presents no ohstaclcs. On projects remote from 
the meteorological-forecasting office, the furnishing of the map may not be feasible. 
Having the weather map enables the engineer to interpret the forecast better and 
to visualize storm movements. He thereby gains a conception of the speed of passage 
of storms which is desirable in estimating the time of occurrence of stream flow. 

Personal Conferences. In addition to the forecasts that arc transmitted by tele- 
type, personal conferences between the meteorologists and the cngiiicors responsible for 
water control are desirable, particularly during storiii periods. The benefits from 
such conferences are mutual to the meteorologist and engineer. No matter how 
carefully worded or in how much detail the forecasts may bo, personal interpretation 
by the meteorologist of prevailing weather conditions has a material value in conveying 
to the engineers the storm possibilities that the weather maps and charts indicate. 
Only through personal contact can the degree of certainty felt by the forecaster be 
conveyed to the hydrologist, thereby expanding or narrowing his limit of operations. 

The meteorologist gains an understanding of the uses to which his forecasts arc put 
and the value of these in the operation of the water project. He learns the importance 
of accurate and courageous forecasts and sees the difficulties that arisi' when forecasts 
are inaccurate and rainfall amounts have been over- or underestimated. As a means 
of integrating meteorology and hydrology into the operation of water projects and of 
developing confidence in each other by meteorologists and engineers, personal con- 
ferences are invaluable. 

Language of FoiecaBts. Care should be taken in the wording of forecasts so 
that these may be correctly understood. Language should be simple, direct, and easy 
of interpretation. It should be sufficiently descriptive to give a clear picture of 
existing weather conditions, storm movements, and the developments that are 
expected to occur. Meaningless words and phrases or indefinite generalities should 
be omitted. Brevity is desirable but not at a sacrifice of clear understanding. A 
forecaster should cultivate an interesting style of writing forecasts that the reader 
can follow and understand. 
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HYDROLOGY IH WATBR PROJECT SYSTEM OPERATIONS 

It is beyond the scope of this section to treat in detail the hydrological phases 
of hydrometeorology. However, some understanding of this is desirable by mete- 
orologists as background for forecasts for projects utilizing hydrometeorology. 
Hydrology also includes collection of meteorological as well as other records for the 
project area. 

Rainfall and Stream Ganges. The engineers must gather, at least daily, suffi- 
ciently complete information n'garding rainfall and stream flow throughout the 
project drainage basin so that they can estimate with considerable exactness the 
volume of water that is flowing and will be flowing for several days in all the principal 
streams throughout the watershed. To accomplish this requires a comprehensive 
network of rain and stream gauge stations. 

I'his network is basic in the success of the hydrological phases of water-project 
operation. The extent of the network of rain gauges will vary with the size and 
topography of the drainage area. In general, in mountainous regions where variations 
in rainfall are most pronounced, the number of stations per unit area must be greater 
than in flatter country where orographic influences arc not so important. In water- 
projeet operations, as in other hydrologic investigations, the smaller the area of 
interest, the larger the number of ram gauges required per unit area. 

In the entire Tennessee Valley, the density of rain gauges is one to each 80 sq 
miles. In the mountainous eastern sections, the square miles per gauge approximate 
half of fhe average; and, in the rolling western portion of the basin at lesser elevation, 
the density is about 130 sq miles per gauge. The network includes sufficient recording 
rain gaugi's so that intensity and duration of storm rainfall are known. Gauges are 
loeated with rrapeet to topography so that rainfall at high as well as low altitudes 
is measured. 

Slri'am-gauging stations are located at a sufficient number of places throughout 
the drainage area to measure the volumes of actual runoff from nmln watersheds 
and from siibwatersheds. Stream heights are recorded by automatic continuous 
recoiders so that heights may be read from the charts by local observers at whatever 
time intervals may he desired. 

In an area of considerable size, such as that of the Teiinessoe V'alley, the complete 
netwoik of rainfall and stream gauges necessarily contains so many stations that time 
does not permit for consideration of data from all of them each day during current 
forecasting anil prediction work, f'onsequentlv, on that project, daily reports are 
obtained from selected and representative key rainfall- and stream-gauge stations 
that provide suffieient data on aiiiounts and intensities of actual ramfall and the 
heights of important streams for current day-to-day predictions. Criteria are 
estahlished, based on amounts of rainfall or heights of stream, whereby additional 
stations report in the event of heavy ramfall and during floods, thus providing ample 
coverage to give complete data on rainfall and stream flows at all times. Periodic 
cheeks of storms as they oeeur arc made to determine whether key stations should 
be changed, eliminated, or increased in number. 

The complete network of rainfall and stream-flow gauges provides information 
for the preparation and keeping up to date of an office manual of charts and diagrams 
covering hydrologic factors that the engineers use in river and reservoir forecasting. 
The preparation of this manual and improving the charts and diagrams as additional 
data become available require constant study of storms and floods that occur over 
the watershed. From these studies are developed basic hydrological relations among 
rainfall, surface and ground-water runoff, and W'ater travel for each particular main 
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and subirstershed which enable the hjdrologiht to estimate both the amount and 
the concentration of runoff at desired points from both observed and predieted rainfall 
Communication of Reports* The reporting of rainfall and streamilow observations 
from a large area, daily or more often, is essential, for stream and reservoir prediction 
depends upon this information and can be made only when this information is r€>ceived 
Reports should be sent by telephone or tedegraph either to a central forecasting 
office or to mtermcdiale offices Observers in the vn iint y of the rentral office report 
data direct to that office Observers m the more ri mote portions of the area report 
to intermediate offices that relay the information to the central office This system 
facilitates reporting and is efficient and oconomieal 

Radio Gauges. Comiuunu ation systems that depend upon overhead wires are 
likel} to be interrupted durmg severe storms that produce flood conditions There 
are also areas where tlierc are no till phone or telegraph fai ilities To obtain reports 
from these localities and to provide information dunng storms when wires may be 
down, automatic radio rain gauges and radio stream gauges have been developed 
by Tennessee Valley Authoritj ongmitrs The radio rain gauge collects rainfall in 
accordance with standard practice, and at mtcrvals the amount of rainfall in mihes 
that has been caught by the gauge is broadcast by a modified Morsc-code signal 
Similarly, radio stream gauges transmit heights of important streams The broadcast 
signals are reeeivi-d at a forecasting ofitec usually within 50 miles of each gauge 
Reception is cither manual or automatic by a tape recorder A broadcast interval 
of 2 hr has been found to be convenient and satisfactory, for this supplies sufficient 
data and permits several gauges iti one watershed to broadcast using the same radio 
frequency 

Rorecastmg River Discharge and Reservoir Stages. The reporting of rainfall 
and stream flow from key stations each morning is followed by immediate analysis 
of the data by experienced engineers with specialised training in hydrology The 
volume of water that is expected to run off from eai h watershed or contributing area 
]s estimated on the basis of ri ports of ram that has actually fallen Runoff is also 
estimated for ram that has not yet fallen but is c xpei ted on the basis of forecasts by the 
meteorologist The estimation of runoff from both ram that has fallen and that whii h 
is to be expected is translates! into strc'ain flow throughout tin watirshed and becomes 
the basis for determination of how the reservoir sistwii shall be operated to accom- 
modate the runoff of water actually on the ground and that which is yet m the elcmds 
Integrated with tins in the daily sebeduie for water control and dispatching must be 
the requirements of the system for water for elec trie pow er, navigation, or other use 
Daily Cooperative Builetma. The culmination of the daily meteorologiial fore- 
casts and the hydrological predictions of river and reservoir stages and flows are 
expressed for the Tennessee River liasin by two bulb tins issued daily under the joint 
name of the TJ S Weather Bureau and the Tennessc*e Valley Authority Figures 
1 and 2 show the front and back of one of these bulletins, which is designated the 
Daily Rivet Bulletin This bulletm is distributed to those directly concerned with 
the operation of the TV A reservoir system and with the fluctuations of river and 
reservoir levels T'his mcludes TVA operating personnel, industrialists, and others 
havmg plants or other mtercsts along the reservoirs 

The second bulletm is a large-size post card di^gnated the Daily Navigation 
Bullelin This is distnbuted generally to the public and is particularly aimed to 
supply navigation mterests with rive r information and predictions 

Operation of Reservoir System. An illustrative example of the coordination 
of meteorology and hydrology in the operation of the TVA reservoir system for 
reduction of flood heights is that of the storm of mid-August, 1940 In this case, a 
tropical storm of hurricane mtcnsity moved inland in the vicimty of Charleston, 
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REPORTED RIVER ELEVATU^IS AND RAINFAU. 




ITATION 

Ml(« 

AOrva 

MmOi 

Tfi» •roviH 

ati|i 

"vy*” 

A 

SSS-. 

wlJajjy 

'^1ENNC»Ce RIVER 








1 Knojivillt 

646 

eiB 


816.0 

-0,2 

.30 

2.51 

Z PORT LOUDOUN ftCSERVOIK 

6oe 

616 

11*,500 

813.81 

-0.17 

.68 

2.39 

Fail LouHoun Lowar Lock 


756 


762 J* 

-1.5 



} WATTS BAR RESCRVOIR 

630 

74S 

UT.POO 

761.18 

-0.36 

.76 

3.27 

4 CNfCKAMAUDA RCSERVOfR 

47' 

465 

6&,i00 

6SO.C16 

-0,22 

.62 

5.21 

S Chittanoofl 

464 

451 


636.1 

-5.8 

.56 

3.61 

6 HALES BAR RESERVOIR 

431 

629 (•) 77,000 

631.93 

-1.65 

.63 

3.02 

7 GUNTERSViLLE RESCRVOIR 

349 

690 

B^.aoo 

596.78 

.0.26 

.20 

3.25 

S OoMtUP t 

3Q5 

559 


556.5 

-0.2 

.28 

2.36 

9 WHEELER RESERVOIR 

276 

656 

131.500 

555.86 

-0.10 

.51 

2.23 

10 WILSON RESERVOIR 

£69 

608 

lyi.yy 

507.72 

-.0.20 

.08 

2.60 

11 Florvnea t 

«67 

419 





1.69 

IS PirKWICN RESERVOIR 

2C7 

418 

iUt.Boo 

U6.35 

-0.57 

.20 

2.16 

Pickwick Lower Lack 


370 


375.6 

-1*5 



13 SavaflMh 

190 

370 

llltl.000 

368.6 

-0.7 

.03 

3.21 

14 P»rry»iH« 

135 

357 


55S.O 

■•0,9 

.02 

i.ei 

IS iahntenvtlla 

96 

352 

166,000 

366.3 

•1*6 

.67 

>.12 

IS Oin* U* t 

78 

342 






17 KENTUCKY RESCRVOIR 

22 

378 


329.6 

•5.0 

.72 

3.72 

GtIbfrUv Ito 


516 

lil8,000 

325.8 

•2.8 



It Poduult (USED) t 

0 

3^5 





3.96 

Avarag* Rain Above Chatt* 





.60 

2.51 

CLIMCH AND HOLSTOM_ ^ ^ 








’is Taiawffll t *" 

160 

1079 

S-.LSO 

1066.2 

-2.1 



30 Arlhiir 

65 

1050 

U,ooa 

1050.9 

-2.5 

.53 

2.65 

ai NORRIS RESERVOIR 

60 

102J 

U,S6o 

1025.00 

•0.60 

.69 

2.29 

II GlU CUf f 

9 

1206 

2,100 

1201.9 

-0.9 



93 K nfivoa 

e 

llRl 

6,800 

iiae.o 

-1.5 

.26 

1.60 

94 chcrokcc reservoir 

C2 

.J .5 

6,752 

10b9.B8 

•0.59 

.29 

1.86 

FRENCH BROAD AND LIT TIC TFNNESEE 







IS Bent Crock ^ 

14 

1030 

3,980 

1021.2 

-1.2 



Nawoeil 

•>s 

1019 

6.800 

1015.5 

-0.5 

.53 

.85 

17 DOUGLAS RESCRVOIR 


1002 

3.518 

996.65 

•0.67 

.30 

2.08 

» GLCNVILLC RESERVOIR 

60 

LlOO 

0 

50BI.09 

•0.28 

.66 

2.68 

99 NAMTAHALA RESERVOIR 


2390 

0 

2880. 51 

♦0,69 

.51 

5.00 

» SANTEETLAH RESERVOIR 

10 

1017 

593 

1816.16 

•0.11 

.65 

3.02 

31 FONTANA RESCRVOIR 

Cl 


6,500 

1305.15 

*6.66 

.50 

2.98 

JI CNCOAN RESERVOIR 

61 

1154 

6.629 

1155.7 

•0.1 

.62 

3.32 

33 CALDCRWOOD RESCRVOIR 

44 

965 

6.936 

965.0 

♦0.7 

.58 

2.57 

HIWASSFE AND OCOCC 








*M NOTTELY RESCRVOIR 

24 

1780 

680 

1777.73 

-o.o 4 

.65 

2.01 

as CHATUGE RESERVOIR 

121 

19PB 

680 

1925.77 

-0.02 

.53 

2.26 

3S HiwAssee hcservoir 

76 

1526 

2.137 

1525.20 

•0.63 

.63 

2.66 

37 APAUCHIA RESERVOIR 

66 

1260 

1.990 

1279.65 

♦0.39 

.56 

2.26 

3B BLUE RIDGE RESERVOIR 

63 

1690 

1.307 

1687.86 

-0.26 

.69 

2.69 

as OCOEE NO S RESERVOIR 

29 

1435 

2.322 

1655.16 

•1.01 

.35 

1.60 

40 OCOEE NO 1 RESCRVOIR 

12 

831 

2.755 

827.1 

-0.5 

.36 

1.69 

ELK DUCK AND CANCY FORK 








4 Piocpaet t 

44 

6P7 

7,200 

873.5 

-1.9 

.50 

- 

42 Hurniana MitU t 

20 

379 

11.600 

572.0 

-5.0 



41 GREAT FALLS RESERVOIR 

91 

ers 

7.175 

605.92 

•0.02 

.56 

1.55 
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Iprll-lS 
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JLprll 16 

• 

■ 

April 


STATION 

Inlfc* 

0 Mbtre* 

ttoMtCH 

tt/om 

DiMUtiia 

CmlM 

lirWe 

PMta 1 

1 

Kneivilla 


8.5 

813.6 


U.O 

613.0 


4.0 

2 

PORT LOUPOUN R 

9.0 

11.5 

813.5 

5.0 

9*0 

813.0 

5.5 

5.5 

3 

WATTS BAR RCS 

35.5 

38.0 

7ia.i 

35.5 

iiO.O 

740.8 

53.0 

3=.0 

4 

CHICKAM QA RCS 

51.0 

5S.0 

680.6 

5S.5 

55.0 

680.4 

iiL.Q 

50.0 

5 

Outanoa^ 



63‘:.a 



655.8 



6 

HALES BAR RES 

55.0 

56.0 

631 .6 

58.0 

5S.0 

631.6 

52.0 

54.0 

7 

GUNT RSV LE RES 

66.0 

/5.0 

59U.8 

65.0 

65.0 

594.7 

59.0 

60.0 

a 

Decatur 



556.2 



556.0 



9 

WHEELER RES 

99.0 

108.0 

55^‘9 

63.0 

90.0 

555.7 

75*0 

75.0 

10 

Wll SON RES 

110.0 

110.0 

507-5 

92.0 

92.0 

507.5 

76.0 

76.0 

11 

Flerenea 



416.0 



415.4 



18 

PICKWICK RES 

113.0 

183.0 

U3.9 

94.0 

1X5*0 

412 9 

78.0 

95.0 

13 

$a«aiiA4h 


138.0 

365.8 


i<ja»o 

364.6 


119.0 

IS 

Jetinaem Ha 


I61t.0 

344.5 


152.0 

343.5 


137.0 

16 

Oanvilla 



340.1 



3JP.4 




\7 KCNTUCKY MS 3 

Gtbartaaitfa Ky I 56 .O 3 

IB Padbeah (USED) s 

31 NORRIS flCS 10.0 8.U ID 

34 CHCROKee RES iq^q q 10 

37 DOUGLAS RCS «I( 0 9 

PON TANA RES 5.7 

HOTTELY RCS o.75 0.67 17 

CHATUSe RES 0.60 0.61 19 

NIWASSCCRCS 3 ,/^ 1 ,M U 

APAUCHURCS 1,50 2,80 12 

BLUE RIOGC RCS 2,20 0,hP lf> 

OCOEE NOS RES gw 2,0*, 2^ 

OCOEE NO 1 RES 3,00 2.^ 6: 

GREAT FALLS RES 5«30 3.30 8l 

RITER R0TICE«-Th« release at 
Dob la expected to be reduo(.d^<lK 
to day. Barring hauTyroine, p#oa 
oreata at Lower Tennaaeee Rlwer pti 


JohaaonTllle • 3 UU .3 todey 
BoDTllle • 3U0.5 April 17 
Kentueky Res. - April 18 




338.1 



532.5 


153.0 

327.2 


150.0 

328.1 



325.7 



326.6 

7.6 

12.0 

1022.8 

6.0 

12.0 

1022.5 

8.2 

0 

1071.1 

7.1 

3.4 

1071.4 

11.5 

0 

990.0 

10.9 

3.9 

998.5 


6.a 

1306.0 

0.6P 

5.5 

1305.0 

0.70 

0*71 

1777.8 

0.68 

1777.7 

0.75 

0.72 

1«5.8 

0.70 

0.73 

1925.8 

3.50 

1.60 

1/|26.4 

3*20 

3.00 

1426.4 

1.70 

1.10 

1^79.5 

3.10 

3.00 

1279.6 

1.10 

0 

lu89.0 

1.00 

1.00 

1689.0 

l.oO 

l.oO 

1434-0 

2.00 

2.00 

1434.0 

i.ro 

2.U0 

8^6.8 

2.05 

2.20 

826.6 

4.55 

i*.55 

B05.O 

14.50 

4.30 

805.0 








WCAIHER FORECAST FOR TENNESSEE VALLEY 

Tarlibla oloudixieaa thla afternoon, tonight, and cunday, Beconing cooler over the 
veetern half of the area tonight end over the eastern half of the area Sunday, 
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S.C., and produced floods of major proportions during the period Aug. 8 to 15 in 
the mountainous streams of eastern Tennessee, western North Carolina, and southern 
Virginia, as the decaying storm center moved through that region. Centers of high 
rainfall reached from 13 to 15 in. in the mountainous portions of the Tennessee Valley, 
the rain falling within a period of from 40 to 50 hr. Predictions of rainfall for this 
storm were made by the II. S. Weather Bureau for the TV A. As the rainfall amounts 
and upstream river stages were reported to the central river forecasting ofiice, esti- 
mates of flow were made. The flood originated in the tributary streams to the 
Tenncttisee Uiver. Determinations were made of the volume and time when the 
flood water would reach Chiekaniauga Iteservoir immediately upstream from the city 
of Chattanooga, Tenn. With this advance knowledge, the engineers were able 
to increase the volume of water discharges from Chickamauga Reservoir about 4 days 
ahead of the time that the flood reached the rcsiervoir. The discharge was restricted 
to a quantity that would cause only minor damage through and below the dty of 
Chattanooga. Thus storage space was provided in the reservoir for the flood water 
when it finally arrived. As a result of this coordinated operation, the flood height at 
( 'hattanooga was reduced 7 ft from what it would have been under natural conditions. 

In a similar operation, the same flood was carried through reservoirs in the system 
downstream from C’hattanooga and regulated so that the flood height along the lower 
200 miles of the Tennessee River was reduced by nearly 12 ft below that which would 
have oeeurred without tin- regulation. Since the flood occurred during the crop 
season, this flood-height reduction prevented a considerable crop loss that would 
otherwise have resulted. 

In late December, 1042, a flood occurred that was general over the Tennessee 
Valley. This flood was forecast by the Weather Bureau, and the forecasts were 
taken into account by the hydraulic engineers in the operation of the TV.\ reservoirs. 
.\8 a result of the regulation, the stages in Chattanooga were reduced by about 4 ft 
from what they would have been under natural conditions, and damages estimated at 
approximately 81,000,000 were prevented. This illustrates the importance and the 
monetary value that results from water-control operations. 

CRITERIA FOR WATER PROJECT METEOROLOGICAL FORECASTS 

Area Forecast Concept. 'I'hc meteorologist making forecasts for an operating 
water-control project must approach the problem with the entire drainage basin 
in mind. Forecasts must be made, not for point locations, but for areas comprising 
significant subdivisions of the drainage basin. In converting predicted rainfall to 
stream flow, the h 3 ’drologiBt needs expected rainfall amounts for each subdrainage 
area tributary to each dam under construction or in operation. The size of the areas 
will be influenced by the topography and drainage pattern of the forecast region 
and by the location of the water-storage reservoirs or places where reservoir or river- 
stage forecasts are to be made by the hj'drologpcal engineers. The areas ma}' vary 
from a few hundred to several thousand miles. If a dam is under construction, the 
drainage area above that dam is the logical forecast area. If many reservoirs are 
being operated for water control and utilization, as in the Tennessee Valley, then the 
entire watershed must be divided into a number of areas, the runoff from each of w'hich 
is fflgnificant in the prediction of inflow into the reservoir system. The meteoro- 
logical forecasts should refer to the subdivisions, giving the rainfall forecast for each. 

Illustrating the division of a large area into smaller areas, experience has shown 
that the Tennessee River Basin should be divided into seven areas approximating 
6,000 sq miles each for the purpose of forecasting areal distribution of rainfall. 
Topographical features and the location of the several areas cause rainfall to develop 
most heavily in certain areas, depending on the direction and path of travel of the 
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storm. Since these same features rontrol the drainage system to some extent, the 
subdivisions selected to conform to the usual rainfall distribution conform approxi- 
mately to the logical areas for stream-flow forecasting. The “western section" is 
subject to rainfall from storms that sometimes give very little rainfall in other sections 
of the basin. The "southwestern section” is subject to rainfall from storms approach- 
ing from the south and southwest, which often diminish rapidly before reaching other 
sections. The “southeastern section” is subject to heavy rainfall from storms 
approaching from the south and southwest, which lose intensity before reaching 
sections farther north and east. The “east central section” is frequently in the path 
of storms traveling up the main valley. The “eastern and northeastern sections” 
are generally shielded from storiiis approaching from the south and southwest but are 
subject to storms overreaching from the Atlantic. 

Knowledge of Forecast Area. An intimate knowledge of the forecast region 
is a necessary asset to the meteorologist who makes quantitative foreeasts for water 
projects. Particularly is thii true where the terrain is mountainous and prcejpitation 
is subject to definite orographic influences. The greater the knowledge of the 
meteorologist as to the topography and its influence on storms as learned from actual 
experiences, the greater will be the accuracy and value of his forecasts. 

Along with knowledge of the region goes knowledge of the storm types that may 
occur over the forecast areas. These will inelude seasonal considerations and varia- 
tions in storm t.vpcs depending upon locations and areas of interest. For example, 
in the western part of the Tennessee Valley, summer thunderstorms are of little areal 
significance. Hut iti the eastern part of the valley where the rugged mountainous 
terrain reaches elevations above <i,000 ft, storms of this tj'pe may cover several 
hundred square miles and produce storm runoff in volumes that affect the TV A system 
operations. 

Perhaps the day may come when meteorology will be such an exact science that 
anj' meteon)Uigist using tlie tci'hnicjues of his profe.ssion will be able to make satis- 
factory quantitative fort'casts for any loeatiou. But that day has not 3 ’et come, and 
until it does, there is no substitute for the Imsons of experience gained on the ground 
in the forecast region. As these lessons aeeumulate througli the years, the value 
aud worth of the individual meteorologist on such regional projeets as that of the 
Tennessi-e Valley will likewise continue to becomi- greater and greater. 

Accuracy of Forecasts. Meteorological forecasts, to be of most significant value 
hydrologicallj', must express rainfall expectancies in definite quantitative figures, 
i.e., inches of rainfall. Because of deficiencies in data and the present status of 
knowledge, rainfall amounts cannot be forecast with absolute accuracy. However, 
the meteorologist should have an aiipreciatioii of the value and importance of quanti- 
tative evaluation aud should continually strive to develop judgment, skill, and 
techniques in order to improve the aecuraej' of his quantitative estimates. 

The degree of accurai-y or uncertainty in each particular forecast should be 
recognized liy the meteorologist and made known to the engineer using the forecast 
so that the latter may take this into account in planning operations. However, the 
forecast should be as accurate and definite as the known facts permit. Otherwise, 
forecasts would tend to become broad generalizations of minimum value. 

A tendency toward too conservative an outlook on quantitative rainfall may result 
in difficult situations for the engineer in controlling water through a system of reser- 
voirs or even in a single reservoir. Precipitation of greater amounts than those fore- 
cast results in greater quantities of runoff than those for which the control operations 
are planned. In that ease, it might be that sufficient storage volume for the actual 
runoff that does occur would not have been provided. The increased runoff would 
then have to be cared for on an emergency basis with the possibility that the maximum 
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degree of flood eontroi would not be accomplished, and damages might result that 
could otherwise have been prevented. Conversely, if the amount of rainfall is 
overestimated, large volumes of water may be released from a reservoir or a system of 
reservoirs in advance of flood water anticipated on the basis of predicted rainfall. 
If the rain fails to materialize and the flood-water volume is less than that estimated, 
valuable water may hare been wasted, and damages may result that need not have 
happened. 

Courage is required actually to forecast large amounts of rain even though the 
calculations and physical conditions indicate the probability of such amounts. On 
May 10, 1943, the U.S. Weather Bureau meteorologist made the following forecast 
for rain in the Tennessee Valley near Paducah, Kentucky: 

HIOH SPOTS UP TO 6.00 INCHES OVER THIS AREA WITH THE PASSAQK OF THE BISTURBANCF. 

Courage was required to predict that much rain, but the actual rainfall at Paducah 
was 5.65 in., which justified the prediction. 

Timing. Timing as well as quantity of rainfall is important hydrologieaily. 
The direction and rate of storm travel are reflected in the runoff pattern that results 
from the storm. Particularly valuable is the prediction of the eessatioii of rain. 
On small drainage areas, the peak storm flows occur soon after the end of heavy 
rainfall, and on large areas the timing of stream flows is influeneed by the timing 
of the storm rainfall. Huring a flood with rains continuing and the flood developing, 
in order to provide for future nmoff, water imisl be dispatched through storagi' 
reservoirs in volumes that are directly related to the volunu' of water yet to be 
expected, f'orecasting with reasonable accuracy the time that the rain will end 
permits flood water to be dispatched to better advantagi* through a reservoir system 
and prevents unnecessary waste of water. 

Field for Future Development. The present state of knowledge in both meti*- 
orology and hydrology provides ample opportunity for future developments. In 
meteorology, increase in accuracy of current forecasts is desirable. Also important 
is the development of long-range forecasting. The 5-day generalized forecasts now 
being made by the Xl.S. Weather Bureau have considerable value to engineers operat- 
ing water projects as indicators of storm conditions that lie ahead. However, plans 
must be made for operating a large system or even one reservoir for weeks and months 
in advance. These plans must be sufficiently flexible to be adjustable according to 
current water conditions and changes. The more nearly that these water conditions 
can be predicted, the more cfllcient will be the utilization and conservation of water. 
Ixmg-rangc weather forecasts arc necessary if these improvements in planning the 
operation of water projects are to bo accomplished. 

Personnel. The held of hydrometeorology, as applied to water project operation, 
does not admit of mediocrity. The tremendous forces of nature that must be dealt 
with by both motwrologists and hydrologists are such as to require personnel with 
specialized technical education supplemented by experience. Both meteorological 
forecasting and hydrologic predictions must be made rapidly and accurately. Time 
does not permit mistakes to be made and correrted after thorough checking, as is the 
case with historical meteorological and hydrological studies. Satisfactory personnel 
must have keen alert minds, must be able to perform work rapidly and accurately 
under pressure, and must have courage and confidence in forecasts and predictions. 
They should be forward-thinking and capable of research for improving techniques 
and procedures. Experience has shown that these qualifications are essential to 
success in the field of hydrometeorology. Scientific personnel of considerable ability 
may fail in hydrometeorology because of not meeting the requirements stated. 



QUANTITATIVE DETERMINATION OF MAXIMUM RAINFALL 

By a. K. Showalter 

The methods discussed here have been developed over the past 6 years, largely 
by the Hydrometeorological SeCuion of the U.8. Weather Bureau. The mvestigations 
are being conducted for and under an allotment of funds from the Engineer Depart- 
ment, Corps of Engineers, War Department. 

The problem of determining the maximum possible rainfall over any selected 
river basin logically divides into four major steps; (1) historic, (2) analytic, (3) 
geometric, and (4) dynamic. 

HISTORIC BACKGROUND 

Hydrologic. The natural beginning of any survey of flood possibility is the 
organization of all available information regarding flood occurrences. In most 
areas, it is possible to find rather long records of river stages for periods throughout 
which the hydrologic character of the river basin has remained unchanged. In 
recent years, construction of flood-control works, erosion control, land improvements, 
and changes in percentage of cultivated areas have resulted in changing the effects 
of rainfall on subboquent river stages. If the investigator is fully cognizant of such 
variations, he can establish comparative flood stages for various years of record and 
then determine the seasonal and annual frequency of stages above a datum flood 
level. The next important step i.s to establish the dates of all major floods and classify 
them as summer or winter floods, floods in which snow melt played an important 
part, those which occurred on saturated soil, or those which may have occurred with 
frozen soil. 

Hydroclimatic. This includes a determination of rainfall frequencies for selected 
durations and a classification thereof by seasons. There follows the organization 
of data for all major rainstorms, snowfalls, snow-depth accumulations, and snow-melt 
periods. 


ANALYTIC 

Meteorologlc. Preliminary Teobaric Analysis. The first step is to prepare a 
preliminary survey of isobaric patterns favorable for heavy rains of the local and 
general type in summer and in winter. With these patterns as a guide, a selection 
is made of storm periods to be subjected to more detailed analysis. In the final 
list of this typo, it is necessary to include all the major rainstorms and also recent 
storms for which adequate upper-air data are available. 

Identification of Major Storm Types. After analyses are completed for 10 or 
more of the major storms, it generally becomes obvious that there are no more than 
four or five basic types of synoptic patterns that can produce general heavy rains over 
the project basin. Once these major types are identified, it is advisable to reexamine 
the preliminary analyses for all recent storms and to select several of each type for 
detailed upper-air and surface analyses. It is desirable to select such storms from 
the last 2 or 3 years, for which period there is available a dense network of autographie 
'lainfall stations. 
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OontroJting JifeietfrologtcaC Phenomena. Thou follows a detailed analysis of each 
of the important controlling meteorological phenomena. Fust in importance is the 
determination of the prevailing source direction of moisture for each of the major 
types. The rates of inflow of the moist air and the variation of the rates of inflow 
throughout the storm period are then evaluated. The next obvious step is to compute 
the moisture charge carried by the inflow winds. All synoptic types are then re- 
examined in order to dotermino the synoptic patterns or combinations of patterns 
that are moat favorable for high rales of inflow, high moisture charge, and prolonged 
durations. 

Hydrologic. T’hc hydrologic analyses must bo coordinated with the mcteorologic 
analyses of the storms. 

PTeliminary Jeohyetal Maps. The first step is the preparation of preliminary 
isohyetal maps for the areas of outstanding rainfall. Hasic data for this purpose 
can usu^y be obtained from printed pubheations of the Weather Bureau. 

Mass Curves of KainfaH. For the storms that nre to be subjected to detailed 
meteorological analyses, a iiion* accurate determination of the time distribution 
of rainfall throughout the entire storm area is rt-quired. During most of the period 
of record, comparatively few recording rain gauges have existed; and it b therefore 
necessary, by coordinating the hydrologic and meti'orologic iinalyseH, to identify 
the synoptic features moat directly responsible for the heavy rainfall and to construct 
mass curves of rainfall fur all nonrecording gauges in the area. A iimss curve of rain- 
fall is merely an aceiimulativc plot of rainfall against tune. The original data from 
cooperative observers establish points on these curves at 24-hr intervals; and, if 
beginnings and endings have been reported, at least one or two additional points may 
bo established each 24 hr. If the meteoroiogieal analj'sts can identify various bursts of 
rain as being associated with frontal or wave activity and also establish the movement 
and timing of these events within the vicinity of the cooperative stations, they can 
make a good estimate of the moat probable trend of the mass curves of rainfall during 
the pi'riods between observations. 

Time-ana-depth Studies. After the mass curves of rainfall are prepared, isohyetal 
maps for the total storm or for increment pi-riods of the .storm are then plotted and 
plaiiimetcred. It is then possible to prepare* area-depth curves uiid duration-depth 
curves for selected subbasins or unit areas. 

GEOMETRIC 

Concentration Time of Basin. This phase of the study is a simple and direct 
approach toward determining the importanee of the relative dimen.sinn.s of the lia.'iin 
and their effect upon concentrations of rainfall and assembling of flood waters from 
the tributary channels. Obviously, a symmetrical basin with very steep tributaries 
of approximately equal area, slope, and length will assemble flood waters in the main 
stream more rapidly than an elongated basin of relatively flat slope. It is very 
important for the meteorological analysts to know the approximate enncentration 
time of the basin in order to fix the critical duration of rainfall and m order to distribute 
the rainfall through time and over area. 

Relative Orientation of Baain Axis and Storm Axes. The second phase of the 
geometric problem is the determination of the relative orientation of the major axis 
of the river basin with respect to the axis of the moist tongue or tongues associated 
with each storm type. The synoptic analyses have already determined which source 
directions are most favorable for heavy rains in that general locality, but it may be 
necessary to tost several storm types in order to determine the synoptic type that 
is capable of making the most efficient rainfall contribution to the specific basin. 

Development of Rainfall Formula. Rectangle of Best Fit. After the most efficient 
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synoptic storm type has been determined, the use of a theoretical rectan^e that closely 
approximates the shape, size, and orientation of tins l)asin will simplify the computa^ 
lion of theoretical rainfall over the area. 

Delerminalion of Basin Conslanl. Once the rretani;le has been selected, the 
approach is straightforward. The basin constant becomes part of the formula for 
the theoretical computation of rainfall. The formula is simple and can be stated as 
follows: 




dt 


where Jf» = average depth of raiofall in time / over area XY, in. 
t — duration of storm, hr 
V' = v<‘lo<'ity of inflow, mph 

Ws •« depth of water relea.sed from each unit column, in. 
y = length of basin parallel to direction of inflow 

DYNAMIC 



Physical Upper Limits. The synoptic analyses, identify the important controlling 
meteorological phenomena, and each of these must be subjected to rigid statistical 
and theoretical analysis in order to deteriniiie the physical upper limits. 

The Moislure Charge. The moisture charge of a column of air ean be determined 
in terms of mixing ratio, absolute humidity, or precipitable water, the latter being 
most useful ill computations of storm rainfall. Precipitable water is defined as the 
enuivaleut linear depth of water in the eohimn of air if all water vapor is condensed. 
It is a fuiietion of the mixing ratio «’ and can be determined by graphical or tabular 
methods. 


Wp = 



In tropical maritime air, the precipitable water generally varies between 1 and 3 in 
Ttie amount of moisture tlial a saturated eoluinii of air ean contain is conditioned by 
the temperature of tlie air by wiiieli the water vapor is surrounded, and it is therefore 
customary to speak of air of a given temperature a.s having a di'finite water-vapor 
capacity. Tlie most important contribution of moisture to the air is by evaporation 
from the tropical ocean surface, but it is not possible to evaporate moisture into the 
air if the dew point of the air lias a higher temperature than the ocean surface. In 
other words, if the vapor pressure of the air exceeded tliat of the ocean surface, 
condensation would wear on the ocean surface. The temperature of tropical oceans 
adjacent to the I'nited States rarely cxeei-ds 82'’J<’, which automatically places an 
upper limit on the amount of moisture that ean be added to maritime tropical air 
masses. The limiting moisture eharges an' therefore usuall.v deseribed in terms of 
maximum possible dew points. The maximum possible dew points for the Gulf 
coast stations may exceed 80°K; but, for stations farther inland and at higher alti- 
tudes, the effects of elevation and horizontal mixing demand that lower dew points 
be considered for the maximum possible. 

If the surface maximum dew point is determined, the limiting moisture charge 
for the column above can be evaluated by assuming that under extreme conditions 
the column of air might be saturated with a pseudoadiabatic lapse rate from the surface 
to very high levels. It would not be logical to assume a more stable lapse rate since 
convection would be resisted, and any steeper lapse rate would decrease the possible 
moisture ehargo. For a project basin, therefore, a detailed statistical analysis is 
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generaJly made m order to determine the logical upper limit for the surface dew pomt 
for various storm durations 

Temperature and Temperature. Gradientii Intimately connected with the assump- 
tion regardmg the maximum possible dew point is the maximum surface temperature 
to be expected m the w arm sector of the flood-produi ing cyclone This temperature 
will generally be near the assumed maximum dew point, especially for storms of long 
duration The possible temperatuiv gradients at the surface arc largely eontrolled 
by the synoptic pattern selected, and a spi'cial study must be made of each type 

For temperature gradients in the free air, it is usually satisfactory to evaluate 
the possible gradients of temperature throughout the storm area at the 5-km level, 
which represents mid-troposphere conditions The highest temperatures at 5 km 
will occur above the warm moist air and can be directly evaluated on a pscudoadia- 
batic chart by extrapolating the surface wet-bulb temperature upward along a pseudo- 
adiabat. This temperature will generally be slightly lower than the maximum 
d-km temperature of record for the area, since extremely high temperatures at this 
level are assoemted with subsidence m subtropical currents The lowest temperatures 
at 5 km oc< ur in maritime polar air mosses, and tliey can also be evaluated by pseudo- 
adiabatic extrapolations upward of the surface temperature of the air or sea over the 
most northerly soiin e region of such an air mass For example, the lowest possible 
sea-surfaee temperature can be assumed as 0°(' and, with relative humidities of 50 
to 75 per rent, a particle rising adiahatually from the sea surface to the condensation 
level and pseudoadiabafuallv from there to 5 km would attain a temperature of 
approximately — 45°(' This tempc’ratiire could subsc'ciuently fall bj radiational loss 
of heat to underlying or ovcrJ>iiig air masses, but there have been no oceun cnees of 
5-km temperatures b< low — 60°C'' over the Vnited States Data on extreme minimum 
5-km temperatures arc now available foi a period of 10 years or more and furnish a 
good estimate of the minimum possible temperatures to be expected for any area and 
season at that level 

Pressure Gradient The lowest possible surface pressure to be cxpeetc'd is a 
characteristic of the most critical storm type and may vary for different localities 
For example, a maximum storm in the Gulf coast area might be a88oeiatc>d with a 
tropieal hurricane and therefore extrc’mely low pressures Pacific roast storms are 
associated with major occluding systems and may also have extremely low piessurcs 
However, the synoptic pattern associated with summer flash floods over intc-rior 
sc'ctions of eastern Umted States will probably never have pressure's less than 1,000 mb 
Available data on maximum surface pnssurcs are of no significance in connection 
with maximum storms, since all important ram activity is far removed from the c c liters 
of outstanding anticyclones It is therefore necessary to make direct surveys of 
maximum pressure gradients and maximum wind velocities in the project area in 
order to evaluate' surface rates of inflow 

Interdependence of Phenomena. Free-air Pressure and 7 emperature Gradients 
The variations of pressure and pressure gradients with height are conditioned by 
gradients of density and pressure at the surface and by the temperature lapse rates 
throughout the stonn area The selection of hmitmg surface temperatures, pressures, 
densities, and their gradients is a process of mutual adjustment for consistency 
with the synoptic pattern most critical for the area For example, a broad moist 
tongue assoeiated with a quasi-statioiiary front in a summer storm might have 
fairly uniform horizontal temperature distnbution and a not very steep pressure 
gradient 'fhe lack of temperature gradient within this moi^t tongue would auto- 
matically demand that the pressure gradient and probably the wind velocity should 
decrease with height However, in the cold evclone associated with the Pacific 
coast occlusions, there could be steep gradients of both temperature and pressure from 
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the center of the disturbance out to the heavy rain area, and the wind velocities and 
possibly the pressure gradient could increase with height. (It will be noted, by 
reference to the Hydrometeorological Section’s Report 3 on the Sacramento Hasin, 
that this possibility was inve8tigat<-d with the result that the limiting assumption for a 
Sacramento Basin storm was a pressure gradient constant with height.) 

Another important effect of the interrelations between pressure and temperature 
is the relative orientation of isobars and isotherms and the resultant changes in wind 
direction as well as velocity with height. For large-area storms, the most critical 
conditions are that a northward-moving warm moist tongue have to its west, or left, 
an air mass that is colder at the same latitude or possesses a steeper lapse rate. This 
causes the wind to back with height and so distorts the upper-air circulation as to 
impose a cyclonic curvature on the warm moist air, therefore causing it to undergo 
horizontal convergence with resultant Lft and realization of its potential instability. 
Heavy rates of precipitation are never associated with potentially stable air, and accu- 
mulations of great depths of |ireeipitation require localized lifting and convergence. 

Temperature Gradients and Moisture Charge. Bather elementary eonsiderations 
make it obvious that the maximum rates of inflow and the proper turning of winds with 
height can best he attained in currents of air possessing marked gradients of tempera- 
ture along the horizontal as well as along the vertical. Because of the fact that mixing 
ratio dccroascs with height, it is desirable to have a compensating effect of wind 
velocity increasing with height in order to bring into the area the maximum quantity 
of moisture. However, the rate at which wind vcloeity ran increase with height is 
conditioned by the decrease in density and the increase in pressure gradient. The 
rate of decrease of density with height is approximately constant, and therefore this 
contribution to increasing wind velocity is only slightly variable. The more impor- 
tant contribution is produci'd by a pressure gradient that increases with height, but 
this rcquiri's that the pressure gradients and the density gradients always be oppositely 
directed and, hence, that the pressure gradients and temperature gradients be oppo- 
sitely directed, since high pressure tends to cause high densit.v whereas high tempera- 
ture tends to cause low density. However, if the moist tongue is characterized by 
marked horizontal gradients of temperature, a limitation is placed on the potential 
moisture charge, since, for maximum moisture charge, it would bo drairablc to have a 
broad moist tongue eharacterized by the maximum possible wet-bulb potential 
temperature throughout. 

For proper interpretation of the rates of inflow of moisture, it is necessary to 
integrate the product of mixing ratio times wind velocity through height. However, 
in most rain-producing cyclones of major flood importance, there is usually a rela- 
tively broad moist tongue with slight horizontal temperature gradient. In such an 
air mass, the wind velocity decreases with height in direct ratio to the decrease in 
absolute temperature. If the air mass is quite warm and possesses a pseudo-adiabatic 
lapse rate, the decrease in gradient wind from the surface to 10,000 ft would not be 
appreciable. For example, the absolute temperature at the surface would be of the 
order of 300°A; and, if the lapse rate is approximately half the dry-adiabatic, the 
decrease in temperature to the 3-km level would be only IS'C, enough to cause a 
5 per cent decrease in wind velocity. For a northward-moving current, this will be 
the order of magnitude of the decrease of wind velocity on the cast, or right-hand, 
side of the moist tongue, while on the west side the temperature contrast between 
the warm and cold air will tend to increase with height, therefore causing an increase 
of wind velocity with height. 'I’he gradient-wind velocity in the moist tongue will 
remain constant with height or show a slight increase if the moist tongue is port of a 
rapidly occluding and developing system. Only a slight error is involved, and the 
computations are much simplified by assuming wind velocity constant with height, 
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and the surface gradient-wind velocity can then be nmHiplied directly by the pre- 
clpitable water in the inflow layer. 

The maximum increase in wind velocity with height is pn)baMy that conristenl 
with a pressure gradient remaining constant with height, since it is difficult to justify 


nuKRAruRF 



temperatures. 


pressure and temperature gradients at the surface that would produce increas- 
ing pressure gradients with height. This condition was fully discussed in the Sacra- 
mento report previously referred to. 
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ATaiUMeMoUture*.eleMedaiPr«dpitation. Effective Precipilable Water. This 
,s till' most dilftcult phase of the computation, since the quantities of moisture carried 
bv the inflow layer are usually greater than the quantities of moisture that are even- 
liiully measured as rainfall at the surface. 

A simple and direct approach for straight, parallel flow is to attempt to compute 
tbe rates of moisture outflow on the opposite end of the basin, but this is not necessarily 
ri liable it extreme convective activity occurs within the basin. For the maximum 
possible, storm, (he safest approach seems to be that which attempts to calculate the 
greatest possible percentage of moisture that may be released from each unit column 



2.- FlTcclive prccipitablc water as a function of surface dew point-reduced pseudo- 
adiubutically to 1,000 mb iu a !>aturuted column of air. 

of air entering the basin. This was discussed rather fully in H ytlrometeorologirai 
Report 2 for the Ohio lliver liasin altove Pittsburgh. In that report, the concept oi 
effective precipitnhle water was developed. Briefly, the method involved the assump- 
tion that each unit column of air would be subjected to lifting in an ideal convective 
coll. The moisture charge, depth of inflow layer, and maximum height of convection 
or lift were assumed to increase with increast'd surface dew point, and the amount 
of moisture made available for precipitation was then computed. The depth of 
inflow was assumed to be one-third of the maximum height of convection, and the 
layer was assumed to be lifted vertically a distance equivalent to twice its original 
depth then undergoing outflow through a depth equivalent to the depth of inflow. 
By the use of thermodynamic and adapted charts showing precipitable water content 
(Fig. 1), it was possible to develop a curve expressing effective precipitable water as a 
function of surface dew point (Fig. 2). The latter chart attempts to represent the 
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maximuxxi amount of moisture that can be realised as precipitation through a con- 
vective procesB. 

Lot! to Evaporational Cooling. Near active centers of convection, an air mass fre- 
quently appears that has a wet-bulb potential temperature lower than any value that 
pan be accounted for by surface ad veotion. In other words, the rold air mass observed 
at the surface is brought down from aloft and cooled by evaporation of precipitation 
falling through the air mass. This is the typical cold squall wind associated with local 
thunderstorms. If this process occurs witlun an active convective cell, not all the 
moisture released by lifting of the warm moist air may be realized as precipitation, 
because some may be reevaporated into the initially unsaturated air mass from upper 
levels as it descends to form the cold squall wind and in turn helps to force more warm 
moist air upward. There is need for further research on this point, but the possibility 
seems to be indicated that any assumption regarding moisture released in ideal 
convective cells should include the subtraction of moisture through a reverse cell in 
which moisture is added to the descending and cooling air mass. If the reverse cell 
ih of the same order of magnitude as the ascending portion, the amount of moisture 
subtracted can be estimated by using the effective preeipitable-water curve of Fig. 2. 

For example, if the surface wet-bulb tempi-rature is 80°F and saturation exists. 
Fig. 2 indicates that 2.3 in. of moisture can be released from each unit eolumii of an 
through eonveetion. However, if to initiate and sustain sueh convection it is neech- 
sary to have superimposed an air mass of lower ivot-bulb potential temperature that 
may absorb moisture from rainfall, emil, and deseend, then f here could be a not loss 
of rainfall equivalent to the effective precipitable water specified by the wet-bulb 
potential temperature of the colder air mass. If the descending air mass had a final 
surface wot bulb of 65°F, its effeetive precipitable water would be 0.9 in. This would 
be roughly the amount necessary to bring it to the ground in a saturated condition. 
It should be liecreased, liowever, by the mitial moisture content of the air, and a further 
subtraction should be made because the ninss of deseciidiiig air in the convective 
system may be less than the mass of ascending air and, in addition, all descend- 
ing air may not reaeli tlie ground in a saturated condition. Neglecting fliese correc- 
tions, in a process m which convective instability is n-alized and the energy for lifting 
comes through evaporating rainfall into the cooling, deaeendiiig air, the final quantity 
of moisture available for jirceipitation would then be not 2 3 in. but 2.3 minus 0.9 m , 
or only 1.4 in. available for precipitation. 

The lower figure of 1 4 may represent the maximum for local convective stoTiiis, 
whereas in major eyclonie systems, in which the lilting force is a dynamic one of 
convergenee, frontal activity, or orography, the higher figure of 2.3 might be more 
appropriate. For suniiner storms in which the source of raoisturi' is maritime tropical 
air, the limiting wet -bulb potential temperatures in the surface layers will be in the 
range between 24 and 28°(', and eoiiveetive instability will be necessary. The limiting 
lower values of the overlying air mass may range betwei-n 14 and 20°C. However, 
an air mass with wet-bulb potential of 14°C will probably never be found above one 
eoiitaining a wet-bulb potential temperature of 28°C. For specific areas, it is there- 
fore necessary to make detailed studies of the typical seasonal variations of air-mass 
properties at various heights in order to establish reasonable limitations for the degree 
of convective instability to be assumed. 

Intensity-duration Studies. After the rainfall equation has been established and 
the limiting values for all factors determined, it is necessary to establish intensity- 
duration curves for all of the important factors. It is difficult to determine these 
from purely theoretical considerations, and, up to the present, the technique of 
determining the duration has been largely through the use of statistical evidence of 
oast behavior. 
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Wind VdocUy and Preeture Cfradunt A study of the ratio between muTiitnim 
6-mm wind velocity and maximum 1- and 24-hT wmd movement at stations of long 
periods of record furnishes reliable information for the expected possible durations 
of any given wind velocity at a point Similar studies for adjacent regions and studies 
of a like nature for pressure gradients must also be made 

Dew Point For the surface dew pomt, the curve of dew-point variations through 
time can also be determined by statistical studies Reliable information can be 
obtained by the use of frequency studies based on hourly dew-point data For 
example, for the month of June at Shreveport, La , a dew point in excess of '40‘’F 
may occur, on the average, over 700 hr, whereas a dew point of 80°F may occur, on 
the average, less than 1 hr per month Prelimmary studies to date seem to indicate 
that, in actual storm situations, the vanation of dew point through time may be 
of the same order of magnitude as typical frequency curves for the area 

The latitudinal vanations m dew pomt are signihcantlv related to the latitudmal 
variations of storm rainfall intensities For example, high dew points of SO^F have 
almost the same frequency in northern Iowa as in southern Texas, and intense rates 
of rainfall over small areas for short periods are therefore possible m both sections 
However, the dew points of intermediate values show a much lower frequency and 
steeper duration curves m northern Iowa than in Texas, and the duration curves of 
intense rainfall over small areas will therefore be much steeper in Iowa 

The Maximum Possible Storm. Comparison with Enoeloping Values for Immediate 
Region After the theoretical storm has been computed for any selected nver 
basin, it must be compared uith the enveloping duration-depth curve from all 
major storms that have occurred over the basin or within the immediate region 
of meteorological homogeneity It has also been the practice to compare the maxi- 
mum observed dew points m all major storms with their maximum possible values and 
then to increase the storm rainfall by the ratio of the H a values appropriate to the 
dew points The final duration-depth curve envelops the adjusted values 

There is little justification for, and considerable danger m, the extrapolation 
of the dynamic features of major storms to their physical upper limits For example, 
the maximum temperature gradients at 5 km and also the minimum 5-km tempera- 
tures have actually been produced or very closely approached by the major storms of 
record Furthermore, any slight change in the temjierature or pressure patterns can 
radically affect the behavior and movement of the parent cyclone Present investiga- 
tions suggest that the most important differences in magmtudes of rainfall in the 
major storms are caused by moisture-! barge differences Since all storms are tested 
for greater possible moisture charge, there is little security in attempting to test them 
for greater possible wind movement That would merely be repeating the computa- 
tions of the theoretical maximum possible storm 

Comparison with Record L nitrd Stales Storms As a further check on theoretical 
computations, it is generally advisable to compare the storm w ith enveloping isohyets 
of the major storms of record over the United States, shown as Figs 3 and 4, two charts 
expressing the maximum observed values of rainfall for all areas up to 10,000 sq miles 
and all durations up to 4 days as a family of enveloping isohyets Figure 3 is based 
on data for storms caused by or directly associated with tropical humcanes, and Fig 
4 includes all mtense cyclonic storms or families of thunderstorms Many of the data 
on Fig 4 were obtained from unofficial surveys of major flooded areas, and the values 
m some cases may be greater than actually occurred, but the data have all been 
carefully checked, and sound engineenng practice does not permit ignoring their 
possible occurrence 

Comparison with Mean Seasonal Values Another approach to estimating 
the maximum possible rainfall is through use of enveloping curves of maximum 
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observed percentages of mean seasonal rainfall. Such a curve for point rainfall is 
shown in Fig. 5. This method appears to furnish a reliable estimate in regions where 
the rainfall regime is largely seasonal and orographioally controlled. In such areas, 

DEPTH (INCHES) 



Fio. 3. — Maximum rainfall associated with tropical disturbances: cnvelopina isohycts 
of maximum observed depths for indicated arcus and durations, Gulf of Mexico and Atlantic 
coastal regions of the United States. 


MAXIMUM RAINFALL IN THE UNITED STATES 



I 10 29 90 too 290 900 1000 2900 9000 10000 

STORM AREA (Squore Miles) 

Fio. 4. 

individual storms tend to produce isohyetal patterns similar to the mean seasonal 
patterns, and the percentage of mean seasonal rainfall shows less variation over the 
basin than any other single phenomenon directly measurable. The percentage of 
mean seasonal rainfall possible in 24 hr appears to decrease with increasing mean 
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Bcasonal rainfall and also decroaacs with increased area. The latter effect is more 
difficult to evaluate but is the subject of considerable investigation by the United 
States Engineers in Pacific coastal areas. 

Use o/ Frequency Studies. A number of attempts have been made to evaluate 
the maximum possible storm for a given area by the use of frequency studies that 
assume that the 1,000-year storm or some higher frequency is an approach to the 
maximum possible. However, this method is unreliable, because good records of 
rainfall for any area do not cover periods greater than 60 years, and at present there 
is no reliable statistical technique that can predict 1,000 years of behavior by use of 
data for only 50 years. Furthermore, most frequency studies arc based on point- 
rainfall values, and the frt>qucnL.ica over areas of any selected magnitude may be quite 
different from the frequency for any point within the area. 



Fio. 6. — Muximuni obseived 24-hr rainfall, percentage of mean annual — tentative curve. 

In ureas that have pronounced aeasoiial-orograpliic regimes, the combination 
of factors necessary to produce the maximum possible may be approached more 
frequently than in areas subjected to cyclonic rainfall. For example, in the Sacra- 
mento River Basin of ('alitnrnia, the major lifting mechanism is the Sierra Nevada 
Range, whose charurtcristira and position remain fixed. Whenever a strong south- 
west wind blows up these mountains, the basin can experience a storm approaching 
the maximum possible if the moisture chaige of the air is near the maximum possible 
value. The source region from which the moisture comes is a very large ocean area 
whose annual and st'asonal temperature variations arc slight, and it is therefore not 
possible for any storm to produce air masses with abnormally high moisture charges. 
For these reasons, in the Sacramento Basin there are likely to be many occurrences 
exceeding 50 per cent of the maximum possible values within a period of 1,000 years. 

On the other hand, in an area such as the Republican River in western Nebraska 
and Kansas, the occurrence of intense rainfall depends upon the fortuitous combina- 
tion of a number of phenomena. First of all then* must be strong cyclonic activity 
ideally situated with respect to the area. The moist air must also be of unusually 
high moisture content, and the surrounding circulation patterns must be such as to 
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produce less thau the normal rate of displacement of the cyclonic system. Further- 
more, the frontal activity or source of convergence producing the lift must be exactly 
and symmetrically Buperimposed on the river baain. There was one unusual 
occurrence of rainfall over the Republican River on May 30-31, 1086, which could 
not have been anticipated by any frequency studies up to that time. But even then 
the rainfall pattern was not strategically symmetrical with the basin’s configuration 
Furthermore, although this was an amazing storm and may not be approached in 
magnitude for many years, it still must be considered appreciably less than the 
maximum possible storm except over the very smallest areas. Any statistical ap- 
proach to the determination of the maximum possible storm over the Republican 
River, therefore, would require the use of a much longer period of record and the 
selection of a much longer recurrence interval than would similar studies over the 
Sacramento Basin. 

When extremely long records of precipitation from dense networks become avail- 
able and well organized, it is likely that a more reliable approach to the maximum 
possible can be obtained through the use of frequi'ncy studies. However, if sueh 
studies are ever to be made, it would seem more logical to investigate the recurrence 
interval of such factors as dew point, moisture charge, rates of inflow, degree of 
convective instability, magnitudes of convergence, etc. When the frequency of 
selected magnitudes of each of these elements has been determined and their inti'r- 
dependenee evaluated, a reeombination of values of selected frequency should provide 
a better approach. 


Rainfall-computation Formulas. Storage — Oulfioip Neghgtble. 


Hi 


V Wat 

Y 


where symbols are as previously defined. 

Storage — Inflow Mmu» Outflow. 

where subscript 1 is for inflow, subscript 2 for outflow, and other symbols are as 
previously defined. 

Badvd Inflow. 

^ ^ 2VWgt 
r 

where r is radius, V is velocity normal to circumference, and B is average depth in 
inches over area vr*. 

Potnt■ra^nfaU Intensity. 

T _ Vz PofUlQ — lOl) 

* * w 


where I — intensity of rainfall over unit area, in. /hr 
Vz = vertical velocity at condensation level, mps 
fit = air density at condensation level, grams /m* 
too » mixing ratio at condensation level, grams/grain 
lOi •" mixing ratio at top of convective updraft, grams /gram 
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SECTION XIV 

OCEANOGRAPHY 

By H. U. Sterdrup 
PHYSICAL PROPERTIES OF SEA WATER 

Specific Gravity. The Rpecific gravity of sea water (the ratio between the density 
of a water sample and the density of distilled water of temperature 39.2°F at pressure 
of 1 atmosphere) depends upon three variables — temperature, salinity, and pressure. 
The salinity is conveniently defined as the ratio between the weight of the dissolved 
salts and the weight of the sample of sea water, although a more elaborate definition 



Fia. 1. — Density of sea water at atmospheric pressure as a function of temperature and 

salinity. 

is used in oceanographic literature. The salinity is always expressed as parts per 
thousand or per mille, for which the symbol °/oo is used. 

In the surface layers of the open oceans, the salinity varies between 32Vo> and 
37.5°/Ba, and the temperature between 29 and S8°F. To considerable distances oil 
the mouths of rivers the surface water may be practically fresh. High surface 
salinities are found in partly isolated areas in low latitudes where excessive evaporation 
takes place. Thus, surface salinities up to 41%o are observed in the Red Sea. 

The specific gravity p of the surface water of the open oceans varies between the 
limits 1.022 and 1.028. The relation between specific gravity, temperature, and salin- 
ity is shown in Fig. 1. In oceanography, the specific gravity at atmospheric pressure 
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,s commonly expressed ae - (p - 1)1,000. Thus e. of the surface waters vanee 
r)etween the limits 22 0 and 28 0 

When deahng with wmd waves or tides, the specific gravity of sea water can be 
taken as unity, but small differences are important when considering horisontal 
i urrents and when dealing with convection currents m the surface layers. Observa- 
tions of sea-surface sahmties and temperatures should therefore be accurate to 
withm 0 1 per mille and 0 2®F, and for the deeper waters the limits of tolerance are 
0 02' /eo and 0 Q2°F, respectively 

Vapor Pressure over Sea Water. The vapor pressure over sea water is somewhat 
lower than that over fresh water The lowering is proportional to the salimty 

e„ - r,,(l - 0 00053S) 

where e» is the vapor pressure of sea water of salinity S'/oor and rp is the vapor pressure 
of distilled water at the same temperature When deahng with the open ocean, one 
(an employ the simple rule that the vapor pressure of sea water is 2 per cent lower 
than that of distilled water of the same temperature 

Freezmg Pomt The frecsing point of sea water is lower than that of fresh water, 
and the lowering depends upon the salimty With sufficient accuracy 

tf/f'h) -32 - 00955 

where 9f represents the freeung point of water of salimty S'/o® 

Mamffliun Density. Fresh water reaches its maximum density at a temperature 
of 39 2°F, but for sea water the temperature of maximum density is lower, depending 
upon the salinity With sufficient accuracy 

a«('F) - 39 2 - 0 3875 

where is the temperature of maximum density of water of salinity 5%,, 

The temperature of maxmium density coinrides with the freezing pomt at a 
salinity of 24 70%o (a temperature of 29 fi'F) The relation between temperature 
of maximum density and freezing point is of importance to the formation of ice m the 
sea (see pag< 1033) 

Character of Sea Water m Respect to Radiation. The oceans receive energy by 
short-wuve radi ition from the sun and the sky and lose energy by outgoing long-wave 
radiation (see page 1044) Of the diffuse radiation from the skj and from clouds 
only 8 per cent is reflected from the sea surface The amount of direct radiation 
from the sun that is reflected from the sea surface depends upon the height of the 
Huii above the horizon it is 2 per cent with the height of the sun 60 deg or more, 6 
per ( ent with the height of the sun 30 deg, and 35 per cent with the height of the sun 
10 deg With a low sun, a ronadorable fraction of the incoming radiation is diffuse, 
and the reflection, loss of the total imome is therefore less than that of the direct 
radiation On a clear day, the following values apply 


Altitude of the sun deg 

1 

5 

10 



50-90 

Percentage reflected 

40 

25 

12 1 

6 

3 


Thus, on an overcast day, 92 per cent of the mcommg radiation penetrates the 
sea surface and on a clear day 60 to 97 per rent, depending upon the altitude of the 
BUD, provided that the sun is 5 deg or more above the horizon 

The sea surface radiates nearly as a black body of the same temperature The net 
loss of heat by radiation (the nocturnal radiation) depends therefore upon the 
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temperature of the sea surface and upon the incoming long-wave radiation from th( 
atmosphere and can be expressed approximately as a function of the temperature of 
the sea surface and the vapor pressure (relative humidity) of the air as observed on 
board ship With a clear sky, the values range between 200 and 250 gcal per cm* per 
day With an overcast sky, the loss is reduced 

Q _ Q,(l - 0 0830 

where Qo represents the loss with a dear sky and where C is the cloudiness on the 
scale 0-10 The above equation applies to average conditions If the sky is com- 
pletely covered by cirrus, altostratus, or stratocumulus clouds, the radiation loss is 
about 0 TIQo, 0 4Qo, or 0 IQo respeclivelv 



Fig 2 — Percentages of total energy reaching difTerent depths in puio watei, cloai 
oceamc, average oceanic, average coastsi and turbid coastal sea stater — curves 0, 1, 2, 3 
and 4 respectively 


Sea water free from suspended matter absorbs radiation in the same manner as 
distilled water, which u> transparent for visible radiation only The infrared part 
of solar radiation is completely absorbed in a layer that is a few tenths of an inch 
thick, and long-wave radiation is absorbed m a layer that has a thickness of a very 
small fraction of an inch, whereas blue light passes through several feet of water with- 
out appreciable reduction However, sea water always contains suspended matter, 
particularly m coastal regions, and this greatly reduces the transparency in the visible 
portion of the spectrum Figure 2 shows the percentage of the total energy of incom- 
ing radiation which after having penetrated the sea surface reaches to different depths 
between the surface and 10 m in oceanic and coastal waters It is seen that even m 
the clearest oceanic water only IS per cent reaches 10 m, and in the most turbid water 
less than 1 per cent reaches that depth Thus, by far the greater fraction of incom- 
ing radiation is absorbed near the sea surface 

Eddy Viscoalty, Conductivity, Dlfiugiyity. When deahng with problems of fni- 
tion, heat conduction, or diffusion of water vapor in the atmosphere, it is necessart 



Sae.lIV] 


PHYSICAL PttOPBKTJHS OP SEA WATBS 


1083 


to replace the ordinary coefficients by corresponding eddy coefficients that are related 
to the turbulent character of the wind. Similarly, when dealing with such problems 
in the sea, eddy coefficients have to be introduced because currents are generally 
present, and the flow is turbulent. The effect of the eddy viscosity is of particular 
importance when dealing with the currents produced directly by wind, and the effect 
of eddy conductivity is of importance to the diurnal variation of temperature in the 
surface layer. 

Sea Ice. When the water in a fresh-water lake is oooled by loss of heat from 
the surface, the density of the surface layer is increased, provided that the temperature 
lies above 39.2‘‘F, the temperature of maximum density of fresh water. Convection 
LMirrents develop and continue until the entire body of water in the lake has been 
cooled to 39.2°F. With continued cooling, the convection ceases, the surface tempera- 
ture drops rapidly to 32°F, and freesing of ice begins. Sea water of a uniform salinity 
higher than 24.7°/oo behaves differently because the maximum density is reached only 
if the water is undcrcoolcd. The convection currents continue until the entire body 
of water is cooled to freezing point, and further cooling leads to formation of ice at 
the surface. In general, the salinity is uniform in a surface layer of thickness 10 
to 20 fathoms, and this entire layer has lo be cooled to freezing point before ice can 
form. Where fresh water spreads over sea water, c.unditiuns corresponding to those 
in fresh-water lakes are encouulcred, and this is an added reason that ice forms more 
readily in landlocked parts of the seas such as fiords and harbors that receive a sub- 
stantial runoff from land and in which there are no strong currents. 

When ice begins to form, elongated crystals of pure ice are produced. These 
crystals soon grow into a matrix in which sea water becomes mechanically trapped, in 
amounts that depend upon the rapidity of the freezing. When the temperature of 
this sea ice is lowered, part of the trapped sea water freezes to pure ice, the cells 
containing the liquid brine become smaller, and the salt concentration in the brine 
becomes greater. Thus, sea iee consists of pure iee in which are enclosed numerous 
small cells containing brine, the eoneentration of which depends upon the tempera- 
ture of the iee. If the freezing takes place at a very low temperature, solid salts 
erystallize out on the surface of the iee, wliirh at a alight rise in temperature becomes 
<-overed by concentrated brine. Sea iee may therefore appear wet in places at tem- 
peratures of 30''F or more below zero. When walking over the ice, such wet spots 
should be avoided because the brine penetrates through the best leather. 

When the temperature of sea iee rises, the iee surrounding the cells melts, and the 
cells grow in size. When the temperature approaches zero, the cells will have grown 
to such a size that the ice becomes porous and tlie briue trickles down. 

Drifting sea iee that is subject to the aetioii of variable winds will be torn apart 
or pressed together. 'W'here the ice is pressed together, pressure ridges and hummocks 
of ice are formed. When such hummoeked ire is subject to melting during the sum- 
mer, the upper portions become free from salt, and the remaining ice renders potable 
water. During winter, fresh water can be obtained by melting ice from old rounded 
hummocks that have been exposed to melting during the preceding summer. The 
melt water that forms pools in late summer at the base of hummocks is generally 
usable for drinking and cooking purposes. 

The specific gravity of pure ice is 0.92, but the specific gravity of sea ice varies 
between 0.88 and 0.93, depending upon the salt content and the number of air bubbles 
in the ice. 

Freezing of iee radieolly changes the thermal characteristics of the surface because 
of the high reflective power of the ice. Sea iee that is covered by rime or fresh snow 
reflects as much as 80 per cent of the incoming radiation, and old and grayish sea ice 
reflects 50 to 00 per rent, whereas the roflection from a water surface is mueh lower. 
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CURREITTS IN THE OCEAN 

G«Beral Remark*. In oceanography, as in navigation, the direction of a current 
IS given as the direction toward which the current flows. The velocity is given in 
centimeters per second, in knots, or in nautical miles in 24 hr. 

Our knowledge of the sea-surface currents is based primarily on ships’ observations 
of differences between positions according to fixes and dead reckoning. For several 
regions, charts have been prepared showing the streamlines and the steadiness of the 
average currents; but, on moat charts used in navigation, the average direction of the 
currents is shown by arrows and the variability by current roses. 

These average surface currents are composed of the large-scale, deep, and more 
or less permanent ocean currents that arc related to the distribution of mass in the 
sea and upon which are superimposed the currents that are maintained directly by 
the prevailing winds. By far the greater part of the variability in the currents is 
directly related to the variability of the winds. 

Besides these two types of currents, there are also present tidal currents and 
currents related to interval waves in the sea, but these are periodic and do not cause 
any net transport of water over a period of 24 hr. They are therefore not included 
in the ships’ observations and are of no significance, to meteorological problems over 
the open ocean. 

Cuirents Related to Distribution of Mass. The large-scale ocean currents are 
related to the distribution of mass in the sea in a manner similar to that in which the 
winds are related to the distribution of muss in the atmosphen'. The distribution 
of mass is reflected in the distribution of pressure from which in the atmosphere the 
geostrophic or the gradient wind can be computed. In dealing with the atmosphere, 
the distribution of pressure is commonly represented by isobars at sea level and at 
other standard level surfaces. The distribution of presBurc could equally well be 
represented by the topography of standard iaobaric surfaces, say, the 1,000-, 900-mh 
surfaces, and so on. If this presentation is used, tlie horizontal pressure gradient is 
conveniently replaced by the component of gravity acting along the sloping iaobaric 
surfaces. In oceanography, it is customary to use the latter presentation of the dis- 
tribution of pressure, i.e., to show the topography of isobaric surfaces. The sou 
surface can be considered an isobaric surface, and the currents relatml to the dis- 
tribution of mass can be computed from the slope of the sea surface if this can hr 
established. Conversely, one can draw conclusions from observations of permanent 
currents as to the slope of the true sea surface. Assuming that the surface current 
can be computed by the equation corresponding to the equation for the geostrophic 
wind, one has 

tan ofp 
* ® 2<e sin w 

where v is the velocity of the current along the contour lines of the sloping sea surface, 
g is the acceleration of gravity, oj, is the inclination of the sea, vis the angular velocity 
of the earth, and <p is the latitude. By means of the above relation one finds, tor 
instance, that in the Gulf Stream off (’ape Hatteras in latitude 35°N, where current 
velocities up to 3 knots have been observed, the slope of the sea surface must equal 
1.5 X 10"‘. The current flows toward the northeast, and the surface therefore 
rises toward the southeast, the rise being 0.11 in. in 1 nautical mile. 

If it were imssible to determine the true shape of the sea surface and of all other 
isobaric surfaces in the sea, a complete picture of the ocean currents related to the 
distribution of mass could bo derived, assuming no acccieraticn , and neglecting fric- 
tion. It is impossible, however, to determine directly the true shape of the sex 
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surface, but, from observations of temperature and salinity, the density of the sea 
water can be found, and relative slopes of isobanc surfaces can be computed If the 
currents can be shown to be negligible at certam depths, the true slopes are found and 
true currents are computed Our knowledge of the large-scale ocean currents is 
based upon this type of observation and computation, which in several instances 
has been verified by direct measurements 

Where the density of the water is low, the distances between isobaric surfaces 
is great, and vice versa Consequently, the sea surface slopes down from a region 
where the water is of low density to a region where the water is of high density or, 
since the density is more closely related to the temperature than to the sahmty, it 
( an be stated that the sea surface slopes down from a region of warm water to a region 
of cold water The current that flows at nght angles to the slope of the sea surface 
13 directed such that in the Northern Hemisphere the warm water is to the right of an 
observer looking in the direction of flow, and in the Southern Hemisphere the warm 
water is to the left 

The best example of the apphcation to practical problems of this method of 
computing currents is rendered by the work of the International Ice Patrol, which is 
maintained by the CSC oast Guard The International Ice Patrol was established 
after the Titanic disaster in 1911 to safeguard shipping by reporting the presence of 
i( ebergs For a number of > oars, the dnfts of observed icebergs have been predicted 
satisfactorily from currents computed from rapid oceanographic surveys 

The computation of ocean currents is based upon the concept that a given dis- 
tribution of mass t an remain stationar} only in the presence of corresponding currents 
or, conversely, that, where a permanent current exists, permanent slopes of isobanc 
surfaces must be maintained by a corresponding distnbution of mass No causal 
relationship is involved 'Uhea dealing with the causes of the ocean currents, it is 
necessary to examine processes that maintain the distribution of mass, such as heating 
and cooling, and to study the effects of the prevailing wmds 

Thermal Circulation m the Sea. Ihe atmosphere is a fairly efiicient thermo- 
dynamic machine because heating takes place at high pressure (low levels), and cooling 
takes place at low pressure (high lec els) In the oceans, on the other hand, heating 
and cooling take place at nearly the some level, the sea surface, and these processes 
can therefore not maintain any large-scale circulation They are of the greatest 
importance to the development of convection currents m the surface layer and to the 
exchange of energy with the atmosphere, and they are also important to the slow 
deep-water eirculatioii, but they do not contribute directly to the development of 
such currents as the Gulf Stream or the Kurosbio 

Wmd Currenta. The wmd exerts a frictional stress (drag) on the sea surface 
The stress is directed along the vector that represents the difference between wind 
and surface current, but, in general, the latter is so weak that the direction of the 
stress coincides with the wind direction At low wind velocities, the sea surface has 
the character of a hydrodynamieally smooth surface but, at wmd velocities above 
10 to 12 knots, the sea surface can be considered hydrody namically rough and charoc - 
tensed by a constant roughness length of 0 24 in At low wind velocities, the stress 
IS relatively small, and the relation to the wind velocity is somewhat compheated 
but, at higher wind velocities, the stress is much greater and is proportional to the 
density of the air and the square of the wind velocity The factor of proportionabty 
depends upon the height at which the wind is measured or to which the estimated 
wind velocity applies Assuming that the wind force as observed on board ships 
refers to a height of about 30 ft, the stress r is obtained from the equation 

T = 2 6 X 10-Vt>* 
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where p' is the density of the air and v is the wind velocity. The factor 2.6 X 10“’ is 
a pure number and is therefore independent of the units in which stress, density, and 
velocity are measured, provided that ail quantities are measured in the same units. 
The equation applies at wind velocities greater than 12 knots, and at lower wind 
velocities the stress is roughly one-third of the values found by the above equation. 

The stress of the wind on the sea surface can lead either to a piling up of the water 
in the direction of the wind or to the development of a pure wind current, or to a 
combination of these two effects. 

Piling up of water is frequently observed in bays. Where no wind currents arc 
present, the stress of the wind is balanced by the component of gravity acting upon 
the entire body of water. The slope of the sea surface that can be maintained by a 
given wind is therefore greater in shallow water than in deep water. 

Por winds exceeding 12 knots, the slope of the sea surface in shallow water is 
obtained from the formula 


pgii 

whore p is the density of sea water, g is the aeceleralion of gravity, and d is the depth 
to the bottom. With wind velocitj' in knots and depths in feet, the slope is 

= 4.7 X 10-* j 

■WTien applying this formula, it is found that a very high wind velocity is required 
to bring about an appreciable change in water level. Where depths of 10 fathoms 
extend to a distance of 20 miles from the roast, a lOO-knot wind is needed to raise 
sea level on the coast by 6 ft. Where a hurricane reaches a coast, the great observed 
rise of t he water may 1 lierefore be due partly to the transport of water toward the coast 
by waves (see page 10S2), but the effect of this transport cannot as yet bo cstimatixl. 

Piling up of water also takes place over large ocean areas. Oceanographic observa- 
tions indicate that, as an effect of the trade winds, the sea surface slopes upward from 
east to west across the equatorial portions of the oceans, the slope being of the order 
of 4 X 10“’. A result of this piling up is that in the Gulf of Mexico the sea level is 
about 8 in. higher than at 8t. Augustine, Fla., so that the Florida Current flows 
“downhill.” The difference in sea level is raaintainod by llie trade winds; and, there- 
fore, the velocity of the Florida Current must bo influenced by changes in the trade 
winds. Another result is that, in the equatorial calm belt where the slope of the sea 
surface is not balanced by a corresponding wind stress, a current flows “downhill” 
from west to cast as a countercurreTU embedded between the ciiuatorial currents. This 
equatorial countercurrent is particularly well developed in the Pacific. 

The pure wind nirrenl develops in the open ocean where the flow is not impeded 
by coasts. Where a pure wind current is present, the stress of the wind is balanced 
by the Coriolis force acting upon the entire body of water that is set in motion. Since 
this Coriolis force must be directed against the stress, it follows that the total transport 
of water by pure wind currents is directed at right angles to the wind, in the Northern 
Hemisphere to the right, in the Southern Hemisphere to the left. The mass transport 
depends only upon the stress of the wind and the latitude 

Af pvdz = = — — 

J — m 2a sin <p 


and is independent of the viscosity of the water. 
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In order to examine the details of the wind current, it is necessary to make certain 
assumptions as to the viscosity of the water. Observations show that the ordinary 
viscosity has to be replaced by an eddy viscosity that is many thousand times greater. 
Kkman assumed a constant eddy viscosity and arrived at the simple results that m 
the Northern Hemisphere the wind current at the surface is directed 45 deg to the 
right of the wmd, and that with increasing depth the current turns linearly to the 
right and its velocity decreases exponentially. When projected on a honzontal plane, 
the end points of vectors representmg the wind current at different depths lie on a 
logarithmic spiral (see Fig. 3). In the Southern Hemisphere, the surface current is 
directed to the left and turns to the left. A more complicated theory by Rossby 
and Montgomery leads to essentially similar results, although these authors find that 
the angle between wind and surface currents changes somewhat with latitude and 



Fig 3 — Schematic rcpiesentation of a wiimI cui rent in deep water, showing the decrease 
111 velocity and change of diiectioii at leguloi iiiteivab of depth — the Ekmaii spiral. 
H indicate'! dirci tion of wind 

wind velocity, and that the change of the currents with depth is somewhat more 
complicated 

The ratio between the velocity of the surface current iio and the wind velocity v 
depends upon the latitude. Kkman has derived the semiempirical relationship 

£• =. 00127 

^ V^sm *> 

This relationship is baaed on ships’ observations and applies therefore to the veloeity 
of the current not at the very surface but at a depth oorrespondmg to the average 
draft of ships, i < , at a depth of about 15 ft. According to Rossby and Montgomery, 
the velocity is two to three dimes higher m the upper few feet of water, and this feature, 
which needs confirmation, may have considerable bearing on the drift of bodies of 
small draft such as life rafts and rubber boats 

It IS probable that in a given latitude the ratio between surface current and wind 
varies with the season and is less in winter than in summer, but this question has not 
been exammed sufficiently. 
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The vind cutient provides for an effective mechanism for stirring the surfact 
waters and lor establishing and mamtaining a layer of nearly imiform temperaturt 
and salinity near the sea surface. In summer, the heating at the sea surface raunter- 
acts the development of such a homogeneous layer, and the effect of the wind does no( 
penetrate so deeply as in winter when, in latitudes 45 to 50 N, a homc^eneous layei 
may be found to a depth of 50 fathoms or more. In the trade-wmd regions, thr 
permanent winds provide for thorough mixing, and over large ocean areas a homo- 
geneous surface layer is present of a thickness of 40 to 60 fathoms. T^ugh thu 
the energy that the surface layers received by absorption of radiation becomes 
distributed over a thick layer of water. 

Secondary Effect of Wind in Producing Ocean Currents. In the open ocean, 
the total transport by a pure wind current is directed at right angles to the wind 
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Fio. 4 — Schematic rcprc'icntation of effect of wind toward producing cmients parallel 
to a coabt in the Noithern Hemisphere and vertical circulation. W shows wind direction 
and T shows direction of transpoit. Contours of sea suiface shown by hnes marked D, 
D + 1 , . . . Top figures show sinking near the coast; bottom figures show upwclling. 


and depends only upon the stress of the wind and the latitude. This transport of 
surface water plays a prominent part in the generation and maintenance of large- 
scale ocean currents, because converging and divergmg transports lead to accumula- 
tion of light surface waters in some regions, and to a rise of denser water from 
subsurface depths in other regions. Thus, the wind currents maintain a certain dis- 
tribution of mass with which certain currents must be associated. These processes will 
be illustrated by a few examples. 

Consider in the Northern Hemisphere a coast line along which a wind blows in 
such a manner that the coast is on the right-hand side of an observer who looks 
in the direction of the wind (Fig. 4). At some distance from the coast, the surface of 
the water will be transported to the right of the wind, i.e., toward the coast, but at 
the coast all motion must be parallel to the coast line. Consequently, convergence 
takes place off the coast, leading to an accumulation of light water along the coast. 
This accumulation again establishes a downward slope of the sea surface away from 
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*hp coast and a current running in the direction of the wmd with the lighter water to 
the right. 

Conuder next a wind in the Northern Hemisphere that blows parallel to the po aRt 
with the coast on the left-hand side. In this case, the light surface water will be 
transported away from the coast and, owing to the continuity of the system, must bo 
replaced near the coast by heavier subsurface water. Again the distribution of 
density is changed, but now in such a manner that the sea surface slopes upward 
when departing from the coast, and, corresponding to this slope, a current is estab- 
lished that again runs parallel to the coast in the direction of the wind. This particu- 
lar process by which subsurface water is drawn to the surface is known as upweUtnp 
and is a conspicuous phenomenon in several localities. The upwelled water has a 
low temperature, and the upwelling will therefore establish and maintain low tem- 
peratures in the immediate vicinity of the coast. This temperature distribution 
IS of great importance to the formation of fog (see page 1048). The upwelled water 
rises from depths not exceeding 100 to 160 fathoms, and the process therefore 
represents primarily an overturn of the upper layers. 

A great deal of evidence shows that the upwelling is caused by the prevailing 
winds, but the process is so complicated that so far no quantitative relationships 
liave been established between the wind velocities and the intensity of upwelling. 
I'pwelling is counteracted by heating of the surface layers and formation of eddies. 
If the surface layers are heated, a current in the Northern Hemisphere will be deflected 
to the left, and this may explain why, in r^ons of upwelling, a tonguelike distribution 
of temperature is often present, regions of intense upwelling being separated by regions 
in which offshore w’ater is carried toward the coast. This tonguelike distribution 
lias considerable bearing on the cloudiness off a coast where upwelling takes place 
(page 1049). 

Consider Anally the effect of a permanent anticyclonic wind system in the Northern 
Hemisphere. The winds will transport the light surface water to the right, i.e., 
toward the center of the anticyclone where the surface water will accumulate. The 
distribution of mass is altered in such a manner that the topography of the sea surface 
will show a high near the center of the anticyclone and, associated with this high, 
an anticyclonic current system must exist. A similar reasoning shows that a cyclonic 
current system develops within a permanent system of cyclonic wrinds. 

This reasoning leads to the conclusion that the distribution of mass with which 
the large-scale currents of the ocean are associated is maintained by the prevailing 
winds in conjunction with the climatic factors that control the density of the surface 
layers. The circulation of the oceans is therefore closely related to the circulation 
of the atmosphere but displays features that are related to the boundaries of the 
oceans. In the Northern Hemisphere, the most conspicuous of these features are 
that the large water masses, which are transported from east to west by the equatorial 
currents, are squeesed together off the eastern coasts of the continents as they turn 
north and form the Gulf Stream of the Atlantic and the Kuroshio of the Pacific. A 
similar effect is not found off the western coasts, mainly because the warm waters 
when flowing north and east are cooled in the direction of flow and are therefore 
deflected to the right. By this process, the easterly currents in middle latitudes are 
gradually turned south, and no squeezing together of large water masses takes place. 

Cnnents of the Oceans. On the basis of the preceding discussions of the manner 
in which the large-scale ocean currents are maintained, it is possible to give a brief 
general description of the major current systems. In lower and middle latitudes, 
anticyclonic currents prevail. The currents are wide and diffuse except off the eastern 
coasts of the continents where, in the North Atlantic and the North Pacific, the Gulf 
Stream and the Kuroshio are the outstanding branches, and, in the Southern Hemi- 
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The prevailing ocean currents m Northern winter (December to February). 
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sphere, the Brazil Current and the Agulhaa Current (off Southeast Africa) arc weaker 
founterparts. In the South Pacific, no narrow warm current is found. In the higher 
latitudes of the Northern Hemisphere, cyclonic current systems prevail characterized 
by a warm branch off the western coasts of continents or islands and a cold branch 
off the eastern coasts. Typical examples of these circulations are found in the 
Norwegian Sea where the last branch of the Gulf Stream carries warm water along 
the coast of Norway and the hiast Greenland Current carries cold water south along 
the coast of eastern Greenland, and in the Sea of .lapan where the Tsushima Current 
carries warm water along the west coast of the islands of Japan and the Liman 
Current carries cold water along the Asiatic coast. In the Southern Hemisphere, 
the Antarctic Circumpolar Current flows toward the east in the direction of the 
prevailing winds, sending one cold branc-o, the Falkland Current, to the north along 
the east coast of Argentina. For details, it is necessary to consult special descriptions, 
or charts of currents such as those issued by the Hydrographic Office, U.S. Navy. 

Drift of Life Rafts. The drift of a life raft depends upon (1) the drift of the raft 
through the water (the leeway of the raftl, (2) the effect of the average current, (3) 
the effect of a temporary wind current, and (4) the effect of the forward motion in 
waves. 

The leeway of a raft cannot be predicted with certainty unless rafts are provided 
with sea anchors no that they drift with the wind, because without a sea anchor a 
raft may drift up to 30 deg to cither aide of the downwind direction. 

The averoffe current to be considered is that which is obtained from ships’ observa^ 
tions and is composed of the permanent current and the average wind current. This 
average current, as well as the average wind, should be known for every ocean area for 
which rescue operations are anticipated. 

The temporary wind current can be computed if the present wind is known from 
synoptic charts and the average wind is known from climatological charts. The 
temporary wind current is obtained from the de%dation of the rvind from the climato- 
logical average, applying the rules that (1) the speed of the wind current is 


Vr 


_p.02 
%/ sin 


where » means the deviation of the wind speed from the average and that (2) the wind 
current is directed 45 deg from the wind deviation (to the right in the Northern 
Hemisphere, to the left in the Southern), provided that the wind has bloivn sti-adily 
for 24 hr or more and that (3) the angle between current and wind is proportionally 
smaller if the duration of the wind is less than 24 hr. Tho factor used above to com- 
pute the wind current is somewhat larger than that given on page 1037 because of the 
shallow draft of a hfe raft. 

The forward motion due to wind waves need not be considered separately because 
it is included in the empirical results as to the leeway of rafts presented in H.O. 235. 
This publication contains rules for determining the course of a raft which differ 
somewhat in details from the above. 


SEA-SURFACE TEMPERATURES 

Dlstiltnitlon. The distribution of sea-surface temperature is primarily controlled 
by three factors, the latitude, the season, and the character of the ocean currents. 
In every month of the year, tho effect of latitude generally dominates, as is evident 
from the general decrease of temperature from lower to higher latitudes; but in certain 
seasons and regions, the effect of currents may be great enough to change the direction 
of the sea-surface isotherms from an east-westerly to a north-southerly. 
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The regional distribution is greatly influenced by the character of the currents, 
as IS evident from a eompanson of charts of currents and of sea-surface temperatures 
In lower and middle latitudes where the anticyclomc circulation dominates, the sea- 
surface isotherms bend away from the equator off the eastern coasts of contments 
and toward the equator off the western coasts The latter feature is so greatly 
accentuated where upwelhng takes place that the sea-surface isotherms run nearly 
north-south off the west coasts of parts of South America, Southwest Africa and 
Northwest Africa, and in spnng and summer off the west coast of the United States 
In higher latitudes where cyclonic circulation prevails, the contrast between the east 
and west is reversed, and the isotherms bend toward the equator off the east coasts 
and away from the equator off the west coasts These features are particularly 
conspicuous in the Northern Hemisphere, but m the Southern Hemisphere the latitude 
effect IB by far more noticeable. In the Northern Hemisphere, in about latitude 
40°N, regions are found off the east coasts in which the sea-surface temperature 
changes very rapidly in a horizontal direction In the Atlantic Ocean steep horizontal 
gradients arc encountered in the boundary region between the warm North Atlantic 
Current (the continuation of the Gulf Stream) and the cold Labrador Current, and m 
the Pacific Ocean between the warm Kuroshio hxtcnsion and the cold Oyashio 

Along the equator, low surface temperatures are found in most months, particu- 
larly m the Pacific Ocean These low surface temperatures arc associated with a 
divergence along the equator and occur where the equatorial countercurrent is best 
developed For these and other details, it is necessary to consult special descriptions 
or the charts of mean monthly sea-surface temperatures issued by the Hydrographic 
Ofiiee, U S Navy (H O 10,877) Also see section on Climatology 

Annual Vanation. The annual \anation of the bca-surface temperature is greatest 
in middle latitudes It is very large off the eastern (oasts of the contments of the 
Northern Hemisphere but small in the regions of upwelhng Thus the annual range 
of sea-surface temperature m 40°N is somewhat above 40°F on the east eoast of 
Japan and less than b°F on the ( oast of Cabfornia Over large tropical areas and m 
the arctic and antantie, the annual range is less than 4'’r 

Diurnal Vanation. The diurnal variation m sea-surfaee temperature is small 
throughout In the region of the trade winds, the diurnal range is nnl> 0 4 to 0 6°F 
In middle and higher latitudes, there is an annual variation in the range, but even 
m midsummer the average value is not more than 0 6 to 0 9°F The range depends 
upon the wind velocity and the cloudiness and may on a calm day with a clear sky 
reach 4°F Even this range is so small that it can m general be neglected when 
dealing with meteorological problems 

Difference of Sea Surface Minus Air Temperature. On an average, the sea surface 
IS slightly warmer than the air at a height of 20 to 30 ft In the tropics, the difference 
IB constant throughout the year and, according to very careful observations on 
oceanographic expeditions, amounts to about 1 4°F Boutine observations on com- 
mercial vessels render smaller values, because during the daytime the readmgs on 
shipboard give somewhat too high air temperatures, since the thermometers arc 
rarely protected sufficiently against the ship’s heat 

In middle latitudes, large seasonal and regional chffercnces occur. In winter, 
the sea surface is much warmer, on an average, than the air off the eastern coasts of 
the eontinents of the Northern Hemisphere (6 to 8°F), but off the western coasts the 
differences are small In spnng and summer, the sea surface is in many regions colder 
than the air Thus, over the Grand Banks of Newfoundland, the sea surface m sprmg 
IS 2 to 3°F colder on an average than the air, and off the coast of California the sea 
surface is also colder than the air m spnng and summer 

The differences are related to the circulation of the atmosphere and of the oceans. 
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OS the eastern coasts, the large difFereneea m winter occur because the prevailing 
westerly winds bring cold air from the contments, whereas the currents carry warm 
water toward the northeast Temperature differences up to 15 or 20°F are found 
during intense outbreaks of polar continental air The differences of opposite sign 
that are found over the Grand Banks in spring are related on the other hand to inflow 
of warm air over the cold Labrador Current. 

ICS IN THE SEA 

Two types of ice are encountered m the oceans, tea tee, which is ice frozen from 
sea water, and teehergt, which are broken.«ff pieces of glaciers The numerous 
forms of sea ice depend upon the conditions of freezing, upon packing and piling up 
due to wind, and upon processes of disintegration and meltmg A number of classi- 
fications and several codes for reporting sea ice have been proposed, and one code has 
been adopted by the International Meteorological Committee Similarly, icebergs 
differ widely in appearam e depending upon the character of the glaciers from which 
they originate and upon the processes of destruction to which they have been sub- 
jected Icebergs can also be reported by code 

Sea ice is called fatl tee where it forms a solid immobile cover In w mter, fast 
ice IS encountered in bays and fiords, such as Bristol Bay (Bering Sea) and m the fiords 
of Greenland and Spitsbergen In general, sea ice is broken up by wmds and currents 
and is called drift tee Drift ue that has been jammed together by wind and forma 
a more or less continuous cover of rugged ice is often described as pack tee 

In all seasons of the year, the Antarctic Continent is surrounded by drift ice At 
the end of the southern winter, in Oitober, the average limit of the drift ice lies in 
about SS’S in the Atlantic and Indian Ocean sectors and in about 63°S in the Pacific 
sector At the end of the summit, in March, the coast of Graham Land is, on an 
average, free from lee, and othcrwibe the drift ice extends to short distances from land 
The coast of Lnderby Land in longitudi 55°W and the entrance to Boss Sea in longi- 
tude 180’ may be free from ii e 

The icebergs of the Antaretn. originate from the antantie icecap In general, 
the icebergs are flat , they mat be 10 to 20 miles wide and up to 50 miles long and may 
rise more than 250 ft out of the water, eorresponding to a total thickness of about 
2,400 ft Thi average northi rn limit of the antarUie icebergs lies about 15° latitude 
to the north of the winter limit of the drift ice In the Atlantic Ocean, a piece of 
floating ice was reported on Apr 30 1894, in 26°30'1^ 

In the Arctic, the Polar Sea remains ico-covered throughout the year, but in 
summer numerous irregular openings are present because such openings axe formed 
under the action of the wind and do not freeze over, since the temperature remains at 
or slightly above freezing point for 2 months or longer 

In summer, lanes develop along the north coast of Siberia, and commercial shipping 
IS possible if the merchant vessels are accompanied by ice breakers that can assist 
them where passage u> difficult In general, Bering Strait becomes ice-free m the 
heginning of July, but ships can rarely reach Point Barrow, Alaska, until August 
Small vessels have made the Northwest Passage between the islands to the north of 
Canada, but the sounds between these islandB are shallow and full of dangers The 
west coast of Spitsbergen is irt'e from drift ice, and to the north of Spitsbergen vessels 
can frequently go in open water to latitude 81° and have reached 82° In all seasons, 
masses of drift ice are carried south along the east toast of Greenland Even m 
summer, the belt of ice is so dense that m general no vessel can pass through it north 
of latitude 64° 

In late winter, the drift ice extends much farther south In Bering Sea, it may 
reach to less than 60 miles from the north coast of the Aleutian Islands and is earned 
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south alonfc Kamchatka and the Kuril Islands to latitude 42'’N. In European waters, 
the north coast of the Murmansk peninsula and the north coast of Norway remain 
free of ice, but Spitsbergen is surrounded by drift ice. A belt of drift ice is present 
around Greenland; but, even in midwinter, openings in the ice are found off the south- 
west coast. On the American aide, the drift ice extends south along the coasts of 
Labrador and Newfoundland, and in February it may reach to latitude 42°N. 

The icebergs of the Northern Hemisphere come primarily from the glaciers on 
Greenland. They drift south with the Labrador Current and represent in spring 
and early summer a menace to shipping in the North Atlantic (see page 1035). A 
few small icebergs arc discharged from glaciers on Frans Josef Land and Spitsbergen. 
These first drift to the west and are later carried south by the East Greenland Current 
so that no icebergs are found over the large part of the Polar Sea. Some of the Alaskan 
glaciers in about latitude 58°N produce icebergs that may bloek fiords and sounds. 

Ice limits are shown on the charts of mean monthly sea-surface temperatures 
issued by the Hydrographic Office, U.S. Navy (H.O. 10,877). 

EVAPORATION AND HEAT EXCHANGE 


On an average for all oceans, the amount of radiation received from the sun and 
the sky is greater than the loss by nocturnal radiation. During one year, this radia- 
tion surplus Qr must be given off to the atmosphere as sensible heat Qk or used for 
evaporation Q,, because the mean temperature of the oceans can be considered con- 
stant: Qr = Qk + Qf It follows that the mean annual evaporation E car be expressed 
by the equation 




Qr 


Ld + R) 


where E is the annual evaporation, Qr is the radiation surplus, L is the latent heat of 
vaporization, and K is the ratio between the heat given off from the oceans and the 
heat used for evaporation. The radiation surplus has been determined fruiii ol)Berva- 
tions, and the raiio R has been estimated at about 0.1. The corresponding value of 
the average evaporation from aU oceans between latitudes 70°N and 70'’8 is 40 in. 
per year, a value that is in accord with the probable value of the average precipitation. 

In order to exaitdne the evaporation in different seasons and regions, h is necessary 
to consider the process by which evaporation takes place. When a steady state has 
been established near the sea surface so that the vapor content of the very lowest layer 
of air remains constant, then the vertical flux of water vapor through this layer must 
be constant. Where the specific humidity decreases upward, this flux equals the 
evaporation 



where F is the eddy transfer of water vapor and q is specific humidity. The gradient 
of the specific humidity can be replaced by the difference in vapor pressure at the sea 
surface and in the air at a height of 20 to 30 ft, e. At moderate and high wind 
velocities, the eddy transfer is proportional to the wind velocity, so that the evapora- 
tion can be expressed as 

E = h{e^ — e)v 


where the numerical value of the factor k depends upon the height at which e and v 
are measured and upon the unit used. If the vapor pressure and the wind velocities 
are measured at a height of 20 to 30 ft and are expressed in millibars and knots, 
respectively, the evaporation is 

E = 3.5 X - e)v 


jn./24 hr 



8m. SV] 


IKTKBACTION BSTWS3N OCEAN AND ATMOaPHEBB 


1046 


provided that the wind velocity exceeds 12 knots. When applied to average monthly 
values, the factor becomes 3 X 10~'. 

From the above equation, it is evident that, at a given wind velocity, the evapora- 
tion increases with increasing values of the difference (e„ — e). Over the open 
ocean, the vapor pressure at the sea surface, depends on the temperature of the sea 
surface and equals 0.98r,f when eg is the vapor pressure over distilled water (page 70). 
The difference (e, — e) is therefore always positive, even with the relative humidity 
at 100 per cent, when the sea surface is or more warmer than the air, and it is 
also positive if the sea surface is slightly colder, provided that the relative humidity 
is sufficiently below 100 per cent. In the tropics, the sea surface is always a little 
warmer than the air which, at a height of about 30 ft, has a relative humidity of 
75 to 80 per cent. There evaporation takes place throughout the year, and by far 
the greater part of the radiation surplus is used for evaporation. In middle latitudes, 
the difference sea surface minus air temperature varies from season to season and 
from region to region. On the whole, the differenee is much greater in winter than 
in summer, so that the greatest evaporation takes place in winter. In the Northern 
HemUphere, very large differences are found off the eastern coasts of the American 
and Asiatic continents where the warm currents, the Gulf Stream and the Kuroshio, 
flow north and where cold polar continental air flows out over the oceans. On an 
average, the daily evaporation from the Gulf Stream region, in 35 to 40°W, is about 
0.45 in. in the 3 months December, January, and February, and from the Kuroshio 
it is almut 0.32 in. During outbreaks of polar continental air, the daily evaporation 
may be five times the average winter maximum. 

In the same latitude but in the eastern parts of the oceans, the daii.v evaporation 
in winter is about 0,10 in. off the coast of Spain and 0.07 in. off the coast of California. 
In summer, the daily evaporation in these latitudes nowhere exceeds 0.1 in., and in the 
eastern parts of the oceans it is less than 0.05 in. 

The vertical transport of water vapor changes direction if the vapor pressure in 
the air is greater than that at the sea surface (e > fj). This happens when warm 
moist air flows over colder water, in which ca.se the air in contact with the water 
becomes saturated, and condensation takes place on the sea surface (dew forms). 

The heat exchange between the ocean and the atmosphere follows a pattern 
similar to the evaporation. Where the sea surface is warmer, heat is transferred 
from the sea to the air and is transported to considerable heights by eddy conductivity 
and by convection currents in the air. In the tropics, the heat transfer is very small 
because the radiation surplus is mainly used for evaporation. In middle and higher 
latitudes of the Northern Hemisphere, large regional and seasonal differences occur. 
It is noteworthy that, in the regions of the Gulf Stream and the Kuroshio, 40 per cent 
of the energy given off from the ocean to the atmosphere in winter is given off as heat 
and only 60 per cent is given off as latent heat of vaporization. During outbreaks 
of polar continental air, the proportion may be even greater. Because of this great 
heat transfer, the air temperature rises so rapidly that, in spite of intense evaporation, 
the relative humidity at the sea surface probably remains at about 70 to 80 per cent. 

INTERACTION BETWEEN THE OCEAN AND THE ATMOSPHERE 

General. In the tropics, the radiation surplus received by the oceans (on an 
average, about 250 goal per cm* per day) is primarily used for evaporation, which 
supplies the air in the trade-wind belts with huge quantities of moisture. This 
moisture falls out as rain along the equatorial front or over the land masses that in 
the tropics represent the western boundaries of the oceans. 

In middle and higher latitudes of the Northern Hemisphere, the influence of the 
oceans varies greatly from summer to winter. In summer when the oceans receive 
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the greatest radiation snrplus, the air is generally as warm as or dightly warmer than 
the sea surface. No heat is transferred from the ocean to the atmosphere, the evapora- 
tion is smaii, and by far the greater part of the radiation surplus is used for heating 
the surface layers of the sea. In winter, this heat is given off or used for evaporation, 
particularly off the eastern coasts of the continents where cold continental air flows 
out over the warm waters of the Gulf Stream or the Kuroshio. Thus the oceans 
function as a hot-water heating system. The water is heated in summer, and in winter 
it gives off its heat in localised regions. 

The ocean currents that play an important part in the exchange of heat between 
the ocean and the atmosphere are maintained by the prevailing winds and are there- 
fore altered by changes in the circulation of the atmosphere. On the other hand, 
the heat given off from the oceans is of importance to the circulation of the atmosphere, 
and changes in the currents must therefore be accompanied by changes in the prevail- 
ing winds. The interaction is so complicated that in many instances it is impossible 
to separate cause and effect. 

The following example illustrates some of the many considerations that enter into 
the interpretation of observed conditions. Where the surface layers of a current 
are cooled rapidly, they are deflected to the right, in the Northern Hemisphere, and 
must be replaced by water that rises from some greater depth or is drawn in on the 
left-hand side of the current. This implies that, when the Gulf Stream waters are 
cooled in winter, the surface layers arc deflected to the east ‘and south and are replaced 
by colder water from below or from the north. The decrease in the surface tempera- 
ture along the axis of the current is therefore not a result only of cooling but is partly 
duo to replacement of the original surface water by colder water. Consequently, the 
sea-surface temperature on the northwest coast of Europe must depend not only 
upon the temperature of the Gulf Stream water when it passed the east coast of the 
United States at some earlier date but also upon the outbn^aks of polar continental 
air that led to a deflection of the surface layers. For this reason, no close correlation 
can be expected between variations in the surface temperature of the Gulf Stream 
off the east coast of the United States and the surfare temperature off northwestern 
Europe at some later date. Since the North Pacific Ocean is much wider than the 
North Atlantic and the circulation is more complicated, it appears even more improb- 
able that any correlations exist there betwetui variations in sea-surface temperatures 
off the western and eastern shores. 

Transformation of Polar Continental to Polar Maritime Air. It has repeatedly 
been stated that polar continental air that in wintisr flows out over the ocean rapidly 
takes up beat and moisture. The rapidity of these processes is best illustrated by an 
example. 

On Dec. 21, 1935, a ship in latitude SS'Tl'W reported at 1300: Wind WNW 7, 
Cloudinesa 10, Air temperature 41 °F, Sea-surface temperature, 66°F. The symoptic 
chart showed that the ship was in a region where an intense outflow of polar continental 
air took place and that the air which passed the ship at 1300 had left the coast, 400 
miles away, about 12 hr earlier. The vertical distributions of temperature and 
specific humidity at the time when the air loft the coast could be reconstructed by 
interpolation between soundings at the U.S. Weather Bureau stations and are shown 
in Fig. 5. Assuming that the relative humidity at the ship was 80 per cent and that 
the air above the condensation level was saturated, the corresponding vertical dis- 
tributions at the ship could also be constructed, as shown in the same figure. It is 
seen that the convection currents reached to a pressure of about 580 mb, i.e., to a 
height of about 13,000 ft. The increase in the water vapor of an air column of this 
height and cross section 1 cm’ was 0.82 grams, and the increase in heat content was 
046 gcal. Part of the increase in heat content, however, was due to condensation 
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of water vapor. Taking this into account, it is found that, during the 12-hr passage 
over the water, the average evaporation was 1 3 cm (0 61 m ), and the average heat 
transfer was 620 gcal per cm* These values agree well with values that can be com- 
puted from the wind velocity and the differences m vapor pressure and temperature 
at the sea surface 

It follows from this example that the transformation of the au- takes place on a 
short distance and in a short time It is also obvious that convection currents develop 
as soon as the air flows out over the water and that these convection currents reach 
to greater and greater height as the temperature of the lowest layer increases Clouds 
form, first stratocumulus or fractostratus, later large cumuli accompanied by showers 
and perhaps cumulonimbus 



a b 

fia 6 — a temperature distribution in polar air on leavinc; the coast and over the ocean 
at 400 miles off the loast b, coriesponding distribution of specific humidity 


It seems probable that, uhen more la knonn about the rapiditj with which the 
air temperature approaches the sca-surface temperature and when soundings on the 
coast are available, it will be possible to forecast the probable height of cloud tops 
at different distances from the coast and the distance at which showers can be expected. 

Clouds in Air Masses. In general, the air in contact with the sea surface has a 
high relative humidity, about SO per cent Where the sea surface is warmer than the 
air, convection currents and clouds associated with these are present, but where the 
sea surface is colder, the sky may be clear or fog may form In the trade-wmd regions 
where the sea surface is warmer throughout the year, convection currents are gener- 
ally present reaching to the trade-wind inversion Below the inversion, cumulus 
or stratocumulus clouds are regularly present In wmter, in middle and higher lati- 
tudes, the sea surface is much warmer than the air, particularly off the east coasts of 
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the continentB of the Northern Hemisphere. In general, convection currents develop, 
but the polar air masses are sufficiently stable aloft to prevent the convection from 
reaching great heights. In this case, the convection clouds will appear as a nearly 
complete cloud cover which an observer on hoard ship will describe as stratus, strato- 
cumulus, or fractostratus. If the stability aloft is small or if an air mass of stable 
stratification fiows out over very warm water, cumulonimbus develops accompanied 
by showers. In all these cases, the clouds occur in the air mass and are not a result 
of vertical motion near fronts, but such vertical motion may produce similar clouds. 

In spring and summer, in middle and higher latitudes, the sea surface is often 
colder than the air. Where the temperature difference is small, a clear sky is fre- 
quently observed, but where the temperature difference is great, fog prevails. 

Where upwcUing occurs, the sea-surface temperature often shows a tonguelike 
distribution, tongues of warm water alternating with tongues of cold water. Air 
that flows across a tongue of cold water will ordinarily be warmer than the water, and 
if the* air is nearly saturated fog may form. Offshore the temperature difference is 
generally too small to produce fog but sufficient to create a stable stratification near 
the sea surface such that a belt of clear sky is found over the tongue of cold water. 

Diumol Variation of Cloudineaa. In the trade-wind and subtropic regions, the 
cloudiness shows a double diurnal variation with maximum amounts of clouds at 
about 0600 and 1800 (local time) and minimum amounts at about 1300 and 2200. 

The double diurnal variation has not been explained, but it seems possible that 
it is related to the double diurnal variation of the atmospheric pressure. This 
variation has the character of a wave that travels around the earth and is accompanied 
by converging winds in front of the region of maximum pressure and diverging winds 
in the rear. In any given locality, maximum convergence occurs twice daily, at 
about 0600 and 1800 local time, t.e., at the hours when the cloudiness of the tropical 
oceans reaches a maximum. This suggests a relationship that deserves further 
examination. 

Of the two maxima, the morning maximum at 0600 is the greater, and showers 
and thunderstorms are most frequent in the morning. It seems probable that the 
shower frequency and the large maximum of cloudiness in the early morning is an 
effect of radiation fn)m the upper surfaces of clouds which during the night leads to 
an increase of the instability of the lowest layer. So far, the shower frequency in the 
early morning is the only direct evidence of the effect of radiation on the cloudiness 
at sea, but as yet the effect has not been sufficiently examined. 

In higher latitudes, a possible diurnal variation in cloudiness seems to be masked 
by the large unperiodic variations. It may be observed that the amplitude of the 
pressure variation decreases rapidly with latitude, and a variation in the rloudiness 
related to the pressure variation should therefore be expected to be small in higher 
latitudes. 

y^og over the Oceans. When warm moist air flows in over colder water, the air 
is cooled from below and may be cooled to the dew point, so that condensation takes 
place and advection fog forms within the temperature inversion that is established at 
the sea surface, v 

With a weak wind, an inversion begins at the very sea surface, and the fog ma.v 
extend nearly to the top of the inversion. With a strong wind, mechanical mixing 
leads to the establishment of a positive lapse rate in the lowest one hundred or few 
hundred feet, and within this layer water vapor is transported upward so that the fog 
lifts, leaving a clear space below a dense stratus cover. 

The adveetion fog is by far the commonest type of fog over the open ocean areas. 
Regions known for their frequent fogs arc the region of the Grand Banks of New- 
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foundlond (maximum frequency in spring), the regions of the Kurils and the Aleutians, 
and the outskirts of the arctic and antarctic regions. Over the Polar Sea, advection 
fog is very common in summer. 

In the regions of upwclling, coastal fogs are related to the belt of low temperature 
along the coast (see page 994). When moist maritime air flows in over this belt, it 
is cooled, and where the cooling begins a l)elt of clear sky may be found. As the 
cooling proceeds, fog forms and rolls in over the coast but is dissipated over land. 
In the seasons of upwelling, this type of advection fog is common on the coasts of 
California, northern Chile and southern Peru, and the coast of southwest Africa. 
U'iSZeam fog, which is formed when very cold air flows over warm water, does not 
occur over the open ocean because the air is heated so rapidl}’’ that it do** not become 
saturated in spite of intense evaporation. Steam fog does, however, form in protected 
coastal waters such as the fiords of southern Alaska and Norway where it can be a 
scrious^cnace to navigation. 

^'Sadiation fog may perhaps be formed at sea in calm weather if a layer of moist 
air underlies very dry air. In this case, the cooling that lepds to a formation of the 
fog is partly due to loss of heat from the sea surface by nocturnal radiation and partly 
due to loss of heat by radiation from the moist air. 

Smoke Screens over the Ocean. A smoke screen that will “stick ’’ to the surface 
can be laid only if the air is warmer than the sea surface. If the air is colder, convec- 
tion currents are present and the smoke sereen lifts in a manner that depends upon the 
magnitude of the temperature difference and the wind velocity. The convection 
currents often show a definite pattern, and the smoke will rise in regions of ascending 
currents but may remain at the B<-a surface in regions of descending currents. 

With stable conditions (the air warmer), the wind velocity increases rapidly with 
increasing height and, consequently, the upper portion of a smoke screen will move 
faster than the lower part and may form a wedge-shaped cloud that reaches to the 
greatest height downwind. 

Forecasting Cloudiness and Fog at Sea. Over the ocean, frontal clouds and fogs 
are forecast on the basis of considerations similar to those used over land. Foro- 
casting of clouds and fog in the air masses and of the behavior of smoke screens, on 
the other hand, is partly a matter of forecasting the temperature difference between 
the air and the sea surface. 

The air-sea temperature difference determines the stability of the very lowest layer 
and indicates whether or not rnnvection currents can develop. For forecasting of 
clouds and fog, knowledge of the humidity is needed, and observations of the humidity 
should therefore be made on hoard ship and should be reported regularly. When 
observations are larking, the forecaster has to make assumptions, based upon his 
experience. In the forecasting of clouds, it is necessary to estimate the height to 
which convection currents may reach, and for this purpose the stability aloft should 
be known. Soundings should be available, and it should be possible to evaluate 
the effects of subsidence and radiation. .\s yet, adequate rules for forecasting of 
clouds and fog cannot be formulated, but in the meantime useful information can 
be obtained from the expected stability near the sea surface, as indicated by the air-sea 
temperature difference. In order to facilitate forecasts of this temperature differ- 
ence, weather base maps have been prepared for all oceans and all months on which 
mean scie-surfaca isotherms arc printed as weak blue lines. 

SURFACE WAVES 

Waves of Very Small Height. Wind waves are progressive surface waves which 
when formed move under the influence of gravity. In a progressive surface wave. 
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the crest advances one wave length L during one period T and the velocity of progress 
IS therefore 



The theory of waves deals with waves of very small height whose form can be 
represented by a sine curve. By waves of small height are understood waves for 
which the ratio of height to length is Jioo less. In water of constant depth d, 
such waves travel with the velocity 

C = 

where g is the acceleration due to gravity. 

If d/L 18 large, te , xf the warn length u email compared to the depth, tanh TetdIL 
approaches unity, and one obtains 



These waves arc called deep-water waves 

It djL 18 small, xe , it the wave length is large compared with the depth, tanh 
2Trd/L approaches 2rd/L, and one obtains 

C = Vgd 

These isaves are called shallow-water waves 

In general, waves have the character of deep-water waves when the depth to 
the bottom is gri ater than one-half the wave length (d > L/2) Howet or, for shallow- 
water waves, the depth must be less than one twenty-fifth of the w ave length m deep 
water (d < L/25) 

In low deep-water waves, the water particles move in circles At any depth t 
below the surface, the radius of the circular path followed by a particle is 


In this circle, the velocity is 

2 ^ 

~T 

because the particles complete one revolution ui the time T (sec Fig 6) 

A water particle at the sea surface remains at the surface throughout its orbit. 
A water particle at a given average depth below the sea surface is farthest from the 
surface when it moves m the direction of wave progress 

In a low shallow-water wave, the vertical motion of the particles is negligible, 
and the horizontal motion is mdependent of depth The particles move back and 
forth, following straight Imes 

By energy of the wave is always understood the average energy over one wave 
length The energy is in part potential, Ep, associated witht he displacement of the 
water particles above or below the level of equibbrium, and in part it is kmetic. Ex, 
associated with the motion of the particles In surface waves, half the energy is 
present as kmetic and half as potential The total average energy per square foot 
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is ^ “ HofiB*, where t is the acceleration of gravity and p is the density of the water. 
Since g and p can be considered constant, the energy per unit area in a wave depends 
only upon the wave height and is proportional to the square of the wave height. For 



Fio. Q. — Movement of water particles in a 4cep-watcr wave of very small height. Tho 
circlea show the paths in which the water particles move. The wave profiles and the 
positions of a series of water particles are shown at two instants^ which are one quarter 
of a period apart. The full-drawn nearly vertical lines indicate the relative positions of 
water particles that lie exactly on vertical lines when the crest or the trough of the wave 
pass, and the dashed lines show the relative positions of the same particlee one quarter 
of a period later. 


the total energy per unit width along a wave length, it is necessary to multiply the 
energy per unit area by the wave length. 

In a deep-water wave, only half the energy advances vrith wave vrlority; whereas, in 
a shallow-water wave, all the energy advances ■ — >• 

with wave velocity. The reason for this differ- , 

enee is that, in a deep-water wave, only the 
potential energy varies periodically and advances 
with the wave form; whereas, in a shallow-water 
wave, both potential and kinetic energy vary 
periodically, and both advance with the wave 

form. These laws can also be stated by saying / / \ \ 

that the energy advances at a rate whieh, in a / / \ \ 

deep-water wave, equals half the product of t / \ \ 

energy and wave velocity; whereas, in a shallow- 11 I I 

water wave, it equals the product of energy and I \ I j 

wave velocity. V \ j j 

Deep-water Waves of Moderate and Great \ \ j/ / 

Height. By waves of moderate and great height y 

are understood waves for which the ratio height 

to length (///L) is from Jioo to and from Fm. 7. — Orbital motion during 
5 to respectively. The form of these two wave periods of a water particle 
waves cannot be represented by a sine curve. wave of moderate 

For waves of moderate height, the form closely 

approaches the trochoid, i.e., the curve that is described by a point on a disk that rolls 
below a flat surface. Waves of great height deviate from the trochoid; the troughs 
are wider and flatter and the crests narrower and steeper. The wave form becomes 
unstable when the ratio Hlh equals 


Fm. 7. — Orbital motion during 
two wave periods of a water particle 
in a deep-water wave of moderate 
or great height. 
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The wave velocity increases with increasing steepness (increasing values of U/i., 
but the increase of velocity never exceeds 12 per cent. 

The water particles move approximately in circles the radii of which decrcaM' 
rapidly with depth. The particle velm-ity is not uniform but is greatest whe-n th.. 
particles are near the top of their orbit (moving in the direction of wave progresH), 
with the result that the particles upon completion of each nearly circular motion 
have advanced a short distance in the direction of progn'ss of the wave fFig. 7i 
Consequently, there is a mass transport in the direction of progress of the wave 
The moss-transport velocity M at the sea surface is expressed by the formula 




where v is the wind velocity. 



Fio. 8. — Hotio between muhs traohport velocity by u growing wind wave and wind velocity 
as a function of the ratio between wave vclon'y and wind velocity. 

The velocity is appreciable for higli, stet'p wnves but is very small for low waves 
of long period. Maas transport in waves has received little attention in previous 
work because in most practical applications it is suflicient to consider the water 
particles as moving in circles regardless of the wave height. In order to understand 
the growth of waves through wind action, however, it is necessary to take tlic mass- 
transport velocity into account. 

It will be shown later that, for growing wavers, the ratio II /L depends upon the 
ratio between wave velocity and wind velocity, C/v. 'rherefore tlie ratio between 
mass-transport velocity at the sea surface and wind velocity vo'/v depends only upon 
C/v. The relationship is shown in Fig. 8. For growing weaves, the ratio C/v gen- 
erally lies between 0.6 and 1.0, and in this range the mass-transport velocity varies 
between 2.9 and 1.6 per cent of the wind velocity, f.c., at the sea surface, the mass- 
transport velocity is of the same order of magnitude as the velocity of the pure wind 
current (see page 1037). 

Interference of Waves; Short-crested Waves; White Caps. When waves of 
different heights and lengths are present simultaneously, the appearance of the free 



acarACB wavks 


1053 


g^svi 

bpcomM very compKcat**!. At lome poinU, the waves are opposite in phase 
*P,i therefore tend u» oliminaUi each otherj whereas, at other pointe, they coincide 
in pheae and reinforce pach other. 

\8 a ample case, consider two trwna of waves that have the same heiitht and 
noarly the same velocity of proKrees. Owing to interference, groups of waves are 
termed with wave heights roughly twice those in the component wave trains Be- 






Kto. 9 - -W avo patterns reauUmg from interference A, interference of two waves of 
equal height and nearly equal length, forming wave groups. B, interference between 
short wind waves and long swell 



tween the wave groups arc regions in which the waves nearly disappear (Fig. 9). 
Analysis shows that these groups advance with a velocity that is nearly equal to 
(mo-half the average velocity of the two trtuns. 

As another example, consider the simultaneous presence of long, low swell and 
short but high wind waves. The resultant pattern is illustrated in Fig. 9B, from 
which it is evident that the short, high waves dominate to such an extent that the 
presence of the swell is obscured. 
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So far, the discussion has dealt only with long-crested waves, t.e., waves with very 
long straight crests and troughs Waves, however, can also have short, irregular 
crests and troughs In the presence of such short-crested waves, the free surface shows 
a series of alternating “highs” and "lows,” as indicated in Fig. 10. This figure 
illustrates the topography of the sea surface, “highs” being shown with full-drawn 
hnes and “lows” with dashed lines 

Whtte caps are formed by the breaking of relatively short waves, which often 
appear as ‘ ‘ riders ” on longer waves (Fig 9B) Such short waves may grow so rapidly 
that their steepness reaches the critical value H/L ~ ^ and they break. If mter- 
ference occurs, long waves may attam this steepness and may break. 

EMPISICAI, KNOWLEDGE OF WIND WAVES AND SWELL 

Measurements of Waves and Swell. Wind waves are defined as waves that are 
growing in height under the influence of the wind 

SweU consists of wind-generated waves that have advanced into regions of weaker 
wmds and are decreasing in height 

iSo far, the discussion of surface waves has dealt mainly with waves that appear 
as rhythmic and regular deformations of the surface Because of interference, the 
formation of short-crested waves, and the breaking of waves, there is little regularity, 
however, m the appearance of the sea surface, particularly when a strong « ind blows 
Although individual waves can be recognized and their heights, periods, lengths, 
and velocities measured, such measurements are extremely difficult and comparatively 
inaccurate The lengths of moat waves and the heights of low waves are likely 
to be underestimaU'd, while the heights of big waves are generally overestimated 
Wave heights above 65 ft are extremely rare, yet the literature contains many reports 
of waves exceeding 80 ft in height The reasons for such errors are probably due to 
the complexity of the sea surface and the movement of the ships from which measure- 
ments are made 

Kehable measurements of wove height H are so difficult that in general the reported 
values represent crude estimates The height of a large wave is estimated as the 
eye height of the observer above the water line when the ship is on even keel in the 
trough of the wave, provided that the observer sees the crust of the wave eoineide 
with the horizon The height of a small wave is estimated directly, using the dimen- 
sions of the ship for comparison On board a small ship, the height of waves that 
are more than twice as long as the ship can be recorded bv a mierobarograph 

The iDotw period T can be measured by recording the time interval between succes- 
sive appearances (on a wave crest) of a weli-ilefined patch of foam at a considerable 
distance from the ship In order to obtain a reliable value, observations should be 
made for several minutes and averaged 

The leave length L can be estimated by comparing the ship’s length to the distance 
between two successive crests This procedure leads to uncertain results, however, 
because it is often difficult to locate both crests relative to the ship and because of 
disturbance caused by the movemenf of the ship 

The velocity of the wave C can be found by n'cording the time needed for the wave 
to run a measured distance along the side of the ship and by applying correction for 
the ship’s speed 

Comparison of Measured and Computed Values. Theory indicates that fur 
deep-water waves velocity, length, and period are mterrelatcd by the formulas 
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With C in kiiota, L in feet, and T in eeconde 

C - 1.34 VL - 3.03r 
L - 0.655C* - 6.12r« 

T - 0.422 VL - 0.33C 

Thus, if one characteristic is measured, the other two can be computed, and if two 
or three are measured, the correctness of the theory as applied to ocean waves can 
be checked. Ck>mpari8ons of measured and computed values have given satisfactory 
results, indicating that wind waves and swell in deep water do have the characteristics 
described above. In general, the conclusion that the ratio H/L always remams leas 
than H is also confirmed by observations, since wavtf of this or greater steepness are 
rarely reported. 

Empirical Relationships between Wind and Waves. Observations of waves 
have not led to clear-cut conclusions on the empirical relationships between the wind 
and waves. The following nine approximate relationships have been proposed by 
various workers: 

1. Maximum Wave Height and Fetch. For a given wind velocity, the wave 
height becomes greater the longer the stretch of water (fetch) over which the wind 
has blown. Even with a very strong wind, the wave height for a given fetch does 
not exceed a certain maximum value. For fetches larger than 10 nautical miles, 
it has been observed that 


Hm.. = 1.5 VF 

where Hnu represents the maximum probable wave height in feet for very strong 
winds and F is the fetch in nautical miles. 

2. Wave Velocity and Fetch. At a given wind velocity, the wave velocity increases 
with increasing fetch. 

3. H'otw Height and ll'ind Velocity. The height in feet of the greatest waves at 
low wind velocities has been observed to be about 0.8 of the wind velocity in knots. 
Over the entire range of wind velocities, the observed data conform to 

H = 0.026i>* 

where i> represents the wind velocity in knots. 

4. Tl’aae Velocity and irtnd Velocity. Although the ratio of wave velocity to 
wind velocity has been observed to vary from less than 0.1 to nearly 2.0, the average 
maximum wave velocity apparently slightly exceeds the wind velocity when the latter 
is less than about 26 knots and is somewhat less than the wind velocity at higher wind 
speeds. 

5. ITove Height and Duration of Wind. The time required to develop waves of 
maximum height corresponding to a given wind increases with increasing wind 
velocity. Observations show that with strong winds high waves will develop in 
less than 12 hr. 

6. Wave Velocity and Duration of IVind. Although observational data are 
inadequate, it is known that, for a given fetch and wind velocity, the wave velocity 
increases rapidly with time. 

7. Wave Steepneae. No Well-established relationship exists between wind velocity 
and wave steepness, i.e., the ratio of wave height to length. This is probably due to 
the fact that wave steepness is not directly related to the wind velocity but depends 
upon the stage of development of the wave. The stage of development, or age of the 
leave, can be conveniently expressed by the ratio of wave velocity to wind velocity 
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(C/v), because during the early stages of their formation the waves are short and travel 
with a velocity much less than that of the wind, while at later stages the wave velocity 
may exceed the wind velocity. In order to establish the probable relation between 
wave steepness and wave age, all wave observations were examined which appeared 
to be consistent with certain basic requirements and for which values of H, L (or 
C or T), and v were recorded. When corresponding values of H/L and C/v are 
plotted in a diagram, there appears to be a definite relationship between the steepness 
and the age of the wave, the scattering of the values being no greater than would be 
expected, considering the great errors of measurements. 

8. Decrease of Height of Swell. The height of swell decreases as the swell advances. 
Roughly, the waves lose one-third of their height each time they travel a distance in 
miles equal to their length in feet. 

0. Increase of Period of Swell. Some authors claim that the period of the swell 
remains unaltered when the swell advances, whereas others claim that the period 
increases. The greater amount of evidence at the present time indicates that the 
period of the swell increases as the swell advances from the generating area. 

Sea and Swell. Where the wind blows, there are present long-crested and 
short-crested waves of varying length and steepness, some of which break and form 
white caps or streaks of foam. The irregular broken appearance of the sea surface 
is described by the term Ike slate of the sea. By “swell” is understood, on the other 
hand, regular waves of moderate or great length and small steepness. These waves 
have been formed in a region of high winds where they accumulated their energy. 
Together with many other waves of the wind region, they advanced into regions of 
calm, but the shorter waves died out quickly, and only the longest and highest waves 
continued as swell to great distances from the wind region. In many instances, 
swell from distant wind areas crosses the waves related to local winds. 

The frequency and direction of different sea states in certain parts of the oceans, 
as well as the frequency and direction of swell, are given on H.O. charts 10 and 712A, 
C, and E. 
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Atlantic Ocean fogs, 720 
Atmosphere, 351 
mroulation of, 602-526, 637 
composition of, 351 
international standard, 373 
pressure and elevation in, 101-106, 373 
U.B. Standard, 351. 362 
tables, lOl-lOe 
vertical struoture, 351, 362 
Atmoepheno statics, 314 
Atmoepheno tidal motions, 483-403 
Atmospheric wind systems, 435 
Attraction, 211 
Authalic map, 143 
Autooonveetive lapse rate, 372 
Automatic gauges, 1008 
Automatic weather stations, 670-571 
Availability of energy, 829 
Axis, 164 
of come, 164—160 
ronjugate, 165 
principal. 416 

of symmetry. 130, 161, 169 
B 

Background (visibility), 242, 245, 249 
Balloon ascensional rates. 64-b7 
Balloon theodolite, 562 
Balloons, 562-664 
Barograph, 537-538 
Barometers, 532-537 
corrections to, 83, 80 
scales, 95 
Barotropio, 694 
Basin constant, 1017 
Beaufort scale, 47, 48 
Beer’s Isw, 290 
Bering Sea fog, 729 
Bernoulli's equation, 231, 319, 430 
Bibliography (aee dnal pages of sections) 
Bimetal. 542 
Binomial theorem 145 
Bmormal, 221 
Bioolimatology, 975 
Bjerknes circulation theorem, 432 
Bjcrknce tendency equation, 660 
Black-body radiation, 287 
table, 45. 46 
"Black Blissard,” 445 
Boiling point, 42 
Breeae, land and sea, 433, 950 
Bndled anemometer, 554 
Brightness, 242-245 
Buys Ballot’s law, 437 


Cahbrstion equipment, 571 
California foge, 730-732 
Calorie, 20 
Calonmetry 331 

CampbeU-ntokes sunshine recorder. 558 

Capacitor discharge wind indicator. 554 

Carbon-dioxidc, absorption by, 298, 301 

Carnot cycle, 321 

Cauchy’s inequality, 126 

Ceihng, 645, 661 

Celling balloons 662 

Centers of action, 613 

Centigrade degree, 33, 99 

Centimeter, 25 

Gentnfugal force, 428 

Gentnpetal acceleration, 428 

Centroid, 211 

w units, 25 

Change of units, 129 

Characteristics of air maases, 608 

Charge, lightning, 269 

Chemical elements, 34 

Cheyenne fog, 732 

Chim, 138 


Circle, 138. 139, 167, 168 
of curvature, 203 
osculsting, 203 
Circulation, 223, 431 
acceleration, 698, 706 
eella. 510 
convective, 502 
index, 520. 818 
menmonal, 505 
theorem, 432 
sonal, 520 
Cirrooumulus, 886 
Cirrostratus, 886 
ChrruB, 885 
Civil time, 6(X> 

Clapeyron’s equation, 342 
Clairaut's equation, 213 
Classification, of air masses, 607 
of fronts, 638 

Clausius, inequality of, 323 
Clear davs. 996 
Clear ice, 764 
Climate, 027-997 
classification, 973-077 
contin<ntal influoncc, 057 
definition, 028 

influence of human actnitt, 0b3, 064 

influence of vegi tation, 062 

lake influence, 

lee shores. 962 

lee slopes, 958-960 

mountain influence, 058 

oceanic influent c, 045-057 

plHnetar\ , 029, 963 

proMnees, 074, 975 

radiation 020 

remonal, 077 

scheme of mfluenccH. 003, 0(t4 
topographic influencet, 067-061 
urban 064 

windward shores 0f>2 
windward elopes, 058 ObO 
Cliiiutic comfort 975-977 
Climatic controls *>64 
Climutit 064, 005 

Climatit extremes 972 
Climatic thtthms *M»5 
Climatic t armtioti»> 064 
Cbmatic cones. 512 
ClimHtolog> 028-007 
serologital, 0*16 
Climograph 070 
Clinometer, .'>62 
Clothing cones, 977 
Cloud code, 802 
chart 015 
Cloud element, 258 
range in aisc, 257 
Cloud height, table, 120 
mean, SM 
mixed stratum, 309 
Cloud names, 883 
Cloudiness, 988-993, 990 
diurnal \ari'fctioii 751 
effort of mnuntama, 060 
ZDcaii, 988-993 
Cloude, 881-926 
air mass, 1047 
olaasifiration, 884-891 
remarks on, 902 
observation of, 691, 905 
photographs of, 915-926 
photography of, 912 
radiation with, 306 
reflection bv, ^0 
temperate latitudes, 908 
tropical, 777, 792-794, 906 
Cloudy days, 906 

Code symbols, explanation, 578-593 
Code tables, 582-693 
Codes meteorological, 574-604 
Cold front, 630, 645 
active, 816 
inaotive, 816 
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Cold front, Type 1, 647 
Type ir, 648 

Cola-iront indications, 060, 860 
Cold-front*type ocolusion, 667 
Colloidal instability, 268 
Color of the skv, 911 
Combination skies, 894 
Combmations, 146 
Comfort aone, 976 
Complementary function, 214 
Complete foreoaat, 1003 
Complotins square, 168 
Complex numoers, 162 
Component, 170, 220-221 
Composition of atmosphere, 361 
Computation with senes, 184-186 
Concave, 180 
Conceiitra^on time, 1(116 
Condensation, 252-263 
Condensation le^ el 383, 704 
Condensation nuclei, 242, 264 
Conditional ^tabilitv, 405, 697 
Conductive equilibrium, 352 
Conductor, 821 
Cone, 141 

Conformal map, 143 
Congruence, 139, 140 
Conic sections, 158, 103, 168 
Conicoid, 173 
Conjugate axis, 165 
Conjugate complex nuniliera, 1,53 
(''onjugal^ li> perholas, 166 
Conservation, of angular iiiomeutuni, 229 
of energy, 228 
of linear nioineiituin, 228 
Conservative propertien, 400, 418 
Constant) 120 
determination of, 232 
of proportionality, 144 
Constant'le\ el chailH, 813-848 
Constantrpresnure charts, 813 
Constants, useful 23, 26 
Constructions, 140 
invohing conics, 166-107 
mean isulhcrins, 829 
thermodvnaiiuc diagram, 364 
Contacting anemometei , 645, 548 
Continentalitv, 946, 947 
Continuity, 173, 175 
equation of, 229, 42G 
of power senes, 182 
of real nunibcra, 125 
sectional, 175, 198 
Contour charts, 135, 613 
Contour Unvs, 2U0, 813 
Convection skies, 890 
Convectiie cell, 696 
preoipitablc water, 1021 
Convective ciiculation, 5(12-60,5 
Convective condensation le^cl, 7(14 
Convective stabilit%, 4(J6 
and fog, 732 

Convective thunderstornis, 713 
Convergence, 416, 814 
in heat lows, 812 
and lapse rate, 467 
in polar troughs, 771 
pressure variation, (>60 
of senes, 181 
in velocity held, 766 
in waves in the easterlies, 708 
Converse, 128 
Convex, 180 

Cooling, surface, 393, 460 
Cooling power, 975-077 
Coordinates, 100 
chanM of, 102, 301 
curvilinear, 224 

cylindrical, 169, 202, 207, 224. 227 
rnuliiple integrals, 207 
polar, 107, 178, 307 
rectangular cartastan, 148, 109 
spherical, 169, 202, 207, 225, 227 
tnermodynamic, 326 

transformation of, 162, 167, 160, 201, 207 


Coriolis aeceleratlon, 226, 428 
Coriolis parameter, 116, 818 
Correlation, 238 
Cosine, direction, 170 
Cosine law, 152 
Couette Oow, 447 
Coulomb, 26 
Countercurrent, 1036 
Covariance, 2M 
Cramer’s rule, 167 
Critical point, 42, 838 
Croas sections, 756, 786 
plotting, 597 
Cubic, 140 

Cumulative hietogram, 235 
CumuliformiB, Ml 
Cumulonimbus, 860 
Cumulus, 890 
evolution of, 600 
formation of, 701 
growth and decay of, 201 
Cup anemometers, 645^54 
Curl, 223 

Currents, ocean, 1030 
Curvature, 203, 221, 226 
radius of, 760 
Curve, 302, 221-222 
level, 200 
normal, 237 

Curvilinear integral. 208 
Cvanomctry, 911 
Cyclones, 658-064 

displacement of, 670. 817 
energy, 660 
structure, 002 
Cyclonic isobars, 814 
Cyclonic rotation. 437 
Cyclonic shear, 516, 813 
Cyclonic trajectury, 621 
Cylinder, 141 

D 

Daily bulletin, 1(X)8 
Dalton B law, 346 
i>ata ap4 their uee, 232, 301 
Day, 599 
I>ecimal, 125 
Dei'iinal point, 132 
Decimal tables, 22 
Deejicning GbO, 819 
Dee^K water waies, 1051 
Definite integral, 191, 203-212 
Deformation field, 417 
Degree, 11, 12. 138 
tcmjicrsture. 26, 335 
Del <71. 222 
IHnsitv, 210, 327 
of air, 116 
materials, 35 
Density gradient, 1019 
Depth of water rorreaimiiding to snoiir, llo 
Denvative, 170 
directional, 2(X), 223 
drag, 226 
partial, 199 
particle, 229, 413 
relative. 226 
Descartes B rule, 1 58 
Descent of layer and stability, 405 
Description of clouds, 884 
Determinaiita, 14(i, 157 
functional, 201 
IHvelopinent, 851 
Deviation, 236 
Pewopoint temperature, 382 
ana fog, 730 
duration of, 1023 
maximum, 1017 
table, 72 

Diameter, 138, 142, 174 
Difference quotient, 176 
Difference table, 234 
Differential, 178, 200 
exact, 210 
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Differential equatione. 212-210 
Differentiation, 17&-178 
implicit, 177 
cf intenal, 102 
locanthmic, 170 
of vector, 221 
Diffuaion, 461--460 
table, 43 
water vapor, 743 

Direction angles, cosines, numbers, 170 
Directrix, 164 
Disoontinuity, 175 
surfaces of, 441-440 
Discriminant, 158 
Disk and roller, 551 
Dispersion, 236 
Displacement. 069-674, 817 
accuracy of, 423 

Dissifiation of fog and atratcM 730-734 
Dissipation of kinetic energ> , 460 
Distribution function, 236 
Diurnal variation, 424, 740-752 
cloudiness, 751 1048 
and extrapolation, 424 
bumiditv, 751 
precipitation, 752 
premure, 746, 782 
temperature, 468, 750, 781 
\isibility, 250, 752 
wind, 740 

^vercenee, 416 814 
above heat lowe, 812 
smd lapse rate. 407 
in polar trouclis. 771 
pressure variation, 660 
scries, 181 

theorem (Gauss), 200, 222 
in velocity field, 766 
in waves in the easterlies, 767 
Division, synthetii, 147 
Drainage /29, 731 
Drift, ^ life rafts, 1041 
Dnssle, 732 

Droplet concentration (fog), 304 
Dry adiabatic, 348 
Dry air, 352 

state ohangee in, 353, 350 
Dry layer, 766 
Dry temperetiirce 382 
Dust, 242, 249 
Dynamic antics < lone 624 
Dynamic friction, tab , 44 
D> naroic meter, 99, 111 
Dynamical principles, 425 
Dyne, 25 

E 


Earth, 142 

Earth dimensions, 28 112 113 
Earth rotation and circulation, 507-513 
Eccentricitv, 164 
Eddies, 517 

Eddy diffusion, 461 469, 744 
Effective preiipitahle water, 1021 
Eigenvalues, 218 
Ekman spiral 454, 860, 1037 
Elastic moduli, 44 
Electrical units, 32 
Electronic anemometer, 553 
Ellipse, 163 167 
Ellipsoid, 173 

Elsaseer radiation chart, 301 
Emagram, 367 
Emissary sky, 894 
Enuasivity, tab , 47 
Empirical data, 232 
Energy, 226, 316 
availability, 329 
conversions, 29 
flow, 317 
Gibbs free, 328 
Helmbolts free, 328 
loternii], 817 


Energy, rmeoted, 822 
wave, 1050 

Energy ohangee, 469-^74 
Energy equation, 2S1, 319, 420 
EngliA units, 28 
Entlialpv, 328 
-entropy diagram, 841 
of gases, 340 
Entropy, 20$, 824, 328 
Equal area transformations, 863 
paeudoadiabatio diagram, 365 
Equation, 155 
algebraic, 147 
approximation, 159 
Bernoulli. 319, 430 
of bisectors of angle, 162 
riapeyron’s, 342 
consistent, 156 
continuity, 229, 426 
differential, 212-210 
energy, 310, 429 
heat, 218, 219 

hydrostatic equilibrium, 430 
inconeistent, 156 
linear, 155 
of Unee, 102 

of motion, 230 310 427, 450 
Ncwtou*B method, 160 
normal, 234 

parumetne. 167, 171, 177, 208 
of planes, 171 
PoiBson’e, 348 
quadratic, 157—158 
radiative transfer 291 
roots, 147, 158 
Bimuitaneous, 158 
of state, 826. 345 
symmetric, 171 
of tangent to curte, 278 
thermal wind, 440 
tngonometne. 151 
EquAtorml front, 777 
anahma rules 795 
forecasting, 798 
m Southern Hemisphere, 800 
weather distribution, 777 
Equatorial source, 607 
Equatoriil trough, 776 
distribution o7 ion\irgpnco, 777 
m Southern Hemisphere, 800 
wind structure 776 
Eiiuilihrium 314 
n>drobtaUc, 4J9 
EquiiaJint (logicijlv), 128 
Eqm\alent teiiqiciatures, 389 
Erg, 26 

Error, 1 29-133, 236 
function, 2.37 
probable, 237 
Euler’s formula, 154 
Eulcrian mctbo<l, 412 
European sir niaases, 628-034 
Evaporation, 737-745 
climate, 95f*, 962 
factors, 738 
fog 728 

heat exchanM, 1044 
measure of, 738 
oceanic, 74(1 
Btaady wind, 464 
Evapotranspiration, 737, 741 
Evolution m cumulus. 009 
Examples, forecast, 1003 
displacement, 660-074 
single-station 867-870 
thunderstorms, 716-726 
tornado, 654 
unper-air, 831-848 
Exenan ge coefficient, 453 
Expansion, tab , 36, 37 
Exponential function, tab , 17 
Extended forecast, 1005 
Extraneous solution, 155 
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F 

Factonnf, 149 
Ffthreikheit, 33, 99 
Families of lm«t, 162 
Ffir«4, 26 

F«rgmi«on wei^ng gftuge, 666 
F^ich, 1066 
Filling, 660. 819 

FiTit Uw or tbermodynninies, 318 
f^vG-day foreoMt, 1014 
Fixed cutern barometer, 633-686 
Fixed point, 42 
Flight operations, 766 
Flood control, 1001 
Flood-eeaaon forecaatuig, 1004 
Flow energy, 317 
Flow patterns, 513-619 
Fluid flow, 411-600 
dynamice of, 426 
Ideal, 230, 425 
inoompreesible, 229, 483 
viBGOufl, 230, 4M 
Fluid kinematics, 229, 419 
Fluid kinetics, 230 
hluid mechanics in meteorology, 412 
>hix, 222, 291 
Plying conditions, 621-627 
Poral radius, 164 
Focus, 164 
Fog. 727-736 

disgrams 392 395 390, 733 
formation, 393, 727 
mean number days, 994 
o\er oceans, 1048 
and \i6ibility, 242, 349 
p'oot, 27 
p'uroe, 211. 227 
bod>. 230 
impulse of a, 228 
surface, 230 
roreoasting, 603-879 
accuracy. 603. 1013 
air msss, 604-636 
area, 1011 

clouds and fog at sea. 1049 
ronstant>lc>el charts. 813-848 
devclonment (isentropic cliart), 861 
examples. 1003 
extended, 003, lOOo 
fog. 727-736 
frontal. 638-656 
frontal weather, 815 
icing on aircraft, 758 
leentrcipic charts, 861 
Language of, 1006 
mean temperatures, 820 
i^uantitative, 1001 
mngle-stBtion. 868 
iSuutliern Hemisphere, 804 
10.000 ft chart, 821 
thunderstorms, 712-725 
timing, 1014 
tropical, 763-803 
Goaatal areas, 796 
cold front, 802 
dr> season, 801 
equatorial front, 798 
open sea, 797 
polar trough, 801 
shear Ime. 802 
storms, 800, 802 
waves iti easterbes, 799 
wet Mason, 798 
upper-air data, 813-867 
water project systema. 1002 
waves and awell. 1054 
weather analyma and, 608 
Fortin barometer, 633-636 
P'ourier integrei, 109 
P'ouner eenee, 107-100 
Fractions, partial, 147-148 
Frame of rnerence, 226 
Freo-lift tables, 64-^7 
P'rae oeoiUationa, 400 


Fnesing point, 36 
Freoet formulas, 822 
Frequenoy, 216, 286 
elmraoteristio, 216 
relative, 286 
toblsi, ^6, 288 
Fnotion law, 447 
Front, 441-446, 088<657 
olasiifleation, 688 
eoid, 646 

dispiaMmant. 069 
equatonal, 708, 938, 946 
intertropiosL 776 
meridional, 808 
ooeluded, 066 
overrunning. 663 
polar, 938. 946 
Southern Hemisphere, 807 
warm, 641 

FVontal dueontinuitKS, 441-446, 640 
Frontal fog, 727 
Frontal lifting (cumulus), 704 
Frontal aurfaoe, 441-446 
pressure field, 422 
unstable, 443 

Frontal thunderetorma, 714 
FVontal waves, 668 
Frontal weather. 815 
Prontogeneeia, 413-419 
Frontolysia, 413-419 
P'ttlka' fitnea, 393 
PNimulus, 891 
Functions, 127 
bounded, 178 
distribution, 236 
error. 237 
harmonic, 225 
hyperbolic. 18. 154 
implicit, 200 
inverae. 151. 177 
periodic, 149 
pnimtive, 193 
rational 147 

of several vartablee. 199-212 
tngonometrie, 13. 148, 149 
sero of 155 

Fundamental theorem of integral calculus 
P'ustoii 37, 70, 340 

G 

Gas constant, 345 
Gas properties, 38. 345 
Gauss tlioorem (divergence), 209, 222 
Genera, clouds, 883 

General circulation 520- ^29, 928, 934, 937 
climatic correlations, 965 
non-rotating earth, 937 
rotating earth, 937. 938 
Southern Hemisphere 804 
Generator, generatrix. 141 
Geometric mean, 125 
Geometric progreseion, 145 
Geopotential 212, 362 
from sounding, 379 
Geostrophie wind, 486 
nomogram, 49 53, 54-62 
Gibbs-Dalton law. 348 
Gold slide, 87 
Gradient, 222 
Gradient wind, 436 
local forecsating. 860 
nomogram, 54-62 
Gram, 25 
Gram calorie. 79 
Onnd Banks fog, 729 
Granular snow, 258 
Gravity, 142, 428 
center of, 211 
corrections for. 84 
normal value of, 90 
Gray-body radiation, 288 
Great circle. 142 
Great lAkes stratua, 731 
Greak alphgbet, prefixea, 2 
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Qreen'i theorems, 22fi 
Ground, nooturau cooling at, 808 
Gulf CoMt stratus, 732 


H 


Hail, 257, 261 
ooourrenoe of, 712 
stage, 850 

Hana psyohrometer, 543 
Hangars, lightning protection of, 270 
Hannome function, 225 
Harmonie mean, 126 
HaM, 001 

effect on viubility, 243, 240 
Haae layers, 011 
Heii^t, dynamic, 377 
Hemispheric circulation. 610 
Hetorogeneous system. 337 
High, migratory. 005, 8U8 
High clouds, 8^ 

Histogram, 236 
History, clouds, 882 
meteorology, 603 
Hoarfrost, 754 
Hodograph, 850 
Homogeneous atmosphere, 372 
lapse rate in, 372 
toUe. 110 
waves in, 406 

Homogeneous equations. 156, 157, 212, 213—216 
Homogeneous system, 337 
Horiion sky, 242. 245 
Horiiontal convergence, divergence, 416 
Horisontal temperature distribution, 861 
nomogram, tlO 
Horner*s method, 159 
Humid air. 363 
state changes. 363. 366 
Humidity, 363 
diurnal variation, 751 
mean values aloft, 676-634 
relative, 252 
Hurricane. 778 

Hydrologic eycle, 05.5, 0.56, 062 
Hydrology, lOiX) 

Hydrometeorology, 1000 
HydrometcorM, Ml 
Hydrostatic equilibrium, 439 
Hygrograph. 639-540 
Hvgrometric chart. 392 
Hyperbola, 16^107 
Hyperbolic functions, 13, 154 
Hyperboloid, 173 
Hypotenxiec, 139 


I 


Ice, sea, 1033, 1043 
Ice crystal effect, fog, 731 
Ice point, 333 
Icebergs, 1043 
Icing, aircraft, 753 
Idem 6uid, 2M, 425 
Ideal gas, 334 

Identification of air masses, 400, 608 
Identity, 155 
Li^angcV. 125 
trigonometric, 150, 164 
Imamnaiy numbers, 152 
Implicit function, 200 
Inactive cold front, 816 
Inactive warm front, 817 
Inclination, 161 

isobaric surfacee, 1034 
Inconsistent equations, I5G 
Increment ratio, 176 
Incus, 892 

Indeterminate forms, 180-181 
Index, circulation, 520, 818 ' 

Induced trou^, 775 •* 

Induction, 127 i 

Inequality, 124 
Cauchy's. 126 
Tehebycheff's, 236 


Inertia, moment of, 211 
Infleotiona, 179-lW, 188 
Injection pointu, 619 
Insolation, 208 
Instability, 4<^, 693—726 
eonditional, 406 
oonvective. 406 
parcel method, 402 
eeleotive, 698 
sliee method, 608-725 
Instrument exposure, 609-670 
Instrument flight (visibility limit), 242, 246 
Instrument shelter, 660 
Insulator, heat. 321 
Integral, 101, 203-212 
Fourier, 190 
improper, 103 
indefinite, 103-107 
line and surface, 208 
multiple, 203-205 
particular. 214 
repeated, iterated, 205-200 
Uble. 193-197 
transformed, 102, 207 
Integrating factor, 213 
Integration, 102 
Intensitsf, 286 

Interaction, ocean and atmesphare, 1045 
Intercepts, 162, 171 
Interference, 1052 
Internal energy, 317, 327 
of gases, 340 

International codes. 574-504 
International lee Fatrnl, I(>35 
Inicniatioual Standard uLmuepherc. 873 
International iemiteratiire seaV. 332 
Interpolation, 133-135. 232, 234 
Intertropical front, 775 
Interval. 125 

Inverse function, 151, 177 
Inversion, 358 
fog. 731 

and visibility, 240 
Irrational number, 124 
Irrcvcmiblc process, 321 
Irrotationai, 223. 485 
Isallobar, 660 
Isalinbaric minimum, 819 
Isallubaiic wind, 438 
Isentropic, 348, 368 
Isentropic rhurts, 848 
Uniitations of, 855 
plotting of, 595 
Isentropic weight chaits, 855 
Isobar, displaoement of, 420, 669 
Isobaric cooling, 393 
Isobaric surface, 813n 
leolatod point, 174 
Isopleths, 347 
Isosteric surfaces, 433 
Isothermsl, 321 
Isothormal atinoNphere, 372 
Isotherm-isobar r^ationship, 821 
Isotropic turbulence, 462 


Jacobian, 201, 207 
Joule, 20 

Joule>ThoDison effect, 340 
K 


Kamchatka fog, 729 
Kelvin temperature, 335 
Kilogram, 25 
Kinematic analysis, 410 
Kinematic viscosity, 450 
Kinematics, fiuid, 229, 412 
of a particle, 225-227 
Kinetic energy, 316 
Kinetic theory of gases, 331 
Kinetics, fluid, 230 
of a parUole, 227-228 
Kirehhoff'e law, 288 
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Knot, 97, 148 
Kcdlnum number, 88, 96 
Kurlaue, 236 

L 


Lagrange formula, 232 
LMCrange’e identity, 126 
Lagrangian method, 412 
breeie, 433, 002 
Lambert's law. 287 
lAmeHar vector 6elcl, 223 
Laminar flow, 451 
Land breeie, 433, 956 
Land maaeee, influence of, 521 
Laplace's ecmation, 218 
Trti|Tsr rate, 371 
adiabatic, 873, 376 
any sounding, 381 
autoconvective, 372 
average in layer, 705 
and fog, 728 
normal, 676-684, 957 
polv tropic, 377 
potential tcmiwrature 381 
values, wet, 77 79. 80 
Latent beat, 340 
tables, 37, 70 
Lateral ak\, 80.5 
TAtitiide, 142 170 

barometer rurrcf tioii, 84 
T^atus rectum, lt>4 1<>8 
T^eaet squares, 232 
Least upper bound, liS 
Leeaat, of raft 1041 
Leibniti* rule. 176 
l^ength, 27. 28, 99 
of day, 930 
unit, 669 
T^nticularifl 891 
Life c>olt of c> clone, 659 
Life rafts, drift of 1041 
Light intonsitv 1(K)4 
Liglitning 264-282 
effects 277 712 
mechanism 261 
protection, 278 
Limit 173. 174 191 
Line. 161, 169, 170 
contour, 200 
equations of, 162 171 
famibcs of, 162 
of flow, 200 

parainetrir enuiitifiiih of 167 
in polar coorainntc** l<i8 
Lin^elenieut 217 
Ijine integrals, 208 
Line squall, 815 
Linear expansion lahle 46 
Linear >elucit\ hild 414 
Local data, 858-879 
Local influences frontal, 82U 
Logaritbma, 7, 18, 132 
longitude, 143, 17U 
Long-wave radiation, 297 
Low clouds, 883 
Lower skies 894 
Loxodroine, 143 


M 

Maolaunn senes, 182-184, 202 
Maorocbnmte, 963 
Magnetic link, 269 
Magneto anemometer, 549 
Mammatus, 891 
Maps, 143, 698 
Marginal distributions, 238 
Margulra, 474 
Marine barometer, 634 
Maas. 210 
center of, 21 1 

distnbution of, ocean, 1034 
fluid, 211 

transport, 1080, 1052 


Mathematical tables, 8~24 
Maxima, 170, 183, 202 
Maximum possible storms, 1023-1026 
Maximum thermometera, 541 
Maxwell relations, 820 
Mean, 125, 236 
Mean isotherms, 820 
Mean pressure, 626. 805 
Mean soundinip, 676-684 
Mean temperatures, 609-620, 820 
Mean-value theorem, 180, 192, 202, 206 
Mechanical aimilarity, 45b 
Mechaniea, 226 
Median. 236 
Melting point, 36 
Mercunal barometers, 532-536 
Mercurial thermometers, 640-641 
Meridian, 113, 142 
Meridional ciroulatioii, 50^-607 
Meteorological temperatures, 381-390 
Meteorology, scientific baais of, 502—529 
Meter, 25 
Metnc system, 25 
Mieroanalysis, 788 
Microclimate 961, 963 
Middle clouds, 883 
Middle skies, 893 
Midpmni, 161 
Milo, 27 
Milhbar, 25 
Minima, 179, 183, 202 
Minimum thermometers, 541 
Mixed skies, 900 
Mixing of air niaasos, 305 
fog. 727 

Mixing length 456 
Mixing ratio 353, 358 
diurnal vanation, 751 
table, 78 

Mixture**, of gases. 348 
Mode, 236 

Modification of air messes, 604, 1046 
of sounding, 702 
Modulus, 13b 
complex number, 153 
pretisioti, 237 
real number 125 
scale, 130 
vector. 219 
Moist uir 352 
Moist la> er, 705 
Moisture, 743 
charge, 1017 
daily increase, 743 
distribution of, 765 
and stabilitt , 697 
Moisture losses 738 
Molecular densities in air, ll3 
Moment of inertia, 21 1 
Momentum, 227, 228 
angular, 228, 229 
moment of, 228, 229 
Monsoon, 05b, 957 
Monsoon suuroe, 607 
Motion of svstems, 6bU, 817 
Motor pB> chxometcr, 543 
Mountain breeie, 9bU 
Mountain influences, frontal, 651 
M S L pressure, 87 
Multiple integrals, 203-205 
MulUphcity. 147 

Multipressure hygrometiic chart, 392 
N 


Nautical mile, 27, 143 
Navier-Stokes equations, 450 
Neceesaiy condition, 128 
Nephanalvsis, 903 
Ncphohypsonicter, 563 
New England Coastal fog, 730 
Newfoundland fog, 729 
Newton-Gregory formula, 234 
Newton's law, 144 
Newton's method, 160 
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Nimboitratui, 888 
Nomocrama, 180-138 

Nonbomogeneous e^ationB* ISO* 157* 213-216 
Nonuniform Boale^ Im 
Normal, 141 
boiling point, 42 
curve, 237 
derivative. 223, 225 
distribution, 286 
equations, 234 
function, 287 

line to curve, 178, 202, 221 
to a line, 162 
to a plane, 171 
to a surface, 200, 203 
North American air macaw, 608, 021 
Nuclei, 242, 254 

Number, complex, imaginary, 152 
rational, irrational, 124 
real, 124-128 . 

Numbers, direction, 170 

O 

Oblique triangle, 152 
Ob^rvations. accuracy of, 361 
Occluded front, 656 
Occlurion, 630, 656 
Ocean currenla, 946. 1030 
Ocoaniolty, 647 
Oceanography, 1029-1056 
Oceans, influence of, 521 
Octant, 169 
Ogive, 236 
Ohm, 25 

Operation, reservoir, 1008 
OpUcal depth. 260. 301, 303, 306 
Optical path lengtn, 290 
Ordinate. 127 
Ori^n, 127 

Orographic lifting, 704 
Orographic tbundcrctormc, 714 
Orographic variation. 781, 811 
Orthogonal, 13& 224 
Occillatioiu of atmosphere, 488 
Osculating oirelc, 203 
Osculating plane, 203. 226 
Outlook, Tom 
O xygen, absorption by. 294 
Osone, absorption by. 294, 298 
distribution of. 114 

P 

Pappus' theorem, 142 

Parabola, 168, 163, 106. 167 

Paraboloid, 173 

Parallel, length of, 113, 142 

Parallclepip^, 141 

Parallelogram, 138 

Parametric equationc, 167, 171, 208 

Parcel method, 402 

Partial derivative, 199 

Partial fractions, 347 

Partial potential temperature, 386 

Partial pressure, 348 

Particle, 315 

acceleration of, 225. 229 
derivative, 2^, 413 
kinematics, kinetics. 226, 227 
system of, 228-229 
Particular integral, 214 
Pascal’s law. 426 
Perfect gas, 334 
Perimeter. 138 
Period, 149. 215 
Permutations, 145 
Perpendicular, 138 

Personnel, in hydrometeorology, 1014 

Perturbation theory, 474-483, 693 

Phase, 153 

Phase changes, 337 

Photography, clouds, 912 

Physical data. 84-47 

Picard's method, 218 


Pilous, 892 

Piling up of wateri 1036 
Pilot balloon, 562 
Pilot-balloon data, 859 
Pilot-balloon obaervationa, 650-562 
Planck’s law, 288 
table, 45, 46 
Plane, 169-170 
equation of, 171 
oarulatiiig. 203 
tangent to aurface, 200, 203 
Planes, two, angle between, 171 
Planetary flow patterns, 513-619 
Plotting proceilurea. 584-598 
Plotting symbols. 582-587 
Point. 161, 166 
inflection, 180 
singular, 207 
transformation, 207 
Pmseuillo flow, 448 
Poisson's equation. 347 
Polar air maases (formation). 806 
Polar-basin air, 624 
Polar-front eell. 511 
Polar-front sonc. 513 
Polar source. 604 
Polar trough. 770 
air mass structure, 772 
analysis rulw, 795 
forecasting, 801 
regions of oecurtcnce, 772 
structure. 771 
weather distribution, 771 
Poles. M2 
Polygons. 138. 140 
Polyhedron. 141 
Polynomials. 14G, 160 
Polvtiopic process. 347 
Potential ener^‘. 317 
Potential gradient. 41 
Potential temperature, 348. 386 
equivalent, 391) 
rMuiido-equivalcnt. 387 
iweudo-wct-hulb, 387 
table's, 73 76 

Potential voitieit\, 43.'i, 813 
Pound, 27 
Power, 30 

Precipilablc wate* 62, 392. 1020 
J*rccipitution, 252 21.3 
ciiniilifoiin eloufls. 261 
diurnal vaiirtrioii, 752 
and fog, 727 
forms, 9U1 
gaugch, 55.5 
i<^ clouds. 25^ 
mean. 907-971 
oceanic. 740 

orographic vB'in^ion, 782, 900 
rates. 393. 1026 
stratiform clouds. 200 
variability, 972 
vaiialion with height, 958 
\'iBibility and. 242, 249 
water cloiidi . 2.59 
watcr-ice clouds, 200 
Preri|iitatioii elcjoeitt, 258 
Precipitation-evaporation index, 973, 975 
Prefrontal squalls, 815 
Prcl.minaiy foiecast, 1002 
Prewurc, 230, 327 
aloft. 1 17, G85 
altitude, 88, 376 
conversions, 30, 95, 100 
corrections, 83 
diurnal variation, 746 
field, 418-425 

maximum rainfall and, 1018 
reductions, 80 
sea level, 939-944 
tendency, 660, 819 
Pressure-height, 377 

standard atmospheres, 373 
tables. 101-106 

Pressure-temperature diagram, 839 
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PriWTC-v^Mnw di«cnm, 837* 86S 

Pri‘^tliundeniorfli sky, 8M 
i'lincipftlun, 416 
I*ri.m.l4l 
Vrobaubty. 286 
tablei io 
I'rocMB. 321 

Product (v noution), 144 
FrofreMioii, 125 
ProjeotioD, 152. 170 
Properticc, 326 
atmocphere. 351-361 
oonaervativa, 400, 418 
diffuiion of, 461 
saaes. 38, 345-351 
pure Buhstaneeii, 337-345 
water, 70-72, 342 
]*roportion. 144 
Proportionality chart, 137 
Pioieetion, licDtiiinfc, 278 
Paeudoadjabatie diaKram. 24, 364 
i’aeudoadiabatic iiroceaii. 350 
PncudcMiquivalflnt temperature, 387, 388 
Pfieudo-wet‘bulb tenii>cratui«, 384, 38'/ 
Paycbroinetem, 542 -&44 
Pumping of barometerB, 83 
Pure Bubaiaiicca, 337 
Pyramid, 141 


<iua<irunt, 148 
(iuadratir, 146, 202 
r<|uatioh, 157 
furrii, 202 

<iuudric Burface, 173 
Quadrilateral, 138 
Quadruple recorder, 558 
Quatititative fotecaata, 1001 
Quartie, 146 
QuartiU. 236, 237 

R 


Hadiau, 11. 138 
Jladtation, 284-31 1 

iihBorptiun and cinisnion by ganca, 284 
long-wave, 207 
blaek-body, 287 
table, 45. 46 
e»l<MiluM of, 20] 

«-l.md. 3UG. 033 

heat Muiiiii, 933 
effective, 933 
uiiii fog, 398, 730. 1040 
giiiiiM and 934, 035, 936 

uikI gunonil <*iiculutiuii, .102 
heating of atiiioaphere by, 204 
iiicoiuing, 032 

iiiffuenctf of land and »<ea, 034 
nocturnal, ^107 

outgoing from earth, 310, 933 
range of wave lengths, 284 
aeu water, 1031 
aky, 307 

anow Burfuee, 037 
aolar, 202, 931 

akiBorutioD of, 293 
diatrioution of, 202 
nature of, 292 
reflection of, 294, 290 
scattering of, 294 
t<»tal depletion of, 295 
terrestrial, 207 
Radiation chart, 301 
Radiation fog and stratus, 730^731 
Kadiational cooling, ^5 
Radiative transfer, 291 
KadiatUB, 802 
Radio gaugeB, 1008 
Radiosonde. 663-569 
code, 570 

ground equipment, 566 
obBervatlons, 370, 863 
Radiusi 138 
of curvature, 760 


Riili, 252-263 
evaporation from, 727 
. (Set alto PreciplutMm) 
Raindrops, 114, 115 
RiunfaU, 10^ 
formulas for, 393, 1036 
mass curve. 1016 
maximum, 072, 1023 
^ of mean, 1026 

RainfaU gauges, 666, 1007 
Range of data. 235 
Ratio, 144 

Rational numbers, 124 
Real numbeiB. 124-128 
oontinuity of, 125 
decimal representation, 125 
order and inequalitio, 124 
Rear zone sky, 890 
Reciproca's. table, 3 
Rectangle, 130 

Rectiffeatioii of data, 232, 283 
Reduction formula, 196 
Reflection, 139 
and visibility, 244 
Refsdal Aerogram, 309 
Region. 174 
Regression, linear, 239 
Relative error, 12^132 
Relative humidity, 353 
in mixed atratum, 309 
Repeated integral, 20^206 
Republican River, 1025 
KeMrvoir, heat, 321 
Reservoir stages, 1006 
Residual, 236 
Resistivities, 40 
Resultant winds, 687-601 
Reversible, 321 
adiabatic, 358 
Revolution, 138 
ReynoldB number, 450 
Rhombus. 139 
Rhumb line, 143 
Right triangle, 151 
Rime ice, 754 
River discharge, 1008 
Root of an equation, 147, 166-160 
Rotating earth. 427 
Rotation of axes, 162 
Rotational field, 418 
RoBBb> diagram, 391, 629 
Roughness coefficient, 457 
KuIm surface, 173 


Sacramento Hasin, 1025 
Sanity, 1030 

Hatiirated aii. 3.52, 3.57, 369 
Saturated vapor line, 338 
Saturation, 252 

ttet oration mixing ratio, 78, 354 
^turation temperatuies, 381 
Katuration vapor, 70-72, 81 
preaaure, 337 
Scaltti,219 
Scalar product, 220 
Scale errors, barometer, 83 
Matter diagram, 238 
Scatterod light, 243, 295 
S^ttering coefficient, 243, 244, 247, 240 
Battering particles, 242 
Scientific basis of meteorology, 502-629 
Scientific notation, 120 
Sea and awelU 1050 
Sea breese, 433, 95G 
Sea breese fog. 730 
Sea ice, 1933, 1943 
Sea-surface temperatures, 949, 1041 
Sea water, 1930 
Seasons, 929 
Secant, 138 

Second, 25 ^ 

Second law oi tbermodynamios, 320 
Secondary disturbances, 818 
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Secmentj 142 
« oirole, 1&8 
of parabola, 165 
Helaotive Btal^Uty, 608 

Seif-aynchroaoua moWi wind speed leeorder, 564 
Semioircle, 138 
Beimpermanent high, 408 
Series, 181-182 
approximations, 184-185 
lourier, trigonometric, 197-106 
Maclaurin, power, Taylor, 182-184, 202 
Shallow-water waves, 1050 
Shear, 516, 8^ 

Shear line. 773 
foreeaeting, 802 
formation, of, 773 
in Southern Hemisphere, 816 
in tropics, 773 
weather distribution, 775 
Shearing stress, 455 
Shelter, instrument, 506-570 
Shield, rain gauge. 557 
Short-created wavee, 1652 
Sidereal time, 566 
Sigma function, 401 
Significant figures, 129-131 
t^milaiity, 456 
Simple harmonic motion, 215 
Simple rain gauge, 555 
Simpson’s rule, 107 
Simuitaneoue equations, 155-158 
Sine law. 152 
Sinee and ooeinoe, 13 
Singie-etation analyMs, 858-879 
Singular point, 267, 217 
Sink 230 
Skew lines, 141 
Skewness, 236 
Sky cover, 903 
Sky rsdiatiofi, 307, 932 
cloudy nkiee, 308 
Slice methe^, 693-725 
Sling xjsychrotneter. 543 
Slope, 161, 176, 100 
frontal. 441, 041, 865 
ses-eurface, 1034 
Smoke (viaibUily), 242, 246 
Smoke ecreen, 1()40 
Snow crystals, 2,57 
Snow and fog, 730 
Soil and water thermographs, 536 
Solar constant, 202, 620 
Solar radiation, 262, 031 
Solar time, 600 
Soleuoidal vector field, 223 
Solcnoide, 433, 823 
Solid of revolution, 141 
Bound, vehicily of, 43 
Sounding, 37U 
mean, 676-684 
plotting, 567 

ungle-station forecast, 710, 803 
Source, 223, 230 
Source remons, 604-007 
Southern lleinisplivre aii inaaMes, 030 
Species, clouds, 883 
Specific heat, 329 
of mixturee, 355 
various, 37, 38 
water vapor, 70, 71, 79 
Specific humidity, 353, 358 
Specific volume, 327 
Spectrum of water vapor, 208 
after Sim|)soii, 298 
Speed, 226 
Sphere, 142 

Spheroid, oblate, prolate, 173 
Squall line, 815 
Square, 139 
Stability, 402, 093-725 

conditional, convective, 406 
by hodograpb, 802 
parcel method, 402 
seleoUve, 698 
shoe aeuod, 003-725 


Stability, and visibility, 240, 200 
visual daesifioation, 702 
wind belts and, 517 
Stable waves, 481, 6M 
Standard error, estimate of, 239 
Standard time, 600 
Standardised variable, 286 
Sute, 314 
chan^, 347, 350 
equilibrium, 314 
steady, 319 
States of the sky, 893 
evolution of, 892 
observation of, 000 
Static electricity, 280 
Static equilibrium, 379 
Station elevation, 88 
Stationary front, 639 
“Stationary" wind, 438 
Statisrios, 232 
Steady etate, 210, 230, 319 
Steam fog. 726, 1040 
Steam point, 333 
Steering principle, 818 
Stefan-Boltsmann's law, 289 
Stcradian, 142 
Stori'gon, 142 
Stirling’s formula, 145 
Stokes^ theorem, 200, 223 
Stratified atmoepbere, 700 
StratocuniuLus, 888 
Stratosphere. 675, 826 
and cold front, 864 
tropical air in, 819 
Stratus, 889 

disdpation of, 733 
invorsion, 781 

Stream function, 401. 415, 595, 848 
Stream gauges, 1007 
Streamlme^, 200. 417. 700. 782, 848 
Sti esses, viscous, 448 
apparent, 452 
Sublimation, 255. 338 
SublimatioiL forms. 257, 258 
Subsidenro, 417, 441. 648, 814 
stiatus, 731, 733 
Subtroinral high. 493 
Sufiicient rondiuons, 128 
Sum (S notation), 144 
Siinrisf*. sunset, 030 
SunshiniMiuratiou transmittei , 5,'>7 
Supercooled. 339, 3,52 
Superheated vapor, 337 
Superior sir. 624 
Supersaturateil aii. 352 
VBx>or, 841 

Supematuratinn, 253, 254 
Supplementary forecast, 1004 
Surface. 169. 202 
area. 192, 204, 207 
constant-level, 813-880 
of discontinuity, 441 -446 
isentropic, 848 
isobaric, 813 
iaosteric, 433 
level, 2(M) 

quadric (conicoid), 173 
of revolution, 141, 102 
warming and cooling, 460, 704 
Surface charts, 594 
cold fronts, 050 
continuity of. 828 
plotting of, 594 
warm fronts, 643 
Surface integral, 208 
Surface olwervationa, 8G0 
Surface rcfiorts codes, 575 
Surface tension, ta-blo, 44 
Surface waves, 1049 
Buspensoida, 242, 250 
Swell, 1054 

Symmetry, 139, 102, 160 
Synoptic meteorology, 603-880 
hfstorioal background, 603 
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fijriioptio m«t«oroJocyr soientitio badB ot^ S02 
Bouthern Hemlspnera, 810 
Bjmthetio diviaion» 147 
System, thermodynemio, 314 

T 

Tanfent, 15, 138, 178 
law, 152 

line to curve, 178, 202, 221 
plane to quadric, 173 
plane to surface, 200 
table, 16 

Taylor's s^ee. 182, 202 
TcnebyolMff'e inequality, 230 
Teletbermoecope, 541S42 
i^etype sequence indicators (U.8.), 577 
Temperature, 332, 335 
annii^ range, 947, 948 
continental influence, 946 
convendons, 33, 90 
correctiona for barometer, 83 
^ day atmospiierc, 1 15 
diurnal variation, 467, 760 
iastrumenU, 540 
-entropy diagram, 340 
five km. 1018, 1023 
influence on absorption, 285, 300 
interdiurnal variation, 947, 955 
international centigrade, 332 
inversions, 758 
lag. 112, 407 

mean sea level, 949-954, 967 
mean values aloft, 676-684 
meaeurament of, 332, 540 
meteorological, 381-390 
ocean influence, 946 
idanetary, 934 
scalti, 322, 332 
Tendency equation, 660 
Teiihtgram, 368 
Terrestrial radiation, 207 
Test equipment, 571-572 
Tetrahedron, 141 
Theodolite. Imiloon, 561 
TbcrinaJ circulation, nt'U, 1035 
Thermal conductivity, table, 39, 40, 44 
Thermal propertiee of water, 70 
Thermal structure of (lonU, 04U 
Thermal wind, 440 
Thcrmodyiianuc data, 70-83 
Thennudyiianiic diagiaiiis, 361-371 
Thermodynamic proiwrlios, 326 
of atiMOsphero. 35 i 
of gases, 38, 345 
of pure substances, 337 
Thermographs, 538-539 
Thermometer nuppurt, 541 
Thermoiiiotors. 540-542 
Thermonketry, 332 

TliicknoBS between isobarir surfaces, 98, 107 
Thorough mixing of stratum, 396, 455 
Threshold brightnera contrast, 244 
variation ojfT 245 
Thunderstorms, 712-725 
mean number of days, 995 
Thundery sky, 898 

Tidal motions (atmosphciic), 483-498 
Tame, 599-000 

Tipping bucket rain gauge, 555 
Ton, 29 

Topography, influence of, 521 
Tornadoes, 664 
Torque amplifier, 551-553 
Toriaon, 222 
Trade wind, 038 
inversion, 765 
surge of, 766 
Trajectory, 417 
method, 8^ 
orthogonal, 200 
of particles, 759-762 

Tran^ormation of air masses, 306, 604, 1046 
Tranaformatioji of coordinates, 162, 167-170, 
201, 207, 363 


^ansformation of integrals, 102, 207 
Transformations of point, 207 ^ 

Tranaient, 216 
Tranmtion senes, 413 
TranslaUon of axes, 102 
Trana mi as i on function, generalised, 299 
Transpiration, 742 
Transport, mass, 1036, 1052 
Transverse axis, 165 
Trapesoid, 138 
Triangta, 139, 151, 162 
Trigonometric equation, 151 
Trigonometric series, 107 
Trigonometric tables, 13 
Triple point, 42, ^9 
in tropics, 799 
Tropieai-air fog, 720 
Tropical clouds. 777, 900 
Tropical continental source, 607 
Tropical depression, 778 
circulation aloft, 780 
clasmOcation, 778 
forecasting, 800, 802 
origin, 778 

Southern Hemisphere, 809 
Ti^pical maritime source, 6(17 
Tropical synoptic analysis, 763-795 
aircraft apot reports, 784 
flight cross section, 785 
general methods, 780 
microanalysis, 7M 
station-circle reports, 792 
etreamlino analysis, 782 
summary of rules, 794 
surface map and elements, 780 
time sectionn, 786 
upper-level charts, 782 
weather distribution charts, 786, 791 
Tropopause, C75 
T-f diagram, 364 
Turbulence, 453-401 
clouds, 259 
tliuuderstorins, 713 
Turbulence skies, 890 
Tutbulcat flow, 451 
TiirhuJcnt fluctuation, 462 
Turbulent mixing, 398, 455 
and fog, 727 
Turbulent transfer, 462 

T. V.A., 2001 
Twil^ht, 930, 931 
Typical central sky, 896 
Typical fiont sone sky, 895 

V 

UndulutuB, 891 
Unit principal normal, 221 
Unit tangent, 221 
Unite and measures, 25-33 
Universal gae constant, 345 
Unstable waves, 482, 658 
Upper-air charts, 813-857 
plotting, 595 
wind codes, 575 
I'pper-air conditions, 675-691 
Upper skies, 893 
Upslope fog, 732 
Upimling, i(^ 

U. 8. measures, 28 

U*S. Standard atinoapheie, 373 
nomograms, 95 
tables, 201-106 

V 

Valley breese, 960 
Vanes, wind, 544, 549 
Vapor pressure, 345, 358, 738 
electric charge. 253 
gradient in douds, 253, 259 
over electrolyte, 252 
over water, loe, 70, 252 
sea water, 83, 1031 
Vaporisation, heat of, 38, 70, 340 
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Variable. 126 
dependent* 127 
independent, 127 
linuU of. 173 
Btandnrdued, 236 
Vnnance, 336 
Varintion, 144 
Varieties, clouds 383 
Vector analysis 2 10-225 
Velocity, 226* 220 
conversions, 27* 48 
distributions, 454, 450 
€>f fronts, 640 
of long waves, 483 
mass transport, 1052 
of systeniSi 420 
Velocity field* 414 
in tropies* 705 
Velocity perturbations, 695 
Vercez, 164 
Vortical velocity, 640 
pressure variation, 660 
Vibrstiona, 216-216 
Vtrga* 892 

Virtual temperature, 354 
potential, 390 
table, 100 
Visroeity, 446 
eoefiicient* 447 
effaete* 408* 446 
table* 44 

ViscouB dissipation, 471 
Viscous flow, 446-453 
Viabdity, 242-251 
from air to ground. 246 
air mass property , 242 
of black object, 243-244 
choice of o^eete, 245, 248 
daytime* 242-247 
denmtion of, 242 
diurnal variation. 752 
estimation of, 260 
forecasting of, 240-250 
instruments. 24Q 
of a light, 247, 240 
markers* 244, 247 
nighttime, 247-240 
reflection coefficient 244 
aoattenog ooefiicieiit 244 
terrestnid background, 246 
vanatiOD of, with direction of sight, 246 
Visual range, 242 
Volt, 26 

Volume, 141, 142 
solid of revolution 102 204 
solid of known crosb section, 192, 204 
Vortex-free -vector field, 22J 
Vortex systems, 406 
Vorticity, 431 

and deepening, 810 
potentiM, 435 
V-ehaped troughe, 815 


W 


Warm front, 639, 641 
active, inactive 817 
oharacteristics, 043 
^oud syetems, 642 
precipitation, 642 
Warm-uront-type occlusion, 656 
Warming, surface, 466 
Water power operations, 1001 
Water requirement, 741 
Water vapor* 337* 737 

abeoi \jUon of radiation by* 208 
evaporation, 737 
measures of, 353 
tables, 70-72. 81 


Watt, 26 

Wave height, 1054 
Wave motion* 475, 477 
Wave train* 1053 
Waves* 2ia 478 
in the easterliee* 767 
analysis rules, 705 
foreoasting, 700 
isallobario centers, 767 
moist layer, 7G8 

origin and regione of occurrence, 760 
Southern Hemisphere, 810 
streamhne configuration* 767 768 
structure, 767 
weather distribution, 768 
equation, 218 
frontal. 478, 807 
lightning, 274 
and swell, 1040 

empiiical knowledge, 1054 
measurement of, 1054 
two-fiuid* 478 
water, 1040 
Weak central sky, 800 
Weak front tone eky* 805 
Weather and flight, 621 
Westerliea, 518 
Wet air, 352, 350 
Wet-bulb temperature* 383 
and fog, 727 
nomogram, 302 
potential, 387 
limiting, 1022 
White caps, 1054 
Wien slaw 280 
Wind, 47 60, 435-441 
Beaufurt scale, 47, 48 
bora type, 061 
Chinook ty|>e. 060 
conversions, 27 48 
corrections, tabli, 63 
Drose>isubur. 460 
data, 47-00 
diurnal, 740 
foehn tyi>e, 060 
and fog 729 
at fronts 643 
geostrophio, 436 
gradient* 436, 800 
isallobarir 438 
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